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Preface 
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Part I. Communication and Electronics Part II. AppUcations and Industry Part III. Power Apparatus and Systems 


Communication Switching Systems 
Radio Communications Systems 
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tions 
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Computing Devices 
Electrical Techniques in Medicine 
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Electronic Power Converters 
Electronics 

Instruments and Measurements 
Magnetic Amplifiers 
Metallic Rectifiers 
Nucleonics 


Air Transportation 
Domestic and Commercial Applica¬ 
tions 

Land Transportation 
Marine Transportation 
Production and Application of Light 
Chemical, Electrochemical and Elec¬ 
trothermal Applications 
Electric Heating 
Electric Welding 
Feedback Control Systems 
General Industry Applications 
Industrial Control 
Industrial Power Systems 
Mining and Metal Industry 


Carrier Current 
Insulated Conductors 
Power Generation 
Protective Devices 
Relays 

Rotating Machinery 
vSubstations 
Switchgear 
vSystem Engineering 
Transfonners 

Transmission and Distribution 


Education 

vSafety 

Research 


Each part has been indexed separately in the back of that particular part. The tiiree parts are not cross-referenced* 
hence the user should determine first whether the subject matter of the paper desired is in the field of communication 
and electronics, applications and industry, or power apparatus and systems. Papers are listed in the subject index 
under several key words in the titles. The original numbers assigned to the papers are given in the author index. 

Volume 72 contains the technical papers and related discussions presented at these meetings: 

1. Winter General Meeting, New York, N. Y., January 19-23,1953. 

2. vSouthern District Meeting, Louisville, Ky., April 22-24, 1953. 

3. North Eastern District Meeting, Boston, Mass., April 29~May 1, 1953. 

4. vSummer General Meeting, Atlantic City, N. J., June 15-19, 1953. 

5. Pacific General Meeting, Vancouver, B. C., Canada, September 1-4, 1953. 

(). Middle Eastern District Meeting, Charleston, W. Va., September 29-October 1, 1953. 

7. ilircraft Electric Equipment Conference, Seattle, Wash., September 30~October 2, 1953. 

8. Fall General Meeting, Kansas City, Mo., November 2-6, 1953. 

Statements and opinions given in the papers and discussions published in Transactions are the expressions of the 
contrilmtors for which the American Institute of Electrical Engineers assumes no responsibility. 



Some Saturation Phenomena in 
Servomechanisms with Emphasis on 
the Tachometer Stabilized System 

E. LEVINSON 

ASSOCIATE MEMBER AIEE 


Synopsis: This paper describes some experi- 
rnentally observed servomechanism satura¬ 
tion phenomena and introduces principles 
and techniques useful in the explanation of 
these phenomena and in the analysis of satu¬ 
rating servornechanisms. Typicaltachometer 
servomechanism frequency responses with 
varying input magnitude, including the 
“jump” resonance phenomenon, are de¬ 
scribed. The simple principle “that the 
effect of' saturation is to lower the average 
gain value of the path in which saturation 
takes place is applied to the linear transfer 
function plot to explain the frequency re¬ 
sponses. ^ An analytical graphical technique 
for obtaining the steady-state frequency 
response of a saturating servomechanism is 
presented and is used to explain the phe¬ 
nomenon of jump resonance. Techniques 
for obtaining the transient response of 
simple saturating servomechanisms are also 
presented. 


It is the main purpose of this paper to 
offer a workable explanation of this set of 
responses. In developing this ex¬ 
planation, certain principles and tech¬ 
niques will be expounded that may be 
very useful in the analysis of any servo¬ 
mechanism exhibiting saturation effects. 
In addition, the transfer function of the 
tachometer feedback through high-pass 
filter servomechanism will be developed 
into an extremely useful form where each 
breakpoint is easily related to the param¬ 
eters of the system. This same transfer 
junction form is obtained in a slightly 
different manner by Dowker.^ 

Mechanics of Explanation 


T he use of tachometric feedback 
through a high-pass filter for the 
stabilization of servomechanisms is a 
fairly well-known^ and frec|uently used 
technique. The great advantage of this 
method over a simple lead network is that 
a high Kij (low velocity lag) system can be 
obtained with a small bandwidth (less 
transmission of noise). Figure 1 is a 
block diagram of a typical servomecha¬ 
nism system stabilized by means of 
tachometric feedback through a high-pass 
filter. 

In checking the perfonnance of servo- 
mechahisms of this type by obtaining the 
closed-loop frequency response with vary¬ 
ing input signal magnitude, one often en¬ 
counters some very peculiar phenomena. 
A typical set of responses is displayed in 
Figure 2. For small signals the servo¬ 
mechanism perfonns as expected, with 
peaking and crossover frequency compar¬ 
ing favorably with linear theory. As the 
signal size increases, higher peaking at the 
higher frequencies begins to take place 
and in some instances, the phenomenon 
of “jump” or “bending” resonance such as 
that described in Figure 3 may occur. 
However, at still larger signal inputs, this 
high-frequency peaking disappears and 
the crossover frequencies become lower 
and lower. 


The first basic principle to be employed 
is that the effect of saturation is to lower 
the average gain value of the path in 
which saturation takes place (a typical 
saturation curve and saturation gain 
function are shown in Figure 6). These 
changes in gain parameters are refiected 
on the decibel-log o) transfer function plot 
and used to explain the closed-loop 
responses encountered. What is ob¬ 
tained is a different decibel-log plot for 
each condition of saturation with linear 
analysis still being applied. The frequency 
response is then related to the decibel-log 
oi plot by the considerations that response 
crossover frequency is close to decibel-log 
CO crossover and that a — 12-decibel-per- 
octave crossover slope of the decibel-log 
CO plot means high peaking in the fre¬ 
quency response. 

A second analytical graphical technique 
which may be used to obtain the steady- 
state frequency response of any saturating 
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servomechanism, will be employed to ex¬ 
plain the phenomenon of jump resonance. 
This phenomenon is shown to take place 
in a simple servomechanism loop with a 
saturating forward path by means of this 
analytical graphical technique. The 
same equations are then shown to exist 
for the tachometer stabilized case in 
special circumstances. 

Explanation of Frequency Response 
Curves by Use of ''Gain'' Principle 


As developed in Appendix I, and refer¬ 
ring to Figure 1, an approximate ex¬ 
pression for the open-loop transfer 
function of a tachometer through high- 
pass filter stabilized servomechanism 
system is 


mp)=\{p) --- ; 

K1 + «t- 2^) 1 + —j 

aT2»rjn (I) 

q :>>1 

where 

^ KeK.K.^Krr, 

is the open-loop forward gain around the 
outer loop. 


lCTK,K,Krr, 

a =5--— 

Nt 

is the open-loop gain around inner tach¬ 
ometer feedback loop. r 2 is the time con¬ 
stant of the high-pass filter, is the 
time constant of the motor and load. 

It is observed that the system break¬ 
points are readily related to the system 
parameters and this fact is displayed in 
the transfer function plot in Figure 4. 
Working with this plot, the effects of 
saturation will now be studied. 

If, as the signal size increases, satu¬ 
ration takes place in the tachometer feed¬ 
back path (such as block Kz, for instance) 
first while the forward path is still linear, 
then the system will behave as though it 
has a smaller a with the same K^. A 
decrease in a moves the first breakpoint 
out and the third breakpoint in as shown 
in dotted lines in Figure 4. This leads to 
a new crossover frequency w/ which is 
higher than and in a — 12-decibei-per- 
octave slope. This means high peaking 
at high frequencies with high-frequency 
crossover such as obtained in the curves 
of Figure 2. 

As the signal size increases further, the 
forward path begins to saturate also and 
the servomechanism acts as though 
has decreased. The effect of this is to 
move the 0 decibel line up as shown by the 
dashed lines in Figure 4. 
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Figure 1 (left). 
Block diagram 
of tachometer- 
through - high - 
pass - filter sta¬ 
bilized servo¬ 
mechanism 


Figure 3 (right). 
Jump resonance 
phenomenon in 
frequency re¬ 
sponse 
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This leads to another new crossover 
frequency o)/ which is lower than 03 / and 
possibly in a — 6-decibel-per-octave slope. 
The high peaking effect should, there¬ 
fore, disappear and frequency crossover 
should occur at lower and lower fre¬ 
quencies. This was precisely the be¬ 
havior obtained in the curves of Figure 2. 

At still larger signal magnitudes, the 
crossover frequency will fall in the first 
“ 12-decibel-per-octave slope and high 
peaking at low frequencies with low- 
frequency crossover will begin to take 
place. 

If, as the signal size increases, saturation 
takes place in the forward path first, then 
the system would probably not exhibit 
the initial high peaking at high frequencies 
effect, since by the time the a path begins 
to saturate, the system would be in the 
03 / type of region. Therefore, if it is 
desired to minimize the high-frequency 
peaking type of nonlinearity, Kd should 
be made to saturate simultaneously or 
sooner than a. 

The effects of saturation on transient 
responses to step displacement inputs of 


different magnitudes can be explained or 
predicted from the frequency response 
plots. Thus, in the signal size region of 
high peaking at high frequencies, a 
quicker rise time, more oscillatory re¬ 
sponse should be obtained than in the 
linear signal region. At still higher signal 
magnitudes, the rise time should increase 
and the response should be less oscillatory. 
These expectations are borne out in the 
set of transient responses shown in Figure 
5. 

This basic principle of gain change with 
saturation can be extended to the study 
of saturation effects in any servomecha¬ 
nism system with special application in 
multiple-loop systems where the effect of 
each loop can be investigated one by one. 

“Gain” Principle Applied to 
Single-Loop System 

A simple single-loop lead network 
stabilized servomechanism system will be 
treated as another example. The trans¬ 
fer function of this type of servomecha¬ 
nism system is 



Figure 2. Typical set of saturation frequency responses for tachometer system 
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P{l + Tmp)(l + T2p) 


( 2 ) 


This is plotted in Figure 7 along with a 
typical block diagram. A typical set of 
frequency responses of this system with 
varying signal magnitude is shown in 
Figure 8. It is observed that as the signal 
magnitude increases, the peaking initially 
decreases and the crossover frequency 
decreases. With further increase in sig¬ 
nal magnitude, the peaking begins to 
increase and the crossover frequency gets 
lower and lower. These effects are 
explained with reference to the decibel-log 
03 plot of Figure 7. 

The only gain parameter in a single¬ 
loop system is Kv and the effect of a 
decrease in is to move up the zero 
decibel line. As the signal magnitude 
increases, the effective Ky decreases and 
crossover takes place at a new and lower 
03/. The initial change in peaking de¬ 
pends on the original in the system and 
the relative proximity of the crossover 
frequency to a —12-decibel-per-octave 
slope. If crossover is oidginally at a point 
like B, then we would initially expect less 
peaking with increased signal size. If 
crossover were originally at a point like 
more peaking with increased signal size 
would be expected. With a further 
increase in signal magnitude, Ky decreases 
further and eventually the crossover 
frequency o)/ occurs in the first —12- 
decibel-per-octave slope. Therefore, the 
peaking begins to increase and the cross¬ 
over frequency gets lower and lower. 


Explanation of “Jump” Resonance 
and Frequency Response Analysis 
of Saturating Servomechanisms 

The transfer function of a simple un¬ 
compensated single loop with forward 
path saturation is 

. -g»d-E|) ,35 

E p(l + Tjnp) 

where |e| ) is a function of the 
magnitude of the error signal such as that 
in Figure 6. This type of saturation may 
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Figure 4. Linear transfer 
function plot for tachom¬ 
eter stabilized system 


Figure 5 (below). Experi¬ 
mental set of transient 
responses for saturating ta¬ 
chometer stabilized system 


A. 0.07-voIt step 

B. 0.2-volt step 

C. 0,5-volt step 

D. 2-volt step 


be caused by torque saturation of the 
motor or amplifier saturation or any 
combination of the two. Now 

The differential equation relating E to 
6 i is therefore 


d^E dE , , 

- + -+^„(|£|)£ = , 


d‘% ddj 
' dt^ dt 


(5) 


^ For Bi = dim sin w/, this equation is 
similar to the Duffing equation. ^ The 
left-hand side of this equation has the 
identical form of a “soft spring” me¬ 
chanical system with damping. Various 
iterative and perturbation techniques 
have been employed®* ^ to solve the 
Duffing equation under special circum¬ 
stances and a graphical solution for the 
system without damping has been made 
by Den Flartog.^ In every solution, 
bending resonance is shown to take place. 
When equation 5 is integrated on both 
sides, the left-hand side of the resultant 
equation has the identical form of a 
resistance-inductance-capacitance series 
circuit with a nonlinear capacitance. It 
may be expected that such a circuit will 
also exhibit jump resonance. 

The technique employed here not only 
takes damping into account but has the 
advantage of easily being extended to 
higher order systems, as will be shown. 
Inverting equation 4 


-(*) = + 

Pi'i- + r,nP)+K 4 E\) 


( 6 ) 


It is desired to obtain the steady-state 
frequency response of E or ^0 to sinusoidal 


input 

Assuming that the distortion in the 
resultant signal is negligible (distortion 
will always exist in a nonlinear system), so 
that 


JOJ then can be substituted for ^ as in a 
linear analysis and obtain as the frequency 
response 


- =_j 4l+>r^) 


(7) 


|_g) 

and 


( 8 ) 


[Kl\E\)-^'‘ 


Since K^{\e\) is a function of Isj, it is 
not possible to solve for \e\ or d>B directly. 
However, the following graphical pro¬ 
cedure will enable a solution for |£| and 
therefore, <I>e, da, and 0o. 

Squaring equation 8 and transposing 


[K „(j ]^| jE I* 



m 

-4 


1 

—L. 1 - 

vWm- \ \ \ \ \ \ \ 

mi 



_ c 


ffffm 

mrfmi 



1 


. L 


V—1- \ \ \ \ \ ^ 

i rt M ' 1 

nm.\ \ \ 



-0.5 SEC -H 

TIME SCALE : 25 DIV. PER SEC 


Now taking the square root 
[K^(\E )— e\ 

or 

iir,(js|)|£| =o,*r„|£± 

«\/(l-|-a.V,„*)| 9 ,| 2-|£;|2 ( 11 ) 


The left-hand side of equation 11 is the 
saturation curve of the forward path. 
The right-hand side is a family of ellipses. 
The intersections of these ellipses with the 
saturation curve is the magnitude of 1 f:| 
at the particular w and |^^|. Each of the 
parameters, cu, and can be 

varied and its effect on the magnitude of 
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INPUT VOLTS TO POWER AMPLIFIER STAGE 


Figure 6 (left). 
Typical saturation 
curve and satura¬ 
tion gain function 


Figure 8 (right). 
Typical set of 
saturation fre¬ 
quency responses 
for lead network 
system 
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|£| can be determined. Figure 9 is a 
typical family of ellipses with a fixed cj and 
Tm and a varying input magnitude 
Figure 10 is a typical family of ellipses 
with a fixed and \6i\ and varying 
frequency co. 

It is observed that the effect of in¬ 
creasing is to increase the magnitude of 
the ellipse, while the effect of an increasing 
0 ) is to rotate the ellipse counter clockwise 
as well as to increase its magnitude. In 
each case of these figures, a typical 
saturation curve is plotted and it is 


observed that there may be one, two (a 
tangency), or three intersections in the 
first quadrant. Because of origin sym¬ 
metry, the same intersections will take 
place in the third quadrant and will there¬ 
fore give the same values of |e|. There¬ 
fore, only the first quadrant need be 
considered. It is this possibility of three 
intersections that leads to the phenom¬ 
enon of bending resonance. This pos¬ 
sibility can not take place in a linear 
system as shown by the linear plots. 

An amplitude frequency response of |e| 


versus w obtained from the intersections of 
Figure 10 is plotted in Figure 11 and the 
bending resonance phenomenon is ob¬ 
served. The three values of |£[ do not oc¬ 
cur simultaneously in a physical system. 
What does occur can be observed from the 
movement of the ellipses as co increases or 
decreases. 

As 03 increases the intersection with the 
At,(|E|)|£| curve increases and |E| takes 
on values along CA of Figure 11. Al¬ 
though for 03 values that give rise to \E\ 
values along EA, there also exist other E 



Figure 7. 


Transfer function 


plot and block diagram of lead network single-loop system 
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Figure 9. Typical family of ellipses with fixed « and and variable input magnitude! h\ 


function approaches equation 3^ and the 
possibility of jump resonance will occur. 

One may wonder why this phenomenon 
occurs so rarely in servomechanism stud¬ 
ies. One reason, of comrse, is that few 
development engineers bother to exam¬ 
ine servomechanism performance to veiy 
large input signals. But perhaps the 
greatest reason is that most servo¬ 
mechanisms are lead network or otherwise 
compensated so that the open-loop trans- - 
fer function of the system looks generally 
like a straight — 6-decibel-per-octave slope. 
It will be shown that bending resonance 
can not take place for systems of this ideal 
type if the saturation curve is of the usual 
form. 

In a straight —• 6-decibel-per-octave 
system, the —12-decibel break point is 
pushed out to infinity or approaches 
zero. For = 0, equation 3 reduces to 

El p 


solutions, these do not occur because the 
|£| values along EA are stable solutions. 
At point A, the w ellipse is tangent to the 
Kv{\ -S I) I £ I curve. At a value of w 
slightly above the tangency value, there is 
only one intersection and this is at a much 
larger value of |£|. Thus, there is a dis¬ 
continuous jump in the value of \E\ from 
point A to point D. Further increases in 
o> still lead to one intersection but with 
decreasing values of \E\ as shown in arc 
DF, 

If the response is measured with 
decreasing frequency, however, a different 
set of magnitudes is obtained. As w 
decreases, the \E\ values increase along arc 
FB, and although more than one inter¬ 
section exists from D to B, the |F:| values 
remain along DB because these values are 
stable solutions. At point B, the o) 
ellipse is tangent to the/fB(|F:|)|F:| again, 
but this time at a smaller value of co and a 
larger value of \eI At a value of u) 
slightly below the tangency, there is only 
one intersection and this is at a much 
lower value of |£|. Thus, there is again a 
discontinuity, this time a drop in the 
value of \E\ from point B to point E, 
Further decreases in a? still lead to one 
intersection and decreasing values of |e| 
as shown in arc EC. 

Thus, the region AB does not take 
place physically and is therefore, in a 
certain sense, unstable. Proof of this in¬ 
stability using a Mathieu equation tech¬ 
nique is performed in Stoker.^ 

From equation 3 the magnitude and 
phase of the output position can be 
obtained 


ioV 


( 12 ) 


= —90°— tan~^WT^ 


(13) and equation 11 reduces to 


Substituting equation 9 in equation 13 
gives 


<^o== — tan~^ 


60 


(14) 


The amplitude and phase of the output 
response for the |e| response of Figure 11 
are plotted in Figure 12. It is observed 
that the general nature of these responses 
is identical to the experimental responses 
of Figure 3. 

From equation 29 of Appendix I, it is 
observed that for a equal 2 ero (no ta¬ 
chometer feedback), the tachometer stabi¬ 
lized transfer function reduces to equation 
3. In a highly saturated tachometer feed¬ 
back path, a approaches zero, the transfer 


ir,(|£|)l£ =±u-v/|9i|2-|£|2 (IS) 

The family of ellipses in this case are 
rectangular ellipses as plotted in Figure 
13. Increasing blows up the ellipses, 
while increasing co elongates the y axis of 
the ellipses. The important point to note 
from Figure 13 is that for any positive- 
sloped single-valued i:,(|E|)lE| function, 
there is always only one intersection in the 
first quadrant. Bending resonance, there¬ 
fore, cannot occur in this ideal type of 
servomechanism system. 

The preceding technique can be ex¬ 
tended to the lead network compensated 
servomechanism, the tachometer stabi¬ 
lized servomechanism, or any other servo¬ 
mechanism, and although the expressions 
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Figure 11. Calculated jump resonance frequency response of the error 
magnitude 
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Figure 12. Calculated jump resonance frequency response of the 
output amplitude and phase 


get more and more complicated, the ap¬ 
plication of the technique does not become 
too unwieldy. Therefore 

A generalized expression can be ob- ^ 

tained for any servomechanism system ^(iw) = (i-|-ja)r 2 ) 

where iTpdiSDlEl is the only saturable 

parameter. For the general servo- This is expanded in Appendix II to give 
mechanism system 




„ [(ri+rg— 

,2- 




/3(co) 


a?[l--a)^[rir3 —r2(ri-|-r3)]] 
1+£0^T2® 


(19) 

( 20 ) 


-Ooj) =K^{\E\ ) -^77-7= • (loj 

E C(jo3) 


-1- 


C(jo>) 




■c(jco)+ir„(|£|) (17) 


where 

C(jco) = 

A{j(a) 


then 




[aKo>)+^K<^)]\di\^ 

Kco)+ii:,(l£|)]^-h/?^(c.) 


or 

= M«)+/3V) l| »il “-|3»(co)| £12 
or 

[c«(o.)+ir,(|£|)]|£:| =±g(a>)x _ 

Kh-|£|^ 

or 

iCpd E\ )| E| =s — a:(a3)| F| d=j3(a)) X 

and the right-hand side for the general 
case is still a family of ellipses, each ellipse 
being the sum of a rectangular ellipse and 
a straight line. 

For the lead network compensated case 
or any other -6-12-6-12 system 

A(jco) 1 (l'i~jwr2) 

E(j(a) C(j(a) jo){l-\~jo)TiXl-{-ja}Tz) 


Figure 13, Family of ellipses 
for straight — 6-declbel-per- 
octave system 
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Table !. a!(co) and iS(co) Functions 


System 

Open-Loop 

Transfer Function 


/3(aj) 

6. 

6-12. 

,. Av /p ... 

. . Kv/piX h Tip) . 

. .0. 

. . — fij2ri.* . . . . 

. . . Cl? 

6-12-6-12.. 

Av(l 

— oj^Pn-f-Ta— Ta)+<«>^nr2rs] 

Co{ Ici) —2[TlTa — T 2 (ri-f' Ts)]} 


p{l-\-Tip){l-\-rip) 

1 -J- 

1 


and these are substituted in equation IS 
for the plotting of the ellipses. Table I 
summarizes the a and functions for the 
-6, the -6-12, and -6-12-6-12 
systems. 

In tachometer stabilized and other 
multiple-loop servomechanism systems, 
the same expression 18 can be employed 
provided i?'y(|s|) is the only saturable 
parameter. But generally there is a 
saturable parameter in each loop and this 
parameter is a function of a different 
quantity in each loop. Thus, in a tachom¬ 
eter stabilized system the tachometer 
feedback loop gain a is a function of the 
output speed \ddQ/dt\ while the forward 
loop is a function of the error signal 
|E|. It can be appreciated that a general 
analytical solution for this case would be 
extremely complicated. This indicates an 
advantage of the gain change with 
saturation principle used to explain the 
responses of Figure 2. 

However, if it is assumed that satu¬ 
ration to increasing takes place in one 


the solutions of the simple — 6-decibel- 
per-octave and —6—12 systems with a 
saturable i^^j(|E|). 

For the simple —6 system, the charac¬ 
teristic differential equation is 

(dF:)/(d:04-ir„(|F:|)F;-0 ( 21 ) 

This can be solved by separation of 
variables to give a solution for time as a 
function of the error £, namely 

r dE 

J K,{\B\)E^^ 

This integration can be performed graphi- 
call)^ on a reciprocal plot of the saturation 
curve. 

For the normal saturation curve, the 
time constant of the saturation case is 
greater than that of the linear case and 
furthennore is a function of the initial 
error magnitude Eq. This latter fact is 
true of all nonlinear systems. The out¬ 
put response i9o(0 can be obtained from 
the error response as in the linear case: 


= ^i(0 “■ 'S(i5). This will, of course, 
apply in every system. 

For the —6—12 system, the character¬ 
istic differential equation is 

This can be solved by the technique 
of isoclines in the phase plane.®*’' The 
family of isoclines is given by 

f-— 

and they are observed to be multiples of 
the saturation curve. Thus, given a 
saturation curve, the isoclines can be 
plotted; the phase plane trajectory can 
then be obtained using the isoclines^; and 
finally the time response plot can be 
obtained from the trajectory using the 
relationship t ~\J*dE/v\. 

For the normal saturation curve, the 
phase plane trajectories are stable spirals 
as in the linear case. The normalized 
transient response is a function of the 
initial magnitude of Eo as in all nonlinear 
systems. 

Some Further Points Concerning 
Saturation in Frequency Response 

In several instances, saturation is a 
frequency as well as a magnitude effect. 


path, while the other paths are linear, 
then the technique can be extended to 
multiple-loop systems. A frequency ex¬ 
pression relating the saturable quantity 
to di must be obtained, for example 
jo)6o/di in the tachometer feedback path 
case, and then expanded into an expres¬ 
sion analogous to equation 18 for graph¬ 
ical plotting. 

It should be remembered that through¬ 
out the preceding analysis it was assumed 
that the distortion in the E response could 
be neglected. This may not be possible 
in some applications. 

Transient Response Analysis of 
Simple Saturating 
Servomechanisms 

Some insight into the transient response 
of a saturating servomechanism might be 
gained from observation or manipulation 
of the frequency responses obtained by 
the preceding methods. This procedure 
is questionable, however, because of the 
fact that the superposition principle does 
not hold in nonlinear systems. Although 
it is beyond the .objectives of this paper to 
obtain the transient responses of saturat¬ 
ing servomechanisms, it may prove useful 



to indicate some possible techniques for 


Figure 14. Frequency locus diagram of error signal 
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Two such instances are discussed in the 
following. 


Tachometer Path Saturation 

The following analysis will show that it 
is a fairly simple matter to saturate the 
tachometer feedback path. If the input 
test function is a sinusoidal wave, then the 
motor or output position can be assumed 
to be 6m = 6mm sin cot. The tachometer 
output voltage isKt/ NTddm/dt so that 

Kt 

Vt =— codmm COS ( 25 ) 


or 




Kt ^ 


( 26 ) 


Thus, at large signals (large ^-nd 
high frequencies (large w), the tachometer 
output voltage becomes very large and 
saturation in the tach feedback path will 
likely take place. 


Forward Path Saturation 

The following analysis will show that 
frequency effects are also a large factor in 
forward path saturation. If the input 
test function is a sinusoidal wave di == 
sin cot then the output signal will be some 
magnitude and phase multiplication of 
the input signal. Bq — BOtm sin (co/ — <^) 
where B and are functions of to (the gain 
and phase frequency response of the servo¬ 
mechanism) . 

The error signal is therefore 


— dim sin (jot—Bdim sin (cot—4>) (27) 

or in vector notation 

E^6imZ0°-BdimZ-cl>'' ( 28 ) 

E can now be observed from the 
frequency locus vector diagram of Figure 
14. 

At low frequencies B is approximately 
unity and is approximately 0 degree so 
that the magnitude of the error signal is 
very small. However, for the higher 
frequencies, even in a well-stabilized 
servomechanism system, B may get to be 
about 1.4 and cf) may be 90 degrees. At 
that particular frequency, the error volt¬ 
age would be the square root of[l + 
(1.4)2], or 1.72 times the input test signal. 
Thus at the higher frequencies, the actual 
error signal which feeds the amplifier 
stages is generally much greater than the 
input signal and may cause unexpected 
saturation effects. 

Conclusion 

The purpose of this paper was to pre¬ 
sent some useful analysis techniques in 
dealing with saturation effects in servo¬ 


mechanisms. No devices for compensat¬ 
ing or minimizing these effects were 
advanced although suggestions towards 
these can be derived from the analysis. 
Whether the saturation effects are harm¬ 
ful or not depends on the application of 
the particular servomechanism system 
being studied. 

The principles expounded here should 
by no means be treated as natural laws. 
All that can be said is that they work in a 
few simple cases and can, therefore, be 
placed alongside the other nonlinear 
analytical tools in the servomechanism 
engineer’s bag of tricks. 

Lastly, the transfer function form for a 
tachometer stabilized servomechanism 
presented here is an extremely useful one 
in the design and analysis of such servo¬ 
mechanisms and is not limited to studies 
of saturation. 


Appendix I. Transfer Function for 
Tachometer Through High-Pass 
Filter Stabilized Servomechanism 
System 


Referring to the block diagram of Figure 1 
N Nt 


Km 


Vi p(l'^TmP) 

l-TT^P 

V% —KtPBt 
Ex^Ke(ei-e,)^K,E 

Combining and substituting 
KmK, 


Kpdi'Tjnp) 


X 


Kx. 


KcE-K^Kt 


T‘2P^ Ndo 
l-]-TtP Nt^ 


?o|^l + 


Kn^K^K^Kr r2p^ 


Nr Kl 4 -r:TO^)(l + T2^). 


KmK^KxKe 




and 


Defining 
KeKxK^K, 


N 


K Pi^ + rmp) 
^ the forward-loop gain 


KTK^K^Km , 

a——— -, the tachometer feedback 

JSt 


loop gain 


then 


00 [p( 1 + rmp){ 1 + r2P) + a r2;^2 ] ~ ^2 -f- np ) 


and 


_ At,(l + r2j>) _ 

E P(rmr'ip^-\‘[rm-\-(l-\^<x)r2]p-\-\) 

The quadratic in the denominator can be 
factored into 

(l-l-ri^)(l + rs^) 

where 

rm — TjnTi 

ri + T3 == (1 + a)T2 

or 



T2 T2 T2 


and 


( 30 ) 


= (3,) 

T2 ^2 T2 

Now in almost all practical systems t 2 is 
generally of the same order of while 
a>>l. Therefore, l'\-Tm/r2 is usually 
negligible compared to a. Also, for sta¬ 
bility it is generally desired that rg be at 
most l/8r2, while for high Kv systems n is 
always large compared to r2. Therefore, 
r3/r2 is usually negligible compared to n/ra. 
Then in equation 31 

ri 

ra 


or 

Ti = OiT2 

and substituting this in equation 30 

T2 a 


or 

n - Tyn/oL 

Therefore 


Kll^rtP) 


^(l-bQ:r2^)^l-f- 


a / 


( 32 ) 


Appendix II. q:(w) and for 
6 — 12 — 6 — 12 System 


. . B(jco) . (l+ia)ri)(l-|-icor3) 
u(jco)-777-:=Jco- 


Aijeo) 


(l+jcoro) 


. [l-co2rir3+ia)(riH-r:{)]^ (1~7W2) 

C{j<o) ^jeo -777-;-7—-- X ; 


(l+icor2) 


(l-j(OTi) 


C(jio) ^jeo 


[1 — 0)2 [nrg — r2( Ti + rs) ] F 

jeo [(tiFt 3 — r2)Fo)^TlT2r3]] 
1+0)2x22 


• \ „ [(ri+r3 —r2)+0)2x1 r2T3] , 

1 + 0)2x22 

. [ 1 —0)2[xir3 —T2(Ti+r3)]] 


J(0- 


1+0)2x22 


( 33 ) 


Therefore 


. V . [(ti + ts —r2)+0)2x1 r 2 r 3 ] . 

a(o)) = — 0)2 - ( 34 ; 

1 + 0)2x22 
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and 


=0) 


[1—C0^[tiT3 —T 2 ( ri + ra)]] 
l+cij2r2^ 


( 35 ) 
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Adjustable Speed D-C Drives 
for Deep-Draw Presses 


C. E. ROBINSON 

NONMEMBER AIEE 

Synopsis; The trend in the automobile 
industry toward larger and more complex 
stamped parts for fabricating automobile 
bodies has necessitated radical changes in 
the design of stamping presses and their 
associated drives. The drive problems 
presented by these more complex machines 
and operations have led to the development 
of new drive systems. This paper deals 
with the application of d-c adjustable-speed 
drives to deep-drawing presses. Basic 
drive considerations and description of a 
typical drive are discussed. 

Press Development 

In the simpler types of presses, such as 
those required to perform blanking 
operations where the metal is sheared 
only and no drawing action takes place, 
the moving die is driven by a crank which 
gives it a simple hannonic motion. 
Since all the work is done in the brief 
interval immediately after the die engages 
the metal, the press is so arranged that 
this contact occurs at a point very near to 
dead center of the crank. With the great 
mechanical advantage thus afforded, only 
a comparatively small torque applied at 
the crank shaft produces a tremendous 
force on the moving die where the shearing 
of the metal is in progress. 

The conventional press of this character 
is driven by a squirrel-cage motor through 
a clutch mechanism. A flywheel is built 
into the transmission on the power side of 
the clutch, and a brake is provided on the 
load side. 

The energy for performing the actual 
shearing of the metal is provided by the 
flywheel which loses approximately 8 per 
cent of its speed in the transfer of energy, 
all of which occurs in as little as 10 degrees 


A. P. DiVINCENZO 

ASSOCIATE MEMBER AIEE 

of travel of the press crank. The flywheel 
is reaccelerated to full speed during the 
remaining 350 degrees of travel or some 
portion of this remainder. The motor is 
provided with a high-resistance squirrel- 
cage winding which gives it a high slip 
with load characteristic. The energy 
required by the particular stamping oper¬ 
ation, and inertia of the flywheel, and the 
frequency of operation all go into the 
deteraiination of motor rating and opti¬ 
mum slip characteristic, but it will be 
apparent that the ideal choice of motor 
for a given press and shearing operation is 
one which barely reaccelerates the fly¬ 
wheel to full speed after one operation be¬ 
fore another operation ensues. This per¬ 
mits operation with the minimum of peak 
torques and peak motor currents. While 
practical factors such as flexibility of press 
use and safety factor do compromise de¬ 
sign, the choice of flywheel and drive 
motor combinations in actual practice is 
predicated on these considerations. 

Where, instead of pure shearing, a 
stamping operation requires a very shal¬ 
low drawing of the metal, it will be noted 
that for all pi*actical purposes the basic 
press design and choice of drive system is 
dictated by the same considerations as 
those outlined for a shearing operation. 
As the extent to which the metal is drawn 
becomes greater, however, the problem 
of press and drive design requires con¬ 
siderable study. Some drawing oper¬ 
ations now require drawing metal up to 
13 inches or more in a single operation. 
These operations in general are not only 
characterized as being “deep draw” but 
furthennore require very large and com¬ 
plex dies. This, in turn, means vast 


stressing forces in the press and great 
torque requirements of the drive system. 

Where a deep-draw operation such as 
forming an automobile top is involved, the 
total stroke of the moving die or “ram” 
must be at least twice as great as the 
depth of draw in order that sufficient 
separation of the dies occurs to permit re¬ 
moval of the formed piece. In actual 
practice a press with a stroke of 36 inches 
would probably not have a useful working 
or forming stroke of more than 13 inches. 
Even so, it will be apparent that if a 
simple crank action press is used for such 
an operation, engagement of moving die 
and metal will occur not at a point near 
dead center or 180 degrees of crank travel 
but at a point more nearly 100 degrees of 
crank travel, and deforming of the metal 
will continue until 180 degrees of crank 
travel is reached. Energy is, therefore, 
being expended in forming the metal over 
an interval of 80 degrees or almost one- 
flfth of the total crank travel per cycle. 

Because of this long drawing interval, a 
given press can, without exceeding its 
stress limitations, do work requiring much 
greater total expenditure of energy per 
cycle when doing a deep-draw operation 
than when doing a simple blanking or 
shallow-draw operation. 

As drawing operations became deeper 
and total expenditure of energy per cycle 
became greater, flywheels or greater 
inertia were required until a point was 
reached where flywheels of sufficient 
energy storage could not be accelerated 
from rest without burning out the rotor of 
the driving motor. Such operations also 
caused much greater stresses in the 
various moving press members because of 
the engaging of the work further up on the 
crank stroke. The clutch also became 
more of a problem. 

Paper 53-4, recommended by the AIEE Industrial 
Control Committee and approved by the AIEE 
Committee on Technical Operations for presenta¬ 
tion at the AIEE Winter General Meeting, New 
York, N. Y., January 19-23, 1953. Manuscript 
submitted May 1, 1952; made available for print¬ 
ing October 7, 1952. 

C. E, Robinson and A. P. DiVincenzo are both 
with the Reliance Electric and Engineering Com¬ 
pany, Cleveland, Ohio. 
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Fisure 1. Motor speed 
versus time for one 
press cycle 




Consequently, presses for deep-draw 
work had to be so designed that, instead of 
a simple crank motion, a double toggle 
action was used to move the die. The fly- 
wheeljand clutch were eliminated and a 
mticl/larger motor of high torque charac¬ 
teristic was used instead. In this system, 
since a comparatively small amount of 
energy is stored in all the moving parts 
the motor is actually required to provide 
sufficient torque to force the die through 
its work stroke. The motor, further¬ 
more, starts and stops each time the press 
starts and stops. While such a duty 
cycle presents great problems of motor 
design, such motors, along with suitable 
control equipment, have been developed 
and a considerable number of such drives 
have been in successful operation for over 
12 years. 

While such presses and drive systems 
successfully solved the problems of torque, 
energy per stroke, stress, and clutch 
maintenance, another problem peculiar to 
deep-draw operations, still existed. This 
has to do with the speed at which the 
me Lai is drawn. As explained earlier, in 
the case of the simple crank action press 
pcrfonning a deep-draw operation, the die 
engages the metal when the crank has 
traveled approximately 100 degrees from 
top dead center. With the crank turning 
at unifoiin angular velocity, the velocity 
of the die is, therefore, nearly at the 
maximtnn value attained in its simple 
harmonic cycle when the drawing of the 
metal begins. In drawing metal it has 
long been recognized that it requires 
greater effort to start the metal flowing 
than it dies to continue the operation. 
Because of this effect, if the initial speed 
of drawing is too high, the metal tears 
instead of flowing. An ideal drawing 


cycle would, therefore, begin at a slow 
speed with the speed increasing as the 
work progresses. The cranlc action press 
provides exactly the opposite speed 
condition. 

The double toggle presses provide a 


considerably improved speed condition 
but still have a higher rate of drawing at 
the initiation of the cycle. It is con¬ 
ceivable that a system of mechanical 
linkages could be devised whereby with a 
constant speed prime mover the die could 
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Figure 3. Basic circuit of drive 


















be made to move slowly at the initiation 
of the drawing and subsequently move at 
a higher speed; but such a system would 
be very complicated, with high mainte¬ 
nance, and would then be a fixed mechan¬ 


ical design. 

As a result of these considerations, the 
rate of production obtainable from a deep- 
draw press with a squirrel-cage prime 
mover is limited to the point where the die 


speed at the initiation of actual drawing is 
not so great as to tear the metal. Oper¬ 
ation at lower speed results in lower pro¬ 
duction on an expensive installation, and 
operation at higher speed results in an 
intolerable amount of scrap. 

If, however, the angular velocity of the 
prime mover can be varied during the 
press cycle, the metal can be drawn at low 
speed and scrap reduced to a minimum, 
while the elapsed time in performing a 
cycle can be decreased by running at high 
speed at such times as drawing of the 
metal is not taking place. The result is 
high production with minimum scrap. 

D~C Drive Considerations 

A practical means of obtaining an 
adjustable speed in a prime mover 
operation on such a duty cycle is an adjust¬ 
able voltage d-c drive system. The first 
use of this system on large deep-drawing 
presses has now been in operation for over 
a year. A speed versus time graph for 
such a drive system designed for use with 
a 1,000-ton triple action toggle press is 
shown in Figure 1. In the particular 
stamping operation involved, it was 
desired that the press complete a cycle in 
8.5 seconds, which is a rate of 7 strokes 
per minute, but that during the actual 
drawing operation the speed would be 
reduced to a rate of 4 strokes per minute. 
In order to meet these two requirements 
without exceeding maximum practical 
press speeds, the speeds shown for various 
instants in the cycle were required. 

The press cycle, as depicted in Figure 1, 
shows that the motor and press must be 
accelerated from rest to high speed in 
approximately 0.5 second. Because of 
the large-size motors employed, 500 horse- 
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Figure 6. Oscillogram showing speed versus time cycle of d-c press drive 


power for the press of Figure 1, this pre¬ 
sents two major problems. First, the 
motor must have the torque ability to 
accelerate the mass of the motor armature 
and the press in the time specified, and 
secondly, some means must be devised to 
overcome the electrical inertia of the d-c 
machine fields which are used to control 
the speed in the adjustable voltage system 
of speed control employed. 

Because of the large step-down gear 


ratio between the motor and the press, the 
inertia of the press parts reflected to the 
motor shaft is small. The inertia of the 
motor armature, then, comprises practi¬ 
cally all the inertia that must be acceler¬ 
ated. By special motor design, the 
inertia of the armature was made as small 
as possible and the commutator of 
sufficient capacity to commutate the re¬ 
quired accelerating current. The ac¬ 
celerating current was considered as held 


at a constant value instead of the steep 
rise and exponential decay normally ex¬ 
perienced. This, of course, precluded 
that the control woufd use some form of 
ciurent limit acceleration. 

For the 500-horsepower drive, the time 
constant of the motor and generator fields 
is approximately 2 to 3 seconds. This 
means that any field cm-rent change will 
require an elapsed time of 2 to 3 seconds to 
make 63.2 per cent of the change and 6 to 9 
seconds to make 98 per cent of the change. 
This follows from the fact that any cur¬ 
rent change in the highly inductive fields 
occurs exponentially. The elapsed time 
of 6 to 9 seconds is much larger than can 
be tolerated if the speed of the motor is to 
be changed in a fraction of a second. In 
order to overcome the electrical inertia of 
the generator and motor fields, the drive 
employs field forcing. 

Figure 2 shows the exponential rise of 
field current for a field having a time con¬ 
stant of 2 seconds, with the field voltage 
applied instantaneously at time t zero. 
Curve A is for an applied voltage which 
will give the required value of Ip. Note 
that this takes approximately 9 seconds to 
reach final value. If the applied field 
voltage is four times that of Curve A, so 
that the final value of Ip would be 4:1 p, 
then the current rise is shown by curve B. 
Note that the time required to reach 63.2 
per cent of 41 p is still 2 seconds, since this 
is the time constant defined by the L/R 
ratio. But on curve B it now takes 0.6 
second for the current to reach the value 
Ip. Field forcing, then, consists essen¬ 
tially of applying over-voltage to the field 
during the time a field current change is 
required and then quickly removing the 
over-voltage when the desired value of 
field current is reached. 

In order to use field forcing, the control 
must respond practically instantaneously 
to remove the field over-voltage. For 
this reason, electronic regulators were 
selected. Rapid response of the regu¬ 
lator is also required in the current limit 
circuit to limit the initial accelerating cur¬ 
rent peak. Another reason for selecting 
electronic regulators is that they can be 
stabilized with rather simple and in¬ 
expensive antihunt circuits. Both re¬ 
sponse time and regulator instability 
would present problems with either 
rotating or static regulators which require 
both bulky and expensive stabilizing cir¬ 
cuits. 

Description of Basic Circuit 

As previously mentioned, the adjust¬ 
able speed control is obtained with the 
adjustable voltage system of speed control 
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Figure 7. Simple crank action press and conventional drive | 


Figure 8. Drawing press with flywheel and high-slip press motor 


in which the press motor speed is con¬ 
trolled by varying the motor armature 
voltage. A small amount of the speed range 
is covered by weakening the shunt field of 
the motor. This was done in order to re¬ 
duce the main generator size. Thus the 
drive has two regulating systems. One 
regulator controls the generator or motor 
armatiure voltage, and the other regulates 
the motor shunt field current. 

Figure 3 is the basic circuit of the drive. 
The generator voltage regulator system 
consists essentially of a d-c reference volt¬ 
age supply, an electronic regulator, and a 
d-c control generator which supplies exci¬ 
tation to the main generator field. The 
speed at which the drive is to run is 
adjusted by the speed potentiometer which 
adjusts the magnitude of the d-c refer¬ 
ence voltage. The reference voltage is 
opposed by a feedback voltage which is 
a portion of the generator voltage which is 
being regulated. The difference between 
the reference voltage and the feedback 
voltage—that is, the error—^is applied to 
the input of the electronic regulator, 
where it is greatly amplified. The elec¬ 
tronic regulator in turn supplies suffi¬ 
cient excitation to the main generator 
field, through the number 1 control gen¬ 
erator, so that the feedback voltage 
practically equals the reference voltage. 

A voltage drop proportional to arm¬ 
ature loop circuit current is used as a 
voltage drop signal. This signal voltage 
is added to the reference voltage so that 
the motor armature voltage increases 
with load, thus compensating for the in¬ 
herent motor speed drop with load due to 
the armature loop circuit resistance. 

Number 1 control generator is em¬ 
ployed for two reasons. First, the use of 
field forcing requires that the main 
generator field become a low-volt¬ 


age field. The ratio between control 
generator maximum output voltage and 
the voltage for which the main generator 
field is wound detennines the degree of 
forcing available. The use of low-volt¬ 
age fields increases the normal field cur¬ 
rent beyond the practical range of most 
electronic regulators. Secondly, the field 
forcing voltage must be of both positive 
and negative polarity in order to force 
both on acceleration and deceleration. 
This reversal of output voltage is not 
obtained easily from the electronic 
regulator but is accomplished readily by 
adding a second field called the bias field 
to the number 1 control generator. The 
bias field opposes the control field and is 
of such value to give proper over-volt¬ 
age in the positive direction with the 
electronic regulator at zero output, while 
with the electronic regulator at full out¬ 
put the control field supplies sufficient 
excitation to give the proper negative 
over-voltage to the main generator field. 

Figure 3 shows only one speed potentiom¬ 
eter. Actually there are three potentiom¬ 
eters which control the down, draw, and 
up speed of the die. Each potentiometer 
is selected by a relay, such as SI, which is 
energized by a cam switch which denotes 
die position. Thus the three die speeds 
may be preset for press operation. 

The electronic regulator has a current 
limit circuit to limit accelerating and de¬ 
celerating motor currents. A current 
limit signal of a few volts is obtained from 
a resistor in the armature loop circuit and 
applied to the limit circuit input of the 
regulator. When the voltage drop across 
the armature signal resistor exceeds a set 
value, the limit signal overrides the 
regulator signal to control the regulator. 
The limit circuit is responsive to the 
polarity of the limit signal so that one 


polarity turns the regulator on, while the 
opposite polarity turns the regulator off 
as required to limit accelerating and 
regenerative motor armature currents 
respectively. 

Figure 4 shows the theoretical wave 
fonns for a press cycle of acceleration 
from rest to high speed and deceleration 
from high speed to rest. The first wave 
fonn shows the application of reference 
voltage by the speed relay SI. The 
second wave fonn shows that the regu¬ 
lator which is at approximately half out¬ 
put at rest goes off during the acceleration 
time and full-on during deceleration. 
This action of the regulator drives the 
number 1 control generator voltage both 
positive and negative as shown in the 
third wave form. The second and third 
wave forms are not actually square as 
shown, but have slightly rounded corners. 
The last wave form shows the motor ann- 
ature current. The dotted line shows the 



Figure 9. Direct connected a-c drive and 
drawing press 
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Figure 10 (left). 
500 - horsepower 
d-c drive motor 
in press pit 


Figure 12 (right). 
Control cabinet 
for 500-horse¬ 
power press 
drive. Electronic 
regulators and 
control generators 
on left side; press 
auxiliary control 
on right panel 



current wave forni that would be obtained 
without current limit. A current with 
such a wave shape would be practically 
impossible to commutate both because of 
its initial rate of rise and its magnitude. 
By employing current limit, the initial 
peak is reduced to a value that can be 
safely commutated and held at this value 
during the entire accelerating period to 
give the maximum torque and shortest 
possible accelerating time. Actually the 
current wave form has a rounded leading 
front and a slightly trailing edge. 

Figure 5 is a diagram of the electronic 
regulator. This regulator consists es¬ 
sentially of a 2-stage d-c amplifier com¬ 
prised of the two tubes VI and 72, and a 
power amplifier consisting of a thyratron 


rectifier comprised, of tubes V6 and 77. 
The thyratron rectifier is the half wave 
with back rectifier type used with highly 
inductive loads. The regulator has a 
very high steady-state voltage gain and a 
much larger power gain. From the wave 
forms of Figure 4, it can be seen that the 
regulator has sufficient gain and rapid re¬ 
sponse to act practically as an on-off 
device during acceleration periods. 

The cuirent limit circuit of the 
electronic regulator consists of two diodes 
biased so that they do not conduct. 
When the current limit signal reaches a 
magnitude which overcomes the diode 
bias, the diode conducts and applies the 
current limit signal voltage to the input 
grid of the first regulator tube. There 


are two diodes, one for both positive and 
negative limit. 

Figure 3 also shows the basic circuit of 
the motor field regulator. The regulating 
system is similar to the armature voltage 
regulator. In this case, the motor field 
current is regulated so speed changes due 
to motor field heating are overcome. A 
voltage proportional to motor field cur¬ 
rent is used as the negative feedback 
signal and made to oppose the reference 
voltage, which in this case is supplied by 
the electronic regulator. The difference 
or error voltage is applied to the input of 
the electronic regulator and amplified. 
The regulator, in turn, supplies the con¬ 
trol field of the number 2 control gener¬ 
ator which, in turn, supplies the motor 
field. Again, field forcing is employed to 
overcome the time constant of the motor 
field. Because of field forcing, the num¬ 
ber 2 control generator must be employed 
to supply the large motor field current and 
reversing voltage necessary. 

Field weakened speeds are only re¬ 
quired during the down and up motions of 
the die, the draw portion of the cycle re¬ 
quiring full field for maximum torque. 
In order to select the field weakened 
speeds, the cam switch which denotes die 
position operates relay FW whose contact 
selects the reference voltage to give either 
full or weak motor field current as 
required. 

Note that the armature loop circuit 
does not use a main line contactor, but is 
connected in solid. This was done to 
eliminate a large, expensive main line 
contactor which would have a severe 
duty cycle in this application. When 
stopped, then, the main generator voltage 
must be reduced to practically zero volts 
to prevent the motor from creeping. 
This is accomplished by “suiciding” the 
main generator with its own shunt field. 



Figure 11. Floor view of 1,000-ton triple action press 
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Suiciding consists of connecting the shunt 
held across the motor armature in reverse 
so that it cannot “build up” as a self- 
excited machine. Thus, any voltage 
appearing across the generator armature 
is applied to the field with such a polarity 
that it tends to reduce the arm¬ 
ature voltage. Since the generator held 
is a low-volt age field, it is very effective in 
reducing the armature voltage to less than 
a volt. 

Suiciding is applied by a normally 
closed contact of relay SR, When run¬ 
ning, the normally open contact of relay 
SR connects the generator shunt field to 
the number 1 control generator. When 
suicided, it is also necessary to keep the 
electronic regulator in range. This is 
accomplished by a second normally 
closed contact on SR which picks up a 
feedback signal from the number I control 
generator to about zero volts. The fact 
that the electronic regulator is operatingin 
this standby condition is used effectively 
to prevent drive start-up in case of 
regulator or control failures. 

Referring again to Figure 3, it can be 
seen that the relays which are really 
essential to run the drive are SR, FW, 
SI, and S2 and S3. S2 and S3 are speed 
relays, similar to SI, which select the up 
and down speed potentiometers. Only 


five relays, then, are required to start the 
drive, run it through its cycle, and stop it. 

Furthermore, the relays are all small 
standard control relays which are essen¬ 
tially in signal circuits. SR is the largest 
of the relays because it must carry the 
generator field current. A total of nine 
contacts on these relays are all that are 
required. Thus, through the use of 
electronic control the number of relays to 
run the drive through its cycle has been 
kept at a minimum, the relays that 
operate during a press cycle are small, and 
the relay contacts are not required to 
break circuits carrying large current con¬ 
sidering the size of the drive. 

Figure 6 is a speed oscillogram of the 
press speed for a press cycle of the 500- 
horsepower drive. The press cycle is the 
same as that shown in Figure 1, and from 
Figure 6 it is seen that it is completed in 
8.5 seconds as was originally specified. 

One interesting point shown by the 
oscillogram, as determined from tachom¬ 
eter commutator ripple, is that starting 
from rest the motor shaft attains a speed 
of approximately 700 rpm in three 
revolutions of the shaft. On stopping, 
the motor comes from a speed of 700 rpm 
to rest in three revolutions of the shaft. 
When expressed in this manner, it can be 
seen that the drive is functioning rapidly 


in order to accomplish the requirements 
of Figure 1. 

Conclusions 

Five drives of the type described are in 
operation, with one drive having over 1 
year’s service. Results obtained have 
been satisfactory, with production records 
exceeding anticipated figures. The facil¬ 
ity for jogging at any desired low speed in 
setting dies and the ability to adjust press 
speed as desired offer additional pro¬ 
duction advantages which are being 
exploited to increase production above 
contemplated rates. 

“Automation” (mechanical loading and 
unloading of the press) is now being used 
extensively and is constantly being im¬ 
proved and perfected. By having adjust¬ 
able speed, regardless of die used, the 
chances of being able to operate the press 
“on the hop” are excellent. A press 
operated on the hop can produce as many 
as 25 per cent more pieces. Running on 
the hop also reduces wear and tear from a 
mechanical standpoint on the press and 
greatly reduces the demands of the elec¬ 
trical system. For example: a 10-stroke 
press run on the hop will produce ten 
pieces; if motor is stopped and started, it 
will produce 7 V 2 pieces. 
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M easurements of the electrical 

characteristics of arcs, such as the 
variation of voltage with current and with 
arc length, have been carried out by 
Ayrton ,1 Nottingham,^ and Suits,^ and 
others for currents below 20 amperes 
and by Finkelnburg^ for carbon arcs 
for currents above 20 amperes. Most 
of the work has been done at atmospheric 
pressure. The great increase in the 
use of inert gases for arc welding has 
resulted in the publication of much valu¬ 
able data on the behavior of arcs in 
these atmospheres under typical weld¬ 
ing conditions. It appears, however, 
that there is a need for more quanti¬ 
tative information on the characteristics 
of the inert gas arc under controlled 
laboratory test conditions. In particular, 
this information is needed for arc cur¬ 


rents in excess of 20 amperes and for 
gas pressures in the neighborhood of 
atmospheric such as pertain when the 
inert gas arc is used for welding. 

With this in view the Department of 
Electrical Engineering of The Johns 
Hopkins University has undertaken an 
investigation of the characteristics of 
inert gas arcs as a portion of its program 
of fundamental arc studies' being spon¬ 
sored by the Office of Naval Research. 
This paper presents the electrical charac¬ 
teristics of the d-c tungsten arc for the 
current range 10 to lOO amperes in an 
atmosphere of argon. Voltage-current 
curves, voltage-arc length curves, and 
plasma gradients data are presented. 
In addition, the qualitative behavior 
of this arc is described in detail. Some 
data is also given for the tungsten arc 


in helium. It is felt that infonnation 
of this type will be useful not only for 
the theoretical study of the arc mechanism 
but also in the design and development 
of equipment and processes. 

Experimental Apparatus 

The vacuum-tight test chamber is 
shown schematically in Figure 1. It is 
constructed of 6-inch brass pipe in the 
form of a maltese cross and can be evac¬ 
uated to better than 1-micron pressure. 
Two anns of the cross contain the rod 
electrodes, which .were mounted hori¬ 
zontally along the same axis, while the 
other two arms contain the observation 
port and the gas inlets and outlets. 
Means are provided for projecting the 
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arc image onto a screen adjusting the 
electrode separation, and controlling 
the gas pressure. The arc is started 
with a high-frequency arc starter. The 
pressure in the chamber was maintained 
at 3 pounds per square inch (±1 pound 
per square inch) above atmospheric by 
means of a blow-oif valve. Water cool¬ 
ing tubes and air blowers were used to 
keep the chamber walls cool. A high 
capacity storage battery was used as the 
power supply for all tests. 

Test Conditions 

The final test conditions and proce¬ 
dures were arrived at only after a great 
amount of exploratory work consisting 
of numerous tests under a variety of con¬ 


ditions repeated again and again. In 
one instance identical electrical measure¬ 
ments were made on the argon arc each 
day for 8 consecutive days to test the 
reproducibility of data. These explora¬ 
tory tests brought out quite clearly the 
absolute necessity of adopting definite, 
precise test conditions and procedures 
and rigid adherence thereto if the data 
is to have meaning and reproducibility. 
It is evident then that the data to be 
presented in this paper pertains to arc 
under the specific test conditions reported 
here. The necessity therefore of describ¬ 
ing the test conditions in detail cannot 
be over emphasized. 

Tungsten was chosen as the electrode 
material for the following reasons: 

1. It has a high melting point thus per¬ 


mitting higher currents without loss of 
material and creation of instability due to 
droplet formation. 

2. It has high electric conductivity, vir¬ 
tually eliminating consideration of voltage 
drops in the resistor and PR effects within 
the electrode itself. 

3. Comparative tests on tungsten and 
carbon arcs showed the former to possess 
greater stability and better reproducibility 
of data. 

4. Tungsten electrodes are widely used for 
inert arc welding. 

It was decided to use tungsten electrodes 
for the anode as well as cathode since 
it was felt that the introduction of another 
metal into the picture would only serve 
to complicate the results. The study 
of the effect of electrode combinations 
on the behavior of inert arcs is contem¬ 
plated as another phase of this arc re¬ 
search program. 

Tt was further decided to use elec¬ 
trodes of the same diameter for both 
anode and cathode. It is recognized 
that this does not conform to welding 
practices generally. It was felt, how¬ 
ever, that so little is known about the 
effect of relative electrode diameters, 
for example between anode and cathode, 
on the behavior of inert gas arcs that 
the most logical choice would be to 
have both electrodes of the same diam¬ 
eter. 

With this reasoning as a basis, elec¬ 
trodes of l/4-inch diameter were selected 
for the tests. In the case of the cathode 
this diameter is considerably larger than 
that employed for straight polarity 
welding over the current range of 20- 
100 amperes. It was recognized that 
this might contribute to instability of 
the cathode spot, making measurements 
more difficult than if a smaller cathode 
were used. The larger diameter how¬ 
ever permitted a much wider current 

Fisure 1. Test chamber 

A. Top view B. Cross section 
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Fisure 2. Arson- 
tunssten arc at 
1 /500-second ex¬ 
posure with red filter 

A. Electrode sepa¬ 
ration 0.2 inch, cur¬ 
rent 20 amperes 
B* Electrode sepa¬ 
ration 0.2 inch, cur¬ 
rent 70 amperes 
C Electrode sepa¬ 
ration 0.4 inch, cur¬ 
rent 70 amperes 


range to be covered without sufficient 
melting of either electrode (in particular, 
the anode) to cause detachment of a 
droplet or enough distortion of the shape 
of the electrode tips to affect the test 
results. It was found in the exploratory 
tests that if a mobile droplet were formed 
on either electrode, the distortion of the 
shape of the tips produced thereby had 
such a marked effect on the behavior of 
the arcs that accurate data could not be 
obtained. 

The electrodes were of the type em¬ 
ployed for coinmercial inert arc welding 
except that they were dipped in hot 
KOH to remove the surface oxides. 
If this were not done, random voltage 
oscillations would occur. 

After mounting the electrodes, the 
chamber was sealed and evacuated to 
about 1-micron pressure before admitting 
the inert gas. It was necessary to 
evacuate to pressures this low to be sure 
that the small amount of air remaining 
in the chamber would not affect the results. 
Preliminar\" tests made after evacuating 
to various pressures established the 1- 
micron level to be adequate. The inert 
gas was then admitted to the chamber 
to a pressure slightly above atmospheric 
and the cell again was evacuated to 
1 -micron pressure. The gas was ad¬ 
mitted once more and the chamber was 
then in readiness for the tests. The 
gases used were argon and helium of 
commercial purity (99.8 per cent). 


Arc Initiating Phenomena 

A commercial high-frequency arc 
starter was used to initiate the arc through¬ 
out these tests. In starting the arc, the 
electrodes were adjusted to a separation 
of about 0.1 inch and the high-frequency 
circuit closed. The high-frequency volt¬ 
age would break down the gap and the 
direct arc cturent would flow through 
this discharge as indicated by the d-c 
ammeter. If the parameters of the 
d-c arc circuit were adjusted to permit 
a current of some 70 or more amperes 
to flow, the electrodes would heat up to 
incandescence in a few seconds and the 
normal d-c arc would establish itself. 
If the d-c arc current were not high 
enough, the high-frequency discharge 
would play between the electrodes for a 
few seconds and then go out without the 
establishment of the normal arc or the 
heating of the electrodes to incandescence. 
This would seem to indicate that hot 
electrodes are essential to the establish¬ 
ment of this type of arc. 

Measurement Technique 

In obtaining electrical characteristics 
of the arc, two test procedures were 
followed: 

1 . While maintaining constant electrode 
separation, vary the current over the de¬ 
sired range, measin-ing voltage and current. 
Repeat at different separations. This gives 


a family of voltage-current curves at various 
separations. From these curves the voltage- 
electrode separation curves may be obtained 
for any desired current, 

2. While maintaining constant current, 
vary the electrode separation measuring the 
voltage and separation. Repeat at different 
currents. This gives a family of voltage- 
electrode separation curves at various cur¬ 
rents from which the voltage-current curves 
can he derived. 

It was found that test procedure num¬ 
ber 1, gave the better results. With 
test procedure number 2 for separations 
between 0.05 inch and about 0.3 inch, 
the results were uniform, reproducible, 
and checked closely results obtained by 
the first procedure. At separations 
greater then 0.3 inch, the behavior of the 
cathode and anode flames tended to be¬ 
come erratic, making it difficult to obtain 
good data. Consequently, all curves 
reported here were separations greater 
than 0.3 inch are involved, were obtained 
by the first procedure. 

Throughout the tests the position and 
behavior of the anode and cathode 
flames were found to have a marked 
effect on the electrical characteristics. 
It was necessary, therefore, to have the 
same configuration of flames in making 
repetitive tests in order to obtain re¬ 
producibility of data. This point will 
be clarified by the description of the 
flames covered in the following sections. 

In addition, it was found that on start¬ 
ing a new series of runs with fresh elec¬ 
trodes and fresh gas, a “conditioning’’ 
period was necessary before conditions 
stabilized sufficiently to reproduce data 
from day to day. During this condition¬ 
ing period the sharp corners of the anode 
become rounded while the cathode re¬ 
tains its original shape, see Figure 2. 
In general, at least one complete set of 
runs was made before taking data which 
were used to plot the curves reported 
herewith. 

The Arc in Argon 

Physical Behavior 

The arc in argon with tungsten elec¬ 
trodes is shown in Figure 2. At close 
separations (less than approximately 
0.3 inch) the arc seems to be composed 
of an intense bluish-white flame issuing 
from the cathode which grows in diam¬ 
eter and length with increasing current, 
Figures 2(A) and 2(B). No anode flame 
is visible; thus, this type of arc may be 
classified as a cathodic arc to distinguish 
it from the discharge where there is an 
anode flame present. Similar phenomena 
have been observed in other types of 
discharges by other workers,®*® At the 


18 


Jones, Skolnik, Kouwenhoven—Electric Arc in Argon and Helium 


March 1953 


longer separations (greater than 0.3 
inch) the anode flame begins to appear. 
At low currents this flame is shorter, 
wider, and less intense than the cathode 
flame, and a dark space of approxi¬ 
mately 0.04 inch separates the anode 
from the anode flame. As the current 
increases, the anode flame grows larger 
and brighter. Figure 2(C) but is never 
as intense as the cathode flame over the 
current range reported here. These 
observations were substantiated by high¬ 
speed motion pictures. 

While the arc is bmning, the anode 
electrode becomes white hot for a length 
of approximately 1 inch and the tip 
appears to be molten; however, no drop¬ 
lets are fonned. The cathode electrode 
is dark except for the bright cathode 
spot. Examination of the electrodes 
after the test show that the loss of 
electrode material is negligible. The 
anode appears unaffected except that 
the tip is rounded and shiny where the 
tungsten has melted, but the cathode 
seems to be coated with a thin deposit 
of tungsten metal for about 2 V 2 inches 
from the tip, which presmnably is trans¬ 
ferred from the anode. 

Electrical Characteristics 

Figure 3 shows a family of voltage- 
current curves for the tungsten-argon 
arc for various electrode separations. 


These curves were taken by procedure 
number 1 previously discussed with 
both increasing and decreasing current. 
There was no significant difference 
between the curves taken by decreasing 
the current and obtained by increasing 
the current. The voltage as read on 
the voltmeter is actually the sum of the 
arc voltage plus the voltage drop in the 
electrodes. However, both calculations 
and measurements indicate that the 
latter drop is negligible even at the high 
temperatures that are encountered. The 
voltage read by the voltmeter was taken 
as the true arc voltage. These curves 
represent the average of many tests and 
are believed to be precise to ±0.5 volt. 
The word precise is used rather than 
accurate because the voltage values 
obtained are reproducible only if the arc 
has the same flame configuration for 
each test. These tests were conducted 
with the arc flames as shown in Figure 2, 
with the cathode flame slightly above 
the anode electrode, since this seemed 
to be the preferred position. If care is 
not exercised in taking the data, the 
cathode flame may wander around and 
even orient itself perpendicular to the 
axis of the electrodes causing a substan¬ 
tial increase in voltage. It was found 
that the tendency for the cathode spot 
to wander could be mitigated to some 
extent by means of an externally applied 


magnetic field of small magnitude in a 
direction along the axis of the electrodes. 
A field of about 200 gausses was obtained 
by winding 180 turns of wire around the 
outside of the test chamber and passing 
a direct current of 5 amperes through 
the wire. The application of this field 
had negligible effect on the arc voltage as 
tests conducted with and without the 
field were closely reproducible. 

The voltage-cxurent curves of Figure 
3 show the usual hyperbolic shape typical 
of V-I curves for d-c arcs. Over the 
current range reported here, the curves 
do not assume a positive slope such as 
characterizes the high ciuxent arc in 
air; so this arc, even for currents up to 
100 amperes does not seem to fall into 
the classification of the high current 
arc of Finkelnburg.^ The decrease in 
voltage with current increase is quite 
rapid for cmTents below 40 amperes. 
At currents above this the curves tend 
to level off, and it is possible that at 
higher currents than those reported 
here, the slope may become positive. 
The decrease in voltage with current seems 
to be associated with the growth of the cath¬ 
ode and anode flames and the intense de¬ 
gree of ionization produced thereby. 
Whether the charge carriers associated with 
these flames originate predominately 
from the electrode material or the gas 
cannot be stated with certainty at this 


Figure 3. Voltage-cur¬ 
rent curves for the tung¬ 
sten-argon arc at various 
electrode separations 
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arc voltage 



Figure 4. Voltage-elec¬ 
trode separation curves 
for the tungsten-arson 
arc at various currents 


Figure 5 (below). Volt¬ 
age-current curve for 
the tungsten-helium arc 
at 0.2-inch electrode 
separation 


time. It is likely that spectrographic 
studies of the entire plasma region would 
help in clarifying the processes. It can 
only be stated that on the basis of the 
visible light emitted, the arc column does 
not appear to contract in cross section as 
does the high current carbon arc in air."^ 
The distribution of voltage between 
the electrodes along the arc column 
(plasma gradient) is an important prop¬ 
erty of the arc. Direct measurements 
of the voltage distribution are difficult 
to make, and no reliable technique has 
as yet been developed for arcs at atmos¬ 
pheric pressure and over the current 
ranges studied here. The variation of 
voltage with electrode separation for a 
constant current is, however, felt to be a 
good approximation of the voltage 
distribution between the cathode and 
anode drop regions. These regions are 
believed to be so near the electrode tips 
that this technique does not permit their 
exploration. 

Figure 4 gives the arc voltage as a 
function of electrode separation for 
three representative values of current. 
These curves were derived from voltage- 
current curves similar to those of Figure 
o. If the curves were obtained by in¬ 
creasing the electrode separation while 
maintaining constant current (proce¬ 
dure number 2), it was found that the 
results checked Figure 4 quite closely 
for separation from 0.05 to 0.3 inch. 
As the separation was made longer than 
■0.3 inch, the arc tended to become un¬ 
stable. This was particularly true for 
currents in excess of 30 amperes. The 
instability manifested itself by the sudden 



appearance of the anode flame, causing 
abrupt changes in arc voltage. This 
did not occur at any particular separation 
above 0.3 inch for a given current but 
seemed to be a random affair and in some 
cases did not occur at all, even for separa¬ 
tions greater than 1 inch. The explana¬ 
tion for this instability is not apparent. 
It is possible that the arc’s own magnetic 
field or convection currents acting on 
the distorted column could play a part. 
In any event, it was felt that data ob¬ 


tained by this technique were not reliable 
for separations above 0.3 inch and con¬ 
sequently the curves of Figure 4 were 
derived from voltage-current curves as 
in Figure 3. 

The slope of the curves of Figiue 4 
at any given current is the plasma gra¬ 
dient. It can be seen that the gradient 
is not the same for all separations. For 
separations between 0.05 and 0.3 inch, 
it is essentially constant for a given cur¬ 
rent and also shows only slight variation 






Table I. Plasma Voltage Gradients for the 
A-W Arc 


Current 

Gradient, Volts per Inch 

Below 0.3 Inch 

0.3—1.0 Inch 

30. 

.16.8. 

.9.5 

50. 

.16.5. 

.7 0 

85. 

.16.9. 



for different currents. It has an aver¬ 
age value of about 16.7 volts per inch. 
At longer separations, the arc has two 
plasma regions, see Figure 2 (C), hence, 
two gradients, one corresponding to the 
cathode flame and the other corre¬ 
sponding to the anode flame. The anode 
flame gradient is roughly one-half the 
cathode flame gradient and decreases 
with increasing current. The values 
of the gradients are shown in Table I. 

These curves seem to give evidence 
that at close separations over the cur¬ 
rent range covered the arc is maintained 
by a cathodic discharge as mentioned 
previously. It should, of course, be 
borne in mind that computations of 
plasma gradient by this method assume 
that with the current constant, the sum 
of the anode and cathode drops remains 
constant as the separation is varied. 
Thus, any changes of arc voltage with 
separation are due to ■ voltage changes 
associated with maintenance of the plasma 
only. This is generally thought to be a 
valid assumption. 

An approximation of the sum of anode 
and cathode drops may be obtained by 
extending the straight lines of Figure 4 
to the vertical axis for zero separation. 
This is obviously not a good approxi¬ 
mation since the shape of the curves 
between 0- and 0.05-inch separation is 
not known. However, if such an exten¬ 
sion is made, it is seen that the intercept 
decreases from 17.5 volts at 30 amperes 
to 13 volts at 85 amperes. If the cathode 
drop is considered as being constant and 
equal to the first excitation potential of 
argon (11.5 volts), then it follows that 
the anode drop decreases from 5.9 volts 
at 30 amperes to 1.4 volts at 85 amperes. 
In view of the questionable validity of 
obtaining the anode drop in this manner, 
it would seem undesirable to attempt to 
draw further conclusions. 

The Arc in Helium 

The appearance and behavior of the 
arc in helium is quite different from that 
in argon. Although these two gases 
possess similar chemical properties, both 
being inert, their physical and electrical 


properties are quite different as shown 
in Table II. 

At low currents in helium (below 30 
amperes) a reddish-purple flame issues 
from the cathode which is smaller and 
less intense than the cathode flame of 
argon shown in Figure 2. With a cm- 
rent of 40 to 50 amperes, the region 
between the electrodes begins to show a 
blue color, S 3 mimetrical in appearance 
with respect to the electrodes. At a 
Still higher current, the reddish-purple 
cathode flame is no longer visible. This 
disappearance of the cathode flame occurs 
suddenly and apparently at no particular 
value of current. Its disappearance is 
accompanied by a sharp drop in voltage 
of about 5 volts. Thus, it seems that 
there are at least two forms of the helium 
arc. It should be emphasized that this 
drop of voltage may occur over a relatively 
large range of current and usually does 
not occur at the same value twice. In 
general, the visible light from the helium 
arc appears less intense than from argon 
and the behavior of the flames is much 
more difficult to observe. 

To date it has been impossible to 
develop a measurement technique yield¬ 
ing consistent, reproducible measure¬ 
ments and therefore complete data for 
the helium arc cannot be presented. 
The most consistent results have been 
obtained at an electrode separation of 
0.2 inch. The voltage current curve 
for this separation is given in Figure 5, 
for a current range of 10 to GO amperes. 
This curve represents the average re¬ 
sults for seven runs. Comparison of 
this curve with that of argon at the same 
electrode separation shows that the ratio 
of the arc voltage in helium to that in 
argon is approximately the ratio of 
their first excitation potentials, for exam¬ 
ple 1.72 to 1. 

Due to its higher voltage characteristic 
the helium arc generates more heat for 
a given current than the arc in argon. 
This results in the melting of the elec¬ 
trodes and the formation of droplets 
producing unstable arc characteristics 
at lower values of current in the helium 
arc than in the argon arc. The study of 
the helium arc is being continued. 

Conclusions 

This is a progress report of the study 
of arc characteristics in various atmos¬ 
pheres. To date only argon and helium 
have been investigated using tungsten 
electrodes. The following conclusions 
may be drawn: 

1. The arc in argon gave more reproducible 
results than the arc in helium. 


Table 11. Comparison of the Properties of 
Argon and Helium 



Argon 

Helium 

Atomic number. 

18 

. . 2 

Atomic weight.. 

. 39.94 

. . 4.00 

First ionization poten¬ 
tial . 

, . 15.68 

. . 24.46 

First excitation poten¬ 
tial, metastable state. . 

. 11.49 

. . 19.77 

Heat conductivity, cen¬ 
timeter-gram-seconds , 

.38.9X10-8. 

. .339X10-8 

Specific heat, centi- 
meter-gram-seconds 
(at —180 degrees 
centigrade). 

0.133 . 

. . 1.25 

Viscosity, micropoises 
at 20 degrees centi¬ 
grade . 

..221.7 

. .194.1 

Density, centimeter- 
gram-seconds . 

1.7837 

. . 0.17847 


2. The arc in argon was stable and con¬ 
sistent results could be obtained as long as 
there was no appreciable melting of the 
anode. 

3. The slope of the voltage-current char¬ 
acteristic in argon is considerably smaller 
for currents in excess of 50 amperes than 
for lower values of current. This means 
that wide current variations can occur in 
this region with small changes in arc 
voltage. 

4. The plasma gradient in argon is essen¬ 
tially constant and independent of the cur¬ 
rent for electrode separations between 
0.05 inch and 0.3 inch. For greater elec¬ 
trode separations the gradient is lower and 
decreases with increasing current. This is 
of importance from the standpoint of auto¬ 
matic welding control. 

This investigation will be continued 
and it is planned to study arc character¬ 
istics in other atmospheres than argon 
and helium. Not only pure gases but 
gas mixtures also will be investigated. 
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Relative Stability of Closed-Loop 
Systems 

M. J. KIRBY D. C. BEAUMARIAGE 

MEMBER AIEE ASSOCIATE MEMBER AiEE 


Synopsis: Frequency response plots have 
long been used to predict transient as well 
as steady^state responses of closed loop 
linear systems, avoiding the exact and 
laborious solution of differential equations. 
This paper considers the relations between 
specific properties of frequency response 
plots and the corresponding properties of 
the early portions of the time responses. 
It is shown that the common output/input 
transfer function plots are in reality plots of 
the Laplace transform of the impulse 
(transient) response. The Laplace trans¬ 
form of a time function is a real integral in 
which an exponential kemal is multiplied 
by the time function, and the product 
summed from time zero to infinity. This 
process amounts to a mechanism by which 
the kemal scans the time function as the 
frequency is varied. This paper gives a 
method for interpreting Laplace transform 
plots and extending their use, and presents 
a method for estimating the size, frequency, 
damping, and phase of oscillations in the 
corresponding time response. “Standard” 
plots are included to aid in estimating 
particular properties. The method is rela¬ 
tively quick in application, and makes use of 
functions and techniques already familiar 
in Laplace transform analysis- In addition, 
it is not limited to the responses of systems 
having rational transforms, or to responses 
to impulses or step inputs, but can be used 
to estimate the response to almost any de¬ 
sired input, and is applicable to systems 
having time-varying elements. 

P LOTS of transfer functions are 
widely used in the analysis and de¬ 
sign of linear systems, particularly servo¬ 
mechanisms. A plot of a fairly simple 
function indicates the properties of the 
time response without the labor of solving 
the differential equation relating output 
to input and time. Frequency is the 
independent variable, and the quantity 
plotted is the output/input ratio for sinu¬ 
soidal inputs, or a closely related opera¬ 
tional expression. 

Whm the system has lumped parame¬ 
ters, such a plot gives three kinds of in¬ 
formation concerning the response. As a 
transfer function it indicates the steady- 
state response to periodic inputs and the 
performance of the system as a building 
block in larger systems. In addition it 
indicates, by encirclement or nonencir¬ 
clement of a critical point, the absolute 
stability or the ultimate growth or decay 
of the final part of the transient. Fi¬ 
nally, the shape of the plot is related to the 


early portion of the transient, and trans¬ 
fer function plots are employed to predict 
what is loosely called “relative stability.” 

The steady-state transfer function con¬ 
cept and the indication of absolute sta¬ 
bility are widely understood; the tech¬ 
niques have also been extended beyond the 
realm of lumped-parameter systems.^"® 
The measurement of relative stability, 
however, has not been developed to the 
state where comparable definite techni¬ 
ques are available. The quantities which 
are involved are usually not clearly de¬ 
fined, and the interpretations of plots 
differ among individuals. It is often be¬ 
lieved, for example, that the indication of 
relative stability is accomplished by some 
generalization of the principle by which 
absolute stability is measured. Unless 
thoroughly understood and justified, such 
generalizations and extensions can result 
in errors. An example of this is given 
later, wherein usual techniques are ap¬ 
plied to a multiloop servo system. 

This paper shows how the common out¬ 
put/input transfer function plots indicate 
relative stability because they are at the 
same time plots of the Laplace transfonn 
of the time response of the system to a 
unit impulse input. The Laplace trans¬ 
formation measures the time response by 
comparing it to the kemal of the trans¬ 
form which is an exponential whose 
properties can be varied at will by varying 

The transfonn is formed by a real in¬ 
tegration in the time domain; its forma¬ 
tion is easily visualized as a physical proc¬ 
ess involving products, areas, and other 
quantities closely related to the time re¬ 
sponse of the system. Although the La¬ 
place transform of a particular system re¬ 
sponse is usually obtained by operational 
means rather than by integration, the plot 
of the transform can always be inter¬ 
preted in terms of this process of inte¬ 
gration, comparison, and measuranent. 
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This allows the various properties of the 
plot of the transform to be related directly 
to properties of the time response, which 
are of interest, without intermediate 
steps and concepts such as the complex 
frequency plane, location of poles and 
zeros, phase, and others usually associ¬ 
ated with steady-state transfer function 
analysis. 

Of equal importance is the fact that 
the use of the Laplace transform as a 
measuring device can be extended beyond 
the limits of the usual transfer function 
plots: 

1. Most practical problems involve inputs 
other than an impulse; the responses of a 
system to different inputs can easily be in¬ 
vestigated and compared. 

2. The responses of linear systems for 
which the output/input ratio concept 
breaks down can be investigated, for ex¬ 
ample, those having time-varying elements. 

3. Unconventional methods of plotting 
the transform can be used to obtain more 
information about a system’s response. 

The General Method 

The method of estimating relative 
stability which has the widest application 
and the greatest possibility of generaliza¬ 
tion is given below. Although it is in 
common use, the process is not usually 
thought of as stated here: 

1 . Choose a suitable input function and 
write the differential equation relating 
system output to input Oi and time t. 

2. Take the Laplace transform of each 
term. Collect the transformed terms into 
an equation in which the Laplace transform 
y(s) of the output Ooit) is the unknown 
function of the Laplace variable s, 

3. Solve this equation for as a fimc- 
lion of s. 

4. Choose a manner of varying s which 
will make the resulting plot of y(s) sensitive 
to the properties which are of interest in 
doit) and plot y(.y) as a function of y, The 
usual method is to let the real part (clamp¬ 
ing) of y be zero and vary the imaginary 
part (frequency). 

5. Note the pertinent properties of the 
plot of y(s). 

6 . Estimate the properties of the time 
function doit) corresponding to the proper¬ 
ties of y(5), either on the basis of experience 
or by direct comparison with plots of trans¬ 
forms of familiar functions. 

Relations between particular proper¬ 
ties of the transform plots and the time 
responses are discUvSsed later. 

The usefulness of the method lies in the 
fact that the transform y(^), although it 
gives only an estimate of the time re¬ 
sponse 60 ( 1 ), is usually much easier to ob¬ 
tain and plot than Ooit) itself. Two re¬ 
strictions must be observed, however. 
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quency plots for 
a multiloop servo 


l '4 NOMINAL 


NOMINAL 


First the quantity plotted as the Laplace other means (for example, operationally This 6-step procedure is followed when- 
transfonny(5)must be equal to the integral or experimentally). In addition, this in- ever the relative stability of a constant- 

_ tegral must converge, that is, the system coefficient system is estimated by plotting 

£ (1) under consideration must be absolutely the steady-state output/input transfer 

stable; this can usually be detennined function as a function of frequency. The 

although it is usually obtained by quite easily. first four steps are not then separated as 
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Figure 3. Transient responses of 0o(t) of 
multiloop servo system for various values of K 3 


explained previously; indeed, their ex¬ 
istence is not usually recognized. This 
is because the output/input transfer func¬ 
tion is in this case identically equal to the 
Laplace transform of the output when the 
system is excited by a unit impulse input 
and there is no energy storage initially. ^ 
The transform of the output is (for a con¬ 
stant parameter system) the product of 
the system function and the transform of 
the input. The system function is here 
equal to the output/input transfer func¬ 
tion with the Laplace variable ^ equal to 
jo)j and the transform of the unit impulse 
input is unity. In other words, the com¬ 
mon practice of plotting the output/input 
transfer function versus frequency is 
equivalent to selecting a unit impulse 
input, obtaining the transform of the sys¬ 
tem output, choosing a manner of varying 
5 in which .y is purely imaginary, and 
plotting the transform. 

The role of the Laplace transform in 
these familiar plots has been obscured 
by their transfer function concepts, 
partly because steady-state frequency 



responses are usually more easily meas¬ 
ured in the laboratory than transient 
responses. In addition, much control 
system stability theory has been derived 
from communication engineering which 
dealt primarily with steady-state rather 
than transient concepts. 

An example of a case where the simple 
transfer concept used in the determina¬ 
tion of absolute stability cannot be used 
directly for investigating relative sta¬ 
bility is now given. 

Analysis of Multiloop Servo System 

For a simple unity feedback second-or¬ 
der servo system the transfer function 
used to determine absolute stability can 
be used directly to secure infonnation as 
to the relative stability of the system. 
The usual method is to find the peak of 
the output over input ratio and the fre¬ 
quency at which it occurs using com¬ 
putational aids such as “Af and N*' 
charts and then inferring the salient 
points of the transient response which are 
uniquely determined for such a second- 
order system.^ This method has been 
extended on the basis of experience and 
intuition for higher order systems. An 
explanation of the correlation between 
the frequency plots and transient re¬ 
sponses based on the measuring property 
of the time integral Laplace transform 
is given later. 

For many such higher order systems, 


particularly multiloop servos and com¬ 
bination open-cycle closed-cycle systems 
such as discussed in a recent paper,^ 
the plots made for the determination of 
absolute stability cannot, of course, be 
used directly to secure information as to 
the relative stability of the system. As 
a specific example consider the multi- 
loop servo of Figure 1. 

To determine the absolute stability of 
this multiloop servo a system determi¬ 
nant A(p) is found which is the de¬ 
nominator of the output over input ratio.® 
The function plotted for stability is 
A(p) — 1 and since for this particular 
case Ki is a common factor this single 
plot of A(^) — 1 is sufficient to determine 
the absolute stability. The system is 
stable for the gain values chosen, but 
more important the gain margin found 
from the plot of A(^) — 1 is a margin 
with respect to Ki only. If one of the 
other gains, Ks for example, is decreased, 
A{p) — I is modified as shown but the 
gain margin with respect to IQ is made 
greater. To note the effect of this 
change of 7^3 on the margin with respect 
to Z3 other stability plots must be made 
and the generalized stability criterion as 
given by Bode® for multiloop system 
used. 

Since the system was stable with the 
gain at the normal values, the generalized 
stability criterion states that “the total 
number of clockwise and counterclock¬ 
wise encirclements of the critical points 


t 


Kirbyj Beaumariage—Relative Stability of Closed-Loop Systems 


March 1953 











must be equal in the series of Nyquist 
diagrams for the individual loops ob¬ 
tained by beginning with all gains zero 
and restoring the gains successively in any 
order to their normal values.” In 
particular, if Kz is considered as restored 
last, this final plot will give the gain 
margin with respect to Following 

this procedure the sequence of plots 
shown in Figure 2 is made and it appears 
from the final plot that a reduction of 
will not make the system any relatively 
less stable. Observe that the A(j^) — 1 
plot in Figure 1 for reduced does 
“approach the —1 point”.) 

As the transient runs of Figure 3 show, 
the response becomes more oscillatory as 
is reduced. Figure 3(A) is a time 
response of corresponding to an im¬ 
pulse input of (9j'with all gains at the 
nominal values noted in Figure 1. 
When Kz is reduced the transient runs of 
Figure 3(B), (C), and (D) indicate a 
more oscillatory system which would not 
be indicated by the preceeding final 
stability plot. If, however, the Laplace 
transform of is plotted for various 
values of Kz as in Figure 4, it is seen that 
this Laplace transform plot does indicate 
accurately a more oscillatory response as 
Kz is decreased. Since the interpreta¬ 
tion and extension of transform plots 
such as Figure 4 are based upon the 
mechanism by which the transform in¬ 
tegral of equation 1 is formed, this will 
be discussed next. 


The Mechanism of Measurement 


The process by which the transform 
y(^) measures the properties of the time 
function d(^{t) rises directly from the 
definition of the transform, equation L 
The time function ^o(^) is multiplied by 
the kernal, and the product is 

summed from time to zero infinity. The 
Laplace variable ^ is in general complex 
and has a real part, cr, and an imaginary 
part, joj. The integral 1 is thus equal 
to the sum of two real integrals which 
are the real and imaginary parts of 


y{s) = 



6 COS — 


= 00 


( 2 ) 


The way in which this multiplication 
and summation amounts to a comparison 
between doit) and the kernal is shown in 
Figures 5 through 8. The steps in form¬ 
ing the transform integral for a damped 
oscillatory time function, do(t) = 
cos {t — 30 degrees), are shown for three 


values of kernel frequency jo). The real 
part (T of 5 is taken equal to zero. 

When the kernal frequency w is much 
lower than the frequency (unity) of 
^o(0> both the real and imaginary parts 
of the product are alternately 

positive and negative at successive times 
so that the integrals of the parts of the 
product from ^ = 0 to t = co are small ; 
see Figure 5. Similarly, when co is much 
greater than the frequency of do(t) the 
products are again alternately positive 
and negative and each integral is small; 
see Figure 6. Here the integral is the 
summation of the shaded areas. 

When the kernal frequency is close to 
the frequency of do(t), as in Figure 7, 
however, the real and imaginary parts of 
the product vary in size at suc¬ 

cessive times, but in general have aver¬ 
age values, so that the integral 2 has an 
appreciable size. The relative sizes of 


the real and imaginary parts of this 
integral for any value of co depend upon 
whether the phase of the component in 
^o(0; which is at kernal-frequency co, 
makes this component closer to cosine 

or sine ojt. 

The plot of the transform y(s) as a 
function of co is shown in Figure 8; the 
real and imaginary parts and the vector 
sum are plotted. The curves were calcu¬ 
lated using the operational equation for 
the transform of the particular time func¬ 
tion used in Figures 5, 6, and 7. 


(i+ai)2+/32 


(3) 


where y = 0.866, ao = 0,777, ai — 0.2, 
and /3 = 1. 

The values corresponding to the fre¬ 
quencies used in Figures 5, 6, and 7 are 
the points labelled A, B, and C respec¬ 
tively in Figure 8. 



2 4 6 8 10 12 14 


TIME - SECONDS 



2 4 6 8 10 12 (4 

TIME - SECONDS 

Figure 5. Formation of the real and imasinary parts of the Laplace transform of f(t) for a kernal 
frequency much lower than the frequency of f(t) 
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The process of plotting the transform 
in Figure 8, whether from an equation 
such as 3 or from experimental data or 
otherwise, is equivalent to choosing 
values of kernal frequency oj, forming the 
products, and summing them for each 
value of CO, as in Figures 5, 6, and 7. 
The kernal e can be thought of as a 
test function and the process of varying 
its frequency and plotting the transform 
can be thought of as a process of scanning 
the time function. When a value of co is 
chosen which corresponds to a frequency 
which is present in considerable quantity 
in the time function the transform 
plot will have a large value at this fre¬ 
quency, indicating the presence of that 
component in ^o(^). The shape of the 
plot of y(5), and particularly the shapes 
of the peaks and the relative sizes of the 
real and imaginary component of y(^), 
are important in determining the type of 
time response. 

Interpretation of Transform Plots 

The sixth and final step in the general 
method of interpretation amounts to 
noting the significant properties of y(.y), 
estimating the corresponding properties 
of 60 ( 1 ), and constructing either on paper 
or in the imagination a time function 
having these properties. In the follow¬ 
ing paragraphs, relationships between 
specific properties of transform plots 
and time responses are defined, and pro¬ 
cedures for approximating 6>o(0 
illustrated. 

The important properties of the tran¬ 
sient responses of servo-mechanisms are 
usually those associated with oscilla¬ 
tions; the basic problem is to determine 
the frequency, damping, and other prop¬ 
erties of each significant oscillation. The 
corresponding properties of the transforms 
are associated with peaks in the plots of 
y(5) versus s. 

The first step in interpreting a trans¬ 
form plot should be an estimate of the 
ratio of damping to frequency a/p of 
the major oscillation. The remaining 
steps in the analysis will depend upon the 
value of this ratio. 

The damping of the oscillation in 6 o{t) 
depends upon the sharpness of the cor¬ 
responding peak in y(.y). A general 
numerical equation relating the width of 
the peak to the rate of decay of do{t) is not 
obtained easily. Figures 9 through 17 
are nine standard plots of responses of 
second-order systems having damping/- 
frequency ratios of 0.2, 0.5, and 0.8 and 
three values of phase angle. The sharp¬ 
ness can be estimated from the height of 
the peak at points near its maximum, not 


more than 20 per cent above or below. 
When the damping/frequency ratio is 
0 .2, the value of y(^) at points 20 per cent 
above and below its maximum is from 60 
to 80 per cent of the peak value (Figures 
9,10, and 11). When a/p is 0.5, (Figures 
12, 13, and 14) the value of y{s) at these 
points is 90 to 95 percent of its peak value, 
and when a/p is 0.8, y(5) is 98 or 99 per 
cent of its peak value at frequencies 20 
per cent above and below the peak 
(Figures 15, 16, and 17). 

If points farther than 20 per cent from 
the peak frequency are used, the estimate 
will be unduly influenced by the shape of 
the plot near zero frequency, and by 
secondary peaks at higher frequencies, 
when present. Although these latter 
properties contribute to the over-all 
impression of sharpness or lack of it in 
the plot of y(.5), they are not related to 
the rate of decay of the principal oscilla¬ 
tion. 

When the damping/frequency ratio 
a/p is 0.5 or less, that is, when the princi¬ 
pal oscillation decays by a factor of 
or less each cycle, definite and inde¬ 
pendent relations exist between specific 
properties of y(5) and properties of dait). 
The frequency or value of 5 at which the 
peak in y(5) occurs is very nearly equal 
to the corresponding frequency of oscil¬ 


lation in do(t). The magnitude of y(5) 
at its peak indicates the size of the oscil¬ 
lation; size here means the product of the 
initial amplitude of the envelope and the 
time constant (1/a); see equation 8. The 
relative magnitudes of the real and imagi¬ 
nary components of y(s) at its peak indi¬ 
cate quite accurately the relative closeness 
of doit) to a cosine or to a sine wave, in 
other words, the phase. Therefore, when 
it has been determined that the damp¬ 
ing/frequency ratio is small, the size of 
the oscillation, its frequency, and phase 
can be estimated one by one and in any 
order. It will always be useful to com¬ 
pare the transform plot being investi¬ 
gated with the standard plots of Figures 
9 through 17 in order to strengthen the 
estimate of Oait). After the properties of 
the principal oscillation have been esti¬ 
mated, the shape of the transform plot 
at frequencies near zero and well above 
the peak should be considered. Differ¬ 
ences between the plot in question and 
standard second-order plots here can 
indicate the existence of average com¬ 
ponents or secondary oscillations in 
doit). 

In most practical servomechanisms 
the damping cannot be considered small. 
The major oscillation decays in a few 
cycles. A value of damping to fre- 
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Figure 11. Laplace transform and time response of e cos t Figure 12. Laplace transform and time response of e sin t 





















































Figure 17. Laplace transform and time response of 6 “ cos t 


quency (a/iS) of 0.8 is typical. When the 
ratio is larger than 0.5 or 0.6 the rela¬ 
tions between pairs of properties of y(s) 
and doit) are no longer independent. The 
location of the peak value of y(5) de¬ 
pends not only upon the frequency of 
oscillation of doit) but also upon the 
phase. The frequency of oscillation is 
appreciably above that of the peak of 
y{s) if the oscillation is essentially a sine 
wave and below if it is a cosine. The 
phase of however, is not determined 
simply by measuring real and imaginary 
components at the peak of y(^). The 
determination of frequency and phase 
must be carried on simultaneously by 
comparing the shape of the major peak 
in the transform plot in question to the 
standard plot of Figures 9 through 17. 
Once the frequency and phase have been 
established the size of oscillation can be 
determined from the amplitude of the 
peak of the value of y(5) using equation 8. 
The final step in the estimation of ^o(f) 


should be a consideration of parts o 
transform plots at frequencies consider¬ 
ably below and above the peak to in¬ 
vestigate average terms and secondary 
oscillations. 

The nine standard plots of Figures 9 
through 17 show impulse responses of 
second-order system having combinations 
of damping/frequency ratios of 0.2, 0.5, 
and 0.8 and transient responses which 
are essentially cosine wave, sine wave, 
and one halfway between. These bring 
out a number of concepts and relations 
which contribute to the judgment neces¬ 
sary to interpret transform plots. In¬ 
dividual users of these standard plots 
will soon develop their own rules to apply 
to particular systems and problems which 
are encountered frequently. Each stand¬ 
ard plot is a transform of a time response 
0 o(O of form 

do{t)—Ae~~^^ sin (4) 

The transform of equation 4 is® 




when ^ = 0, and is 
A^ 

y(s)- 






(5) 

( 6 ) 


for 0. ao is related to phase angle 

^by 


= tan ^ 


ao—a 


(^) 


An insight into the relation between 
sharpness and damping can be gained 
from considerations of the mechanism by 
which the transform measures do{t). 
The magnitude of y{s) at any value of 
^ = jo) (not necessarily the peak value) 
indicates the relative amount of oscilla¬ 
tion of frequency to present in Bait), in 
other words, the extent to which the 
oscillating kernel e “locks in” with Boit) 
at the frequency to. When the damp¬ 
ing/frequency ratio is large, successive 
cycles of doit) are so different in shape that 
the predominant frequency is not as out¬ 
standing and the frequencies near it are 
present to a greater degree. 

The damping/frequency ratio a/(3, 
rather than the per cent of critical damp¬ 
ing, is used to describe the amount of 
damping and the curves of y{s) are 
plotted on linear rather than log-fre¬ 
quency scales. The ratio a/^ indicates 
the amount of decay per cycle and can be 
applied to oscillations generally, whereas 
the more usual per cent of critical damp¬ 
ing is defined in tenns of exponential 
functions. 

One of the more important concepts in 
interpretation of transform plots is the 
relation between the height of the plot of 
y{s) and the size of the corresponding 
oscillation in Boit), Very approximately, 
heights in transform plots are related to 
areas in corresponding time functions 
since the Laplace transformation is an 
integral, and to some extent the reverse 
is true since the inverse transform is also 
an integral. An approximate equation 
relating the height of the peak in the 
plot of y(s) to the size of the oscillation 
can be obtained in equation 5. 
Damping will be assumed to be rather 
small <^^). 

When 5 ~ j/3 equation 5 becomes 


y(s) — A/(2aj) at the peak 


( 8 ) 


It is significant that the frequency of 
damped oscillation |3 does not appear in 
equation 8. Also l/a is the time con¬ 
stant and is a measure of the duration 
of the decaying oscillation, and A is the 
initial amplitude of the envelope. The 
maximum value of y(s) is therefore indica- 
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tive of the area of the envelope of doit), 
and does not depend upon the frequency 
of oscillation within the envelope. This 
is illustrated by the transform plots of 
Figure 18, which have the same peak 
value of y(^) for two values of ^ differing 
by 8 to 1, when A, a, and <p remain the 
same. The height of the peak in the 
plot of y(5) depends somewhat upon the 
phase for a given frequency and damp¬ 
ing, however, as is shown by a comparison 
of Figures 9 through 17. It should be 
emphasized that the maximum value of 
y(s) is a measure of the size of the entire 
time response, 6 o{f), and is not basically 
an indication of the response at some 
particular instant, for example, the 
maximum overshoot or first reversal of 
the transient oscillation. 

Both linear and log-frequency plots of 
y(^) are useful but emphasize different 
information. If, for example, two peaks 
at different frequencies have the same 
heights and the same width on linear 
scale, the corresponding oscillations in 
the time functions have the same initial 
amplitude and duration of their envelopes 
but different frequencies of oscillation 
within these similar envelopes. Figure 18. 
If two peaks at different frequencies have 
the same height and shape on log-fre¬ 
quency plots, they have the same 
that is, they decay in the same number of 
cycles but the initial amplitude of the 
higher frequency peak will be larger. 

The relative closeness of an oscillation 
to a sine wave or to a cosine is con¬ 
veniently described in terms of a phase 
angle which is zero when the oscillation 
is a sine wave. In a steady-state trans¬ 
fer function analysis the phase angle is 
plotted .together with the magnitude of 
the transfer function, since the latter 
alone usually cannot give all the available 
information about the system. 

Since the output/input transfer func¬ 
tion is also the Laplace transform of the 
impulse response, the tangent of the phase 
angle is the ratio of the imaginary to the 
real part of the transform. When the 
transform is plotted to measure transient 
response, the concept of an angle intro¬ 
duces an unnecessary step on the in¬ 
terpretation of the plot. It is more 
efficient to plot the real and imaginary 
parts of the transform directly, together 
with the total amplitude, as is done in 
Figures 9 through 17. The real part of 
y(5) at any frequency indicates the ex¬ 
tent to which the time response do(t) con¬ 
tains a cosine wave of that frequency, 
and the imaginary part of the transform 
similarly indicates the extent to which 
doit) locks in with a sine wave of that 
frequency. 


Average Components and Secondary 
Oscillations 

In a significant number of practical 
problems, the Laplace transform does 
not correspond to that of any standard 
second-order system completely. There 
are then important components in doit) 
in addition to the predominant oscilla¬ 
tions, and the system’s response cannot 
be approximated adequately by a single 
damped exponential alone. The dif¬ 
ference between the standard transform 
plot and the actual plot of y(s) under 
study may be greatest at 5 = 0 and 
may decrease as 5 increases, or it may 
appear as a definite secondary peak. 

In any case, the interpretation of the 
plot should be begun by estimating the 


predominant oscillation and sketching 
in the corresponding part of the transform 
plot. This constitutes the base line 
from which the difference. Ay( 5 ), is 
measured. 

If a transform plot is sufficiently dif¬ 
ferent from a standard plot to make 
further study of Ay(i) worth while, two 
steps are in order: 

1. Determine whether the difference 
Ay{s) is largest at 5 = 0 and decreases as 
frequency increases, or is larger at higher 
frequencies than at zero. 

2. If Ay( 5 ) is larger at higher frequencies, 
determine whether the maximum is rela¬ 
tively flat over a wide band of frequencies, 
or there is a definite secondary peak. 

If the difference is largest at 5 = 0 and 
decreases for larger values of 5 , there is a 
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Figure 18. Comparison of functions where Laplace transforms exhibit similar peaks at different 

frequencies 
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Figure 19. Examples illustrating effect of asymmetries added to damped cosine 


nonoscillating asymmetry or average 
value in addition to the normal amount of 
asymmetry associated with the predomi¬ 
nant oscillation. The value of 3 /( 5 ) at 
^ = 0 is a measure of the average value of 
Every oscillation has a certain 
amount of asymmetry, which is usually 
greater if the damping is greater (when 
the successive cycles differ considerably). 

The asymmetry, call it A(9fl(0, which 
is in addition to the predominant oscilla¬ 
tion can be estimated by assuming that it 
is^ approximately of exponential form 
with initial amplitude C and real ex¬ 
ponent 


The transform of this approximation is 


Ay{s)^ 


s+y 


( 10 ) 


At 5 * - 0, this becomes C/y. Since 
1/7 is a measirre of the duration of the 
asymmetry, the initial amplitude of 
Ay(.j) at ^ = 0 indicates the size of the 


asymmetry, Adait), in the same sense that 
the height of a peak in y(^) indicates the 
size of an oscillation. Rough estimates 
of the amplitude and time constant may 
be obtained separately by noting the 
value of ^ = jee at which y{s) is 0.7 times 
its value at 3^ = 0. This value is very 
approximately numerically equal to 7; 
if the amplitude of A 3 /( 5 ) is added 
algebraically instead of vectorially to the 
remainder of y(s), the amplitude of 
Ay(s) when ^ == > would be \C/(y + 
Jy)\ or (C/V 2 7 ). After 7 is esti¬ 
mated, C can be approximated from the 
value of y(s) at 5 = 0. 

Figure 19 shows two responses and 
their transforms, having the same pre¬ 
dominant oscillation and different addi¬ 
tional asymmetries. The time constant 
of one is short, and the other long, com¬ 
pared to the period of the oscillation. 
The size of the two asymmetries is the 
same; the transforms have the same 
maximum value of Ay(^s^ at 5 = 0 
which has been made quite large to 


illustrate the preceding statements. The 
values of 03 at which Ay(^) in each case 
is 0.7 times its value at ^ = 0 are shown 
at points A and B for the A 0 o(^) with the 
short- and long-time constants respec¬ 
tively. It is seen that these values of &> 
do approximate 7 quite closely. 

If the maximum difference Ay(s) occurs 
at a frequency higher than zero but is 
flat and without a well-defined peak, the 
time response is essentially a pulse with 
a duration corresponding to a half-cycle 
of a frequency near the center of the 
broad maximum in Ay (5). The size, or 
roughly, the product of peak value times 
duration of the impulse, is indicated by 
the height of the maximum in Ay(^); 
see Figures 20 through 25. 

When the transform plot contains a 
distinct secondary peak there is a cor¬ 
responding distinct secondary oscilla¬ 
tion. The problem of interpretation is 
not to estimate the oscillation’s projjer- 
ties to an accuracy of a few per cent. It 
is rather to establish whether such an 
oscillation exists at all, and if so at what 
frequency, about how large the ampli¬ 
tude, and roughly how long it will per¬ 
sist. This is sufficient iiiformatioii to 
determine, for example, how much con¬ 
trol energy may be expended in the oscil¬ 
lation. This is an important (|ueslion, 
for instance, in some air-borne installa¬ 
tion where the reservoir of control energy 
is of limited size. 

The principles of interpreting second¬ 
ary peaks are basically the same as for 
the larger peaks which denote i)rimury 
oscillations. The size and duraticjii, 
however, are easier to obtain and are 
more useful expressed as a fraction of the 
size and duration of the major oscillation 
rather than as absolute numbers. Also, 
the process of estimating the size of Ay(s) 
above a base line amounts to using arith¬ 
metic instead of complex algebra. This 
is not extremely accurate but is usually 
sufficient. If the secondary peak appears 
distinct, there will normally be several 
cycles of the secondary oscillation, so that 
the frequency, size, and damping can be 
estimated separately. The phase is not 
usually of interest. 

Figures 20 through 25 show transfom 
plots and time responses in which small 
secondary oscillations are present in addi¬ 
tion to primary oscillations. The second- 
ary peaks have amplitudes amounting 
to 10 per cent of the predominant peak, 
and are three octaves above it in fre¬ 
quency. It is not generally feasible to 
interpret secondary peaks which are 
smaller in relative amplitude or much 
closer to the predominant peak than this. 
Four kinds of primary oscillations are 
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illustrated; both sine and cosine waves, 
having relatively large damping («//3 = 
0,8) and small damping (a/^ = 0.2), 
To each of these, in Figures 20 through 
23, three secondary oscillations having 
different amounts of damping are added. 
The three secondary peaks are the same 
height above the base line of the trans¬ 
form plot. 

As expected, the areas of the envelopes 
of the secondary oscillations are about 10 
per cent of the areas of the primary 
oscillations. The flattest of the second¬ 
ary peaks in the transfer plots, having no 
distinct maximum, indicates single half¬ 
cycles or pulses in the corresponding 
time responses. As the secondary peaks 
become more distinct in the transform 
plots, a greater number of cycles appear 
in the time responses; the amplitude of 
the envelope decreases and the duration 
lengthens. 

The secondary oscillations of Figures 
20 through 23 are all sine waves. In 
Figures 24 and 25, secondary cosine 
waves are added to the same primary 
oscillations as in Figures 20 and 22 to 
show that the phase of the secondary 
oscillation does not greatly affect the 
transform plot. 

Resjponses to Different Inputs 

Perhaps the most difficult element in 
the interpretation of Laplace transform 
plots is the adjustment to the fact that 
the transfer function plot corresponds 
to the time response to a unit impulse, 
whereas almost all individual experience 
and discussions in the literature have 
tended to relate a frequency response 
plot to the time response to a unit step 
input. There is no harm in the transfer- 
function-step-input relationship; how¬ 
ever, a system’s impulse response is 
usually a much more convenient base line 
for comparing and estimating its re¬ 
sponse to different practical inputs. 
All of the transform plots discussed thus 
far in this paper, therefore, have been 
transforms of impulse responses. When 
the system under investigation is one of 
the large class having linear, lumped ele¬ 
ments, the transform of the response to 
any input is found simply by multiply¬ 
ing the transform of the impulse re¬ 
sponse by the transform of that input. 
The plot of the product can be analyzed 
by the techniques given herein to esti¬ 
mate the response to the input which is 
of interest. 

The effects of an input or driving force 
on a linear system are, first, to produce a 
steady-state or particular integral term 
in the response, and second, to redistrib¬ 


ute the magnitudes of the various 
transient terms or complimentary func¬ 
tions. Both of these effects are of inter¬ 
est when a transform plot is analyzed. 

Most practical inputs fall into one of 
four groups: 

1. Steps of displacement, velocity, ac¬ 
celeration, and so forth. 

2. Exponential impulses where a is a 
constant. 

3. Oscillation which can be approximated 
by sinusoids with or without damping. 

4. Pulses of various shapes (rectangular, 
peaked, and so forth) whose length is ap¬ 
preciable compared to the system time con¬ 
stants. 

The transforms of the first group are of 
the form (lA”), where n is unity for a 
step of displacement, two for a step of 


velocity, and so on. These transforms 
are infinite at 5 = 0, but severely at¬ 
tenuate any higher natural frequencies in 
a system’s impulse response. The trans¬ 
forms of the second group are of the form 
[ 1/(5 + a)]. Such functions are some¬ 
times useful for approximating pulses or 
gradual rises (when combined with a 
step). 

The third group of inputs have trans¬ 
forms of a form such as [ 1 /( 5 ^ + 0 ,^)] 
where a is the frequency of oscillation. 
They generally add another oscillation of 
frequency a to the system’s impulse re¬ 
sponse and attenuate the oscillations 
already present. 

The transforms of pulses of appreciable 
length generally contain transcendental 
terms such as where T is a time 
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Figure 20. Laplace transforms (absolute values) and time responses of cos t with secondary 
oscillations having different damping 
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Figure 23. La¬ 
place transforms 
(absolute values) 
and time re¬ 
sponses of e"”®* 
cos t with secon¬ 
dary oscillations 
having different 
damping 


constant related to the length of the 
pulse. There are also algebraic terms 
determined by the shape of the pulse. 

The plot of the transform of the re¬ 
sponse of a system to a practical input 
can usually be interpreted by first in¬ 
vestigating the steady-state response, 
sketching its transform, and estimating 
the sizes and shapes of the peaks in the 
total transform from this as a base line. 
Sometimes the steady-state term is 
known from boundary values or other 
considerations. In any case, if the trans¬ 
form of the response is infinite at .y = 0, 
there is a constant displacement, velocity, 
or acceleration which persists indefi¬ 
nitely . If the transform is infinite at some 
frequency other than zero, there is a 
steady oscillation of that frequency 
present in the response. If the trans¬ 
form has a transcendental term, with 
periodic maxima and minima as fre¬ 
quency increases, the time response 
generally contains a pulse or a series of 
pulses whose length is simply related to 


the period of variation of the transfonn. 
(For example, the delayed start of an 
oscillation can be thought of as a pulse 
from ^ = 0, followed by the oscillation.) 

As an example, the transforms of dif¬ 
ferent responses of a system described by 
a fifth-order differential equation are 
shown in Figure 26, and the correspond¬ 
ing time responses in Figure 27. These 
are a rather extreme illustration of the 
difference between the response to a 
unit impulse and to a unit step of dis¬ 
placement. The impulse response ex¬ 
hibits a high frequency oscillation of con¬ 
siderably greater amplitude than the low 
frequency oscillation; in the step dis¬ 
placement response the amplitude of the 
high frequency oscillation is reduced to a 
value much less than that of the low. 

The response of the system to a rec¬ 
tangular pulse and its transforms are also 
shown to give a brief example of a trans¬ 
cendental transform. 

The same general rules of interpreta¬ 
tion apply as before. Large peaks in the 


Laplace transform indicate the presence 
of an oscillation of considerable size in 
the time response, the size being the mag¬ 
nitude of the product summed over all 
time. The sharpness of the plot indi¬ 
cates the rate of decay. Smaller periodic 
peaks in the Laplace transform plot are 
characteristic of pulse responses and the 
spaqing of the periodic maxima and 
minima in a transform plot indicate the 
time constant or length of the impulse. 
An excellent discussion of the frequency 
components of a pulse is given by Gold¬ 
man. 

The interpretation of Laplace trans¬ 
form plots of this nature may not give 
the exact shape of each oscillation near 
t — 0 but will give much useful informa¬ 
tion about the time response. 

Extension of Method to Variable 
Coefficient Systems 

For other than constant-coefficient 
systems, that is, for systems for which an 
equation other than an algebraic equa¬ 
tion must be solved to obtain the trans¬ 
form of the output, the simple process of 
multiplying transforms is usually not 
valid. For such systems the transform 
of the response to the desired input must 
be found by solving the equation for 
y{s) with the transform of the input in 
the equation. However, the frequency, 
size, and damping of oscillating terms 
can be estimated and compared from 
plots of the transform of the output as 
before so long as the transform is validly 
obtained as the integral equation 1. 

Among the systems to which the trans¬ 
fer function concept becomes hazy but 
to which the use of the Laplace transform 
can be extended are those described by 
differential equations whose coefficients 
vary linearly with time. Since these 
systems have important practical appli¬ 
cations, one will be used here to illus¬ 
trate how relative stability can be esti¬ 
mated from transforms which are not the 
usual ratios of two rational polynomials 
in s. 

Consider a system in which output, 
input, and time are related by 

(^2 + ht)§Q +(^ 1 + hit)6Q -{‘(aQ-\-bQt)do — 9i ( 11 ) 

In general, an nth-order time equation 
in which the coefficients vary as the rth 
power of t can be transformed into an rth 
order differential equation for y(s), in 
which the nth power of ^ appears in the 
coefficients of the equation for yis). 
Each term of the time equation is trans¬ 
formed using the relations which state 
that multiplication by t in the time 
domain corresponds to differentiation 
with respect to 5. In practice the dif- 
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ferential equation for s can usually be 
solved only when r = 1, so the use of the 
Laplace transformatiou is restricted to 
equations such as 11 in which the co¬ 
efficients vary as (a + bt). 

Using standard equations®'“»i 2 equa¬ 
tion 11 transforms term by term into 

) - a2sdQ(0)—a2 OoiO) - 2b2sy(s) - 
b^s^y '( 5 )+Mo( 0) - ai0o(O) -f- 

aoyis)-boy'(s)=:£,{ei(t)} ( 12 ) 


y{s)[a2S^-\-ais-\~aQ—2b2S~-bi\ = 

+@o(0)[a2S+ai-62]+e„(0)a2 (13) 

The solution for y{s), the Laplace trans¬ 


form of 6^(1), can be expressed in the 
standard form as 

„ 'SnAc- 

3 'W = « L J P(s) J 


P(^)-(&252+&iJ-1-6o) 
Q(s) = (a 2 S^-haiS+ao)~- 


d[P(s)] 


i?(5) —~h^o(0)[fl52i'-hai — &2] + 

6o(0)a2 (15) 

and C is an arbitrary constant. 

It is seen that the input Oi enters the 
expression for y(.?) through the particular 
integral and that the Laplace transform 


of 6i is not multiplied by a system func¬ 
tion, but appears in R(s) under the 
integral sign along with the boundary 
conditions. 

The complimentary function in the 
solution of an equation such as 13 for 
y(.y) is not necessarily the transform of 
the complimentary function in the solu¬ 
tion to 11 for 6o(t). The complimentary 
function in equation 14 acts as does the 
complimentary function in the solution 
to any other differential equation; it is 
used as necessary to satisfy boundary 
conditions on y. These boundary con¬ 
ditions frequently arise from boundary 
conditions on 6o(t) through the initial 
and final value theorems. 















Since an 7^tli-order time-differential 
equation such as 11 transforms into a 
first-order differential equations for y(s)f 
it is natural to ask how the transforms of 
the 7 t complimentary function solutions 
for do are obtained from the single hrst- 
order equation for y(s). The process is 
parallel to that which would take place 
if equation 11 had constant coefficients 
and equation 13 were an algebraic instead 
of a differential equation for y(s). The 
boundary conditions on ^o (0 are trans¬ 
formed and usually enter the equation 
for y(i') as 7 t separate driving forces, 
each producing a particular integral solu¬ 
tion for 3 /( 5 ) which is the transform of a 
different solution. When some of 
the boundary conditions are lost in the 
process of transformation, as occurs in 
the following example, it is necessary to 
make use of the complimentary function 
in the solution for y. 

As a specific example consider for 
equation 14 the case where 

a 2 = 0i 62 = 1 , ai:==l, &i=:0.6, ao = 0.3, Z>o = 9.09 

The input is taken as ei(t) = ao + ht 
with no initial energy storage. For these 
conditions, the steady-state portion of 
the output is then constant and unity. 
When Q(s)/P(s) is expanded in partial 
fractions and substituted into the inte¬ 
grals in equation 4 the expression for y(s) 
becomes 

"" [52+0.65+9.09]^ 

fr - r 9.09+0.35 10,1 

L J [52+0.65+9.09] ‘A ^ 


Thus 

Figure 28 shows a plot of the first term 
in y(s) from equation 17. The peak 
indicates that the time response 60 ( 1 ) 
contains an oscillation having a damp¬ 
ing/frequency ratio a/p about 0 . 5 , and a 
frequency of about 3 radians per second. 
Figure 28 also shows the time response 
obtained with the aid of an electronic 
analogue computer for the same system 
using equation 11 . The shape of the 
envelope and the oscillation within it in 
the time response agree with the estimate 
based on the transform plot. For con¬ 
venience in the computer setup, the in¬ 
put di used in obtaining the time response 
in Figure 28 is a simple ramp function 
rather than (ao + ; this does not 

affect the oscillation. 

To illustrate further how the rules for 
interpreting transform plots apply to 
time-varying as well as constant-coeffi¬ 
cient systems, the value of h in the sys¬ 
tem of the jmevious example was multi¬ 
plied by 4. The plot of y(s) from equa¬ 
tion 17 with the increased value of bo is 
plotted in Figure 29. The shape of the 
peak is not changed, but the peak is 
shifted to a frequency which is double 
the previous value. It would be esti¬ 
mated from a comparison of the trans¬ 
form plots that the effect of multiplying 
by 4 is to leave the shape of the envelope 
of the time response unchanged but 
double the frequency within it. This is 
verified by plots of the time responses, in 


Figure 29, which is quite parallel to 
Figure 18. 

Constant-coefficient approximations are 
often used in studying time-varying sys¬ 
tems. In the present examples, it 
might seem reasonable to divide the 
equation by t and let i become very large. 
The resulting approximation to the trans¬ 
form is, instead of equation 17 




C 


(18) 


This transfonii and also the approxima¬ 
tion with bo multiplied by 4 are also 
plotted for comparison with the exact 
transforms in Figure 29. The constant 
coefficient approximation to the time 
response would in each case be estimated 
to decay less quickly than the exact 
response, because of the sharper peak in 
the plot obtained from equation 18. 
Time responses obtained on the analogue 
computer for the constant-coefficient 
approximation show that this estimate is 
correct. This illustrates the limitations 
of constant-coefficient approximations; 
a plot of the actual Laplace transform 
of the time function in question gives the 
desired infonnation about the time re¬ 
sponse. 

The numerical values in the example of 
equation 13 and Figures 28 and 29 were 
chosen in order to get a fairly simple 
solution for y{s) in closed form. In more 
complicated cases a series of solutions 
may be necessary, or some other device 
such as applying the input at a time other 
than ]5 = 0 may be of help in solving the 
differential equation for y(^). Further¬ 
more, differential equations are by no 
means the only way to obtain trans- 
fonns of the responses of systems whose 
parameters are not lumped and constant. 
The differential equation method of 
finding y(.y) is illustrated briefly here be¬ 
cause it has not been discussed extensively 
elsewhere. However, a number of ex¬ 
cellent books show other methods of ob¬ 
taining Laplace transforms. So long 
as the transform is equal to the integral 
of equation 1, and so long as it is con¬ 
vergent, the properties of the system re¬ 
sponse will be indicated by a plot of the 
transform. 

Irrational terms such as appear in equa¬ 
tion 17 are typical elements of the trans¬ 
forms of the responses of systems having 
time-varying components. Transforms 
of functions such as Bessel functions, 
having no damping term under the 
radical p resent im portant special cases. 

If ( 1/^52 + 1), the transform of the 
Bessel function of zero order, is plotted 
using pure imaginary values ot 5 the plot 
becomes infinite at 5 = 1, apparently 
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Figure 27. Time 
response of fifth- 
order system of 
Figure 26. (A) 
Impulse input. 
(B) Step and rec¬ 
tangular repeti¬ 
tive pulse inputs 
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indicating a sustained oscillation and an 
unstable system. Yet the Bessel func¬ 
tion J^it) is known to be stable, being 
finite at the origin and decaying ap¬ 
proximately as times a sinusoid, 

after a few cycles. The envelope of the 
Bessel function decays so slowly, how¬ 
ever, that the integral from time zero to 
infinity is infinite unless a convergence 


factor (that is, a real part) is included 
in the exponent of the kernel of the trans¬ 
form. This is understood when it is re¬ 
membered that the integral from time 
zero to infinity of {l/(t + a)) is infinite, 
while the integral of is finite, re¬ 
gardless of the values of a and b (ex¬ 
cluding zero values). (The a is included 
to keep the 1/t function finite at the 


origin.) 

To interpret a transform such as that 
of a Bessel function, the transform can be 
plotted with a small, fixed real part, <t, 
in ^ in addition to the usual varying 
imaginary part. The plot will have a 
maximum value at the frequency of the 
oscillation. To estimate the size of the 
oscillation, the value of the transform of 
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an undamped sinusoid of the same fre¬ 
quency, for example [1/(^2 + i) ], may 
be calculated using the same real and 
imaginary parts in s, and compared with 
the transform in question. The absolute 
stability should always be verified in ad¬ 
vance by other means the use of a small 
real part in ^ is applicable to systems 
known to be near the border line of in¬ 
stability. 

Conclusion 

The Laplace transformation has firmly 
established its place as a powerful step 
toward the solution of otherwise laborious 
problems, but always to be succeeded by 
a final step, the inverse transformation. 
Now, however, the transform expression 
appears as an end in itself. It is formed 
by a process of multiplication and sum¬ 
mation which has a physical analogue 
and which can be easily visualized. The 
kernal of the transform can be thought 
of as a standard or test function whose 
frequency can be varied at will to scan 
the unknown responses and investigate 
the existence of a similar frequency in it. 
A simple plot of the transform is usually 
all that is necessary to estimate the im¬ 
portant features of the time response. 
This is of considerable practical impor¬ 
tance, since it is usually easier to plot 
the transform than to obtain the inverse 
transfonnation and subsequently plot 
this. 

Furthermore, the application of trans¬ 
form plots can be extended considerably 
to the analysis of systems for which it is 
possible to find a transform of the system 
response in a valid manner, but for which 
the inverse transfomi expression for the 
time function cannot be easily obtained. 

In development work, where a great 
many trial solutions must be used to ob¬ 
tain an increasingly closer approach to a 
desired result, these are frequently 
worked out by a computer or simulator. 
The chief function of analysis by simple 
plots is then to guide the simulator work 
by exploring areas of possible interest, 
and as a check to verify the reasonable¬ 
ness of the simulator results. The use of 
Laplace transform plots amounts to an 
extension of the use of relatively cheap 
mathematical models to reduce the 
amount of more expensive physical 
simulation. 

It must be borne continually in mind 
that the frequency in a frequency re¬ 
sponse plot is not necessarily the fre¬ 
quency of a steady-state sinusoidal in¬ 
put; it is the frequency of the oscillating 
kernal of the Laplace transformation 
which scans the function doit) which is 


transformed. Only for constant co¬ 
efficient systems, or those closely related, 
does this also correspond to the frequency 
of a steady-state test input. The tran¬ 
sient response of a system is a basic 
property of the system which can be 
used in practical problems, and is equal 
in importance to the system’s steady- 
state transfer function. The interpreta¬ 
tion of a Laplace transform plot does not 
require passing through a series of steady- 
state concepts such as phase and gain 
margin in order to establish the system's 
response to an input which is of practical 
interest. No matter how a plot is ob¬ 


tained, so long as the quantity plotted is 
equal to the integral of equation 1, the 
techniques explained herein can be used 
to estimate the time response. 

This offers possibilities for increased 
practical application, for example, in the 
testing of complex electromechanical 
systems. Transient responses are gen¬ 
erally easier to obtain than frequency 
responses, particularly when a system 
contains heavy mechanical or aero¬ 
dynamic elements. When a transient 
response is available, the Laplace trans¬ 
form as a function of frequency can be 
estimated by a process akin to the inverse 
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Figure 29. Comparison of solu¬ 
tions to differential equations with 
transform plots exhibiting similar 
peaks at different frequencies 

(A) t0+(1+O.6t)i9+(O.3-f 

(0.3-f9.09t>=10t 

(B) ^+0.6(?+9.096>-10 

(C) t&'+(1+0.6t)d+ 

(0.3+36.39t)e=40t 

(D) §+0.6^+36.396 = 40 


of the method of this paper, and the re¬ 
sponses to other inputs of interest can be 
estimated from this. It must be re¬ 
membered that if a step input is used 
experimentally, for example, the esti¬ 
mated transform is not the frequency re¬ 
sponse in the usual sense of the transfer 
function, unless it is adjusted by multipli¬ 
cation by 5 . 

When several cycles of an oscillation 
are present in a transient response, the 


transform plot indicates this quite clearly 
and distinguishes between the various 
properties of the response. Most practi¬ 
cal servomechanisms are designed, how¬ 
ever, so that the major oscillation dies out 
after only two or three reversals. It may 
seem difficult to determine, for example, 
from the relatively broad peak in the 
transform plot, whether the response is a 
damped oscillation or the sum of a num¬ 
ber of exponential functions. This is 


not a basic limitation on accuracy but 
rather an indication that the time re¬ 
sponse can be described adequately in 
more than one way. A method^'^ for 
approximating the responses of well- 
damped servomechanisms makes use of 
the fact that an oscillation which consists 
of only a few reversals can be represented 
by two or three alternately positive and 
negative exponential terms having nega¬ 
tive exponents, almost as well as by a 
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damped sinusoid of the type cos 

{oit + ip). This extends to Laplace trans¬ 
form plots also. The important princi¬ 
ple is that a given shape of a peak in a 
transform plot is associated with a parti¬ 
cular shape of transient response, re¬ 
gardless of the formal mathematical ex¬ 
pression which describes the transient. 

Although not strictly within the scope 
of the method given in this paper, one 
additional field of possible extension of 
frequency plots deserves notice. Nyquist 
and many subsequent writers have con¬ 
sidered plots using a complex frequency, 
or a real part o', as well as the imaginary 
part of the operator 5. Many such 
extensions of the usual frequency plots 
are possible and seem to have advantages 
in particular cases. For example, the 
degree of damping of a particular oscilla¬ 
tion can be determined quite accurately 
by holding the imaginary part of 6' con¬ 
stant at the frequency of oscillation and 
plotting the transform expression as a 
function of the real part a. Positive 
values of <t do not appear fruitful. Use of 
negative values will indicate a peak at 


the value of cr corresponding to the value 
of damping of the oscillation. This pro¬ 
cedure amounts to exploring the locations 
of the poles of the frequency response of 
the system in the left half of the complex 
frequency plane. The quantity plotted 
is not the complete integral as given in 
equation 1, but rather only the lower 
limit, for negative values of <r greater 
than any pole of the frequency response. 
This lower limit, or system frequency re¬ 
sponse function, is related to the time 
response through the inverse transforma¬ 
tion rather than through the transform 
integral of equation 1. 
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Flashover Torque of a D-C Generator 

O. C. COHO 
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L ittle information has been pre¬ 
sented in the past regarding the 
behavior of d-c machines during flashover 
particularly as regards the torque devel¬ 
oped during this abnormal operation 
condition. This paper presents the re¬ 
sults of a series of torque measurements 
made during flashover tests on a d-c 
generator. The time variation of torque 
during flashover and the significance of 
speed, excitation, and fault resistance 
are discussed. 

General 

The past several years have witnessed 
a very rapid rise in the use of diesel- 
electric locomotives. D-c electric drives 
are employed, consisting of diesel-driven 
shunt or compound generators and a 
number of series-type traction motors, 
depending upon the specific locomotive 
design. The traction motors may be 
operated in various combinations of 
series-parallel and with various amounts 


of series field strengths. These motor 
connections and field strengths are 
changed rapidly and frequently in service 
as the locomotive operates, thus subject¬ 
ing the generator and motors to many 
transient load changes during the course 
of daily operation. Wlieel slipping and 
bouncing on rough track or on track 
cross-overs contribute still more repetitive 
transient load surges to the system. Oc¬ 
casionally a combination of circumstances 
will result in transient load changes 
severe enough to flashover the equipment. 
Inspections by the writer of over 50 
generators on several railroads in service 
1 year or more and built by different 
manufacturers revealed that the trac¬ 
tion generators on every unit had been 
flashed over at some time or other at 
least once as evidenced by commutator 
bar and brushholder melting due to 
severe arcing. It thus is evident that 
the generators must be built to resist 
arcing damage, to withstand short- 
circuit torques, and to minimize the tend¬ 


ency to flashover under these circum¬ 
stances. Until these locomotive applica¬ 
tions emphasized the flashover problem, 
most d-c applications were satisfactorily 
protected with expensive high-speed 
circuit breakers, clean operating condi¬ 
tions, and careful maintenance. As a 
result, studies of flashovers have been 
few and literature on the subject has been 
quite meager. 

Some studies have been made in the 
past in connection with direct current 
generator behavior during short circuit. 
Information is available on the load cur¬ 
rent, field current, and torque behavior 
under short-circuit conditions prior to 
flashover with the objective of under¬ 
standing better how to protect the equip¬ 
ment with suitable high-speed circuit 
breakers to remove the excitation and the 
load fault fast enough so that flashover 
and ensuing damage will not occur. In 
a locomotive application, however, it 
does not prove economically sound to 
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Fisure 1 (left). 
Type of traction 
generator used in 
investigation 


Figure 3 (right). 
Circuit diagram 
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provide each of four or more traction 
motors plus the generator with the neces¬ 
sary high-speed breaker equipment to 
handle fault currents, flowing in either 
direction with the rapidity necessary to 
reduce flashovers. In addition to the 
added cost, the frequency of the previously 
mentioned load surges is such that the 
circuit breakers would be tripping out 
unnecessarily on many transients so 
that the crew would be engaged in the 
resetting operation entirely too fre¬ 
quently. Finally, such a high-speed 
breaker application does not offer protec¬ 
tion against another common cause of 
fiashover, that produced by the accumu¬ 
lation of dirt, dust, oil, and moisture so 
often prevalent in locomotive operation. 
The necessary availability for service 
simply precludes any daily cleaning 
maintenance programs. Rather it has 
been the practice of the trade to design 
the equipment to handle these load surges 
and to expect adverse atmospheres with 
the expectation that occasional flashovers 
will happen. Under present practice, 
a fiashover severe enough to arc to ground 
will initiate action to remove generator 
excitation by means of a ground relay. 
When the crew notices that a ground relay 
has been tripped, they reset and reload 
at once without maintenance to the equip¬ 
ment. If the equipment accepts load 
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Figure 2. Test generator coupled to multi¬ 
unit load machine 


without tripping again, the locomotive 
unit continues in operation until the 
scheduled maintenance period, usually 
monthly. At that time, steps are taken 
to repair the accrued damage of flash- 
overs, if necessary. 

It is thus seen that the motors, genera¬ 
tors, and control equipment must be 
built to withstand a relatively large 
degree of abuse. The motors and genera¬ 
tors must be capable of accepting occa¬ 
sional flashing and the control equipment 
must be able quickly and reliably to 
remove excitation to minimize the dam¬ 
age. 

The General Electric (GE) Company 
has been engaged in a study of the various 
fiashover phenomena associated with their 
locomotive electric drives. These stud¬ 
ies are being directed toward minimiz¬ 
ing the fiashover damage, reducing the 
tendency to flash over by improved motor 
and generator design and by higher 
speed control action, and evaluating the 
forces, torques, and stresses involved 
during such abnormal operation. This 
last subject has been studied least of all 
in the past. This paper is a summary 
of some of the accumulated data on flash- 
over torques. This, of course, is of 
significant value in connection with 
coupling, crankshaft, bearing, and gear 
design. 

Equipment 

The machine used in this investiga¬ 
tion was a GE model GT-581 traction 
generator used on Alco-GE 1,600-horse¬ 
power locomotives. It is nominally 
rated at 1,000 rpm, 850/680 volts, 1,320/ 
1,900 amperes continuous. It has ten 
poles and is of the noncoihpensated type, 
that is, pole face windings are not used. 
The outside dimensions are 59-inch 


diameter by 39 inches long over coupling 
and bearing. The armature is 43-inch 
diameter by lOVrinch core length. 
The commutator has 405 segments and 
is 24 inches in diameter. The machine 
weighs 9,900 pounds. Figure 1 shows 
the generator assembled with the gear- 
driven auxiliaries. 

The following data are presented in both 
conventional units and, for the purposes 
of comparison with other machines, on a 
per-unit (percentage) basis. The bases 
for the per-unit (p.u.) values are as 
follows: 

1. Volts, maximum continuous rating = 850 

2. Load current, maximum continuous 
rating—1,900 amperes 

3. Resistance, 850 volts/1,900 amperes — 
0.447 ohm 

4. Speed, maximum rated = 1,000 rpm 

5. Torque, (7.04X850 volts X 1,900 am- 
peres)/l,000 rpm = 11,370 pound feet 

6. Field current (full field) =46 amperes 

7. Excitation, 850 volts/1,000 rpm=0.85 
volts/rpm equivalent to 6,300 armature 
kilolines per pole 

Method of Test 

Since the generator is a single-bearing 
machine with the rotor partly supported 
by the diesel-engine crankshaft, the gen¬ 
erator was most readily tested by coupling 
to a flange of an available inultiunit 
load machine designed expressly for 
general testing of large traction genera¬ 
tors. The physical arrangement is shown 
in Figure 2. The load machines were 
not energized during this series of tests 
since the test generator was short-cir¬ 
cuited by external resistance. The tests 
were conducted by raising the speed to 
slightly above the desired test speed by 
means of the driving motor. The driv¬ 
ing motor was then de-energized and the 
set allowed to coast. When the desired 
speed was reached the generator was 
short-circuited. 

A circuit diagram of connections is 
shown in Figure 3. The machine was 
excited by its own amplidyne exciter 
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Figure 4. Record of short-circuit flashover. Speed 360 rpm. Full field excitation. Fault resistance 0.000765 ohm 


on all Except very low speed tests where 
the aniplidyne was not capable of develop¬ 
ing sufficient output because of the low 
speed. In such cases, excitation was 
furnished by a supplementary test ex¬ 
citer. As indicated on the diagram, oscil¬ 
lograph traces were taken of annature 
insulated brush voltage, fault current, 
and exciting held volts and current. 
Strain gauge records were also made on 
some later tests. These gauges were 
used as a measure of the shear strain on 
the surface of the shaft between the test 
generator and the first load machine. 
The gauges were actuylly arranged to 
indicate tensile strain at a 45-degree 
angle from which the shear stress and 
thence the shaft torque is readily derived. 
The gages were arranged on the shaft and 
so connected that weight strains were 
balanced out for any rotational orienta¬ 
tion. 

Speed was indicated by a magnetic 
pickup located adjacent to the small 
auxiliary equipment gear on the com¬ 
mutator end of the generator. The a-c 


output of this pickup was added to 
the output of an external a-c generator 
of constant frequency. By proper choice 
of this beat frequency, an output with a 
series of nodes is obtained. Analysis of 
this output reveals a simple relation 
between change of speed and the time 
between nodes. Thus small changes of 
speed between discrete time intervals 
can be readily obtained with fair accuracy. 
The rate of change of speed is of use in 
evaluating the inertia torque of the test 
generator and the average torque de¬ 
celerating the entire setup. 

Variation of Torque During Flashover 

The history of a typical flashover is 
shown by Figure 4. The machine was 
flashed over at 360 rpm full excitation 
by a practically dead short circuit. 
The external resistance of the fault con¬ 
sisted only of the leads to the short- 
circuiting contactor. The fault resist¬ 
ance, 0.00076 ohm (0.0017 p.u.), is 
slightly more than one-tenth the machine 


resistance. Immediately after applica¬ 
tion of the fault, the annature voltage 
drops abruptly from 320 volts open cir¬ 
cuit to 86 volts. This initial value 
to which the voltage falls is proportional 
to the ratio of the fault inductance, in¬ 
cluding commutating field inductance, 
to the total circuit inductance. The 
voltage will then eventually level off to a 
value proportional to the ratio of fault 
resistance to total resistance provided 
fiasliover does not occur. However, 
after the annature has rotated approxi¬ 
mately 80 per cent of a pole pitch, both 
voltage and fault current change ab¬ 
ruptly. Apparently, the flashover is con- 
smnmated at this time, as the subse¬ 
quent voltage and current traces are 
very irregular indicating presence of 
arcing. At this point of defined flash- 
over, the fault current has reached 17,200 
amperes (9.05 p.u.). From this time on, 
the generator armature current is com¬ 
posed of the fault current plus the many 
components in the various coils irregularly 
short-circuited by the arc around the 


March 1953 


Coho—Flashover Torque of a D-C Generator 


45 












PER UNIT SPEED 



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 l.l 

PER UNIT INITIAL EXCITATION 


Figure 6- Average torque over 7/60 second versus excitation. Fault 
resistance 0.048 ohm. Speed 1,000 rpm 


Figure 5, Average torque over 7/60 second versus speed. Full field 
excitation. Fault resistance 0.000765 ohm 


commutator. The magnitude of these 
armature coil currents cannot be measured 
readily as they are completely ‘ locked up” 
within the armature exclusive of the fault 
current ammeter shunt. The torque 
during flashover depends to a large 
degree on the magnitude and location 
of these coil currents. However, be¬ 
cause of their inaccessibility, mechanical 
measurement was resorted to* in order 
to evaluate the torque developed. 

Speed traces were taken on all of the 
tests. From the deceleration rate of 
the set, the average torque over a given 
time interval can be evaluated from the 
WK^. Much of the testing was done in 
this manner. However, since the as¬ 
sembly of the test generator, load ma¬ 
chines, and driving motor armatures on a 
common shaft is a lightly damped mass 
elastic system subject to torsional oscilla¬ 
tion, the average torque can be evaluated 
accurately only over a long enough time 
interval to average out oscillatory speed 
variations in the generator. It was found 
that a time of 7 cycles (7/60 second), 
embracing 3 cycles of the major natural 
frequency, was sufficient to average out 
this oscillation effect and considerable 
testing was done on this basis. 

It soon became evident however, that 
the average torque over a period of 7 
cycles did not tell the complete story. 
Inspection of the fault current and excit¬ 
ing field current traces during the cycles 
immediately after flashover show these 
currents at a maximum value considerably 
higher than their average over 7 cycles. 
Thus, it is not inconceivable that the 
air-gap torque might be subject to wide 
variation with peaks significantly greater 
than average. Accordingly, shaft torque 
measurements by strain gauge were 
included on later tests of which Figure 4 
is representative. A maximum value of 
117,000 pound-feet or 10.3 p.u. is indi¬ 


cated approximately IV 2 cycles after 
short circuit. However, because of the 
inertia of the test generator itself, the 
shaft torque is not truly representative 
of the torque developed at the air gap. 
A correction must be added to the strain- 
gauge torque to obtain air-gap torque. 
This correction is equal to the instan¬ 
taneous inertia torque of the test genera¬ 
tor and has a foot-pound value equal to 

WK'^ of test generator — pound feet^ ^ 

308 ^ 

rpm per second deceleration 

The inertia torque, as approximately 
derived from deceleration data, is shown 
together with the air-gap torque as a 
derived variable in the lower part of 
Figure 4. 

A most interesting observation in 
regard to the air-gap torque is its sur¬ 
prisingly wide variation. Although the 
derived inertia torque component is ap¬ 
proximate, since it is computed for dis¬ 
crete time intervals, it is a small correc¬ 
tion compared to the wide air-gap torcj[ue 
variation and any error therein cannot 
explain these wide swings in torque. 

A clue to this phenomena is suggested 
by the behavior of the exciting field cur¬ 
rent. Since the field excitation is fur¬ 


nished by a low impedance exciter, the 
field circuit resistance is of such low value 
that it tends to maintain constant flux 
linkages over the periods of time in which 
the torque variations take place, see 
Appendix I. Consequently, any de¬ 
magnetizing magnetomotive force due to 
armature currents is readily reflected 
by a correvSponding opposing field mag¬ 
netomotive force. Since the oscillogram 
trace indicates a wide variation in field 
magnetomotive force from an initial 
50 amperes (1.1 p.u.) to a peak of 340 am¬ 
peres (7.4 p.u. at 1.6 cycles) then down 
to 150 amperes (3.3 per unit at 3.3 cycles), 
it is quite evident that annature reaction 
magnetomotive force must be subject 
to similar wide variations. 

A plausible hypothesis can be offered 
for this armature reaction variation. 
During the flashover, many of the anna- 
ture coils are linking considerable excit¬ 
ing flux. However, when they become 
short-circuited by the arc, they are free 
to produce individual short-circuit cur¬ 
rents which will tend to maintain con¬ 
stant flux linkages. As these coils pro¬ 
ceed toward the poles of the opposite 
polarity, less coil current will be required 
to maintain these linkages. Finally, 
as they continue on toward the next 
pole of same polarity as that when they 
were short-circuited, conditions will again 
exist as at flashover and currents will 
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again approach the initial conditions. 
Thus, a complete cycle is undergone over 
a distance of two pole pitches. If allow¬ 
ance is made for the speed reduction 
during the flashover, it is seen on Figure 
4 that variations take place in both field 
current and external fault current of this 
approximate frequency. Although the 
flashover pictured by Figure 4 was re¬ 
moved before steady-state conditions 
were established, there is evidence that 
the wide current \mriations are attenuat¬ 
ing rapidly. This is to be expected since 
the time constant of the armature coils, 
particularly when short-circuited by an 
arc, is quite small on the order of sev¬ 
eral cycles as compared with the rela¬ 
tively long time constant of the ex¬ 
citing field. Thus, the cun-ent variations 
and accompanying torque variations die 
out rapidly. 

It is to be noticed that the maximum 
air-gap torque, 132,000 pound feet, is 
very close to twice the average torque, 
65,000 pound feet, over a period of 7 
cycles. An independent check of the 
latter figure is available by computing 
the torque required to decelerate the 
entire set over the same period of time. 
This value is 

25,400 360 rpm—278 rpm 
308 7/60 second 

— 58,000 pound feet 

which checks fairly well with the preced¬ 
ing. Since much of the data presented 
in the following are based on average 
torque over 7/00 seconds, oscillograms 
at various speeds with available strain 
gauge measLuements were checked and 
it was found that in all cases the ratio 
between maximum torque and average 
was very near 2 to 1 as in this case. Ac¬ 
cordingly, the peak torques for this 
particular generator and test setup are 
very close to twice the average values 
indicated on the charts. 

Variation of Torque with Speed 

After the commutator is short-circuited 
by an arc, it becomes helpful to adopt a-c 
theory to explain certain aspects of the 
behavior, for the rotating annature is 
similar in some respects to a rotating 
squirrel-cage winding of an induction 
motor. It is true, of course, that the 
exciting flux is stationary in the d-c ma¬ 
chine, whereas the flux of an induction 
motor is rotating at synchronous speed. 
However, since induction motor behavior 
is most simply described as a function 
of the slip or speed differential between 
exciting flux and rotor, then the actual 
speed or a short-circuited commutator of 


a d-c machine adopts a new significance, 
for it corresponds to the aforementioned 
slip. 

It is well known that in an induction 
motor at very low slips, the torque is 
proportional to the slip. The rotor 
currents, which produce torque by react¬ 
ing with the constant exciting flux, are 
in phase with the slip speed voltage 
generating them and limited only by 
rotor resistance. Because of the latter, 
these currents are also so located space- 
wise with respect to the exciting flux as 
to produce the maximum torque inter¬ 
action. As the slip increases the cur¬ 
rents rise in proportion thus producing a 
corresponding increase in torque. How¬ 
ever, as the slip continues to rise, the 
reactance of the rotor becomes of such 
significance that although the rotor cur¬ 
rents rise, they become gradually reori¬ 
ented with respect to the exciting flux to 
the extent that the torque no longer 
increases directly proportional to slip. 
At a slip where the reactance equals the 
resistance of the rotor, the maximum 
torque is developed. Finally, at higher 
slips the torque falls off since the rotor cur¬ 
rents, although extremely high, are so 
located with respect to the flux as to mini¬ 
mize the torque reaction. 

If such reasoning is applied to a d-c 
machine with a short-circuited commuta¬ 
tor, it would be expected that the flash- 
over torques would be a maximum at 
relatively low speeds. This proved to 
be the case as illustrated by Figure 5. 
Data are presented for a series of full 
field fiashovers produced by the 0.000765 
ohm (0.0017 p.u.) fault. Flashover 

torques at 350 rpm are significantly greater 
than at higher speeds and the shape is 
somewhat suggestive of the familiar 
torque slip curve of an induction motor 
or an eddy-current clutch. 

At speeds below 350 rpm, the machine 
commutated the fault current success¬ 
fully and did not flash over. However, 
the torque data in this speed range indi¬ 
cate the short-circuit torque curve ap¬ 
proximately blends into the flashover 
torque curve. 

Variation of Torque with Excitation 

Since the annature currents are genera¬ 
ted by the exciting flux and the torque is 
proportional to the product of current 
and flux, it would be expected that the 
torque would vary as the square of the 
excitation for a given speed. However, 
it is readily realized that saturation and 
arc behavior also probably affect the 
phenomena materially. The results of 
a series of tests taken at rated speed 


1,000 rpm with 0.048 ohm (0.107 p.u.) 
fault resistance are shown on Figure 6. 
The fault resistance is the maximum or 
marginal value which produces flashover. 
The torque is plotted versus initial excita¬ 
tion. It is quite apparent that, for the 
higher excitations, approaching satura¬ 
tion, the torque is decidedly less than 
that prorated by the square relationship. 
For instance, at one-half normal excita¬ 
tion, 0.4 volt per rpm, the flashover 
torque is approximately full-load torque, 
1,0 p.u. By the square law, (0.85) V(6-40) 
or 4.5 times normal would be expected 
at full excitation. However, the tests 
show only about 2.5 to three times normal, 
indicating these other effects to be of 
signiflcant importance. 

It is interesting to note that the tests 
below 0.4 p.u. full excitation did not 
produce flashover, yet the torque-excita¬ 
tion relation is essentially in line with the 
torques at higher excitations where 
flashover occurred. 

Variation of Torque with Fault 
Resistance 

Some of the fiashovers in this testing 
program were initiated with a near dead 
short circuit to simulate the worst condi¬ 
tion of rates of rise of current that might 
be expected from violent current surges 
in operation. Other tests were conducted 
with a much higher fault resistance of 
just sufficient value to induce flashover 
in order to minimize external loading and 
approximate conditions which might 
exist in case of a flashover caused by 
excessive dirt or other external contamina¬ 
tion. Examination of the results of 
these tests, as charted by Figure 7, 
discloses that the torques are about 25 
per cent greater for the dead short- 
circuit condition. The total loop cir¬ 
cuit resistance, including generator and 
fault, is nearly ten times more for the 
marginal fault than for the near dead 
short circuit. This indicates that the 
arc current of the flashover is by far the 
dominant component of armature cur¬ 
rent, as might be expected. 

Another interesting fact in regard to 
the arc current, not depicted on Figure 7, 
resulted from tests wherein the generator 
was slightly modified to provide an easier 
access to ground by reducing the dis¬ 
tance between the brushholders and the 
armature bead ring. The resulting arc 
path is correspondingly reduced. Flash- 
over torque measurements, with the flash- 
over induced with the marginal resist¬ 
ance, were slightly increased approaching 
the values shown for the dead short- 
circuit fault. This indicates that the 
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mechanical layout of the design has a 
minor but nevertheless definite effect. 

Summary 

The tests indicate that a maximum 
flashover air-gap torque of nearly 12 
times normal can be expected at full 
excitation on direct short circuit at low 
operating speed. This somewhat con¬ 
firms rough estimates, based on consider¬ 
ably simplified circuit assumptions, of 
between 10 and 15 times normal often 
quoted as a rule of thumb for noncom- 
pensated machines. Although the tests 
were all made on one particular design 
of d-c generator, it is felt that with due 
allowance for the number of poles, periph¬ 
eral speed, armature resistance and 
permeance, core and gap dimensions, 
arc lengths and so forth, these results 
can be safely prorated to similar noncom- 
pensated machines. 

The operating speed at which flashover 
occurs deserves primary consideration, 
and torques appear to be a maximum at 


the lowest speed at which flashovers can 
be initiated. As expected, the flashover 
torques increased with initial excitation, 
with saturation being of importance at 
high excitation levels. Finally, the ini¬ 
tiating fault resistance has but a minor 
effect, with a dead short circuit resulting 
in slightly more torque than would a 
flashover resulting from marginal fault 
resistances. 


Appendix I. Constant Exciting 
Field Linkages 


This is illustrated by the lower graph of 
Figure 4, showing the exciting field flux per 
pole. The curve is derived from the field 
current and field voltage behavior by step- 
by-step integration in accordance with the 
following relation 




NP\Vfo IfoJ 


^XIO ® kilolines 


where 


0=incremental change in flux 
7^=turns per pole 


NoD iscussion 


P = number of poles 

field voltage during time increment 
F/o=initial field voltage, volts 

field current during time increment 
Jo=initial field current 
^ = time increment, seconds 

Notice that irregularities are minor and that 
the flux gradually decays with a long time 
constant until the field circuit contactor 
opens near the end of the trace after which 
the flux decays at a more rapid but still 
gradual rate. 
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A New Control for Heavyweight 
Rapid-Transit Cars 

I. W. LICHTENFELS 

MEMBER AIEE 


A n advance over the original 
combination of electric-operated 
cam controller with pneumatic circuit 
contactors, this new system utilizes 
two motor-operated controllers; one 
to establish main circuits, and the other 
to commutate resistance. Rehnements, 
introduced as the result of operating 
experience with equipment of the pre¬ 
vious type, give smoother operation and 
improved dynamic braking characteristics. 
Compactness and ease of maintenance 
have been achieved to a marked degree. 

Development 

Seven hundred and fifty car equip¬ 
ments of the previous type^ have been 
operating for the past 3 years on the sub¬ 
way system of the New York Board of 
Transportation. Along with higher ac¬ 
celerating and braking rates for improved 
scheduled speeds, dynamic braking was 
incorporated into the propulsion control 
for the first time on a large scale. This 
fonn of braking has been successful in 
providing both smoothness of operation 
for rider approval and uniform charac¬ 
teristics for operator approval. Reduc¬ 
tion in brake shoe and wheel wear has 
resulted in lower operating and main¬ 
tenance co^ts and cleaner subways. 
General Electric pioneered the extensive 
use of all-electric motor-operated cam- 
type control for 375 of these equipments. 

A motor-operated controller in conjunc¬ 
tion with electropneumatic contactors 
comprise the control system. The suc¬ 
cess of this first all-electric controller 
prompted further development of a com¬ 
plete cam-control system. This system 
has two motor-operated controllers. One 
changes resistance in a manner similar 
to the system previously described. 
The other establishes the main circuits 
and replaces the electropneumatic con¬ 
tactors which were fonnerly used for 
this purpose. 

Components 

The components of a car propulsion 
control are shown in Figures 1, 4, and 5. 
Except for the line circuit breakers, 
which are mounted separately for safety 
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reasons, all apparatus is mounted in one 
group. The equipment comprises the 
following : 

R A motor-operated circuit controller 
which, by cam action, establishes main 
circuit for reversing, braking, coasting, 
series power, parallel power, and field 
shunting. 

2. A motor-operated resistance controller 
which changes the main resi.stance values 
for smooth operation in scries power, parallel 
power, coasting, and braking. 

3. A control panel, comprising control 
devices which receive the train line signals 
originating at the motorman's master con¬ 
troller and translate them into local car 
circuit changes by operating the circuit and 
I'esistance controllers. 

4. A regulating relay, the nerve center of 
the control system. This relay receives a 
signal of the amount of jjower or brake de¬ 
sired and allows the controllers to progress 
accordingly. 

5. Two line circuit breakers, the protective 
devices which not only complete the normal 
power feed and dynamic braking circuit but 
also quickly open these circuits when trouble 
appears. 

6. A main resistor assembly, comprising all 
the main resistors, and consisting of nine 
honeycomb units arratiged for forced cooling 
and easy unit replacement. 

The purpose of these control devices 
is to translate the wishes of the operator 
into train movement and to so do this 
that people will be rapidly and smoothly 
transported. Since 2,500 or more people 
are handled in a single train, the human 
element is of primary importance; and 
it has been so considered in the design 
of this system. 

System Operation 

The schematic diagram, Figure 2, 
together with the following description, 
will illustrate the operation of the system. 

The motoman initiates train line 
signals at his operating position by 
manipulating brake or power levers. 
These signals are transmitted to all the 
cars of a train which may consist of 1 to 
11 cars. The first power position, 
“switching,'* energizes train wires 1 or 2, 
GSy and 6. Train wire 1 energizes the 
main line circuit breaker LBL Train 
wire 6 energizes LB2, and GS picks up 


KC relay to run the circuit controller 
to a powder position, closing cam-operated 
switches Ml and The four traction 
motors are now in series with all resist¬ 
ance in the circuit. Note that the main 
resistance is in three groups: R1-R6, 
R7~R12, and R13-R22. This is a low 
tractive effort position used for coupling 
cars. 

The second power position, “series, *’ 
energizes train wire 4 to pick up KR 
relay, which advances the resistance 
controller KMR under control of the 
regulating relay. 

The third power position, “parallel," 
initiates transition from series to parallel 
at end of series cycle. It then advances 
the control to cut out resistance with the 
motors in parallel. When all parallel 
resistance is out, the traction motor 
fields are shunted for increased train 
Sliced. 

vShutting off the power de-energizes 
all power train wires and energizes wire 
5. This keeps the control in coasting 
which is same motor connection as braking 
but at a very low motor current. During 
coasting or braking, switches LB2, FI, 
P2, Bl, and B2 are closed, placing the 
main resistors across the motors which 
are not generating. Culling for brake 
de-energizes train wire 5. The control 
then regulates for braking instead of 
coasting current. The c<jmplete se¬ 
quence of operation of the main switches 
is .shown in the table in Figure 2. 

The amount of motor current and 
hence the “feel" of the car, is automati¬ 
cally controlled by the current regulating 
relay CL. This relay is the heart of the 
system. This relay has three main coils, 
making it responsive to accelerating cur¬ 
rent, braking current, and a rate .signal. 
The combined effect of these coils causes 
the relay to drop out or pick up. When 
the relay i)icks up, its contacts stop the 
progression of the main controller by 
short-circuiting the pilot motor annature. 
When it drops out, the main controller 
advances to build up current until it is 
again arrested by the relay picking up. 
Actually, this process happens very 
I'apidly so that it produces a regulating 
action. Since the same relay controls 
both circuit and resistance controllers, 
the HO or transfer relay is provided. 
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script submitted October 20, 1052; made availal)!e 
for printing November 10, 1952. 

r. W. I.icrrrriiNFELS is with the Locomotive and 
Car Equipment Department, General Electric 
Company, Erie, Pa. 

49 


Lichtenfels—New 


Control jor Heavyweight Rapid-Transit Cars 



RESISTANCE CONTRQLtER j. 



RESISTOR 7 
ASSEMBLY‘S 


RELAY 

PANEL 


Figure 1. View 
of control pack- 
age from under 
side, with sliding 
cover removed 


TRACK FOR SLIDINC COVER 


Smooth Operation 

The jerks and jolts ordinarily associated 
with high accelerating and braking rates 
have been eliminated to provide a fast 
but smooth operating car. This has been 
accomplished by the following design 
improvements: 

1. More accelerating and braking steps 
Twenty accelerating and 22 braking posi¬ 
tions provide small increments of tractive 
and braking effort. This is made possible 
by using the same contact units in both 
motoring and braking. 

2. The use of a new technique in resistor 
proportioning based on energy change 
rather than current change per notch. 

3. Uniform change in rate, which is accom¬ 
plished by a combination of controller 
driving motor speed and cam development 
rather than by air line restrictions and time 
delay relays as on previous equipments. 

Skip-Bridge Transition 

The basically sound bridge, or closed- 
circuit, series-to-parallel transition as 
used in this new control system has been 
further improved until this operation is 
just another accelerating step. Two 
major improvements have been applied: 

1. Skip feature. Referring to the notch¬ 
ing curve. Figure 3, it will be seen that some 
change in transition between low and high 
rates is desirable. In systems previously 
tried this was provided by a floating feature 
which merely omitted the end of the series 
and the start of the parallel steps. Besides 
being complicated, this system did not use 
all the series steps at high rate, hence some 
power savings of series operation were lost. 
The new skip system uses all available series 
steps merely omitting the first parallel step 
or steps to provide the ultimate in smooth¬ 
ness of operation, 

2. Cam-operated switching. The use of 


cam-operated switches allows a rapid change 
in circuits without timing troubles arising as 
was the case in the unit-switch systems. 

Dynamic Brake Reliability 

Dynamic brake reliability has been 
greatly increased by a simple change in 
control. The previous system required 
that two low-voltage (38 volt) control 
train line circuits be energized to secure 
dynamic braking. The new system does 
not require any train wires to be energized. 
At a speed where dynamic brake is ef¬ 
fective (about 10 mils per hour) a coasting 
circuit is established by merely releasing 
power. De-energizing train wires causes 
dynamic braking to build up. 

A bad-order relay BO protects the 
motors and control on a disabled car in a 
train and also gives a visual indication of 
the bad-order car. When the operator 
calls for power, the bad-order relay is 
closed by voltage appearing at the main 
motor circuit. This energizes BO coil 
in the A 2 motor circuit. If no motor 
voltage appears, the relay stays out, the 
control does not progress beyond switch¬ 
ing, and the dynamic brake motor circuit 
stays open. Thus an electrically dis¬ 
abled car in a train become a trail car. 
Of course, as a single car it would not 
even start. 

Traction Motor Protection 

Prevention of motor damage is always 
a primary consideration. It becomes 
even more desirable when dynamic 
braking is the principal braking system. 
In this case motor protection has been 
designed into the control system itself 
rather than obtained by adding protective 


devices which complicate the system. 

The main line circuit breakers, LBl 
and LBl, are of the direct-acting magnetic 
type for fast opening on overload. The 
term, direct-acting means that the fault 
current is made to assist in opening the 
circuit by having the overload strike 
the contactor armature. Previous de¬ 
vices provided for an overload to operate 
a set of contacts to de-energize a magnet 
valve, which in turn drops out the line 
contactor. The direct-acting type clears 
a fault in approximately half the time, 
thus greatly reducing motor damage. 
Full fault protection is provided both in 
motoring and dynamic braking. 

Grounding protection, similar to that 
obtained with differential relays, is 
provided by proper location of the bad- 
order relay pick-up circuit. In this way 
the bad-order relay is made to serve the 
dual purpose of preventing control pro¬ 
gression with a ground fault, and indicat¬ 
ing a bad-order car. 

Traction Motor Field Forcing 

Dynamic brake control at high train 
speed is achieved by means of field control 
of the traction motors. This system 
enables dynamic braking to be used at 
high speeds without developing exces¬ 
sive motor voltage. A serious control 
problem, however, is that of attaining 
fast brake response without roughness 
resulting from brake overshoot. This 
problem, arising from the inherent slow 
response of the traction motors to a 
change in field shunting, has been over¬ 
come by a simple field-forcing scheme. 
Referring to the cam development of the 
circuit controller, Figure 2, it is seen 
that the controller progresses during 
coasting or braking from position 8 to 2. 
At the same time, field shunting main 
fingers SI to S6 inclusive operate to 
change the amount of shunting. Field 
forcing is obtained by momentarily 
subjecting the motor to a pulse of full 
field between notches. For example, 
in going from 6 to 5, finger S2 opens 
before SI closes. In the time loetween 
the opening of S2 and closing of Si, 
motors 1 and 2 get a pulse of full field to 
accelerate their response. By this simple 
means, which requires no extra parts, 
a fast and positive braking response is 
obtained even in the shunted field range 
of the control. 

Blown Resistors 

Forced ventilation greatly reduces the 
size of the main resistors required for 
dissipation of accelerating and braking 
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MOTOR OPERATED CONTROLLER CIRCUITS 


















losses. In this instance not only was 
the size reduced, but also the capacity 
was increased. The purpose of this 
increased capacity was to make the re¬ 
sistors adequate for emergency operating 
conditions. There is sufficient capacity 
to operate a 10-car train with all but one 
unit dead and still not damage resistors. 

Blowers are mounted on the motor- 
generator set and therefore require no 
additional rotating device. The motor- 
generator set control provides a reduction 
in blower speed when no current is flow¬ 
ing. This reduces the power consimip- 
tion. 

Utilization of Control Devices 

The number of components of a con¬ 
trol system can be reduced by combin¬ 


ing functions. Several examples of this 
practice are found in the system here 
described. 

The main resistor units are used three 
times in a control cycle; in series motor¬ 
ing, in parallel motoring, and in dynamic 
braking. 

The main contact units are used from 
two to four times in a control cycle. A 
single bad-order relay serves the dual 
purpose of bad-order indication and 
motor protection. 

^ A single regulating relay controls both 
circuit and resistance controllers. 

The line circuit breaker LB2 serves 
as a secondary line power circuit breaker 
and dynamic brake overload breaker. 

The circuit controller with one driving 
unit serves to establish power, coast, 
and brake circuits and in addition, is 


used as a reverser and a fleld-shunt con¬ 
troller. 

Reduction in Maintenance 

Improved design of individual parts 
and I'earrangement of equipment have 
resulted in reduced maintenance. 

Mechanical design has been improved 
by the use of cam-operated switches. 
These reduce impact stresses as compared 
to pneumatic contactors, and hence 
give long life. Most of the new cam 
group parts are interchangeable with 
those on the previous equipment. 

Better accessibility reduces time and 
cost of maintenance. 

The long-neglected maintenance man 
has been given a primary consideration 
in this design. Tie must be able to gain 
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Figure 6 (left). View underneath control sroup at circuit controller 
end, showing sliding cover in place 


Figure 7 (above). Type of rapid-transit car using this new control 

system 

in front of the main controller. Regulat¬ 
ing relay settings and rate adjustments 
are made by dial rheostats, reached 


ready access to apparatus. For instance, 
as Figure 6 shows, access to main control 
groups is gained by merely unlatching 
two covers. The first is a wrap-around 
cover which swings back allowing access 
to the circuit controller. To reach the 
remainder of the apparatus it is necessary 
merely to unlatch and push back a flat 
cover which runs on rollers. This simple 
procedure contrasts with older arrange¬ 
ments requiring unlatching, removing, 
and finding a place to stack a multitude 


of loose covers. Also, these covers 
lying around the work area usually 
become a hazard. Replacing covers on 
the new control requires merely moving 
the two covers into place and latching 
them as contrasted to finding, lifting, 
replacing, and latching the older style 
covers. 

Maintenance is facilitated in several 
ways. Expendable control parts are 
prominently placed for easy access. 
For instance, contactor tips are directly 


inrougn a small access door in the man 
control box. All control relays have 
identical mechanical components. Sealec 
bearings are used throughout the contro’ 
equipment. This eliminates all need 
for lubricating between major over¬ 
hauls. 
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Quick Methods for Evaluating the 
Closed-Loop Poles of Feedback Control 

Systems 


GEORGE BIERNSON 

ASSOCIATE MEMBER AIEE 


A n evaluation of the closed- 

loop poles of a feedback control 
system is almost necessary if one desires 
an accurate knowledge of its time re¬ 
sponse. If these poles are known, the 
response of the system to any kind of in¬ 
put can be determined fairly simply. 
However, evaluation of the closed-loop 
poles has long been a stumbling block in 
feedback control design, because it often 
requires finding the roots of a polynomial 
of high order. In 1947 Evans^ presented 
the root-locus method which facilitates 


this evaluation, but yet is still quite 
cumbersome. In 1951 Kusters and 
Moore^ simplified Evans* approach by 
utilizing generalized frequency-response 
plots. This paper extends this method of 
Kusters and Moore, and supplements it 
with a method for estimating by inspec¬ 
tion approximate values of the closed- 
loop poles from the open-loop transfer 
function, and a numerical method for 
evaluating the closed-loop poles exactly. 

Thus, this paper presents three ap¬ 
proaches to the problem of finding the 


closed-loop poles from a knowledge of the 
open-loop poles and zeros of a feedback- 
control system. 

1. An approximate expression for the 
poles will be developed which is designed to 
enable one to understand approximately 
where on the 5-plane the poles lie, 

2. A numerical method for evaluating the 
actual poles of the closed-loop function 
from the approximate poles will be pre¬ 
sented. Although this method may enable 
one to evaluate all the poles in some cases, 
it is difficult to apply for poles at frequencies 
near the resonant frequency of the closed 
loop. 

3. Finally, a graphical method will be 
developed which will present a simple 
means of plotting the function along varioius 
radial axes throughout the 5 -plane. Al~ 
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(a) ASYMPTOTIC MAGNITUDE PLOT 


transform of the controlled variable C 
often termed output do, to the transform 
of the actuating signal E, often termed 
error signal e. This transfer function, 
which is often termed KG{s), is equal to 



KA{s) 

B(s) 


( 1 ) 


where A (s) and B{s) are polynomials in 
A root of is defined as a zero of C/E 
because at that value of s, A (s), and hence 
C/E, becomes zero. A root of B{s) is de¬ 
fined as a pole of C/E because at that 
value of s, C/5 becomes infinite. 

There are two closed-loop functions 
that will be considered: the ratio of the 
transform of the controlled variable C 
(output do) to the transform of the refer¬ 
ence input R (input di); and the ratio of 
the transform of the actuating signal E 
(error e) to the transform of the input R 
(input di) 


IMAGINARY 

AXIS 



REAL 

AXIS 


(b) S-PLANE PLOT OF OPEN-LOOP POLES AND ZEROS 

Figure 1. Graphical representations of function of equation 20 

A. Asymptotic masnitude plot 

B. S-plane plot of open-loop poles and zeros 


C G(s) KA(s) 
R~l+G(s)~KA(s)+B(s) 

■E_ 1 _ 3(s) 

R 1+G(s)~ KAis)+B(s) 

These relations can be derived easily from 
the relation 

E=^R-C ( 4 ) 

It is the purpose of this paper to evaluate 
from the roots of ^( 5 ) and B(s) (which 
are usually known) the roots of [KA {s) + 
5(.s)], which are the poles of the closed- 
loop functions. 

The variable 5 , which has been men¬ 
tioned, is the Laplace transform complex 
variable.^ Sometimes it is replaced by 
the symbol p or X. In a naive sense it 
may be considered to denote the opera¬ 
tion d/dt. 

The new term logit (abbreviated Igt.) 
recently defined*^ shall be used in place of 
the decibel. The value of an amplitude 
ratio A expressed in logits is 


though this method is sufficiently general 
to enable one to evaluate all of the closed- 
loop poles, it is not so convenient as the 
numerical method for evaluating poles dis¬ 
tant from the resonant frequency. This 
graphical method is an extension of the 
method presented by Kusters and Moore. 

Thus, when applying this procedure to 
evaluate the closed-loop poles of a system, 
one would: 

1. Determine an approximate expression 
for the closed-loop poles. 

2. Then determine exact expressions for 
the poles distant from the resonant fre¬ 
quency, by the numerical method. 

3. Finally, determine the poles near the 
resonant frequency by the graphical method. 

The term resonant frequency has been 


used only to designate a general area of 
frequencies. Consequently, it may be 
replaced by the more convenient term 
crossover frequency (denoted as 
which is defined as the frequency at 
which the magnitude asymptote of the 
open-loop function is equal to unity. If 
the closed-loop magnitude peak is near to 
Mp-l.S, the crossover frequency will 
be fairly close to the resonant frequency. 

The transfer functions of the control 
system that are to be studied in this pa¬ 
per are expressed in general form in equa¬ 
tions 1 , 2, and 3. The symbols used are 
the new symbols proposed by the AIEE 
Feedback Control Systems Committee.^ 
The open-loop transfer function desig¬ 
nated as G(s) is defined as the ratio of the 


Igt ^ = 10 logio A 

Hence the logit is related to the decibel 
by the relation 

2 decibels = 1 logit 

Since the decibel is basically a power-ratio 
unit, the author agrees with the Institute 
of Radio Engineers Standards Commit¬ 
tee that it is not an adequate signal-ratio 
unit for feedback control use. 

Approximate Values of Poles 

Analysis 

A method for obtaining the approxi¬ 
mate values of the closed-loop poles will 
now be presented. This method is in¬ 
tentionally nonrigorous because its pur- 
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pose is one of orientation: to show the 
reader approximately where on the 
plane the closed-loop poles lie, so that he 
may know where to direct his attention 
when evaluating them. The approxi¬ 
mate values of the poles will be quite close 
to the exact values of the poles for poles 
distant in magnitude from the crossover 
frequency—that is, for poles of magni¬ 
tude much greater than, or much less 
than, the crossover frequency toc. For 
poles near the crossover frequency in mag¬ 
nitude, the approximate values are quite 
inaccurate; but they are still important 
because they indicate the number of poles 
that lie in this region. 

In Figure 1 (A) is an asymptotic plot of 
the magnitude (in logits) versus the fre¬ 
quency CO (on a log scale) for a typical 
open-loop function G(jco), which will be 
used as an illustration. Note that at the 
crossover frequency co^, the asymptote 
slope is —10 logits per decade (—20 deci¬ 
bels per decade). In general co^ must 
occur either in the region of -10 logits per 
decade asymptote slope, or quite close to 
that region. If it does not, the phase lag 
will generally be so great that the system 
will be unstable. 

Figure 1(A) shows that for frequencies 
near oic the magnitude of G{s) is approxi¬ 
mately unity 

I G{s) «1, for 5 (5) 

while for low frequencies it is quite large 

( G{s) ::^1, for s=jo)<^Jo}c (6) 

and for high frequencies it is quite small 

I G(.y)|Cl, for (7) 

It will be shown later that the magni¬ 
tude of a function G(s) is approximately 
the same for all values of s equidistant 
from the origin of the .y-plane, except for 
values of s near a pole or zero of G(s), 
Hence 

I G(5)| G(jo3)\, for I ^1 =co (8) 

except near poles and zeros of G(s) 

By means of equation 8, equations 5, 6, 
and 7 may be generalized to the form 

|G(5)| «1, for| ( 9 ) 

except near poles and zeros of G(s) 

I G(s) >►!, for I s\<^03c (10) 

except near zeros oi Gis) 

I G(5)|^1, for\s\:$>o}c (11) 

except near poles of G(s) 

Equation 10 holds for values of s near 
a pole of G(s), because |6^(5)| is very large 
in that region due to the pole; while equa¬ 
tion 11 holds for values of s near a zero of 
G(s), because |G(.y)| is very small in that 
region due to the zero. 


Near a zero of G(s), equation 10 still 
holds if the factor containing that zero is 
divided out from G{s). Thus, near an 
wth-order zero of G, at .y = Sa 

G I I 

^ ^1, for I ^|<Ccoc and 5 » (12) 


Similarly, equation 11 holds near a pole of 
G(s) if the factor containing that pole is 
multiplied out. Thus, near an 7 zth-order 
pole at X = 5ft 

(/ 1^”g[^ 1, for j 5 and s^Sf) (13) 


Note that Sa, being a zero of G, is a root of 
A{s); while 5ft, being a pole of G(s), is a 
root of B(s). 

Equations 9, 10, and 11 indicate that 
the complex-frequency plane may be di¬ 
vided into three regions 

\s\ 


For low complex frequencies, |5|<Cajc, 
equation 10 shows that the expression for 
E/R, given in equation 3 becomes ap¬ 
proximately 

E 1 1 B(s) 

R G+l"^G~KA{s) 

except near the zeros of G(s) 


because |G|^1, except near the zeros of 
G. Thus for |5|<^coc, E/R closely ap¬ 
proximates 1/G except for small regions 
around the zeros of G. Consequently, at 
low complex frequencies, E/R and 1/G 
have approximately the same poles and 
zeros, the zeros of G being approximately 
equal to the poles of E/R, The large 
difference between E/R and 1/G near the 
zeros of G (poles of 1/G) merely indicates 
that the poles of E/R are shifted slightly 
from the poles of 1/G. 

For high complex frequencies, \s\'> 
wc, equation 11 shows that the expression 
for C/R, given in equation 2, becomes ap¬ 
proximately 

G 1 KA(s) 

R G+1 B(s) 

except near the poles of G(s) 

because |i/G|> 1, except near the poles 
of G. Thus, for |5|^a)c, C/R closely 
approximates G except for small regions 
around the poles of G. Consequently, 
C/R and G have approximately the same 
zeros and poles at high complex frequen¬ 
cies. 

For frequencies near s=jo3c, the magni¬ 
tude of G(5) may be approximated by 


l^(^)| 



iOTS^jo)^ 


(16) 


since the magnitude slope is approxi¬ 
mately — 10 logit per decade and the 
magnitude is approximately unity at the 
crossover frequency. If, in Figure 1 (A). 
the break frequency C 04 were increased 
and the break frequency 0)3 were de¬ 
creased, causing the —10 logit-per-dec¬ 
ade asymptote to widen about ojc, the 
phase of G( 5 ) would approach —90 de¬ 
grees at the crossover frequency 5 = 70 )^- 
The complete function G(s) then would 
be approximated in the region near the 
crossover frequency by 

G(5) »for 5 ~jcac (17) 

If this region of —10 logit per decade is 
sufficiently wide about the frequency 
equation 17 can be shown to hold for all 
values of 5 a distance av from the origin 

for 1^1 wwc (18) 

Equations 2 and 3 show that the closed- 
loop functions have poles when G( 5 )== 

— 1. Substitution of this value of G( 5 ) 
into equation 18 yields the approximate 
closed-loop pole 

5«-wc (19) 

This approximation is quite good if the 

— 10 logit-per-decade asymptote is quite 
wide about coc. As the width of this sec¬ 
tion decreases, the pole becomes shifted 
from the value of equation 19 by an in¬ 
creasing amount. The amount of this 
shift will be discussed in detail later. 

Both closed-loop functions must have 
the same poles, these poles being the 
roots of the denominator expression of 
equations 2 and 3, [A‘i 4 ( 5 ) + ^( 5 )]. 
Equation 14 shows that the “low-fre¬ 
quency” zeros of A(s) must be approxi¬ 
mately equal to the low-frequency poles 
of E/R, and hence they must be approxi¬ 
mately equal to the low-frequency roots 
of this denominator expression. Simi¬ 
larly, equation 15 shows that the “high- 
frequency” zeros of B(s) must be approx¬ 
imately equal to the high-frequency roots 
of the denominator expression. Equa¬ 
tion 19 shows that the denominator ex¬ 
pression must also contain a root approxi¬ 
mately equal to — Thus the approxi¬ 
mate roots of the denominator expression 
[ir^(5)+B(5)]are: 

1. The zeros of ^( 5 ) of magnitude less 
than Wc (low-frequency zeros). 

2. The zeros of jB(s) of magnitude greater 
than oje (high-frequency zeros). 

3. The root — Wc. 

(Note that the magnitute of a pole or zero 
means \s |—^that is the magnitude of 5 — 
at the pole or zero; to slate that a pole is 
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near a frequency in magnitude means 
that 1^1 at the pole is approximately 
equal to cox. The term magnitude in this 
sense does not refer to the magnitude of a 
function of s, such as \G(s) |.) 

Example of Figure 1 

As an example, the approximate closed- 
loop poles of the example of Figure 1 (A) 
will be evaluated. The open-loop func¬ 
tion is 

E 0 ) 4)2 

where 

0)1=0.04 

0)2 = 0.2 

0)3=1 

0)4 = 16 (21) 


A plot of the open-loop poles and zeros 
of equation 20, on the 5 -plane, is shown 
in Figure 1(B). Each zero is represented 
by O and each pole by +. As is shown, 
equation 20 has a single-order zero at 
(5=— C 02 ) and (5= — 0 ) 3 ), a single-order 
pole at (5 = 0 ), and double-order poles at 
( 5 = *-cDi) and ( 5 = — 0 ) 4 ). 

Near the crossover frequency, wc, the 
magnitude asymptote of equation 20 is 
equal to 


Asympl G = 


S03i^ 


( 22 ) 


If the asymptote is unity at the crossover 
frequency (s—jc>3c)f and coc is equal to 4, 
Kq is equal to 


iro = a)ca)42=4w42 (23) 

Note that we is the geometric mean be¬ 
tween C 05 and W 4 , and hence is equidistant 
between them on a logarithmic scale. As 
a rough approximation, such a gain set¬ 
ting yields the lowest resonance peak of 
the closed-loop function C/R, for a great 
many systems. 

Substitution of equation 23 into equa¬ 
tion 20 yields as the denominator expres¬ 
sion for the closed-loop functions 

[iryl(5)+B(5) ] = a)ca)42(5-f-a)2)(5-j-a)3)-f- 

^(54-Wi)®(5+c^4)2 (24) 

Since W 2 , and cai>a)c, the method 

developed in the previous section entitled 
“Analysis” yields for the approximate 
factors of this expression 

(5+<02)(5+«3)(5+6)c) ( 54 - 0 ) 4)2 (25) 

zeros of .4(5) zeros of ^( 5 ) 
below o)c above co^ 

That the number of approximate roots 
has to be equal to the number of roots ob¬ 
tained from factoring the denominator 


factor exactly, can be proved by the fol¬ 
lowing reasoning. In order that the 
open-loop function go to zero at infinite 
frequency, the order of the polynomial 
B(s) must be greater than that of the 
polynomial .4 ( 5 ). Consequently, the or¬ 
der of the denominator expression must 
be equal to the order of B(s). This is il¬ 
lustrated in equation 24. Hence the 
number of exact zeros of the denominator 
expression must be equal to the number 
of zeros of B{s), Equation 25 shows 
that the number of approximate roots is 
equal to 

(1) the number of zeros of B(s) above co^ 
(that is, greater than ojc in magnitude), 

(2) plus the number of zeros of . 4 ( 5 ) below 
a>c (less than Wg in magnitude), 

(3) plus one. 

Hence it must be equal to the number of 
zeros of B(5), because for frequencies 
below cx)c, A(s) must have one less zero 
than . 5 ( 5 ) in order that the function ap¬ 
proximate the expression of equation 17 
near the resonant frequency. 

Substitution of equation 25 into the 
closed-loop transfer functions, equations 
2 and 3, yields the following approximate 
expressions 

C 

R (54-Wc)(5-ho)4)’* 

_ Kq (zeros of . 4 ( 5 ) above co<j) 

(54-t>^c) (zeros of B(s) above co^) 

E 5(5-f-C<)i)2 

R (5-j-Ct)c)(5-}-C«)2)(54-a)3) 

(zeros of B(s) below Wc) . 

"...' ■' ■ ■ ■’ ... (27) 

(5-|-ct)c)(zeros of . 4 ( 5 ) below coc) 

Shifting of Poles 

An exact evaluation of the zeros of the 
denominator of the closed-loop functions 
shows that each zero of the approximate 
expression has become shifted, either pos¬ 
itively or negatively, or has combined 
with another zero to form a conjugate- 
complex pair. The denominator expres¬ 
sion given in equation 24 for the example 
of Figure 1 will be shown later to have the' 
factors 

(5-f-0.198)(5-M.51)(52-f8.75+30)(5 +22.6) 

(28) 

Compare this with the numerical evalua¬ 
tion of the approximate factors given in 
equation 25. 

(5H-0.2)(5-M)(5-b4)(5-M6)2 (29) 

The approximate zero at — co 2 =—0.2 is 
shifted to —0.198 in the exact expression 
of equation 28; the approximate zero at 
— 0 ) 3 =—1 is shifted to —1.51. One of 
the zeros at - 0 ) 4=-16 is shifted to 


— 22 . 6 ; while the other is shifted toward 
the zero at — a)c= — 4, combining with it 
to form the underdamped^quadratic 
( 5^+2 f0)^5+o)rt^) witlio)« ='vX30 = 5.5 and 
damping ratio f = 8.7/2 a),i=0.79. Nu¬ 
merical and graphical methods for evalu¬ 
ating the amount of shift will be presented 
in the two following sections entitled 
“Numerical Method” and “Graphical 
Method of Evaluating Poles.” 

Numerical Method 

Analysis 

The exact value of a closed-loop pole 
can often be found by a numerical reitera¬ 
tion process which employs as its starting 
value the approximate value of the pole 
obtained by the method given in the pre¬ 
ceding section. This reiteration process 
converges very rapidly for poles quite dis¬ 
tant in magnitude from the crossover fre¬ 
quency, but it does not converge for poles 
very close in magnitude to the crossover 
frequency. This process will now be de¬ 
scribed. 

Equations 2 and 3 show that the closed- 
loop functions have poles when (1 + G) = 
0, or 

1 = -(1/G), 1 = ~G (30) 

Multiply both sides of these equations by 
equal factors 

By equation 12 it is seen that for low val¬ 
ues of 1^1 (low complex frequencies), the 
magnitude of the right-hand expression of 
equation 31 is much less than unity near 
an 7^th-order zero of G at Sa 

<^1, for I s\ 5 « Sa (12A) 

By equation 13 it is seen that for high 
complex frequencies the magnitude of the 
right-hand expression of equation 32 is 
much less than unity near an ^^th-order 
pole of G at 5 & 

<^1, for I s\ 5 » 5* (13) 

Since the right-hand expressions of equa¬ 
tions 31 and 32 are almost zero near the 
corresponding G-function zero or pole, 
the equations may be approximated by 



~-lV«0 (34) 

/ 


These approximate expressions yield 





at poles 
of closed 
loop ( 32 ) 
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for poles of the closecMooi) function tlie 
low-frequency zeros of -1 (s) and the lii^li- 
freqticncy zen)s of B(s). Thai these are 
the approximate poles has also ])ecu dem¬ 
onstrated in the preceding section. The 
approximations of eciuations and 34 
becomes increasingly exact as |.s*„| be¬ 
comes much less than tOc iind as |.v*| be¬ 
comes much greater than Wy. Ih)wever, 
even when j.s'« | and |.sv, | are close to 
coc, the rightdrand expressiems of e(|uations 
31 and 32 are {ipproxinuitely constant for 
values of ,v close to ,Va and su respetdively, 
while the lefldiand expression varies 
greiitly. Hence ecjualions 31 and 32 
can be approximated (|uite closely by 

(‘V —— [(,Y - J.v Sa ) at polcS (35) 

^(4 closed 

(s — Si,y^ ^ [(a“ — ].v Ai, ) loop (36) 

for values of ,v close ti> the corresponding 
zero of A (.v) or M(s). Solving these ecpui* 
lions for a will yield a clostn* ai)proxima- 
lion to the [xdes of the clt)scd looj) func¬ 
tions. If the right hand expressions of 
e(iualions 33 and 3(1 arc then evaluated at 
these new values of s, the e(|ualions can he 
re-evalualed and a still closer approxinni- 
lif)n of the poles o])tained. Ihiless the 
value |.v,i I or \sn \ is chjse ttj the (Tossover 
frecpiency, this pnjcess will gcmerally ctm- 
verge (}uile rapidly, and may Tjc employed 
even with com()lex roots. 

It is more convenient to evadtiate the 
deviation of the closer! loop poh* from (he 
corresponding zero of .4(.v) or H(s), rather 
the value of the pole itsedf. If we dellne 
these deviations a.s and we have as 
the values of the (‘xacd closed lo(ip pedes 

A = (37) 


ator expression have been given in equa¬ 
tion 29. 

Idrst consider the shift of the approxi¬ 
mate zero of the closed-loop denominator 
expression that occurs at — 0 ) 2 — —0.2. 
As shown in ecpiation 31, the closed-loop 
functions will have a pole when 


(aTO.2) 


-js-hiU) 

g' 


d(A+i) 


(41) 


hmploy the approximation of equation 38 
by setting in ecjuation -11 

A — —0.2+32 in left-hand expression (42) 

.v= —0.2 in right-hand expression (43) 

This yields 

|(-0.2+52)+0.2]^- 

rv(A+{UM)“[(A/iG)+irn 

L' " ^c.+.)— 


(-0.2)( -0.2+().(M)n( -0.2/10)+1 j2 

'd(-0.2+l) . 

= 0.001(5 (45) 


vSinee this is a small percentage change, 
the ai>j)roxiiiiate ecjuations 44 and 45 may 
he considered exact. By evaluating 
eciuatioii 42 we get as the “exact” value of 
the closccMoop jjole A = ( — 0.2+0.0010) = 
-O.IOS-l. 

Consider the .shift of the approximate 
eloseddoop pole at w:i= —1. The 
elo.sed loop funetioiis will ha,ve a pole 
when (by etiualion 31) 


-.v(.v+0.(H)H(a/I0)+1B 

d(.v+0.2) 


(46) 


Note that for real optm h)op poles and 
zeros the value's s,t and St, are iiegative real 
munl)erH, and lieiu'e (* -,v«) and ( —.s>) are 
positive. ICxpress e(]ualif)i)S 35 and 30 in 
terms of 3 

(5a)^--((.v-A,)Vr;h^ „„ 

for .v„| a,nd A i(38) 

for I .V/,| >o)ct aiul a -1 a^> (39) 

Examplic of Fifumrc 1 


The best way to describe thi.s numerical 
niethod is to consider a specific example. 
Let us evaluate the exact closeddoop pjoles 
of the transfer function of hlgure 1. A 
numerical expression for the open-loop 
function of Figure 1 may be obtained from 
equations 20, 21, and 23. 


4 (a+0.2)(a+1)_ 
a(a+ ().{)4> k7/10) + 1 P 


(40) 


The approximate factors for the denomin¬ 


Set 

1 4-3;,) ill the left4iand expression (47) 
A= — I in the right-hand expression (48) 
'fliis yields 

. ,_(-n(-~i“fn.fM)N(-i/io)+ip 

4(-1+0.2) 

= -0.253 (49) 

The second ap])roximation of the 
closcd-loo]) pole obtained by substituting 
etpiation 49 into equation 47 is a=^ ( —1 — 
0.253) ——1.253. vSince this is a fairly 
large change from the first approxima¬ 
tion A= —1, the jiroccss must he re¬ 
peated, Set in eciuation 40 

=s (~ 1 + 3a) in the left-hand expression (47) 
A = — 1.253 ill the right-lumd expression (50) 

This yields 33 5=^-0.373. The third 
apjiroximation to the pole is a=( — 1 
— 0.373)——1.373. Since this value is 


still quite different from the value in 
equation 50, a fourth apiiroximalion 
must be made, in which a= — 1.373 is set 
in the right-hand expression of ecpiatioii 
46. If this process is repeated, it yields 
with each successive try the following ap¬ 
proximate poles: —1.435, — 1.4()S, 

-1.485, -1.490, -1.503, -1.507, 

-1.509, and finally -1.51. 

For this particular pole the process 
converged fairly slowly, because the 
closed-loop pole was so close to the cross- 
over frequency. The graphical method 
presented in the next section will prove 
much easier for evaluating the poles near 
the crossover frcciucncy in magnitude. 

Consider the shifts of the ap])roximate 
double-order pole at a=— — 10. As 
shown in equation 32, the closed-loo]) 
functions will have poles when 

(a+10)2=-(a+10)2C; 

^y:4(,v+().2)(A+l)(in)^i 

Employ the aijproximatioii of e(}uation 39 
by .setting in e(|ualion 51 

A = ( — JO+S^) in left-hand expression (52) 

— KJ in riglit-haiid expression (53) 


This yields 

(S y.... BH-9.2)( -10+1)(10)^ 

-(0.12;S2)(lf!)“ (54) 

Hence 3.i has two ujjproxiiiuite roots 

34 =b \/(T232( 10) = ±7.7 (55) 

This shows that the approximate double¬ 
order i)o]e has split in two, one i)()le mov* 
ing away from zero freciueney and the 
other j)ole iiumiig toward zero freciueney. 
vSince the pole moving toward zero fre- 
([uency coml)ines with the jjole at the 
crossover fretiueiicy to form a pair of 
cotnplex roots, it cannot he evaluated ex¬ 
actly by this method, but must be evalu¬ 
ated by the graphical method. However, 
the j)ole moving away from the crossover 
fre(|uency can he evaluated ciuite cUvSily. 
The .second approximation for this pole is 

16-.-7,7) =-23.7 (56) 

To obtain the third aj)proximalion, set a 
eciual to —23.7 in the rightdiand expres¬ 
sion of equation 51. This yields as the 
negative value of 3, —0.4. Hence Hie 
third approximation of the pole is (—16 — 
6.4)==—22.4. A fourth ap}jroximalion 
yields as the jk> 1 c, —22.0; and a fifth 
yields —22.50. 

The exact values of three of the five 
closed-loop poles have been evaluated. 
The remaining two cannot be evaluated 
by this method because they are so close 
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Shifts of Complex Poles 



Figure 2. Log plots of (s+w^•)/co^- along 
imaginary axis 


So far, the numerical method has been 
employed to determine only the shifts of 
poles on the negative real axis. This 
method may also be employed to deter¬ 
mine the shift of any pole, whether real or 
complex, provided that the pole does not 
lie too close to the crossover frequency. 
For example, consider an open-loop func¬ 
tion which is the same as that of Figure 1 , 
except that it has an additional high-fre¬ 
quency denominator quadratic with o)n = 
14.1 and ^==0.71. The function is 


In order to simplify the description of 
this method, we shall assume that the 
function has no poles or zeros in the right- 
hall plane and that we shall not want to 
plot the function in the right-half plane. 
These restrictions are not basic, however, 
and could be removed merely by general¬ 
izing the rules for obtaining the phase 
plots. An understanding of the method 
presented in this paper will make these 
generalizations apparent. 

Plots of G(s) Along Positive 
Imaginary Axis 


to the crossover frequency. However, if 
the complete closed-loop denominator ex¬ 
pression is divided by the expanded ex¬ 
pression for the three roots that have been 
evaluated, the quotient (a quadratic) can 
then be factored to obtain the two remain¬ 
ing roots. This is illustrated in the follow¬ 
ing. From equation 40 the closed-loop 
denominator expression is 

^(^+0.04)2(^4-16)2 (57) 

=s^+S2,Qs^+257s^-{^ 

102452+12295+205 (58) 

The expression for the three roots that 
have been evaluated exactly is 

(5+0.198)(5+1.51)(5+22.6) 

=53+23.352+38.95+6.77 (59) 

Dividing equation 59 into equation 58 
by long division yields as the quotient 

(^2-1-8,75+30) 

=(^+4.35~73.3)(5+4.35+i3.3) (50) 

with a remainder of (— 1553 + 1052 ), 
Since this remainder is quite small with 
respect to equation 59, it can be assumed 
that the roots have been evaluated quite 
accurately. The quadratic of equation 
60, comprising the two remaining roots, 
has for and f 

Wft = -\/30==5.5 

and 

r-8.7/2(5.5)=0.79 

We have thus shown that the closed- 
loop poles of a function which are not too 
close to the crossover frequency may be 
evaluated quite simply by the numerical 
method. Once these poles have been 
evaluated they may be removed from the 
closed-loop denominator expression by 
long division. The resultant quotient 
then may be of sufficiently low order to be 
factored directly. On the other hand, 
these poles close to the crossover fre¬ 
quency can always be evaluated fairly 
easily by the graphical method which 
will be presented in the next main section. 


^ 4(5+Q.2)(5+1)(16)2 

5(5 + 0.04)2(5+16)2(5+10-il0)X ^ ^ 

( 5 +lO+jlO) 

The underdamped quadratic is shown in 
factored form. Let us consider the com¬ 
plex pole of this quadratic in the upper 
half plane. By equation 32 the closed- 
loop has a pole when 

( 5 +lO-ilO) 

4r5+0.2)(5+l)(16)2 

575 + 0 . 04 ) 2 ( 5 + 16 ) 2 (^+ 10 + 710 ) 

(62) 

Employ the approximation of equation 39 
by setting in equation 62 

5 = ( — 10 + 710 + 6 ) in the left-hand 

expression (63) 

5 = ( —IO+ 7 'IO) in the right-hand expression 

(64) 

This yields 

5«-0.0271 /^25.r -O.O244+7O.OII8 

(65) 

Since 6 is very small, equation 65 can be 
considered exact. Substitution of equa¬ 
tion 65 in equation 63 yields as the value 
of the upper-half-plane pole to four sig¬ 
nificant figures 5 = (- 10 . 02 + 710 . 01 ). The 
lower-half-plane pole is the conjugate of 
this: 5 =(- 10 . 02 ~ 7 l 0 . 01 ). 

Graphical Method of Evaluating 
Poles 

When analyzing a feedback control 
system, one usually plots the magnitude 
and phase of the open-loop function, 6 ^( 5 ) 
=^G(jco), as a function of the frequency w, 
for positive values of w. These magni¬ 
tude and phase plots may also be consid¬ 
ered as plots of G(s) along the positive 
imapnary axis of the 5 -plane. However, 
it will be shown that the function may be 
plotted almost as readily along any other 
radial axis. It will also be shown that 
these plots along other radial axes, espe¬ 
cially along the negative real axis, will 
prove quite useful for evaluating the 
closed-loop poles. 


When a frequency plot of a function of 
5 is made, one usually substitutes (joj) for 
5 and plots the magnitude and phase of 
the resultant function versus the fre¬ 
quency oj. This is a plot of the function 
along the positive imaginary axis of the 5 - 
plane. 

For example, the open-loop transfer 
function of Figure 1 , expressed as a func¬ 
tion of 5 , is 


G( ) „ 7^°^’^~^^2)(5 + C03) 
^^^" 5 ( 5 + 001 ) 2 ( 5 +^ 04)2 


( 20 ) 


The value of this function on the positive 
imaginary axis of the 5-plane, that is, for 
5 = 7*00 is 


. -Sro(7CO+W2)(7CO + CO;}) 

G(7C0 j == :-:-;- 

700(700+001) 2 ( 7 a>+ CO4 ) 2 


( 66 ) 


The simplest method of plotting the 
function of equation 66 is to consider each 
zero and pole separately, forming its plots 
of magnitude in logits (decibels) and phase 
as functions of log co, by means of tem¬ 
plates. The plots of the complete func¬ 
tion are then obtained by adding graphi¬ 
cally the magnitude plots and the phase 
plots of the individual factors.® Expres¬ 
sions for the magnitude and phase (for 
of the normalized factor [( 5 + 
03k)/m\ which has a zero at -oj*, are 


5 + COj; ; 



(67) 




( 68 ) 


Plots of the magnitude in logits and phase, 
versus log co, are shown in Figure 2. 
Similarly, it can be shown that plots of 
the magnitude in logits and phase versus 
log CO, of the factor W{s+o)k)]> which 
has a pole at —cjojc, can be obtained merely 
by inverting the curves of Figure 2 . 

Note that the magnitude plot of Figure 
2 may be approximated by two asymp¬ 
totes, one at zero logits and the other ris¬ 
ing +10 logits per decade (or +20 deci- 
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bels per decade). When the complete 
magnitude plot of a function is drawn, 
one first pjots the asymptotes and then 
adds to these the deviation of the exact 
plot of each factor from the asymptotic 
plot. It will be shown that when a func¬ 
tion is plotted along other radial axes in 
the ^-plane, the same asymptotic plot 
will be used, except that the horizontal- 
axis variable will be generalized from w to 
1^1, and the deviation of the actual func¬ 
tion from the asymptotic approximation 
will be different. 

Plots of Functions Along Other 
Radial Axes of the .s-Plane 


It should also be noted that o)n is equal 
to the distance from the origin to the 
zero, and hence is equal to the magnitude 
of at that zero. Hence the undamped 
natural frequency con of a pole or zero is 
equal to the magnitude of ^ (that is 1^ |) 
at the pole or zero. 

We shall determine the value of the 
function ( 5 +cojfc) at the point rc on the 
0-X axis. This function has a zero at 
5 = —cujfc, which is designated as the point 
k in Figure 4. Define the vector drawn 
from the point k to the point x as G^. 
The value of ^ at the point x then is 

(71) 


The vector then, is 

[Length (a —^)]-}-j [Length (a-ic)] 

= -I irti fl+il (76) 

Normalize by dividing through by 
(Gfca;/OJ*) = 1 — I Sx/0)]c\ Vl - 

(^7) 

The magnitude and phase of the normal¬ 
ized G^a; are 

Gicx/(^i^ = Vl+I Sx /ojftl Sz/<^k\ ( 78) 


We shall form the plots of a function 
of 3- along a general radial axis of the s- 
plane designated as 0-X, Define the 
angle of this axis as \px, and the angle be¬ 
tween this axis and the negative real axis 
as —dxi as shown in Figure 3. (Thus, 
^x + 6x= 180®). Rather than designate 
the axis by the angles dx or \px, however, 
consider another criterion. Suppose a 
zero existed on this axis with the value 
{-‘a + jp), as shown in the figure. 
Since complex zeros of a realizable trans¬ 
fer function must exist in conjugate pairs, 
the transfer function having this zero must 
have the factors: 

('S‘4-a--i/3)(5+a4-7W~ [^^-h2a5-i-(Q:2-j-^2j] 

(69) 

T his is a quadratic factor with = 
Va2+(e2 and f = a/By Figure 
3 it is seen that this value of ^ for a zero 
on the 0-X axis, which we shall designate 
as is equal to 

= cos Bx = -cos ypx (70) 

Thus, each axis on the j?-plane may be 
designated by fj;. It is preferable to em¬ 
ploy ^x rather than \l^x because ^x gives 
directly the damping ratio associated 
with a zero or pole which lies on that 
axis. However, it should be noted that 
there are two axes corresponding to each 
value of ^x one at the angle +\px (that is, 
in the upper half of the .y-plane) and the 
other at the angle —ipx (in the lower half 
of the ^-plane). 


Hence, the value of ( 5 +cofc) evaluated at 
the point x is 

[(^+wa)]^=.^^~(— a>*-hGfta;)+WA = G;5;a; (72) 

This result may be generalized by the 
following statement: If a function con¬ 
sists of a single zero (either real or com¬ 
plex), the value of that function at any 
point X on the 5-plane is equal to the vec¬ 
tor drawn from the zero of the function to 
the point times a constant. The value 
of any function, evaluated at a point x 
on the 5-plane, is equal to the product of 
the vectors drawn from the zeros of that 
function to the point x, divided by the 
product of the vectors drawn from the 
poles of that function to the point x, 
times a constant. 

Hence, our problem becomes one of 
finding an expression for the vector G^a; as 
a function of the point on the 0-X axis. 
Since the value of 5 at the point x is de¬ 
fined as 5a;, the length 0-X is equal to 15a; |. 
Now in Figure 4, 0-a-x is a right triangle; 
hence. 

Length (0—a) =| 5a;| cos dx ==[ 5a; ^x (73) 

Length (a — x) =| 5 a;| sin Bx =| 5 a;| '\/l — ^x^ (74) 

Now, the length (O-k) is equal to wa; 
hence 

Length (a —fe) = Length (0 — ^) —Length 

(0--^z) 

= j5a;|^a; (75) 


Plots of equations 78 and 79 for various 
values of fa; are shown in Figure 5. If 
there is a pole at —cjx rather than a zero, 
plots of the function can be obtained 
merely by inverting these curves—just as 
for plots along the imaginary axis. 

It is more convenient, however, to plot 
first asymptotic approximations of the 
magnitude and phase functions, and then 
graphically add to them the deviations of 
the exact plots from the approximations. 
The function ( 5 + 0 )*) evaluated at s = Sx 
may be approximated as follows 


GAa; = (5a;-hwA:) 




COft, for|5a;l <£0* 

5x» for 1 54 >C 0 A 


(80) 

(81) 


Hence the magnitude asymptotes are 



w*. for I Sx\ <o)k 
[54, for I 54 >w& 


(82) 

(83) 


This is the same as the usual magnitude 
asymptotic approximation made when 
the function is plotted along the imagi¬ 
nary axis, illustrated in Figure 2, except 
that the frequency variable is |5;c | 
rather than w. Therefore, one can say: 
The asymptotic approximations of the 
magnitude of a function of 5 versus \s | 
along all radial axes on the 5-plane are 
the same. 

Define \dfcx \ as the deviation of \Gjcx \ 
from its asymptotic approximations in 
equations 82 and 83. For \sx \ <coft 



IMAGINARY 

AXIS 


Fisure 3 (left). 
Radial axis on 


For 5 * >aJA 
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Figure 5. Plot of 

(Ojcz/o:k) = (s +COA:)/ 

cojc along upper-half- 
piane axis at angle 
cos-1 yyjth nega¬ 
tive real axis 




Comparing equations 78 and 84 with 
equation 85 shows that the function | 
is symmetric about the frequency | = 
Oik if the frequency is plotted on a log 
scale. For example, the function will 
have the same value at | =2w* that it 
has at [ ~(j}k/2. Plots of this function 
for various values of are showm in 
Figure 6. For a factor having a pole at 
these curves should be inverted. 

From equations SO and 81, it is seen 
that the phase may be approximated by 


+200 degrees coincide on a polar plot, 
but they do not coincide on a plot of 
phase - versus -frequency. Consequently, 
the following convention will be employed 
when choosing the value of for the 
angle asymptote of equation 87. 

Measure for the phase asymptote, 
in a positive direction when the axis on 
which the function is to be plotted lies 
above the zero; measure in a negative 
direction when the axis lies below the 
zero. 

For the phase deviations, a similar rule 
applies. If the axis on which the func¬ 


tion is to be plotted lies above the zero- 
the phase deviation is positive for the low- 
frequency portion and negative for the 
high-frequency portion; the reverse holds 
if the axis lies below the zero. In any 
case, the deviations will add to the asymp¬ 
totes so that there is no discontinuity of 
the phase ploi along a radial axis, except 
right at a zero or pole. 

For a pole, the situation is exactly re¬ 
versed. For example, if there were a pole 
at —Oil instead of a zero in Figure 8, the 
phase plot labeled OX~ would be the 
phase plot along the upper-half-plane 
axis OX+, while the other plot would be 
the plot along OX'~. 

These conventions guarantee that the 
phase curves along any radial axis will 
be continuous except right 'at a pole or 
zero. On the other hand, if one plots 
the phase curve along another path in the 
j-plane, 360-degree discontinuities will 
occur wherever the path intersects a radial 
axis on which a pole or zero lies, provided 
that the intersection is outside the pole or 
zero. For example, in Figure 8 the phase 
curve along the A-B axis is seen to have a 
360-degree discontinuity at the point 
where the A-B axis intersects the 0-K 
axis. These 360-degree discontinuities, 
however, do not present any basic diffi¬ 
culty because they are only apparent dis¬ 
continuities ; they do^ not represent dis¬ 
continuities in the actual value of the 
function but only in the particular phase 
plot that is employed. If the function 
were plotted on a polar plot, no discon¬ 
tinuities of phase wmuld occur. 


Ang [G^*^j — Ang ^ 

j0,for|5'4<ui (86) 

(Ang (jj) = for I rj > 0.4 (87) 

Plots of deviation of exact phase, given in 
equation 79, from this approximation are 
shown in Figure 7 for various values of 
fr. These plots of deviation are also 
srunmetric about | when the fre¬ 
quency is plotted on a logarithmic scale, 
as may be proved by geometric reasoning. 
To obtain the phase plots for a factor with 
a pole at —tan, one should employ — tpj. as 
the value for the high-frequencj" phase 
asymptote in equation 87, and invert the 
phase deviation curves of Figure 7. 

Let us consider the sense of the phase 
cun,'es. The phase of (id-at) along two 
axes, one at the angle -M60 degrees and 
the other at the angle of -160 degrees is 
plotted in Figure 8. Note that the phase 
axm'e for the axis in the lower half plane, 
approaches the high-frequency as}rmp- 
^te. -160 degrees, not -J-200 degrees. 
Of course, the angles -160 degrees and 



Figure 6. 


Deviation of masnitude of (s-s^) from asymptotic approximation, along s-plane axis 
at angle cos-i (f) with (s*) 
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Figure 7. Deviation of angle of (s —s/J from asymptotic approximation, along s-plane axis at 

angle cos-^ fr) with (s/,) 

Plot of Example of Figure 1 along Within the frequency regions of equation 

Negative Real Axis 90, equation 88 shows that there is a 

As an illustration, the transfer function closed-loop pole in Figure 9 wherever the 

of Figure 1 is plotted along tire negative magnitude of G is unity-that is wher- 

real axis in Figure 9. The broken line “lagnitude plot crosses the zero 

represents the magnitude asymptote and Consequently, there are three 

hence is the same as the asymptotic closed-loop poles on the negative real 
curve of Figure 1. The dashed curves ind ented n Figure 9 by 

represent the deviations from the asymp- ^ ^ points 1, 2, an 3. ese po es, oc 
totes corresponding to the individual 

zeros and poles. Note that the deviations B 


curring at | 5 |= 0 . 20 , 1.50, and 22.6 were 
calculated previously by the numerical 
method. 

At point 1 the slope of \G\ is very 
steep, which explains why our calcula¬ 
tions showed a very small shift of the ex¬ 
act closed-loop pole from the approxi¬ 
mate closed-loop pole at ~co 2 * This shift 
is toward zero frequency, because near co 2 
the phase condition of equation 89 is sa¬ 
tisfied only for |5|<W2. The open-loop 
pole at W 4 is second order, and hence the 
phase condition of equation 89 is satis¬ 
fied both for |i'|<c<j 4 and |5 |>co 4. Hence 
this open-loop pole divides to form two 
closed-loop poles: one shifted away from 
zero frequency to point 3; and the other 
shifted toward zero frequency to form, 
with the pole at —-c^c, a conjugate-complex 
pair of poles, which, however, cannot be 
evaluated by the plot of Figure 9, because 
this pair does not appear on the negative 
real axis. The pole at 2 was shifted from 
the open-loop zero at — ws away from zero 
frequency, because, near cos, the phase 
condition of equation 89 is satisfied only 
for |.y|>cj 3 . Since the slope of \G\ for 
frequencies above point 2 is very small, a 
very slight decrease in gain would cause 
a large shift of this pole away from zero 
frequency, which explains why it was 
difficult to evaluate this pole by the nu¬ 
merical method. 

If the value of W 4 in G were increased 
somewhat, while the other poles and zeros 
were kept constant, this plot would take 
the form of the curve shown in Figure 10. 


are negative (in logits) for zeros, and posi¬ 
tive (in logits) for poles. These dashed 
curves are added to the broken-line mag¬ 
nitude asymptote to form the com¬ 
plete magnitude plot shown by the solid 
curve. The dashed curves representing 
the deviations corresponding to the poles 
at — 0 ) 1 , and — are added twice, be¬ 
cause these are double-order poles. The 
curve of phase that is drawn is the same 
as the phase asymptote, since the devia¬ 
tion of phase from the asymptote (shown 
in Figure 7) is zero for the negative real 
axis. 

The closed-loop functions C/R and 
E/R have poles when G~ — l, as shown 
in equation 30. This requires that two 
conditions hold 

| G |=1 ( 88 ) 

Ang(G)=^(180°) (89) 

where ^ = oddinteger, positive ornegative 

In Figure 9, equation 89 is satisfied only 



m the frequency regions Figures. Proper direc- PHASE PLOTS ALONG PHASE PLOT ALONG A-B 

0<|jj<U2; «3<|i)< 00 (90) tion for measuring RADIAL AXES 
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Then if the gain were set so that the zero 
logit line were at position {A), as shown 
in Figure 10, in the frequency interv^al 
a.' 3 <|j|<co 4 the plot of |G| would inter¬ 
sect the zero logit line at three points, 
labeled 2', 4', and 5', rather than at one 
point, as in Figure 9. Thus, all five 
closed-loop poles would occur on the nega¬ 
tive real axis. However, if the gain were 
decreased until the zero logit line rose to 
position {B), the pole at b* would move to 
5" and the poles at 2' and 4' would move 
together to form a double order pole at 
2 ". A further decrease in gain would 
cause this double-order pole to split into 
a conjugate-complex pair of poles. Simi¬ 
larly, if the gain were increased until 
the zero logit line dropped to position (C), 
the pole at 2 ' would move to 2 "', and the 


CO4 



Figure 10. Magnitude plot of G(s) along 
negative real axis near —wc 


poles at 4' and 5' would move together to 
form a double-order pole at 5'". This 
double-order pole would split into a pair 
of conjugate-complex poles if the gain 
were increased still further. Thus, in 
the frequency region W 3 <|^|<a 54 there 
are three poles, one which is real, and the 
other two which may be real or conju¬ 
gate-complex, depending upon the value 
of gain and the width of the interval be¬ 
tween C 03 and C 04 , 

We may therefore postulate the follow¬ 
ing; Where the phase is 180 degrees on 
the negative real axis, an intersection of 
the zero logit line by |G | indicates a sin¬ 


gle-order pole, while a tangency at a 
maximum or minimum point indicates a 
double-order pole; it can also be shQwa 
that a tangency at a point of inflection of 
|G| indicates a third-order pole. (In 
Figure 9 a third-order pole can be seen to 
occur if the gain is decreased by 1 logit.) 
Almost all practical feedback-control sys¬ 
tems have at least 2 and often 3 closed- 
loop poles near the crossover frequency 
in magnitude. These poles cannot be 
evaluated very easily by the numerical 
method but can be obtained quite easily 
by plotting the function along various 
axes, for values of complex frequency of 
magnitude near the cross-over frequency 
(that is, for |.y|«ajc). The values of 
complex poles may be evaluated as de¬ 
scribed in the following. 

Graphical Evaluation of Complex 

Poles for Example of Figure 1 

In order to evaluate the complex 
closed-loop poles near the crossover fre¬ 
quency, plots of the open-loop function G 
along various axes of the j-plane will be 
employed to obtain a locus of possible 
closed-loop poles for varying values of 
gain, which is similar to the root locus 
employed by Evans. ^ 

A plot of G for the example of Figure 1 
along the upper-half-plane axis corre¬ 
sponding to f = 0.5 is developed in Figure 
11. The broken lines represent the mag¬ 
nitude and phase asymptotes. Notice 
that the phase asymptote near the cross¬ 
over frequency (that is, the phase asymp¬ 
tote in the region in which we are inter¬ 
ested) is at the angle [180°—cosTL 



Fisure 11 . Plot of function of Fisure 1 along upper-half-plane axis corresponding to r=0.5 
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PHASE DEGREES 




Figure 14 (above). Development of method for plotting complex factors 

A. Original configuration 

B. Rotated axes 


closed-loop pole (for the proper value 


The dashed curves labeled P-i, P-2, P-5, 
and P-4 represent the deviations from the 
phase asymptotes corresponding to the 
poles and zeros at —coi, —C 02 , —wa, and 
—C 04 respectively. Similarly, the dashed 
curves labeled M-2, M-5, and M-4 repre- 
:sent the deviations from the magnitude 
asymptotes corresponding to the poles 



5 -4 -3 -2 -I 0 +2 

AK-INCREASE IN GAIN IN LOGITS 


Figure 13. Plots of t complex 

closed-loop poles for function of Figure 1, 
versus system gain 


and zeros at — 032 , — ws, and — W 4 respec¬ 
tively. Curves P-2, P-5, M-2, and M-3 
were obtained directly from Figures 6 and 
7 for the curves corresponding to f=0.5. 
Curves P-i, P-4, and M-4 were obtained 
by doubling these curves of Figures 6 
and 7 , because the open-loop poles at 
—coi and — C 04 are of double order. The 
solid curves, representing the exact mag¬ 
nitude and phase curves, were obtained 
by adding graphically the dashed curves 
to the asymptotes. 

The phase curve intersects the 180-de¬ 
gree line at three points, labeled A, P, 
and C. The value of magnitude at B is 
4 logits and at C is -1.25 logits. Hence, 
if the gain were decreased by 4 logits, a 
closed-loop pole would occur at B with f= 
0.5 and (since | at P is 1.4) = 1.4; if 

the gain were increased by 1.25 logits, a 
closed-loop pole would occur at C with f = 
0.5 and = 7.2. Since the point A corre¬ 
sponds to an extremely low value of gain, 
it is of no interest to us. 

In Figure 12 curves of magnitude and 
phase for the example of Figure 1 are 
drawn for the following values of f: 1 . 0 , 
0.9, . 8 , 0.7, 0 . 6 , and 0. An intersection 
of a phase curve for a given f with the 
180-degree line determines a possible 


of gain). The reciprocal of the value of 
magnitude corresponding to this intersec¬ 
tion is equal to the increase in gain neces¬ 
sary to produce this closed-loop pole. 
The frequency of this intersection is equal 
to the undamped natural frequency of 
the pole; the value of f is equal to the 
damping ratio f of the pole. These val¬ 
ues of t and uin are plotted as functions of 
the necessary increase in gain, AJ^, in 
Figure 13. The values of these curves 
for AA = 0 logits (that is, the values for 
the given gain setting) are f = 0.72 and 
con = 5 . 6 . Hence the underdamped quad¬ 
ratic formed by the complex closed-loop 
poles is 

52-1-2(0.72)(6.6)5-1-(5.6)2 (91) 

A comparison between equations 91 and 
60 shows a fairly good agreement be¬ 
tween the numerical method and the 
graphical method. As seen in Figure 13, 
the discrepancy between these two equa¬ 
tions corresponds to a change in K of 
merely a few tenths of a logit. 

Plots of Complex Zeros and Poles 

So far, only functions with real roots 
have been plotted. The approach will 
now be generalized to enable us to plot 
functions with complex zeros and poles. 
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Figure 15. Plot of 
[s+2(0.3)(2)s4-(2)2] 
along upper-half¬ 
plane axis corre¬ 
sponding to = 


Since complex zeros or poles must exist 
in conjugate pairs, we shall consider each 
pair together. Consider a function with 
zeros at s=sk and s~Sk* (where 5^* 
represents the conjugate of Sk) evaluated 
at s=sx 

(Sx-Sk)(Sx--Sk*)=Sx‘-Sx{Sk + Sk*)-\-SkSk* 

(92) 

Expressions for the magnitude and phase 
asymptotes are as follows (note that 
|^ife|=co„, the undamped natural fre¬ 
quency) 

for (93) 

Sx\ 2, for Sx\ >03n (94) 

Ang 

Ang (^jfe^/:*) = 0, for| Sx\ (95) 

Ang for] Sx\ (96) 

These asymptotic approximations are 
merely generalizations of the approxima¬ 
tions that were made previously for zeros 
on the negative real axis. Note that the 
as 5 anptotes do not depend (explicitly) 
upon the damping ratio ^ of the zeros, 
but only upon and the undamped nat¬ 
ural frequency \sk\. 

In equation 96 the angles \px'^ and 
both represent the angle of the axis along 


which the function is to be plotted. How¬ 
ever, the direction in which each angle is 
to be measured, depends, as before, upon 
whether the axis lies above the corre¬ 
sponding zero or below it. Since there 
are two zeros, there are two values of • 
one \px'^ corresponding to the zero in the 
upper half plane, and the other \px~ 
corresponding to the zero in the lower half 
plane. Consequently, if the axis lies 
above both zeros, both angles are meas¬ 
ured positively; if it lies between the 
zeros, )px'^ is measured negatively and 
\px'~ is measured positively; if it lies be¬ 
low both zeros both ^px"^ and ipx^ are 
measured negatively. 

A method for evaluating the exact 
magnitude and phase curves is developed 
in Figure 14(fl). The product of two 
vectors and Gjcx" in Figure 14(A) 
drawn from the points k'^ and k~ (which 
He at the two zeroes and to the 
point X, is equal to the value of equation 
92 at s=Sx> The magnitude of this 
product is equal to 

iGte+ll <?tei = [Length (*+-sf)]X 

[Length (^“-a;)] (97) 

The phase of this product is equal to 

Ang (Gfca;+)-l- Ang {Ckx"^) 
=^Ang(0—k'^-x)+ 

Ang(O-^-'-x) (98) 


since angle (O—k'^ — ci) is equal to angle 
(O-k-^-b). 

Figure 14(B) is formed from Figure 
14(A) as follows: retaining the shapes of 
the triangles (0—x) and 
split the 0-X axis and rotate points 
and until they coincide on the negative 
real axis. Equations 97 and 98 show that 
the product of the two vectors (k-x“) 
and (k-x+) in Figure 14(B) is also equal 
to equation 92 at s — Sx. Flowever, we 
have already learned how to evaluate 
these vectors because they are merely 
the values of a function with a negative 
real zero at 5 = — | = — evaluated at 

the point x'^ and at the point x". 

If the ^ of the complex zeros is desig¬ 
nated as u, and the angle between each 
zero and the negative real axis as 9^, Hie 
two axes of Figure 14(B) lie at the angles 
(Ox—Ok) and {Ox+Ok) with the negative 
real axis, and hence may be designated by 
the effective damping ratios tkx'^ and 

^kx 

^kx'^= cos(ex-6k)=- cos(cos~Hx-cos~^^k) 

(99) 

hx~ = cos {dx-^Bk) == cos {cos~Hx+ cos" %) 

( 100 ) 

where corresponds to the zero at Sf^ 
and ^kx~' corresponds to the zero at 
From Figures 6 and 7 the deviation 
curves of magnitude and phase corre¬ 
sponding to each of these two values of [ 
should both be added to the magnitude 
and phase asymptotes to obtain the exact 
plots of equation 92. When plotting the 
phase deviation for a given zero, the low- 
freciuency portion is plotted positively, as 
before, if the axis lies above the zero, and 
negatively if the axis lies below the zero. 

This procedure is illustrated in the fol¬ 
lowing example. Let us plot the under¬ 
damped quadratic 

[52+2(0.3)(2)ir-l-(2)2] (101) 

Its undamped natural freciuency is un- 
2== \sk\, and its damping ratio is ^k= 
0.3— cos 72.5 degrees. If we plot it 
along the upper-half-plane axis corre¬ 
sponding to ^ar = 0.5==cos 60 degrees, the 
effective damping ratios are 

C0s(C0S“lra;“ COS’’^^/i:) 

= cos (60°-72.5°) =0.976 (102) 

hx’' = cos (cos~i ^x-\- COS”^ r*) 

= cos (60°-f-72,5°) =-0.675 (103) 

The asymptotes of magnitude and 
phase are shown in Figure 15 as broken 
lines. The angle \px of the axis along 
which the function is to be plotted is 120 
degrees if measured positively or (—360° 
-fl20°) if measured negatively. Since 
the axis lies between the zeros of the quad¬ 
ratic of equation 101, one value of h 
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must be measured positively and the 
other negatively. Hence, the high-fre¬ 
quency phase asymptote is 

’Aa;“^+\^x”=(-360° + 120°)+(120°) 

-2(120°) -360° - -120° (104) 

The deviations of magnitude and phase 
from the asymptotes corresponding to 
the two effective damping ratios are 
shown in Figure 15 as dashed curves. 
These are added to the asymptotes to 
form the complete magnitude and phase 
plots shown as solid curves. Note that 
the phase deviation corresponding to f = 
0.976 is plotted negatively for |5a;|<con 
and positively for because the 

axis lies below the upper-half-plane zero; 
while the phase deviation corresponding 
to ^=—0,675 is plotted positively for 
|•s■a^|<co^l and negatively for |ja;|>ww, be¬ 
cause the axis lies above the lower-half¬ 
plane zero. When the phase deviations 
are added to the asymptotes, they pro¬ 
duce a smooth curve with no discontinui¬ 
ties. This must always happen; there 
can be no discontinuities in the phase 
curve for plots along any radial axis, 
except right at a zero or a pole, if the 
proper convention is observed in measur- 
itig 

Conclusions 

The methods presented in this paper 
may be used for three different purposes: 

1. For quick evaluation of the closed-loop 
poles of a particular system, which has set 
values of gain and other system parameters. 

2. For indicating the change in the values 
of the closed-loop poles with variations in 
the settings of gain and open-loop poles and 
zeros, in order to show what the optimum 
settings are and how critical these settings 
are. 

3. For relating the open-loop frequency 
response directly to the transient response 
of the system, by showing that the closed- 
loop poles are derived from open-loop poles 
and zeros. 

Each of these purposes will now be dis¬ 
cussed in detail. 

Evaluation of the Closed-Loop Poles 

If one’s purpose is merely that of find¬ 
ing the closed-loop poles of a particular 
system, with a set open-loop transfer 
function and set values of gain, the nu¬ 
merical method should be employed to 
evaluate as accurately as desired the poles 
(real and complex) which are distant in 
magnitude from the crossover frequency. 
Since there is usually at least one real 
closed-loop pole so near the crossover 
frequency in magnitude that it cannot be 
evaluated readily by the numerical 
method, the open-loop function should be 


plotted along the negative real-axis for 
values of \s\ near the crossover frequency. 
If very accurate values of the real poles 
in this region are desired, the value of each 
closed-loop pole obtained from this plot 
may be employed as a hrst approxima¬ 
tion in the numerical method, which usu¬ 
ally will quickly yield an extremely accu¬ 
rate answer. If the closed-loop pole is 
very near the crossover frequency in 
magnitute, it may be desirable to assume 
that the magnitude of the open-loop func¬ 
tion G is proportional to |.y | or to | (1/^) | 
in the region near the closed-loop pole. 
One would then employ, in place of equa¬ 
tion 35 or 36 in the numerical method, 
one of the following equations 

(105) 

5==—(106) 

where — co*' is the exact value of the 
closed-loop pole; while —co*" is the ap¬ 
proximate value obtained from the plot. 

The poles that are evaluated may be 
removed from the closed-loop denomina¬ 
tor expression [irAt(.y)-t-j5(5)] by long 
division, leaving a ciuotient that is of suf¬ 
ficiently low order to be factorable by 
classical methods. For practically all 
systems, this quotient will be no higher 
than second order if all the poles that may 
be evaluated readily are removed. 

Changes of Closed-Loop Poles with 

Variations in Gain and Open-Loop 
Poles and Zeros 

Evaluation of the closed-loop poles for 
a specific open-loop function G by means 
of plots of G along various axes in the s~ 
plane is somewhat more cumbersome 
than the above described method. PIow- 
ever, even for the most complicated open- 
loop function, these plots are very easy to 
construct in comparison to other methods 
now employed for evaluating the closed- 
loop poles of high-order systems. 

On the other hand, it usually is neces¬ 
sary for one to know the value of the ma¬ 
jor closed-loop poles (that is, those near 
the crossover frequency in magnitude) 
for a number of values of gain, and prob¬ 
ably for a number of values of the open- 
loop poles and zeros, in order that one 
can determine the optimum settings of 
these parameters, and whether these set¬ 
tings are critical. This information can 
be obtained quite readily from the plots 
of the open-loop function along various 
axes of the ^-plane for values of | near 
the crossover frequency. These plots 
are a very powerful tool for explaining 
the basic principles of the operation of the 
closed-loop system, and can give the de-' 
signer a great deal of insight into methods 
for improving the system’s performance. 


Relation Between Open-Loop 

Frequency Response and Transient 

Response 

Supplementation of the graphical 
method with the approximate method, 
offers a simple means of relating transient 
response to open-loop frequency re¬ 
sponse, Most systems have either three, 
or sometimes only two, closed-loop poles 
near the crossover frequency in magni¬ 
tude. These poles have been shown to be 
derived from: 1. A pole at the crossover 
frequency in magnitude. 2. The open- 
loop pole immediately above the crossover 
frequency in magnitude (at — W 4 in Figure 
1). 3. The open-loop zero immediately 
below the crossover frequency in magni¬ 
tude (at —oja in Figure 1). If this open- 
loop zero is quite low in magnitude with 
respect to the crossover frequency, the 
closed-loop pole it forms will not be shifted 
from it very much, and hence there will 
be only two closed-loop poles near the 
crossover frequency in magnitude. 

These three (or sometimes two) poles 
near the crossover frequency in magni¬ 
tude determine the major form of the 
transient response of the system to a step 
input of position. For systems with a 
fairly good degree of stability (not much 
greater than 30 per cent peak overshoot 
of the transient), the main characteristics 
of this response are the build-up time, 
and the amount of peak overshoot. 
Closed-loop poles at reasonable intervals 
below the crossover frequency in magni¬ 
tude, effect only the low-frcquency re¬ 
sponse of the system. They reduce the 
amount of error due to constant velocities, 
constant accelerations, and so forth, but 
also add long tails to the transient re¬ 
sponse. Closed-loop poles at reasonable 
intervals above the crossover frcqueny in 
magnitude generally have little effect 
upon the transient response. They pri¬ 
marily determine the high-frequency filter 
action of the system by minimizing the 
transmission of high-frequency noise sig¬ 
nals. However, if a pair of high-fre¬ 
quency closed-loop poles is quite under¬ 
damped, it may introduce an undesirable 
secondary oscillation into the transient 
response. 

The graphical method is very useful for 
evaluating the three (or sometimes two) 
poles near the crossover frequency in 
magnitude. For the other closed-loop 
poles, the values given by the approximate 
method generally are sufficiently accurate 
for determining their effect on the tran¬ 
sient response, because the shift of the 
exact values of these poles from the 
approximate values is usually quite small. 

However, the calculation of the co¬ 
efficients of the partial-fraction ex- 
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Figure 16. 


Plots of [C/Rj and \C/E\ for function of equation 109 
with varying a 


Figure 18. Loci of shift of closed-loop poles from an nth-order open-loop lero 


pansions of C or -E associated with these 
other poles presents a problem because 
the approximate poles are not exact 
factors of the closed-loop denominator 
expression IKA(s) + Biis)]. This may 
be overcome by assuming when calculat¬ 
ing these coefficients, that for poles 
below coc in magnitude 


R C G 


and for poles above coc in magnitude 

5=^=G (108) 

R E 

These approximations are very good as 
long as the shift of the exact pole from the 
approximate pole is quite small. 

In conclusion, the methods presented 
in this paper are not only very useful for 


evaluating the closed-loop poles of a 
system; but even more important they 
offer a simple means of relating transient 
response directly to the open-loop fre¬ 
quency response. 


^Appendix 1. The Basic Third- 
Order System 


T 

-4COc 


cx:*i6 


-2.62 COc 


0C=9 


-CO 4 

-3COr. 


-CO4 

4 



The following example is presented be¬ 
cause it illustrates the basic third-order 
system, which a great many systems ap¬ 
proximate in the region near the crossover 
frequency. Its transfer function, plotted in 
Figure 16 , is 

s^isAooi) 

For convenience, set the crossover frequency 
cuc midway betwe en 03 3 and W4 on a logarith¬ 
mic plot: wc = Vw3W4; and define the fre¬ 
quency ration (^4/0)3) as a, so that 



03c —Oi03z~03i/ “S/ Oi 


( 110 ) 


Figure 17. Shift 
of exact closed- 
loop poles from 
approximate 
closed - loop 
poles for func¬ 
tion of equation 
109 


The ratio a corresponds to the attenuation 
ratio of a lead network. 

The approximate factors of the closed- 
loop denominator expression are 

(^-j-W3)C5+Wc)(5+aJ4) 

= [j+(coc/\/a')][^+t‘^cl[5+Va^cl (HI) 

The exact closed-loop denominator expres¬ 
sion is 

ir. 4 ( 5 )+^(^) = 5 ®d-coc\/ ols’^-{-o 3 c^'\/ aS-{‘ 0 }c^ 

( 112 ) 
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This may be factored into 

l)cocS+aJc^) (113) 

For large values of a, the quadratic factor 
of equation 113 can be factored into two 
real single-order factors; for lower values 
of a it becomes an underc^mped quadratic 
with a)ft = wc and ^ = {Va — l)/2. Let us 
consider three different values of a. For 
a = 16; coa = 0.25wc, 0)4 =4coc, and equation 113 
becomes 

(5+0.380),)(5-|-co,)(5+2.62co,) (114) 

For a; —9; o) 3 == 0 . 33 o)c, 0 ) 4 = Sco,, and equa¬ 
tion 113 becomes 

(5 + o;,)3 (115) 

For a =4; co 3 = 0.5o)c, £ 04 = 2 wc, and equa¬ 
tion 113 becomes 

( 5 +coc)( 5 ^+ 2 rcoc^+wc 2 ), where ^ = 0.5 (116) 

Asymptotic plots of \C/E\ and \C/R\ for 
the three values of a are shown in Figure 16. 
Exact plots of the magnitude of the closed- 
loop function, C/R are also shown. These 
exact plots illustrate the increase in Mp 
(peak value of | C/R\) with the decrease of a. 

Plots of the shifts of the exact closed- 
loop poles from the approximate closed- 
loop poles are shown in Figure 17. The 
symbol 0 represents a closed-loop pole 
while (X) and (O) represent open-loop 
poles and zeros respectively. At this set¬ 
ting of gain there is no shift of the approxi¬ 
mate pole at — cofl. For decreasing a, the 
other two poles shift by increasing amounts 
toward —w, from the approximate values 
at — W 3 and — 0 ) 4 . At a —9, both of these 
poles reach —coc at the same time, forming 
a triple-order pole. A further decrease in 
a causes two poles to separate from this 
triple-order pole and form a conjugate- 
complex pair of poles, which travel along a 
circle with the origin as its center, so that 
the distance of all the poles from the origin 
remains constant at w,. 

It should be noted that for a —9, the 
resonant peak of the closed-loop function 
is = 1.3 = 1.14 Igt., and yet all of the 
closed-loop poles are real. This system is 
quite different in this respect from the 
basic second-order system 


R 52+2^0),,5+a)„2 

which has a ^ of 0.43 for an Mp of 1.3. 
For a given Mp the damping ratio ^ of fhe 
complex closed-loop pair of poles of the 
third-order system of Figure 16 must be 
significantly greater than that of the second- 
order system of equation 117, and yet the 
peak overshoot of the transient responses 
for both systems are essentially the same. 
Consequently, it is not safe to assume (as is 
often done) that the value of damping ratio 
of the two major complex closed-loop poles 
of a system is by itself a good indication of 
stability. Although the low-frequency and 
high-frequency closed-loop poles generally 
have little effect upon stability (unless they 
are quite underdamped), all of the poles of 
magnitude near the crossover frequency 
have an important effect upon the system 
stability. 


Appendix il. Direction of Shift 
of Closed-Loop Poles From Open- 
Loop Poles and Zeros 

Let US examine in more detail the direc¬ 
tion of shifts of closed-loop poles from open- 
loop poles and zeros. These shifts occur 
along the 5-plane loci for which the phase is 
an odd multiple of 180 degrees, A single¬ 
order open-loop pole or zero has one such 
locus emerging from it and hence tends to 
form a single closed-loop pole; a double¬ 
order open-loop pole or zero has two such 
loci emerging, and hence tends to form two 
closed-loop poles, which are shifted along 
each locus; and so forth, for higher-order 
open-loop poles and zeros. 

In order to evaluate the direction of these 
loci at the open-loop poles and zeros, con¬ 
sider the following identity 

G=[(5-5j^][(9/(5-5«)^] (118) 

In the vicinity of an wth-order zero at 5 = 5 ^, 
the second factor of equation 118 is quite 
constant. The angle of G is equal to 

Ang (G) = w [Ang ( 5 —5^) ]+ 

Ang[G/(s-Sar] (119) 

Equation 89 stated that closed-loop poles 
can occur only when the angle of G is an 
odd multiple of 180 degrees 

Ang(G)=:^(180°) (89) 

Substitution of equation 89 into equation 
119 yields 

Ang (s-Sa) =-(180°)-- Ang [G/( 5 ’- 5 a)'^] 
n n 

( 120 ) 

Equation 120 gives the angle of vectors 
drawn from the wth-order zero at Sa to 
points on the loci along which the closed- 
loop poles move. Consequently, if Ang 
is evaluated at 5 = 5 fl, equa¬ 
tion 120 gives the angles of the loci emerg¬ 
ing from the wth-order zero at 5a, there 


being one locus angle for a single-order 
zero (^ = 1), two loci angles for a double¬ 
order zero (w=2), and so forth. Since 
Ang [G/{s—Sa)^] is quite constant in the 
region about the zero at Sa, the angles of 
the loci will be quite constant in this region, 
and hence they will emerge from the zero 
in approximately straight lines. 

By means of equation 120, a general plot 
can be made of the loci emerging from an 
wth-order zero at 5a, for which the phase 
of G is an odd multiple of 180 degrees. 
Such a plot is shown in Figure 18. Notice 
that the relative angles between the loci 
are equal. 

In a similar fashion it can be shown that 
the angles of the loci emerging from an 
nth-order pole at 5 = 5b are equal to 

Ang (5— 5b) = -(180°)+-Ang [( 5 — 5b)^6!] 
n n 

( 121 ) 

evaluated at 5 =5b. 

Let us apply equations 120 and 121 to a 
type of G-function that is quite frequently 
met in practice. Consider an open-loop 
function G with a negative real zero at — cus 
of order n and a negative real pole at — 0)4 of 
order where —003 is the first singularity 
below coc (the crossover frequency) in mag¬ 
nitude, and — C 04 is the first singularity 
above coc in magnitude. 

On the negative real axis, at 5 = —coc, the 
following relations hold 

Ang ( 5 + 0 ) 4 ) =0, since W 4 >wc (122) 

Ang ( 5 + 0 ) 3 ) = 180°, since o) 3 <o)c (123) 

Ang (G) = —180°, for reason of stability 

(124) 

Consequently, at 5 = — o)c 

Ang [( 5 +o) 3 )”/G']=«[Ang( 5 +oj 3 )]- Ang(C) 
= (w+l)180° (125) 

Ang [( 5 +o) 4 )”^ 6 ^] [Ang (5+0)4)]+ 

Ang(G)=-180° (126) 
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The angle [(^+W 3 )^/G] has the same value 
at JT = — ojg that it has at ^ = — coc because the 
function does not contain any singularity 
at —ojc, nor does it contain any singularity 
between Wg and ws in magnitude. Conse¬ 
quently, equation 125 also holds at ^ = — cos. 
Similarly, it can be shown that equation 126 
also holds at “C 04 . 

Substitution of equations 125 and 126 into 
equations 120 and 121 respectively yields as 
the angles of the loci emerging from the 
Tzth-order zero at —cos and the ?^'th-order 
pole at — C 04 

AngCj+w3) = ^^^^(180°)+180“, 

fori = -u3 (127) 

p — 1 

Ang(i+«4) = ^-—(I80‘>),fori = -a.4 (128) 
n' 

These loci are plotted in Figure 19(A). In 
Figure 19(B) the loci for specific values of 
n and n' are shown (w=3, 7 i'= 4 ). Notice 
that each open-loop pole and zero produces 
one closed-loop pole which moves along 
the negative real axis toward -coc. If the 
order of the open-loop or zero is no greater 
than 4, the other closed-loop poles tend to 
move away from — coc, and consequently, 
there are only three closed-loop poles in the 
region near the cross-over frequency in 
magnitude. 


Appendix III. Graphical 
Evaluation of Coefficients of 
Partial-Fraction Expansion 

Once the poles of a function have been 
evaluated, it is necessary to evaluate the 
coefficients associated with these poles in 
order to determine the transient response. 
Although these coefficients may be evalu¬ 
ated fairly readily by ordinary numerical 
methods, it is useful to consider a method 
for evaluating them graphically. (The fol¬ 
lowing analysis is essentially a restatement 
of Appendix A of the paper by Kusters 
and Moore.2) 

The controlled variable C{s) for a given 
reference input R{s) may be expressed as^ 


y=i 


(129) 


where the first summation contains all of the 
(/) poles of the transfer function {C/R) — 
G/{l-\-G); while the second summation 
contains all of the (L) poles of the trans¬ 
form R. We shall limit ourselves in this 
discussion to the evaluation of the J coeffi¬ 
cients Kj of the poles of {C/R), and shall 
not consider the evaluation of the coeffi¬ 
cients Ki of the poles of R, 

For single-order poles Kj is equal to 




(130) 


Since —1 at the pole s — Sj, we may 
apply L’Kospital’s rule to obtain 


Ki - {dG/ds)-^R\,^,j (131) 


We would like to evaluate Kj from plots 
of G along the radial axis in the 5 -plane 
passing through the pole at s-Sj. Express 
G and 5 in polar form 

G=|G)e'^0=AngG (132) 

^=Angi (133) 

On a radial axis in the 5 -plane, is constant 

and equal to the angle of the axis, while 

|G|, 0 , and | 5 | are variables. Differentiation 
of equations 132 and 133 yields for {dG/ds) 
along a radial axis 


dG rc)| 6 ^| 
ds _ d] s\ 


+7|g| 





(134) 


Substitute equation 134 into equation 131, 
noting that at a pole of ( C/R ): G - 1 , and 
hence |G| = 1 , 


■&|G| 






(135) 


Since the plots of G are usually drawn to a 
log-log scale, a more convenient expression 
for Kj is 


(by/djc) 

10™ 


5^_ 

. i^<l>/^x) 


= Sj 


(136) 


where 

slope of | G| plot in logits/decade 

b(^/d^=slope of Ang G plot in radians/ 
decade 

If the pole is real, then (d0/dx)==O; and if 
the reference input is a unit step, then 
i? = (l/ 5 ). Equation 136 simplifies to 

(137) 

Thus, for a step input, the coefficient Kj 
at a real pole is proportional to the reciprocal 
of the slope of the magnitude plot of G 
along the negative real axis at that pole. 
At a maximum or minimum point on the 
jG| plot along the negative real axis, Kj be¬ 
comes infinite, and hence such a point must 
yield a higher-order pole, as was stated pre¬ 
viously. This graphical method may be 
extended to allow evaluation of the coeffi¬ 
cients at higher-order poles, but the evalua¬ 
tion procedure becomes quite cumbersome. 
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Discussion 

Maurice J. Kirby, D. C. Beaumaxiage 
(Sperry Gyroscope Company, Great Neck, 
N. Y.): When it is necessary to study the 
behavior of a closed-loop transfer function 
over the entire complex-frequency plane, 
Mr. Biernson’s method will be found to give 
very valuable assistance. 

It is not necessary, however, to cover the 
entire complex-frequency plane in order to 
obtain the simple but valuable approxima¬ 
tions which relate the properties of the 
open-loop frequency response to the proper¬ 
ties of the transient response of a system. 
These relations have been pointed out in 
various earlier papers,^*2 
It is well known that the upper break 
frequencies above the crossover frequency 
in the open-loop response do not give rise 


to significant terms in the transient response 
if the system is well stabilized. They do, 
however, set the limit of stability beyond 
which the performance of the system can¬ 
not be pushed. Furthermore the transient 
response of a well stabilized system can be 
approximated by a sum of exponential 
terms having real exponents .2 In this sum, 
one term corresponds to the crossover fre¬ 
quency and one to each break frequency in 
the asymptotic open-loop transfer function 
which is concave upward (w^, < 02 , C 03 in 
Figure 1 of Mr. Biemson’s paper). The 
exponents of these terms are equal to the 
corresponding break frequencies. 

Physically this means that the transient 
response of many common systems consists 
of a rise having a time constant inversely 
proportional to tlie crossover frequency 
and subsequent decays or ^Tails’’ having 
time constants inversely proportional to the 


breaks such as 032 and C 03 below the cross¬ 
over frequency. The amplitudes of these 
terms, and hence the degree of overshoot in 
the response to a step of input displace¬ 
ment, or the peak error in the response to a 
step of velocity, can be approximated rather 
simply. From this it is obvious that 
integral networks or others which add low- 
frequency breaks to the open-loop transfer 
function add corresponding tails to the 
transient response; these decay with time 
constants l/<i 02 , and I/C 03 , in the example of 
the paper. 
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Figure 1. Plot of open-loop transfer functions and closed-loop locus 

—Open-loop transfer function along negative real axis 

-^Open-loop transfer function along positive imaginary axis 

-Closed-loop locus 


N. L. Kusters, W. J. M. Moore (National 
Research Council, Ottawa, Ontario, Can¬ 
ada): Mr. Bienison is to be complimented 
on the work that he has done on methods 
of evaluating the poles of the closed-loop 
transfer function from the poles and zeros 
of its open-loop counterpart, and especially 
with regard to the detailed analysis he has 
presented in their support. There is no 
doubt that a knowledge of the location of 
the poles of the closed-loop transfer func¬ 
tion is of considerable importance in assess¬ 
ing the performance of a feedback-control 
system. 

It is our opinion, however, that a clearer 
understanding of the factors affecting the 
location of the poles of the closed-loop func¬ 
tion and their exact determination can best 
be obtained by studying the root locus as 
gain is increased from zero to infinity. 

The root locus can be obtained by con¬ 
sidering a plot of the log-magnitude and 
the phase curves of the open-loop transfer 
function against log j^l along both the 
negative real and positive imaginary axis 
of the ^-plane. These curves are quite 
easily drawn, since: 

1. along the negative real axis, the phase 
curves are straight lines. 

2. along the positive imaginary axis, the 
log-magnitude curves can be approximated 
by straight line asymptotes. 


From these open-loop curves, a root- 
locus plot of the closed loop can easily be 
drawn on the same diagram. 

A plot of these curves for the open-loop 
transfer function is shown in Figure 1 of 
the discussion. This function is similar to 
that discussed by the author except that it 
includes the variation which he indicated in 
Figure 10 of the paper. 

( 5 + 0 . 2 )( 5 + 1 ) 

sis+0M)Ks+4:0y 


the open-loop function along the negative 
real axis, the value of the function is unity 
and the phase is —180 degrees or an odd 
multiple thereof. It is apparent that the 
location of these roots at this low gain is 
largely determined by the poles of the open- 
loop transfer function which occur at 
1^1=0, |5|-0.04, and |.!r| =40. 
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Figure 3. Comparison of transient responses of second-order and third-order systems with 

same Mp and bandwidth 


As the gain is increased, the roots n and 
r 2 approach one another on the plot of the 
function along the negative real axis 
(-^ — —w) and eventually they coincide to 
become two equal real roots. At this point 
they form a conjugate complex pair and, as 
the gain is further increased, their locus 
proceed toward the imaginary axis plot 
of the function {s—j(a), reaching it at point 
a where the corresponding phase plot indi¬ 
cates a phase lag of 180 degrees {a'). The 
locus then crosses the s^joi curve, indi¬ 
cating instability or in root-locus parlance, 
an excursion into the right-hand half plane. 

It should be noted here that the region 
between the open-loop transfer function 
plots along the negative real axis and the 
s—jca axis is a stable region for the root- 
locus plot of the closed loop. Thus, as the 
gain is increased from point a, the root- 
locus plot has to pass through point b since 
it has to stay in the unstable region until it 
reaches point c, where the corresponding 
phase curve of the s=jco plot is again 180 
degrees. At a gain slightly smaller than 
K 2 these complex roots coincide again on 
the negative real axis and at a gain of K 2 
the system has again five separate negative 
real roots, ri, ra, n, and r^. It is also 
apparent at this point that the roots below 
<oc are controlled by the zeros of the open- 
loop function |^|= 0,2 and \s\^l, while 
those above co^ are controlled by the pole 
H=40. 

This situation, in which there are five 
negative real roots, continues with ri ap¬ 
proaching the zero at |.!r[ = 1 and r 2 approach¬ 
ing root n along the plot, until r 2 

equals at which point they form another 
conjugate complex pair. At a gain of Ki 
then, the system has two stable conjugate 
complex roots T 2 and ^4 and three negative 
real roots rz, ri, and r^. The system finally 
becomes unstable at a gain corresponding 
to point d, at which the phase lag of the 
s=jo} plot is again 180 degrees (d'), and the 
complex roots rz, and fi assume positive 
real parts. 

The foregoing could also have been ex¬ 
plained by using the root-locus method of 
Evans, which would give a plot similar to 
Figure 2 of the discussion. However any 
attempt to plot this figure accurately for 
the function described is practically im¬ 
possible, due to the large separation of its 
poles and zeros. This is an inherent dis¬ 
advantage in Evan’s root-locus method 
which can be overcome by making several 
plots of different scales. 


George A. Biernson: I am thankful to 
Mr. Kusters, Mr. Moore, Mr. Kirby, and 
Mr. Beaumariage for their valuable dis¬ 
cussions. 

The example which Kusters and Moore 
have presented does an excellent job in 
illustrating the relationship between the 
closed-loop poles and the open-loop transfer 
function. The primary importance of a 
root-locus study, as they point out, is not in 
the forms of the root loci, per se, but rather 
in the insight that such a study gives for 
estimating the positions of the closed-loop 
poles of any system. The ease with which 
the root loci were obtained clearly indicates 
that their method is far superior to the 
original root-locus method of Evans. 


Mr. Kirby and Mr. Beaumariage have 
shown how reliable approximations to the 
transient response can be obtained in a very 
simple manner. Reference 2 of their dis¬ 
cussion describes this very valuable ap¬ 
proach in more detail. The author apolo¬ 
gizes for not having referred to this refer¬ 
ence because much of his early thinking in 
developing his concepts were inspired by 
that paper. 

These two discussions appear to be some¬ 
what in conflict in that one emphasizes the 
advantages of the rigorous graphical method; 
and the other, the simplicity and adequacy 
of the approximation method. Let us con¬ 
sider the relative practical merits of the 
two and also how they compare with the 
standard frequency-response method of 
analysis. 

If one desires to obtain a good approxi¬ 
mation to a transient response, without 
excessive labor, it is best to divide the 
complex-frequency plane into three regions: 
high frequency, mid frequency, and low 
frequency. 

High-frequency poles i\s\»aic) generally 
have little effect upon the transient response 
and can usually be neglected. However, if 
they are quite underdamped, they may 
cause undesirable secondary oscillations; 
and in such cases their values and coeffi¬ 
cients should be evaluated exactly. 

The mid-frequency poles (|4«ajc) are the 
most important because they determine the 
build-up time and peak overshoot of the 
transient response to a step input. How¬ 
ever, there is as yet no simple way to relate 
these characteristics of the transient re¬ 
sponse to the positions of the closed-loop 
poles; whereas, there is a simple corre¬ 
spondence between them and the frequency 
response. 

For example, consider the curves in 
Figure 3 of this discussion, which are the 
error responses of two systems to a unit 
step input. Both systems have an Mp of 
1.30 and have equal bandwidths. Band¬ 
width is defined by the frequency, denoted 
coft, where the phase lag of C/R is 90 degrees. 
Curve i is the response of a simple second- 


order system, which (for Afp^l.SO) has two 
complex closed-loop poles with 

^ = 0.43 and con — oit, 

Curve 2 is the response of the “basic third- 
order system,” with a = 9 , described in 
Appendix I of the paper. It has a triple¬ 
order pole at — wc, as was shown, and 

coc is related to co^ by 

o}b = lA7coc 

The equations for these two transient curves 
are , 

E(/)-1.1076”0.43a,6« sin (0.9040)5^+64.6°) 

and 

Despite the differences in the positions of the 
closed-loop poles and in the forms of the 
transient equations, the values of peak 
overshoot {Pqv) and build-up time (shown 
in the figure as tiu) are practically the same 
for the two systems. They are 

System 1 Pov =0.23, = 2.22 ) For 

System 2 0.25, /5 mW 6=2.38 j lfp = 1.30 

Thus, the standard frequency-response ap¬ 
proach appears to be the best simple method 
for analyzing the effect of the mid-frequency 
poles upon the transient r^^ponse. 

It is in the low-frequency region (| 5 |<<a)c) 
where the methods of this paper are most 
valuable. The author has found that a 
combination of the approximation method 
and the graphical method is usually ade¬ 
quate for determining such things as tails in 
the transients, the error response for con¬ 
stant velocity inputs, and so forth. How¬ 
ever, in certain complex multiloop control 
systems, secondary feedback paths can pro¬ 
duce unusual pole-zero configurations in the 
low-frequency portion of the transfer func¬ 
tion of a particular loop; and the author 
has found the graphical approach invaluable 
in determining their effect. Besides, a firm 
understanding of the graphical method is 
extremely useful for enabling one to make 
intelligent use of the approximation method. 
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240/416-Volt 3-Phase 4-W^ire Power 
and Lishting Supply for Modern 
Industrial Plants 

WILLIAM SHULER 

FELLOW AIEE 


R ecently, in the technical maga¬ 
zines, articles have appeared advo¬ 
cating the use of a 277/480-volt 3-phase 
4-wire grounded neutral distribution sys¬ 
tem for manufacturing plants. In these 
articles, it is pointed out that power and 
lighting service can be supplied from the 
same feeders by connecting motors, and 
other large loads requiring 3-phase elec¬ 
tric supply, to the 3-phase conductors, 
and lamps to the phase and neutral con¬ 
ductors. 

Purpose 

The purpose of this paper is to empha¬ 
size the advantages of a 3-phase 4-wire 
grounded neutral system for both power 
and lighting and, at the same time, demon¬ 
strate the superiority of a 240/416-volt 
system over the 277/480-volt system. 
The 240/416-volt system is preferable 
for at least four reasons. 

Advantages 

First, it will permit the use of fluores¬ 
cent lamps which have already been 
designed and catalogued and will not 
necessitate the development of another 
completely new line of accessories. 

Second, the Underwriters’ Laboratories 
have placed a 250-volt limit on general 
purpose switches for lighting circuits. 
The phase-to-neutral voltage of the 240/ 
416-volt system is below this limit. The 
277/480-volt system necessitates remote 
control for all lighting circuits, and hence, 
adds more expense, as well as complica¬ 
tion, to the distribution system. 

Third, it will permit the use, in 3- 
phase banks, of single-phase transformers 
having a low-voltage winding rated at 
240 volts. 

The fomth, and principal, reason for 
■favoring a lower voltage system arises 
■from the fact that manufacturing plants 
in America are now equipped with in- 
■dividually motor-driven machine tools 
operating at an average load that is far 
below their rating. When these motors 
are operated at 480 volts, 460 volts, or 


even their design voltage of 440, the 
resulting power factor is very low, and the 
efficiency is also considerably reduced. 
In fact, it appears from test data which 
have been taken that the improvement 
in power factor and efficiency, when opera¬ 
ted at 416 volts, results in less current 
in the secondary'' feeders than when opera¬ 
ted at the higher voltages. 

Important and Pertinent Factors 

The suggestion that machine tool 
motors be operated at a voltage, below the 
nominal rating may appear to be a radical 
idea in view of the fact that for many 
years there has been a conviction that 
inadequate voltage was being supplied 
to most 3-phase induction motors. 

However, considering the tremendous 
success which has attended the introduc¬ 
tion of the 3-phase 4-wire low-voltage 
network system which operates at 120/208 
volts, a 240/416-volt system can scarcely 
be called revolutionary. The number of 
complaints which our industry is receiving 
due to low voltage on network systems 
have become negligible. If, therefore, 
this system has proved to be so satis¬ 
factory, it is obvious, from the motor 
curves and test reports shown in Figures 
1 to 11 and Tables I to VII inclusive, that 
a 240/416-volt system should be equally 
satisfactory in the modern manufacturing 
plant, • 

In discussing this subject, three fac¬ 
tors must be taken into consideration. 

1. The jack-shaft, which was almost uni¬ 
versally used in the early part of this cen¬ 
tury when electric power began to compete 
with other forms of power in manufacturing 
plants, has been supplanted by the indi¬ 
vidually motor-driven machine tool. 

2. Machine tools have become so compli¬ 
cated and so expensive that the additional 
cost of a motor twice the size of the required 
motor is an insignificant item. As a result, 
it seems probable that the machine tool 
designer has specified an oversized motor in 
order to be sure of ample torque. 

3. Most large manufacturing plants now 
have distribution substations located at 
relatively short distances from each other. 
This has reduced the length of secondary 


feeders, and the voltage drop has been re¬ 
duced not only by the shortening of the 
feeders but also by the introduction of low- 
impedance distribution arrangements. 

Effect of Recent Voltage 

Standardization 

Recently, the Transmission and Distri¬ 
bution and the Electrical Equipment 
Committees of the Edison Electric Insti¬ 
tute agreed with the manufacturers on a 
voltage standardization which should 
result, ultimately, in considerable savings 
in money to the operating companies, 
as well as in simplification of manufactur¬ 
ing for the equipment suppliers. The 
standard voltages for power and lighting- 
are now 480, 240, and 120. 

Inasmuch as The Dayton Power and 
Light Company has a very large residen¬ 
tial load supplied at 12 kv from the sub¬ 
station busses, the voltage is in excess 
of 12 kv, because it is the plan to deliver 
124 volts at the terminals of the first 
transformer nearest the substation sup¬ 
plying residential customers. Where 
such busses and/or feeders also supply 
manufacturing plants, it is obvious that 
instead of delivering 480 volts to the 
power customers, we deliver something 
in excess of that. In one case, the voltage 
went up above 490 volts at the trans¬ 
former bank supplying one of the large 
customers. It is probable that many 
systems having adequate distribution 
facilities are receiving similar complaints. 

Our company has been purchasing 
transfonners rated 12,000-480/240 or 
240/120. There have been many high- 
voltage complaints from power cus¬ 
tomers. It is apparent that instead of 
confining our purchases to standard trans¬ 
formers having this rating, it will be 
necessary for us to purchase either trans¬ 
formers having taps above normal volt¬ 
age or in the next voltage class, namely, 
the 13.2-kv class, in order to eliminate 
these complaints. A third, and by far 
the best, solution is to continue to buy 
standard transformers and connect the 
120-volt or 240-volt secondaries in wye 
to give either 120/208 or 240/416 volts. 


Paper 53-72, recommended by the AIEE Industrial 
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Committees and approved by the AIEE Com¬ 
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printing December 4, 1952. 
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Test Bata Interpreted by Reference 
to Motor Performance Curves 

For many years, tests conducted by our 
test department on customers’ premises 
have indicated that their motors are 
operating at a very low power factor. 
Although all of the motor performance 



Fi3ure 2. EFficiency and power-factor curves 
for 5-horsepower 3-phase induction motor, 
220 volts, 1,800-rpm synchronous speed, 
40-de9ree-centigrade rise 


Figure 1 (left). Typical characteristics of 
standard 3-phase induction motor, 220 
volts,1,800-rpm synchronous speed 
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^ Figure 3 (right). Efficiency and power- 
factor curves for 25-horsepower 3-phase 
induction motor, 220 volts, 1,800-rpm 
synchronousspeed, 40-degree-centigrade 
rise 

curves and much of the test data pre¬ 
sented in this paper are based on 220- 
volt operation, it must be borne in mind 
that in every case the performance 
would be the same for both the 120/208- 
volt and the 240/416-volt systems. 

The typical standard 3-phase induction 
motor operates at a fairly high power fac¬ 
tor at full load. In Figure 1 are curves 
showing the characteristics of a standard 
25-horsepower 3-phase squirrel-cage in¬ 
duction motor of the 220-volt class and 
in the 1,800-rpm synchronous speed 
range, which is considered typical of 3- 
phase motors rated 50 horsepower and 
under. These curves, as well as all 
others shown, will be the same for motors 
rated 440 volts, since the volts per phase 
per turn are the same in both ratings. 
These characteristics will vary with the 
different types of motors, but the curves 
shown are considered typical of the aver¬ 
age motor encountered in a modern fac¬ 
tory. The curves shown in Figure 1 are 
based on three voltages. The number 1, 
2, and 3 curves represent applied voltages 
at the motor terminals of 220, 208, and 
198 volts respectively. These curves 
show the effect of normal and undervolt¬ 
age on the operation of the motors. 

Refer to the curves and note that if 
the average power factor of a customer's 
load when uncorrected is as low as 70 
per cent and the voltage at the motor 
terminals is 220 or 440 volts, it indicates 
that the motors are operating at less 
than 25 per cent of full load. The effi¬ 
ciency of a motor, when operating at 220 
volts at one-fourth load, is 6 per cent less 



than it would be if it were operating at 
198 volts, and the power factor is about 
8 per cent less. 

These curves indicate that the efficiency 
of the motors, when operating at 198 
volts, is as good or better than when 
operating at 220 volts until they are 
loaded up to 70 per cent of their full- 
load rating. Even at 100 per cent of 
rating, the efficiency is not more than 2 
per cent less at 198 volts than it is at 
220 volts. Furthennore, the power fac¬ 
tor, when operating at 198 volts, is 
higher than when operating at 220 volts 
until the motor is loaded above 130 per 
cent of full load. 

The ampere curves are also interesting. 
The current in the customer's secondary 
feeders is no more when operating at 
198 volts than when operating at 220 
volts until the motors are loaded to ap¬ 
proximately 45 per cent of full load. 
Below that rating the amperes are less. 

Effect on slip is shown by curves 1 and 
2. Representing operation at 220 and 
208 volts respectively, they indicate a 
change in slip of approximately .3 of 1 per 
cent at full load. This would correspond 
to a speed change of approximately 5 
rpm on 1,800-rpm motors which, ob¬ 
viously, would not be noticeable. How¬ 
ever, since a normal average load of ap¬ 
proximately 25 per cent is indicated, the 
change in slip, as shown by curves 1 and 2, 
is negligible. 

Curves shown in Figure 1 are for motors 
manufactured prior to 1939, and while it 
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Figure 4. Efficiency and power-factor curves 
for 50-horsepower 3-phase induction motor, 
220 volts, 1,800-rpm synchronous speed, 
40-degree-centigrade rise 


is probable that most of the motors in 
service on our system are of the vintage 
corresponding to these curves, additional 
information on motors designed from 
1945 to 1948 is presented in Figures 2 
to 4 inclusive. 

In Figure 2 are performance curves, 
showing efficiency and power factor only, 
based on operation at 240, 220, and 208 
volts for a 5-horsepower 1,800-rpm motor. 
At 25-per-cent load, the efficiency of this 
motor is 7 per cent less when operating 
at 240 volts than it is when operating at 
208 volts, and the power factor is 8 per 
cent less. However, if we assume opera¬ 
tion at 50-per-cent load, the efficiency is 
3 per cent less when operating at 240 
volts than when operating at 208 volts, 
and the power factor is 7 per cent less. 

In Figure 3 is a similar set of curves 
for a 25-horsepower 1,800-rpm motor. 
Referring again to the operation at 25-per¬ 
cent load, the efficiency, when operating 
at 240 volts, is 6 per cent less than when 
operating at 208 volts, and the power 
factor is over 8 per cent less. At 50- 
per-cent load, the difference in efficiency 
is 2 per cent; in power factor 7 per cent. 

Figure 4 shows a similar set of curves 
for a 50-horsepower 1,800-rpm motor. 
In this case, the improvement in efficiency 
is 7 per cent and in power factor 10 per 
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Table I. Load and Power Factor Tests. Small 
Plant with Delta-Connected Secondaries 


Time 

Kilowatts 

ICilovars 

Per Cent 
Power 
Factor 

Volts 

AM 

8:00.. 

....48 ... 

...79.2.., 

...51.8_ 

...244 

9:00.. 

_50.4... 

. ..81.2... 

.,.52.7. 

...240 

10:00.. 

-46.8... 

. ..74.4... 

...53.1. 

...240 

11:00.. 

_50.4... 

. ..87.6... 

...49.8_ 

...244 

PM 

1:00.. 

-60.4... 

. . . 87 ... 

.. .50.0 


2:00.. 

-62.8... 

. ..93.6... 

.. .49.0 


2:15.. 

_50.4... 

. ..91.2... 

.. .48.3 



The above readings were taken during a 6 V 4 -tiotir 
production run under normal plant operation. 


cent when operated at 208 volts instead 
of 240 volts. At 50-per-cent load, the 
gain in efficiency is 3 per cent and in 
power factor 7 per cent. 

In all cases, these curves show that 
even at 100-per-cent load the increase in 
efficiency, when operating at 240 volts, 
is only 2 per cent more than when operat¬ 
ing at 208 volts, although the power factor 
is still 4 per cent less. 

Test Data 

Tables I and II show data which were 
taken at a small plant and which indi¬ 
cate the change in power factor when 
the secondaries of the transformers serv¬ 
ing this customer were changed from delta 
to wye. This resulted in a change in 
their power service entrance voltage from 
approximately 240 volts to approximately 
208 volts. The manager stated that the 
operating conditions prevailing at the 
time of these two tests were similar. 
The data piove there is a considerable 
improvement in power factor when op¬ 
erating at the lower voltage. In fact, 
it is about 9 per cent higher. This fac¬ 
tory has continued to operate on 208 
volts 3 years after the transformer bank 
was connected in wye. 

Data in Table III were secured at the 
largest plant supplied by our company. 
For the purpose of the test, the feeder was 
stripped of all capacitors which had been 
installed for power-factor correction. 
The voltage drop along the feeder was 
very slight. It is interesting to note that 
the voltage at one time was 444 and the 
power factor 70.7 per cent and at another 
time, when the voltage dropped to 434, 
the power factor was 75.0 per cent. 
Throughout the table, there are similar 
variations in load, power factor, and volt¬ 
age. 

Table IV shows a tabulation of results 
obtained from tests at the plant of another 
large customer. The 3-phase transformer 
on which the tests were made carries all 


Table II. Load and Power Factor Tests. Small 
Plant with Wye-Connected Secondaries 


Per Cent 
Power 


Time 

Ellowatts 

Kilovars 

Factor 

Volts 

AM 
8:00.. 

_48 ... 

...62.5..., 

,..60.8.... 

,...216 

9:00.. 

.... 67 ... 

...91.2..., 

.. .59.2.... 

,...212 

10:00.. 

....64.8... 

...86.5..., 

,,.59.9.... 

...212 

11:00.. 

_57.6... 

...81.5.... 

,. .57,7.... 

...212 

PM 
1:00,. 

_52.8... 

...72 .... 

...59.2 


2:00.. 

,...48 ... 

...69.5..., 

,..56.7 


2:15.. 

. ...52.8... 

...64.8.... 

,. .63.0 



The above readings were taken during a 61 / 4 -hour 
production run under normal plant operation. 


the lighting load in the area fed by it as 
well as the power load. Part A shows 
that during periods of heavy loading, 
the power factor varies from 70.7 per 
cent to 77.2 per cent. Part B represents 
part A corrected to eliminate the effect 
of lighting load. It indicates that the 
motors were operating at a power factor 
ranging from 45.0 per cent to 51.0 per 
cent. This customer is located near one 
of our substations, and the voltage at 
the transformer bank varies from 480 to 
over 490 volts. 

Present low-voltage a-c network sys¬ 
tems are adequately supplying the power 
load, as well as the lighting circuits, at 
the nominal voltage of 120/208 with¬ 
out autotransformers. Furthermore, the 
data here presented indicate that the 
lower voltage is beneficial not only to 
the power company supplying the load 
but also to the customer because of the 
increase in efficiency and power factor. 
Lower voltage is also of considerable 
benefit to those customers operating on a 

Table III. Load and Power Factor Tests. Large 

Plant with Delta-Connected Secondaries 


Per Cent 
Power 


Time 

Kilowatts 

Kilovars 

Factor 

Volts 

7-26-49 
AM 
8:00.. 

....736... 

..720. 

.73.5. 

,442 

9:00,. 

_608... 

. .608. 

.70.7. 

.456 

10:00., 

-688... 

. .720. 

,69.1. 

.440 

11:00.. 

_752... 

..752. 

.70.7. 

.444 

PM 

1:00.. 

_752... 

, .720. 

.75.1. 

.434 

2:00.. 

_720... 

. .720_ 

.70.7. 

.436 

3:00.. 

_688... 

. .680. 

.71.7. 

,432 

4:00.. 

_640... 

..592. 

.73.5. 

.440 

5:00.. 

.... 640... 

. .560. 

.75.3. 

.440 

7-27-49 

AM 

8:00.. 

.,..768... 

..720. 

.72.9. 

.440 

9:00.. 

-640... 

. .640. 

.70.7. 

.452 

10:00.. 

-760... 

. .736. 

.71.8. 

.436 

11:00.. 

....688... 

..720. 

.69.1. 

.440 

PM 
1:00.. 

_680... 

. .656. 

.72.0. 

.428 

2:00.. 

_720... 

..656. 

.73.9. 

.436 

3:00.. 

....680... 

. .624. 

.73.7. 

.436 

4:00.. 

-672... 

. .576. 

.76.0. 

.436 

5:00.. 

_672... 

..608. 

.74.1. 

.436 
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Table IV. Load and Power Factor Tests. 
Large Plant with Delta-Connected Secondaries 


Time 

Kilowatts 

Kilo vars 

Per Cent 
Power 
Factor 

Volts 

Part A 
8-15-49 
AM 
8:00. 

....496.... 

...424... 

.. .76.0 


9:00. 

....504- 

...456... 

.,.74.1 

From 

10:00. 

,...488.... 

...472... 

...71.8 


11:00. 

....480_ 

...456... 

.. .72.5 

480 

PM 

1:00. 

....496.... 

...408... 

...77.2 


2:00. 

....504..., 

...440... 

...75.3 

to 

3:00. 

....480... 

...432... 

.. .74.3 


4:00. 

....376... 

...240... 

.. .84.3 

492 

5:00. 

....312... 

...240... 

...79.2 


8-16-49 

AM 

8:00. 

....472... 

...408... 

...75.7 


9:00. 

....456... 

...400... 

...75.2 

From 

10:00. 

....472... 

...440... 

...73.1 


11:00. 

_464... 

...464... 

...70,7 

480 

PM 

1:00. 

....456... 

...420... 

... 73.0 


2:00. 

....456... 

...416... 

... 73.8 

to 

3:00. 

....464... 

...416... 

,...74.4 


4:00. 

....360... 

...264... 

,...80.6 

492 

5:00. 

....304... 

...240.. , 

,...78 4 


Part B 
8-16-49 
AM 
8:00. 

....242.., 

_408.. 

....51.0 


9:00. 

... .226... 

_400.. 

. . ..49.0 

From 

10:00. 

....242... 

_440.. 

.. ..48.0 


11:00. 

....234. . . 

_464.. 

....45.0 

480 

PM 

1:00. 

_226.. . 

_420.. 

....47.0 


2:00. 

_226. , . 

_416.. 

....48 0 

to 

3:00. 

_234. . . 

_416,. 

....49.0 


4:00. 

_130. . . 

_264.. 

....44.0 

492 

5:00. 

. 74... 

_240.. 

....59.0 



* One of several 750-kva transformers. 


schedule carrying a power-factor clause, 
inasmuch as the lower voltage reduces 
by a very considerable amount the kilo¬ 
volt-ampere of corrective capacitors re¬ 
quired to reduce their kilovolt-ampere 
demand. 

The Reactive Kilovolt-Ampere Input 
to an Induction Motor Varies as the 
Square of the Applied Voltage and, 
in Some Cases, by an Even Greater 
Power 

As stated early in this article, cus¬ 
tomers are benefited by a lower service 
voltage for their motor load because in 
a modern factory with machine tools 
individually driven, there has been a 
tremendous amount of over-motoring 
resulting in an average load far below 
the rating of the machine tool motors. 
This statement does not apply to a few 
appHcations such as fully and continu¬ 
ously loaded air compressors, ventilating 
fans, pumps, and motors of that type. 
However, many motors in this class have 
been found to be underloaded. 

Probably the principal objection to 
less than normal voltage for plant dis¬ 
tribution systems is the fear that some 
motors may be loaded beyond the point 


Tabic V. Load and Power Factor Tests, 
Large and Small Plants 


Per Cent 

Kilo- Kilo- Power 

Kind of Business watts vars Factor Volts 


Machine shop.321. .. .624. .. .45.7... .250 

Foundry.457-546-64.1-236 

Laundry...104. . . . 96 ...,73.5.... 234 

Aircraft parts.112. .. . 104. ...73.3... .230 

Concrete building 

products.115.... 163.... 57.7. .. . 226 

Die casting. 66.... 60.... 73.7. ,. . 226 

Machine and tool.... 190... . 204 ....68.2.... 220 
Airplane propellers. ..110... . 139. ...62,1... .231 
Blowers and fans.... 144.... 204 ...,57.6.... 248 
Putty.102 132....61.3 229 


of stability where a further increase in 
load would result in a reduction of torque 
developed. The pull-out torque of an 
induction motor varies as the square of 
the voltage. It is, therefore, reduced by 
19 per cent when the voltage is reduced 
by 10 per cent. In the case of a 416-volt 
system, the reduction in voltage is less 
than 5V2 percent. The reduction in 
pull-out torque would, therefore, be 
only 10 per cent. It has been obvious 
on all tests made that this reduction is 
insignificant, since in almost all cases, 
the pull-out torque at normal voltage 
varies from 210 per cent to 250 per cent 
of full-load torque. 

Some objections might be raised on the 
basis that the pull-out torque is still fur¬ 
ther reduced when disturbances occur on 
the system. This argument, it would 
appear, is not valid because if it were, 
trouble would have been experienced on 
our low-voltage network systems. The 
experience of the operating companies 
with the low-voltage network system 
refutes this argument. These disturb¬ 
ances do not cause trouble because the 
modern transmission and distribution 
system is protected by relays and other 
protective devices which relieve the sys¬ 
tem of disturbances in such a short 
period of time that no appreciable effect 
is observed on the performance of motors. 

Special Considerations 

There are a few items that require 
special attention in any plan which may 
be proposed to change a distribution 
system from 480-volt delta to 240/416 
volt, 3 phase, 4 wire. 

First, all protective devices should be 
studied to determine whether the protec¬ 
tion is adequate. This may depend on 
whether the neutral is grounded through a 
resistance or solidly grounded. 

Second, any welders or ovens which 
could not be reconnected so as to operate 
at 240 volts single phase, in the case of 
welders, or 240/416 volts wye, in the 


case of ovens, might require autotrans¬ 
formers for satisfactory operation. How¬ 
ever, in the average factory, this type of 
load is a small percentage of the total. 
In many cases, this special equipment is 
served by individual transformer banks 
whose high-voltage windings are specified 
for the same voltage as the step-down 
substation power transformers. In future 
installations, this equipment could be 
bought to operate on the 120/208- or 
240/416-volt systems. 

Grounded Versus Ungrounded 
Neutral 

Advocates of the 277/480-volt 3-phase 
4-wire system have assumed that the 
neutral of the system would be solidly 
grounded. Some factory maintenance 
men object to this plan for the following 
reason. 

Most of the modern factory installa¬ 
tions are of the enclosed low-impedance 
duct type where the three conductors are 
bare and the phases are interleaved with 
a metal housing surrounding the whole. 
Factory maintenance men do make con¬ 
tact with their tools between this housing 
and one of the phases. In the case of a 
delta system having no ground, the cur¬ 
rent flowing is of a limited value, and the 
worst results have been occavSional shocks. 
The opinion of these men is that this type 
of trouble is much less hazardous to 
personnel than a solidly grounded neutral 
would be because in that case, the phase- 
to-ground current would produce a heavy 
short-circuit current, and the damage to 
personnel might be very great. 

Where this objection exists, it could 
be met by grounding the neutral through 
a relatively high resistance. This would 
eliminate the high voltages which’might 
be set up due to resonance between the 
capacitance and the inductance of the 
circuits, and at the same time would re¬ 
duce the fault current flowing from phase 
conductor to duct sheath to a very small 
value. However, if this resistance were 
kept at a figure considerably below the 
resistance of the human body, it would 
still limit the voltage to which personnel 
would be subjected to a value represented 
by the phase-to-neutral voltage. In 
the case of a neutral grounded through 
resistance, it would, of course, be neces¬ 
sary to insulate the neutral conductor 
in the duct system. 

It is believed that the objections pte- 
viously mentioned do not offset the advan¬ 
tages of the solidly grounded neutral. 
For many years in England they have 
been using a 3-phase 4-wire 240/416-volt 
system. In a recent letter from one of 
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Table VI. Individual Motor Tests 


Machine 

Aver¬ 

age 

Kilo¬ 

watts 

Maxi¬ 

mum 

Kilo¬ 

watts 

Kilovars 

Average 
Per Cent 
Power 
Factor 

Volts 

Punch press, 3-phase, 30 horsepower, 1,760 rpm. 

...13.... 

..20 .. 

.... 9 ... 

, ...82.6.... 

...444 

Planer, 3-phase, 40 horsepower, 880 rpm. 

... 4.... 

.. 5.2.. 

....17.2. .. 

...22.6.... 

...436 

Milling machine, 3-phase, 10 horsepower, 1,750 rpm.. 

.... 2.... 

.. 3 .. 

.... 3 

.,..55.3.... 

...432 


the members of the United Kingdom Elec¬ 
tricity Supply Team which visited this 
country, the statement was made that 
after consideration of the various voltages 
which have been used, it was finally 
decided to make 240 volts standard and 
to use the 3-phase 4-wire 240/416-volt 
system for both domestic and factory 
purposes. It was further stated that 
they have had very few accidents, and 
only a small proportion of these can be 
said to have been avoidable had the volt¬ 
age from phase to ground been limited to 
120 volts. To complete their story, how¬ 
ever, consider a paragraph from the 
letter which reads as follows; “Fairly 
stringent Factory Regulations apply with 
regard to the use of portable apparatus 
or lights which require, except in the 
case of earth free situations, that such 
apparatus should be supplied through 


transformers from the general 240 volt 
system at 110 volts with the mid-point 
of the winding on the low voltage side 
earthed so as to limit the voltage to earth 
on the output side to 55 volts.” 

Miscellaneous Additional Test Data 

Table V shows data secured from tests 
made on many other customers both large 
and small. In each case, the data taken 
have been based on the maximum power 
factor which, incidentally, almost always 
occurred during periods of maximum load 
and at either 10:00 am or 11:00 am. 
These data are indicative of four con¬ 
siderable advantages resulting from the 
operation of motors at less than name¬ 
plate rating. 

1. Increased efficiency of operation for the 
motors. 



PUNCH PRESS 
3-PHASE 30HR 
2 2 0/440 VOLTS 
62/31 AMPS. 

1760 R.PM. 
MULTIPLY SCALE 
MARKING SY 20 


KILOWATTS 

Fisure 5. Kilowatt-kilovar input to 30-horse- 
power 3-phase induction motor driving punch 
press 


kVAR 






PLANER 

DIE REPAIR DEPT 

3-PHASE 4 0 HP. 
220/440 VOLTS 
106/53 AMR 
8 80 R.PM. 
MULTIPLY SCALE 
MARKING BY 40 


KW 


KILOWATTS 




Figure 6. Kilowatt-kilovar input to 40-horse¬ 
power 3-phase induction motor driving planer 


2. Improved power factor on the utility's 
system. 

3. Reduced transformer capacity required 
for serving existing loads. 

4. Improved regulation on transformer 
banks and secondaries. 

Special Tests 

Table VI shows some special tests which 
were made on individual machine tools 
at the largest plant served by our com¬ 
pany. These three machines were chosen 
by the operating superintendent as repre¬ 
senting machines which he felt were 
fully loaded and were doing the job for 
which they were designed. It should be 
noted that these motors are operating 
at practically design voltage—the punch 
press at 444 volts, the planer at 446 
volts, the milling machine at 432 volts. 
The punch press had an average power 
factor which was fairly high, namely, 
82.0 per cent. However, the graphic 
chart in Figure 5, indicates that even at 
the peak swing, the maximum input was 
less than full load, since the motor was 
a 30-horsepower motor. The planer. 
Figure G, operating at a power factor of 
22.6 per cent, is ridiculously underloaded. 
The milling machine, Figure 7, operating 
at a power factor of 55.0 per cent, was 


K 


KW 


KVAR 


MILLING MACHINE 
DIE repair dept. 

3-PHASE lOHP. 
220/440 VOLTS 
268/13.4 AMPS. 
1750 R.PM. 
MULTIPLY SCALE 
MARKING BY 2 0 


I. 

KILOWATTS 


Figure 7. Kilowatt-kilovar input to 10-horse¬ 
power 3-phase induction motor driving milling 
machine 
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Tabic VII. Motor Test Using Normal and 
Reduced Terminal Voltage 


Volt¬ 

age 

Kilo¬ 

watts 

Kilo- 

vars 

Per Cent 
Power 
Factor 

Kilowatt- 
hour per 
1,000 Pieces 

492. . 
440. . 

. .8.90_ 

. .8.60_ 

.13.0... 
. 9.2... 

,..56.2... 
,..64.9... 

_103 

_ 99.5 

Test results on a 
follows: 

percentage comparison are as 

440. , 
492. . 

. .normal.. 
..3.5%... 
Inc. 

.normal 

.41.3%, 

Inc. 

... normal, 
...8.7%.. 
Dec. 

.3.5% 

Inc. 


operating at less than 40 per cent of rat¬ 
ing. 

In addition to these special tests, a 
similar test was made at another large 
plant on an automatic screw machine for 
the purpose of determining the per¬ 
cent load carried and the improvement in 
power factor and efficiency when operat¬ 
ing at 10 per cent below the normal volt¬ 
age. In this case, a watthour meter was 
installed to secure the energy consump¬ 
tion per 1,000 pieces produced with the 
voltage at 492 and again with the voltage 
at 440. The data are shown in Table 
VII. Figure 8 is a chart of the kilowatt 
and reactive kilovolt-ampere input at 440 
volts. Figure 9 is a chart of the voltage 
taken during the test. For this chart 
there is a multiplier of four. Figure 10 
is a chart of the kilowatt and reactive 
kilovolt-ampere input at 492 volts. 
Figure 11 is a chart of the voltage taken ' 
during the test. For this chart, also, 
there is a multiplier of four. In connec¬ 
tion with these tests, attention is called 
to three principal facts. 

1. The motor was operating at an average 
of only 30 per cent of its horsepower rating 
and the maximum horsepower requirement, 
as indicated by the top of the swings, was 
only 50 per cent of name-plate rating. 

2. When the voltage was reduced by 10 
per cent, the power factor was increased by 
8.7 per cent. 

3. The kilowatt-hour consumption per 
1,000 pieces produced was decreased 3.5 
per cent. 

Unfortunately, it was not possible to 
reduce the voltage on this machine still 
further to 416 volts. It is evident, how¬ 
ever, from the motor curves, that a still 
greater improvement in both efficiency 
and power factor could have been ob¬ 
tained. There should be an additional 
gain of 2 per cent in efficiency and ap¬ 
proximately 3 per cent in power factor. 

Many of our customers are already 
using low-voltage capacitors on their 
440-volt feeders in order to reduce their 
kilovolt-ampere demand charges and, 
at the same time, reduce the losses on 
their secondary feeders. A change of 


these existing systems from 480-volt delta 
to 240/416-volt wye would, therefore, 
result in a reduction in the leading reac¬ 
tive kilovolt-ampere input to these capaci¬ 
tors. This, however, would be offset by 
an equal, or possibly greater, reduction 
in the lagging reactive kilovolt-ampere 
input to their motors so that no penalty 
would be imposed upon them because of 
the operation at the lower voltage. 

Emphasis should be placed on the fact 
that in all of the tests made, the current 
carried by the secondary feeders would 
have been less at the lower voltage than at 
the higher voltage, because the improve¬ 
ment in efficiency and power factor more 
than offset the effect of the lower voltage. 

Better Motor Application 

It is inevitable that the reaction of 
many engineers to this report will be to 
demand that factory equipment manu¬ 
facturers make better application of 
motors to machine tools. It is doubted 
that much could be accomplished in this 
way, since the cost of the motor is such 
an insignificant part of the total cost of 



Name 

Addrcii 

Toio. KW-KVAR INPUT TO 30 
HORSEPOWER MOTOR AT 440 V. 

Nameplate Data 

ln>i No. ChartSpeed l"/ MIN. 

in5t conceded. Volti llO Amps. D 

C, T. connecicdi Ampi. SO Ratio 10 lot 

P. T. connededi Volti 460 ^ to I 

Shunt file# Amps. M. V. drop 

Multiply scaU'inarkinj by 40 Full Scale ^O K W* 

Installed by kvar. 

Figure 8. Kllowatt-kilovar input, 440 volts, 
to 30-hor$epower- 3-phase induction motor 
driving screw machine 


the machine tool. Furthermore, a prob¬ 
lem which already exists must be faced, 
namely, a tremendous number of under¬ 
loaded motors. Even though machine 
tool manufacturers started today making 
suitable application of motors to their 
machine tools, it would be many years 
before this change could materially 
affect the overfall performance in a given 
factory. In addition to these points, it 
should be emphasized again that even 
though the motors are carrying full load, 
the loss in efficiency at the lower voltage 
is very slight, and there continues to be 
an improvement in power factor. 

Attitude of Factory Maintenance 
Engineers 

In duscussing the subject of reduced 
voltage for motor operation with many 
of our customers, factory men have been 
found who are opposed on the grounds 
that they already have too many motors 
that are overloaded and are having too 
many failures on that account; So far 
none of our customers’ maintenance men 
have been able to give us a single machine 
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. .. GRAPHIC TEST-RHCORD 

THE l»AVT<»N POWER AND J.KSIIT CO. 


Name ' 

Addrcis 

INPUT VOLTAGE TO 30 
HORSEPOWER MOTOR 

Nameplate Data 

Imt, No. Chart'Speed I /tnlftUtS 

" W !" V r 

Inst, connected. VolU IDU Amps 

C. T. connected! Amps, Ratio to I 

P. T. connected! Volts 460 Ratio 4 to t 

Shunt Sizes Amps. M. V. drop 

Multiply scale-marKm^ by 4 Full Scale 600 V* 

Installed by 

A. M. 

Date Time P* W. '' 

Removed by ^ ^ 

Dale Time P. M. 

RcmarKsi OBTAINED BY USING 

FIXED BUCK 

Figure 9. Terminal voltage of 30-horsepower 
3-phase induction motor on screw machine 
(fixed buck) 
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GRAPHIC TEST.RECORD 

THE DAYTON POWER AND UGHT CO. 

Name 
Addrasi 

t»(o„KW.-KVAR. input to 30 hr 
MOTOR AT 492 VOLT^ 

Namcpbtc Data ^ 

ChartSpead l‘'/nilnUt0 

VdH* *15 .Amp*.. 5 

C T. cMiMdcd. AmiM. SO Ratfo 10 (o t 

r. T. cowMckdi VaNi 460 lUtt. 4 

ShMl afaw. Aiwpk M. V. drap 

IMMjracak4wklRS^40 Ml Sok 40 KW. 

MMbjr KVAR. 

IWa. ^ 

That p.IH. 

Figure 10. Kilowatt-kilovar inputs at 492 
volts, to 30-horsepower 3-phdSe induction 
motor on screw machine 
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M?dc in U.S.A. 




al 


VOllTS 


il: ..-ijo no isc) in-: 

ForniMJ graphic test-record 

THE DAYTON POWER AND LIGHT CO. 


Name 

Addreu 

Tot.™ INPUT VOLTAGE TO 30 

horsepower motor 

Nameplate Data 

Inft No. Chart-Speed IVMIN. 

■Ml V r- 

IruL coiPKctcd. Volta ISO Ampt. 

C. T. conncctcdi Ampi. Ratio to I 

P. T. connected) Volts 4 60 Ratio 4 to I 

Shunt si/ci Amps. M. V. drop 

Mu)tlplxacat<>ina«tynj(by 4 Pul! Scale 600V. 

Figure 11. Terminal voltage of 30-horsepower 
3-phase induction motor on screw machine 


that is overloaded. Some cases of 
trouble were unearthed that were due to 
bad bearings, improper maintenance of 
gear, and motors which had been over¬ 
loaded due to neglect of that type. The 
electrical maintenance engineer for one 
of our largest customers declared with 
emphasis that they had many motors 
that were overloaded. He finally gave 
us two to check. The results were as 
follows: A 40-horsepower motor on a 
broaching machine was loaded to only 
56 per cent of rating, and a 16-horsepower 
motor on a grinder was only 73-per-cent 
loaded. 

One of our customers who manufac¬ 


tures motors referred a special problem 
to us. They had supplied motors to one 
of their customers and six had been re¬ 
turned as being defective because they 
had burnt out. After making a test, 
they found that the motors were not 
overloaded and, at this point, asked us 
to investigate. A survey indicated that 
this trouble was probably due to reso¬ 
nance with its accompanying high voltages. 
The customer’s service voltage was 220. 
It was suggested that a grounding bank 
be installed with the 220-volt windings 
connected in wye and the neutral solidly 




grounded and the 2400-volt windings con¬ 
nected in delta. In this case, naturally, 
the phase leads of the 220-volt windings 
were connected to the power supply bank, 
and the 2400-volt leads were insulated 
and isolated. This, in effect, gave the 
220-volt system a grounded neutral and 
eliminated the high voltages and the 
motor failures. 

It is evident that many factory main¬ 
tenance men attribute failures to over¬ 
loading that are due to either high-voltage 
surges or to neglected maintenance on 
bearings, gears, and so forth. 

Conclusion 

The data given in this report are only a 
part of what have been collected over a 
period of almost 4 years. During this 
time, the data and subject matter have 
been discussed with many utility engineers. 
It is amazing to find so many in the indus¬ 
try who are either apathetic or convinced 
that the data are not typical. So far, 
utility engineers appear reluctant to 
make similar tests in their customers’ 
factories. 

Finally, it should be pointed out that 
whereas in this report reference has been 
made to the 120/208- and the 240/416- 
volt systems, we are dealing with nominal 
values. On our low-voltage network 
system, we plan to carry from 122 to 124 
volts from phase to neutral. Likewise, 
on a 240/416-volt system, we would plan 
to maintain from 244 to 248 volts from 
phase to neutral. This would give a 3- 
phase voltage for motor operation of 
from 423 to 430 volts. Certainly, a 
voltage of this magnitude is far better 
from the standpoint of both the utility 
company and the customer than the 
existing voltages which vary from 470 
to 490 volts. Furthermore, this report 
refers primarily to motors rated 220 or 
440 volts and avoids reference to loads 
such as steel mills, paper mills, and heavy 
industry of that type where motors nor¬ 
mally are operated at 2.4 kv or higher. 


Discussion 

B. S, Brereton and S. C. Cooke (General 
Electric Company, Schenectady, N. Y.): 
Mr. Schuler has presented a great deal of 
interesting and valuable information regard¬ 
ing average loads in average industrial 
plants. The information has been given to 
substantiate the theory that a lower than 
rated voltage applied to an electric system 
supplying machine tools results in slightly 
improved performance from a power factor 
and efficiency standpoint. This theory is 
based on data showing that the motors 


being supplied are operating at considerably 
less than their rated loads. Under these 
conditions, no one can question the im¬ 
proved efficiency of operation. 

Loading of Machine Tools 

It seems somewhat questionable, how¬ 
ever, to draw general conclusions based only 
on the average loads of the machine tools. 
Many such loads are of a duty-cycle nature 
with higher than rated peaks applied to the 
driving motors. Load curves have been 
taken of different machine tool loads, some 
of which are outlined here. A certain press 
with a 5-horsepower motor had extended 


load peaks of 6.5 horsepower. Another 
press had peaks of 10 horsepower applied to 
a 7.5-horsepower motor. 7.5-horsepower 
peaks were found on a 5-horsepower motor 
on still another press. A reamer with a 16- 
horsepower rating had 19-horsepower peaks; 
7.0-horsepower peaks were experienced for 
extended times on a 5-horsepower worm 
gear milling machine. An interval grinder 
with a 3.5-horsepower drive had maximum 
loads of 7.6 horsepower, and a 24-inch drill 
equipped with a 3-horsepower motor had 
momentary peaks of 11 horsepower. The 
nature of machine tool operations is such 
that there is always a certain amount of 
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machine idle time. Putting work in and 
taking it out and performing other opera¬ 
tions such as inspection results in idle time. 
Such times of no load have a great effect 
on reducing the average load of the machine 
with the result that the average load appears 
to be considerably under the machine rating. 
Also, machine tools are designed to handle 
a certain range of types of work. There¬ 
fore, a good portion of the time the work 
being done may not represent the design 
capability of the machine. Based on aver¬ 
age loads, a lower than normal voltage would 
be satisfactory, but based on full load and 
peaks of 130 per cent, 150 per cent, or even 
200 per cent and more, as indicated by the 
examples just given, normal voltage (or 
even higher than normal) is essential to pre¬ 
vent motor stalling. As pointed out by the 
author, the torque of an induction motor is 
proportional, to the square of the voltage. 
Even though motor rated maximum torques 
might be 200 or 250 per cent, the voltage 
would not have to be very low to cause 
stalling under the preceding example condi¬ 
tions. It should be realized that the power 
distribution system should be designed not 
only for the average load condition but also 
to accommodate the maximum load condi¬ 
tion. 

The paper presents as one of the basic 
factors the fact that machine tools are over¬ 
powered because of the relative cost of the 
motor to the complete tool. In dealing with 
machine tool manufacturers it has been 
found that they are desirous of using the 
proper motor for the job to be done. How¬ 
ever, the motor must be capable of handling 
the maximum load to which the machine 
tool might be subjected. Therefore, when 
comparing the motor size to the average 
load, which will be low as mentioned previ¬ 
ously, the machine appears to be over- 
motored even though it actually is not. 

A major point which apparently has been 
overlooked is the problem associated with 
the control equipment on modern complex 
machine tools. Even if the driving motor 
could withstand the application of below 
rated voltage, the machine control might 
well fail to operate properly. This is par¬ 
ticularly true of machines with electronic 
controls which contain devices that are 
very sensitive to voltage. The adoption of 
a 240/416-volt system would mean that 
special controls would be required on all 
such machines. This would necessitate two 
similar standard lines which would increase 
the cost to the consumer without any addi¬ 
tional features or advantages. 

Voltage Level 

It is worth emphasis that regardless of 
voltage level there will stiU be voltage 
spread between the first and last transformer 
on the utility lines. Even though the volt¬ 
age is high on the first transformer, it will 
more than likely be low on the last trans¬ 
former with the resulting reductions in 
maximum torque on the motors supplied. 

It is well known that the voltage supplied 
by the utility to the industrial plant is sub¬ 
ject to variation as utility loads increase and 
decrease. The amount of this voltage 
spread varies considerably among various 
power companies, but in many cases has 
been found to be excessive for satisfactory 
industrial plant operation. In such cases 
it has been necessary for the industrial to 


install some form of a system voltage regu¬ 
lator. 

Even if it is assumed that the last trans¬ 
former will have 416 volts available as its 
terminals, it is necessary to consider the 
inherent regulation of the transformer. A 
typical transformer might have as much as 
4-per-cent regulation which would result in 
a full load voltage of 400 volts not including 
any feeder cable drop. The combination of 
feeder and branch circuit voltage drops 
might well be another 15 volts, giving a 
motor terminal voltage of about 385 volts 
or only 87 V 2 per cent of motor rated voltage. 

There are many equipments and devices 
used in industrial plants that are more seri¬ 
ously affected by low voltages than are the 
motors discussed previously. ResistanOe 
heating devices, for example, are handi¬ 
capped by excessively low voltages. Elec¬ 
tronic devices, solenoid-operated devices, 
and capacitor equipments all require that 
the voltage supplied be held near normal in 
order to assure satisfactory operation. 
Even though these items are in the minority, 
they cannot be neglected. Therefore, 
individual step-up transformers or another 
low-voltage system will be required to 
supply such loads. 

Three-Phase or Single-Phase 

Transformers? 

Mr. Schuler’s recommendation of a 
240/416-volt system does have the advan¬ 
tage of using standard 240-volt transformers 
when the source is made up of single-phase 
transformers. However, the load center 
type of system, using a medium voltage for 
distribution to the load centers for conver¬ 
sion to the utilization low voltage, has 
greatly increased in the last 10 years for 
both factory and commercial building appli¬ 
cations. All major manufacturers have met 
the engineering soundness and economic 
advantage of the load center system by 
making available unit-type substation 
equipment. This type of substation incor¬ 
porates the 3-phase transformer and has 
found much favor in industrial plants. The 
adoption of the 240/416-volt system would 
require the development of new 416Y/240- 
volt rated 3-phase transformers. This 
would mean two standard ratings of trans¬ 
formers which are not a great deal different 
in voltage rating and which would result in 
higher costs to the user, with no increase in 
consumer benefits. 

480Y/277-VOLT System for Commercial 
Buildings 

The use of the 480Y/277-volt system has 
long been popular in the industrial field. 
The savings available due to the higher 
voltage, in place of the conventional 208Y/- 
120-volt system, are available to commercial 
buildings by using the 24-volt control sys¬ 
tem. The author noted that the remote con¬ 
trol system "adds more expense, as well as 
complication, to the distribution system.” 
This control method permits the power sys¬ 
tem to meet simply and conveniently the 
increasing demands of flexibility placed on 
the modern commercial building. The 
group switching of many different lighting 
fixtures and the controlling of fixtures from 
several locations is readily accomplished. 
This permits the higher current-carrying 
lighting circuits to be kept to a simplified 
minimum. It is true that the 24-volt con¬ 


trol method is required to control loads fed 
from the 277-volt leg voltage of the 480Y/- 
277-volt system. Article 2113 of the Na¬ 
tional Electrical Code deals with voltage of 
branch circuits. Although it does not 
specifically state that the 250-volt house¬ 
hold type of wall switch must be applied to 
meet a maximum limit of 150 volts to 
ground (as it does state for lamp holders, 
fixtures, or receptacles below a height of 
8 feet), the common interpretation of in¬ 
spectors indicates that this requirement 
must also be met by this wall switch. This 
interpretation would prohibit the use of the 
standard wall switch for loads operating 
from the 240-volt leg voltage of the 416- 
volt system. This means that a similar 
remote control method should also be used 
for the 416-volt system resulting in no dif¬ 
ferential expense between the 480- and 416- 
volt systems. It is well to add that the 
added expense for the control system is very 
small compared to the large gain by operat¬ 
ing at above twice the conventional 208Y/- 
120-volt system. 

A few examples of commercial buildings 
using the 480Y/277-volt lighting system are: 

1. New Dupont office building outside 
Wilmington, Del, 

2. Twin Falls High School, Twin Falls, 
Idaho. ^ 

3. Appliance Park, General Electric 
Company, Louisville, Ky. 

4. Knolls Research Laboratory, General 
Electric Company, Schenectady, N. Y. 
(Used 480Y/277-volt lighting with control 
but contactors instead of 24-volt remote 
control). 

5. Tobyhanna Signal Depot, Tobyhanna, 
Pa. (Administration Building includes 
cafeteria, dispensary, and post exchange), 

6. Marietta Signal Depot, Marietta, 
N. Y. (The lighting for this depot is 
principally for the warehouse area, but also 
includes the office area). 

7. New York Telephone Company Office 
Building, Menands, N. Y. 

System Neutral Grounding 

The author tells of his experiences with 
factory maintenance men concerning the 
relative hazard of the grounded and un¬ 
grounded system. There is no doubt that 
a greater "splash” during a fault will occur 
from the solidly grounded system with its 
several thousand amperes fault current 
than from the ampere or two when an un¬ 
grounded industrial system is faulted to 
ground. The assumption is made that the 
ungrounded system is less hazardous to 
personnel. It is well to mention that only 
approximately 25 milliamperes are required 
to kill an average person. It will require 
about 10 milliamperes to be "frozen” to an 
energized conductor. From this the conclu¬ 
sion seems to be that there is no advantage 
in being shocked by an ungrounded over a 
grounded system since an ungrounded sys¬ 
tem will deliver a great deal more current 
than that required to kill a person. In fact, 
if a ground already exists on the ungrounded 
system and a person comes in contact with 
one of the other phase conductors, the driv¬ 
ing voltage would be approximately 73 per 
cent greater than the grounded system. 
Along with the advantage of (1) greater 
safety, system neutral grounding provides 
(2) reduced operating and maintenance ex¬ 
pense, (3) improved service reliability, (4) 
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better system and equipment overcurrent 
protection, and (5) improved transient 
overvoltage protection. 

Mr. Schuler should be commended for 
noting the effect of possible overvoltages on 
the ungrounded system. Reference is made 
here to an unpublished 1951 AIEE paper by 
R. H. Kaufmann, in which he points out 
the effect of overvoltages caused from (1) 
lightning, (2) static, (3) physical contact 
with a higher voltage system, (4) resonant 
effect in the series inductive-capacitive cir¬ 
cuits, (5) repetitive restrike, (6) switching 
surges, (7) forced current zero interruption, 
and (8) autotransformer connections. 

Conclusion 

It is not our purpose to disagree with the 
philosophy of combined light and power 
systems because their many advantages are 
apparent. The popular 480Y/277-volt sys¬ 
tem has been used in a great number of 
industrial plants and commercial buildings. 
The paper indicates that the 277-volt sys¬ 
tem will require the development of a com¬ 
plete new line of fluorescent lamps and 
accessories. The only design change re¬ 
quired is that of the ballast and that has 
already been done. Such ballasts have 
been available for about 10 years. The 
market offers, as standard equipment, all 
the equipment necessary for the 480Y/277- 
volt combined light and power system. The 
480Y/277-volt system has all the advan¬ 
tages of combining light and power in a 3- 
phase 4-wire solidly grounded system with 
no sacrifice in voltage at any of the utiliza¬ 
tion equipments. 

Reference 

1. Voltage Up—Wiring Costs Down, A. I. 
Sawyer. Electrical Westy San Francisco, Calif., 
volume 109, number 6, December 1952, pages 82- 
84. 


L. C. Peterman (Ford, Bacon and Davis, 
Inc., New York, N. Y.): Mr. Schuler’s re¬ 
port on the advantages of a 240/416-volt 
combined light and power system for indus¬ 
trial plants is one approach, and perhaps a 
logical one, to the problem of too-high 
utilization voltage which plagues many in¬ 
dustrial plants today. The arguments in 
favor of this system are a repetition of those 
advanced 30 years ago in favor of the 3- 
phase 120/208-volt system, and the objec¬ 
tions raised likewise repeat the objections 
30 years ago of those who felt that the latter 
system had serious defects or even that it 
would not work. The successful operation 
of the 120/208-volt networks in every 
major city of the country (except one) has 
silenced the objectors. 

The prevalence of the 120/208-volt net¬ 
work hastened the adoption of the 120-volt 
lamp standard and lamps were made avail¬ 
able for that voltage. Much other equip¬ 
ment was boosted from 110-volt rating to 
115 or 117 volts. But industrial plant engi¬ 
neers complain, and rightly so, that utilities 
give them 480-volt systems (and sometimes 
it is 500 volts) while the manufacturers sell 
them 440-volt motors and controls to oper¬ 
ate on those systems. 

There is no logic to a 277/480-volt system 
because the motor voltage is too high, and 
standardization work to date has not helped 
the industrial plant engineer to meet this 
problem adequately. Further, there is 


today no recognized standard of 277 volts 
for the supply transformer, but utilities 
over the country have thousands of 240-volt 
transformers that can be used for supplying 
Mr. Shuler’s system. We hear of the great 
advantage of repetitive manufacture, quan¬ 
tity production, and minimum number 
of types and voltages. Why promote a new 
transformer style to confuse still further 
the problem of effective and real standard¬ 
ization, which in spite of years of effort by 
outstanding individuals and committees 
has not been achieved? 


R. A. Scholl (Public Service Company of 
Indiana, Inc., Kokomo, Ind.): Mr. Shuler 
has presented a lot of factual data on induc¬ 
tion motor performance due to operating at 
voltages above as well as below name-plate 
rating. The tests that he made in the indus¬ 
trial plants verify his analysis of motor per¬ 
formance curves. Even with the author’s 
findings, it is believed that the adoption of a 
240/416-volt 3-phase 4-wire system is a 
step in the wrong direction and should not 
be advocated. 

The author’s comment on standardiza¬ 
tion of voltages by manufacturers of equip¬ 
ment as 120 or 240 or 480 is questioned. 
This does not mean that all utilization equip¬ 
ment should operate at those voltages or at 
points above those figures due to normal 
regulation. Those designated voltages 
mean that the equipment is designed for 
normal excitation at a given voltage and 
will have certain characteristics at that 
value. A transformer with a voltage rating 
of 7200-480/240 or 240/120 is of the same 
ratio as an older transformer rated 6600- 
220/110. The utility should establish the 
voltage level for its customers to give proper 
voltage at terminals of utilization equipment 
and not on the basis of transformer name¬ 
plate rating. The main problem becomes 
one of regulation from substation bus to 
using equipment. Voltage levels have been 
creeping higher over a period of years. This 
can be attributed largely to the widespread 
use of 120/208-volt 3-phase 4-wire systems. 
The congested areas of cities have 120/208- 
volt systems operating on a network. This 
is entirely proper where a high percentage 
of the load is 120 volts single phase. The 
system has good regulation and there are 
very few motors requiring high starting 
torque. Large factories having heavy light¬ 
ing loads and also large numbers of soldering 
irons and hand tools can use this 120/208- 
volt system to advantage for these particu¬ 
lar loads. Most industrial plants require a 
higher voltage to properly supply 220-volt 
motors; therefore, the 3-phase power could 
best be supplied at 240 or 480 volts. 

The electric supply for 120-volt incandes¬ 
cent lamps, office machines, and conven¬ 
ience outlets will require further transforma¬ 
tion when using a 240/416-volt system, the 
same as when using a 277/480-volt system. 
Standard voltages for fluorescent lamp bal¬ 
lasts are 110-125, 199-216, 220-250, and 
240-280. Unfortunately when fluorescent 
lamp fixtures first came into use the trade 
did not adopt ballasts that fall in the range 
of 199-250 volts. For new installations, it 
would be no more of a problem to use 240- 
280 volt ballasts than ones rated 199-216. 
For large installations the switching of 
lamps in large groups by magnetic contac¬ 
tors or with the newer low-voltage remove 


control devices will usually save money 
regardless of the voltage of the system used. 
Therefore, for lighting loads there is little 
difference in using the 240/416- or 277/480- 
volt system. 

The major disadvantage to the 240/416- 
volt system is the reduced torque and over¬ 
load capacity of the motor. Motor per¬ 
formance varies as the square of the voltage 
for each of the characteristics just men¬ 
tioned, Even in machine shops there are 
compressors, hoists, and other devices whose 
capacity is seriously effected by too low a 
voltage. Unless the single-phase voltage 
remains above 120 volts at the service en¬ 
trance, many motors will operate from 400 
to 410 volts. Most substation feeders sup¬ 
ply several classes of service, such as; single¬ 
phase 3-wire for residential and commercial 
customers; 240- or 480-volt 3-phase delta 
system for power to commercial and indus¬ 
trial customers; and in some cases 120/208- 
volt Y systems. If either 120/208- or 
240/416-volt systems supply industrial 
loads from this multiple-purpose feeder, it 
becomes practically impossible to establish 
a satisfactory voltage level for all customers. 
Supplying the first customers from the sub¬ 
station at 122 volts would be desirable. 
This would result in an unsatisfactory ar¬ 
rangement for 3-phase motors to be supplied 
from a 120/208-volt system. Using a 277/- 
480-volt system or the 480-volt delta con¬ 
nection would result in voltage no higher 
than 10 per cent above the 440-volt motor 
rating. Ballasts rated at 240-280 should be 
used on the wye system. The ballasts and 
lighting fixtures are a more permanent part 
of the building and do not need inter¬ 
changeability with other plants. On the 
other hand, the industrial plant motors are 
items of much higher investment and may 
be moved to other plants; therefore, the 
rating should continue to be 220/440 volts. 

Machine tool manufacturers do over¬ 
motor the machines- This is partly because 
the motor must be capable of making the 
heaviest cut continuously, yet much of the 
time the work tool is making light cuts or 
spinning idle. Mr. Shuler’s recommenda¬ 
tion of adopting the 240/416-volt system 
might be advisable in a few installations; 
however, it is believed that the problems 
resulting from overpowering of tools and the 
resulting low power factor can best be 
handled by other means, and not by adopt¬ 
ing voltages that are not full multiples of 
120 . 


Leo Doikart (Commerical Light Company, 
Chicago, Ill.): The paper by Mr. Shuler is 
very interesting. My experience covering a 
period of many years bears out the advan¬ 
tages derived from a network distribution 
system. Where the utility power supply is 
limited to a 120/208 4-wire grounded neutral 
system, it will be found very suitable for the 
average industrial plant where the motors 
do not exceed 50-60 horsepower in size. 
The system is flexible enough to be very 
economical for light and power distribution 
off one set of service mains. Where larger 
motors are in use and where motors are 
scattered and far from distribution centers, 
a 240/416 3-phase system is to be preferred. 
During World War III was instrumental in 
introducing the 416 3-phase 4-wire grounded 
neutral system for a large naval project. 

A few years ago, I found that many 
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manufacturers of machines had a tendency 
to underrate their machines rather than to 
overrate them. In this, therefore, I differ 
from the author. One often hears of ma¬ 
chine salesmen claiming that their machines 
take less horsepower to operate and conse¬ 
quently are more economical in the long 
run. On the other hand, I also agree with 
Mr. Shuler that in many cases an apparent 
overload on a motor is actually due to 
faults in bearings, gears, or undue friction 
as well as to high voltage surges. The latter 
are, of course, very hard to determine and 
to isolate. 

On the whole the paper is very meritori¬ 
ous. 


William Shuler: The author thanks the 
discussers for their comments. 

Asa prelude to his closing discussion, he 
•wishes to point out that this system is sug¬ 
gested for modern industrial plants, as indi¬ 
cated by the title of the paper. 

Mr. Brereton and Mr. Cooke state that 
the paper presented information regarding 
average loads in average industrial plants. 
The paper does not deal only with average 
loads; it also deals with maximum loads 
and shows high speed charts which indicate 
that even in the case of maximum loads, 
such as are experienced on punch presses 
and other tools having high peak loads, the 
input to the motor is less than full load. 
Furthermore, the data presented were ob¬ 
tained by tests in many diversified indus¬ 
trial plants and not in average plants. 
Some of them were small, having demands 
as low as 50 kw, and others were large, hav¬ 
ing demands ranging from 10,000 to 25,000 
kw. 

They also state that the reduction in 
voltage suggested "results in slightly im¬ 
proved performance from a power factor 
and efficiency standpoint." The data we 
have obtained indicate that the change from 
480 volts to 416 volts for a supply voltage 
will result in considerable improvement in 
power factor. For example, in the case of 
an induction motor load having a power 
factor of 50 per cent, it will be increased 
to 60 per cent, and in the case of a power 
factor of 60 per cent, it will be increased to 
70 per cent. In the case of the former, this 
means a reduction of reactive kilovolt¬ 
ampere input of approximately 23 per cent. 
In the latter case, the reduction is almost 24 
per cent. The author maintains that this is 
much more than a slight improvement. 
Also, attention is called to the fact that a 
reduction of from 480 to 440 volts on a 
special machine tool, designed for the par¬ 
ticular job it is now doing, resulted in an 
improvement in efficiency of 3^/2 per cent 
and that a voltage reduction of 13.3 per 
cent, which is equivalent to reducing the 
voltage from 480 to 416 volts, would result 
in an improvement in efficiency of about 5 
per cent. This would hardly be considered 
slight by the customers whom we serve. 

Brereton and Cooke make reference to 
tests which they have made on some small 
motors, namely 5, 7 V 2 , 15, and 3 V 2 horse¬ 
power. Unfortunately, they did not state 
what percentage of the total load these 
motors represented. 

Under the heading "Loading of Machine 
Tools," they refer to controls. Certainly no 
difficulty would be found in operating con¬ 
trols on a phase-to-neutral basis which 


would permit the use of standard 240-volt 
equipment. The problem here cannot be 
any different from that involved in factories 
operating with a 120/208-volt supply. 

Under the section entitled "Voltage 
Level," their discussion refers to the ques¬ 
tion of regulation. This is very clearly 
covered in the paper, and I regret to note 
that, apparently, neither Mr. Brereton nor 
Mr. ’ Cooke took the trouble to make some 
very simple calculations. The highest 
regulation found was 5.25 per cent, the 
lowest was 1.7 per cent, and the average was 
about 2.5 per cent. The 5.25-per-cent regu¬ 
lation occurred at a plant having a demand 
of 25,000 kw. At the time of the test, this 
load was supplied by four 4/0 overhead 
lines for a distance of approximately 2 V 2 
miles from the bus. This regulation has 
been reduced, since this load has been trans¬ 
ferred to our transmission system. It is 
inconceivable that a modern public utility 
would tolerate the regulation mentioned in 
this part of their discussion. Furthermore, 
the modern manufacturing plants with the 
low impedance busses and the employment 
of secondary capacitors are maintaining 
very close regulation on their supply trans¬ 
formers and secondary feeders. The author 
is familiar with voltage drops such as are 
mentioned in their discussion only in the 
case of the investigations which we make in 
connection with the small municipal proper¬ 
ties and the co-operatives in our company’s 
territory. 

The author is very much in favor of 3- 
phase transformers. However, both the 
Engineering Department and the Operating 
Department of our company prefer the 
single-phase transformers, because the price, 
as catalogued by the principal manufac¬ 
turers, is less for three single-phase trans¬ 
formers than for one 3-phase transformer of 
the same capacity. In fact, the price is so 
much less that the cost of the high-tension 
busses is more than offset by the difference 
in the cost of the transformers themselves. 
For instance, in the 12-kv class the cost of a 
3-phase 500-kva transformer is approxi¬ 
mately 14 per cent more than the cost of 
three single-phase transformers having the 
same capacity, and a 3-phase 300-kva trans¬ 
former costs 8 per cent more than three 
single-phase transformers. Furthermore, 
should the transformer manufacturers elimi¬ 
nate this price differential, it would be a 
very simple thing to connect the 240-volt 
windings in wye, thereby securing a 416Y/- 
240-volt rated 3-phase transformer. The 
author believes there would not be as much 
difficulty in having such a transformer 
accepted as standard as must have been 
encountered in securing the acceptance of a 
480Y/277-volt rated 3-phase transformer. 

In their discussion, Mr. Brereton and Mr. 
Cooke state, "Article 2113 of the National 
Electrical Code deals with voltage of 
branch circuits. Although it does not 
specifically state that the 250-volt house¬ 
hold type of wall switch must be applied to 
meet a maximum limit of 150 volts to ground 
(as it does state for lamp holders, fixtures, 
or receptacles below a height of 8 feet), the 
common interpretation of inspectors indi¬ 
cates that this requirement must also be 
met by this wall switch." This statement is 
untrue. Mr. Swan of the National Board 
has stated that standard wall switches 
rated 250 volts can be used on 240-volt 
grounded circuits as outlined in section 2113 . 


This practice must meet the requirements 
of section 3812 which in effect imposes the 
use of conduit or armored cable to secure 
grounded enclosure for the switch. The 
inspectors in our territory interpret section 
2113 in the same way and will accept the 
use of 250-volt switches for the control for 
240-volt grounded branch circuits. There¬ 
fore, no remote control system would be 
necessary for branch lighting circuits operat¬ 
ing 240 volts from phase to ground. 

Under the heading "System Neutral 
Grounding," Brereton and Cooke say, "The 
assumption is made that the ungrounded 
system is less hazardous to personnel.” 
The author did not make any such assump¬ 
tion. He stated that some of the factory 
engineers are opposed to a ground on their 
distribution system. In the author's 
opinion, as stated in the paper, a solidly 
grounded neutral is recommended. 

In conclusion their discussion states, 
"The popular 480Y/277-volt system has 
been used in a great number of industrial 
plants and commercial buildings." In the 
author’s opinion, this popularity will wane. 
Motors are coming into the market manu¬ 
factured with oriented iron. The no load 
or magnetizing currents of these motors at 
480 volts is so high that it represents more 
than 50 per cent of the full load current 
rating of a 440-volt motor. 

L. C. Peterman’s concise discussion and 
irrefutable comments are appreciated. He 
has unquestionably met with the problems 
that are presented by a 480-volt supply sys¬ 
tem and is convinced that the 240/416-volt 
system would be just as advantageous as the 
120/208-volt network has proved to be over 
many years. 

The author has no comments to make on 
the statement of R. A. Scholl regarding the 
standardization of voltages with respect to 
the voltage rating of transformers. How¬ 
ever, he does take exception to the state¬ 
ment regarding the adequacy of a 120/208- 
volt system for serving power Ipads. The 
Western Electric Company has a very large 
plant in Allentown, Pa., which, 2 or 3 years 
ago, had a peak load of approximately 6,000 
kw. This plant is operating on the basis of 
120/208 volts for both power and lighting. 

Also, the author differs with him regarding 
the ballast for fluorescent lamps. Before 
submitting the paper for publication, the 
author checked with two of the principal 
fluorescent lamp manufacturers, and they 
definitely were opposed to the adoption of 
277 volts because it would merely add to the 
number of accessories required and add 
another voltage to their catalogues. 

Mr. Scholl’s remarks regarding the inade¬ 
quacy at 416 volts because of the reduction 
in torque does not meet the facts which I 
have given. A reduction in voltage from 
440 to 416 would result in a reduction of the 
pull-out torque of only 12 per cent. Refer¬ 
ence to the torque curve of the motor is 
sufficient to indicate that such a reduction is 
of no importance. The author is not recom¬ 
mending any change in the rating of motors. 
Certainly it would be very unwise to do so 
after all of the standardization work that 
has been accomplished to date. In fact, 
the principal point of the paper is that 
motors designed for 440-volt operation and 
applied to machine tools in accordance with 
present practice are ideally suited for opera¬ 
tion at 416 volts. 

Mr. Dolkart’s comments were of con- 
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siderable interest to the author, since he 
had no knowledge that there was a 240/416- 
volt 3-phase 4-wire system in use in this 
country. Mr. Dolkart says there are some 
machines in this country that are loaded 
beyond the capacity of their motors. With 
this I agree. However, if those cases are 
relatively rare, and all indications point to 
the fact that they must be, then manufac¬ 
turing plants could not possibly be justified 
in designing their supply systems to take 


care of these rare instances instead of the 
great majority. 

In conclusion, the author wishes to state 
that there is one very important additional 
advantage which has not been mentioned to 
date and that is the ease with which a 120/- 
208-volt 3-phase 4-wire auxiliary system 
could be secured by the installation of 
highly efficient and inexpensive single¬ 
phase autotransformers. The low-voltage 
system could be used for the supply of office 


machines, desk fans, portable tools, and so 
forth, and, in addition, could be used for 
lighting in those cases where a customer did 
not desire to employ the higher voltage 
lamps. 

The author hopes that the data presented 
will be checked by the engineers of other 
utility companies and manufacturing plants. 
The 240/416-volt 3-phase 4-wire system 
offers very substantial benefits to both the 
utilities and their customers. 


Correlation Between Frequency and 
Transient Responses of Feedback 
Control Systems 


YAOHAN CHU 

STUDENT MEMBER AIEE 


T he performance of a feedback con¬ 
trol system is often evaluated on the 
basis of the transient response, for which 
the step function is used as the input. 
The abrupt change of input or disturb¬ 
ance may represent important actual 
operating conditions that the system 
may be subjected to. However, syn¬ 
thesis or design on this basis is mathe¬ 
matically difficult to carry out when the 
system has a characteristic equation of 
high order. As a result, synthesis on 
the sinusoidal or frequency basis has 
been developed and widely used. It is 
obviously most desirable to know the 
correlation between the frequency and 
transient responses so that a criterion for 
the frequency response method may be 
properly established. 

Mathematically, such a correlation can 
be established by Fourier transformation. 
Nevertheless, it does not give physical 
insight and thus is not of much use to the 
designer of a feedback-control system. 
In general, it is indeed difficult to formu¬ 
late the correlation generally and quanti¬ 
tatively with easily understood results. 
Through the use of the root-locus method 
developed by Evans, ^ it is possible to 
demonstrate the nature of the correlation 
between the frequency and transient 
responses by knowing the correlation 
between the frequency locus and the root 
locus. The exact nature of the correla¬ 
tion for a system will depend on their 
particular shapes. Thus, although no 
general quantitative relation is estab¬ 
lished, yet the correlation of each system 
may be examined individually. 


The purpose of this paper is: 

1. .To show that the frequency and tran¬ 
sient responses are correlated by conformal 
transformation by establishing the correla¬ 
tion between the frequency locus and the 
root locus. 

2. To indicate, as illustrations, several 
published methods^of evaluating the 
transient response from the frequency re¬ 
sponse by conformal transformation. 

3. To interpret the transient behavior from 
the existing M-p criterion for synthesis by 
frequency response method by investigating 
the pole-zero configuration of the closed-loop 
transfer function, which is related by the 
root locus to the open-loop transfer func¬ 
tion. 

4. To compare the frequency and root loci 
of several conditionally stable systems. 

5. To demonstrate the analogous proced¬ 
ure of synthesis in frequency and in time 
domains. 

Correlation Between Root Locus and 
Frequency Locus 

Figure 1 shows a simplified block dia¬ 
gram of a feedback control system, where 
G{s) is the open-loop transfer function and 
is the complex variable. By means of 
the frequency-response method a fre¬ 
quency locus may be constructed on the 
G-plane, as shown in Figure 2. This locus 
is the conformal transformation of the 
complete imaginary axis of the ^-plane 
onto the G-plane. These two correspond¬ 
ing curves of Figures 2 and 3 are drawn 
in thin curves. The thin solid curve 
represents the transformation from the 
positive imaginary axis of the 5-plane, 
while the thin dotted curve represents 


that from the negative imaginary axis. 
The frequency locus is symmetrical with 
respect to the real axis of the G-plane. 

For the same open-loop transfer func¬ 
tion G{s), a root locus may be constructed 
on the 5 -plane by the root-locus method, 
as shown in Figure 3. Since the root 
locus is the locus of all points of s which 
gives the function G(5) a phase angle of 
±180 degrees, it is the conformal trans¬ 
formation of the negative real axis of 
the G-plane onto the 5 -plane. These two 
corresponding curves of Figures 2 and 3 
are drawn in thick solid curves. Unlike 
the frequency locus, the conformal trans¬ 
formation of the positive real axis of the 
G-plane on the 5 -plane is not the root 
locus. (It is the locus, however, if the 
system is a regenerative-feedback one.) 
This is shown by the thick dotted curves. 
The root locus is symmetrical with re¬ 
spect to the real axis of the 5 -plane. 

In brief, the frequency locus and the 
root locus are conformal transforma¬ 
tions from the 5- to the G-plane or 
from the G- to the 5 -plane, respectively, 
by the complex function G(5). This 
transformation concept is regarded as 
the correlation between the frequency 
locus and the root locus. 

The loci of Figures 2 and 3 are drawn 
with the following open-loop transfer func¬ 
tion G(5) 


5(Ti5 + l)(r25+l) 

It is to be noted that for a given value of 
Kv only one frequency locus may be 
drawn; however, the corresponding root 
locus gives an infinite number of values 
of Ky, In order to distinguish this fact, 
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Fisure 1 (left). Simplified 
block diagram of a feedback 
control system 

Figure 2 (right). Frequency 
locus for 

_ K, 

s(riS+1)(^2S+1) 


the symbol K instead of is employed 
for plotting the root locus. The rela¬ 
tion between K and is illustrated in 
Figure 4, wherein X is a parameter, while 
the indicated values of Xj, are certain 
selected values. 

The point C on the G-plane of Figure 2 
corresponds to the point D (and also the 
point D') on the s-plane of Figure 3. 
This results from the fact that it is the 
only point of intersection between these 
two pairs of curves (thick solid and thin 
solid). Therefore, the frequency % at 
point C of the frequency locus is also the 
value of s at point D on the root locus. 
This pair of points is significant; it is 
known from the root-locus method that 
the value of K at the point D is its maxi¬ 
mum value of the system, beyond which 
the system will be unstable. This value 
of K may be called the gain limit or sta¬ 
bility limit. It is known from the theory 
of frequency response method that the re¬ 
ciprocal of the absolute value of G{jw) at 
the point C along the negative real axis 
of the G-plane is the gain margin.^ It 
can be shown easily that the gain margin 
is related to the gain limit by 

Gain limit 

-:- Kfi 

Gain margin 

Since and the gain margin are known 
when synthesized in the frequency domain 
the gain limit of the system is thus readily 
obtainable. It will be noted from the 
preceding relation that the gain margin 
is inversely proportional to (gain limit 
is constant for a given system). The 
system will become less oscillatory as the 
gain margin increases, Figure 4(B), be¬ 
cause the increase corresponds to choos¬ 
ing the predominate pair of roots from a 
root locus with an increasingly larger 
damping ratio, as indicated by the points 
on the root locus in Figure 4(A) with the 
corresponding value of K as that of the 
frequency locus. It will be noted that 
the system is at its stability limit when K 
is equal to 

A second point of interest resulting 
from the correspondence between point' 
D on the G-plane of Figure 2 and point C 
on the 5-plane of Figure 3, is that the value 
of the frequency on the root locus of 
Figure 3 indicates the maximum possible 
bandwidth, which is obtained if the sys¬ 
tem is synthesized in the frequency do¬ 


main. This is because the resonant fre¬ 
quency co^, Figure 2, of the frequency locus 
is always smaller than the frequency 
(at point C of Figure 2), if the system 
components are of minimum-phase type. 
Therefore, once the root locus is drawn 
when the system is synthesized by the 
root-locus method, the maximum possi¬ 
ble bandwidth is immediately known 
without going into the frequency domain. 

A collection’of root loci with corre¬ 
sponding frequency loci is shown in 
Figure 5. These demonstrate the corre¬ 
lation between the root locus and the fre¬ 
quency locus. All the root loci (except 
the cases o and ^ are of simple geomet¬ 
rical curves: straight lines, circles, hyper¬ 
bolas (cases ly m, and n) , and a parabola 
(case f), Note that the systems of cases 
g and n are always unstable. 

It may now be concluded that since 
the frequency locus is the conformal trans¬ 
formation of the imaginary axis of the s- 
plane onto the G-plane by the transfer 
function G{s) and the root locus is the 
transformation of the negative real axis 
of the G-plane onto the 5 -plane by the 
same transfer function, and since tran¬ 
sient response can be worked out when the 
roots are selected from the root locus, it 
can be stated that the frequency response 
and the transient response are correlated 
by conformal transformation, as they 
ought to be in view of the known existence 
of the correlation provided by the Fourier 
transformation. 

Correspondence Between 5-Plane 
and G-Plane for a Given G{s) 

The frequency locus may be generalized 
by putting 5 ==( 7 + 70 ? into the transfer 
function G{s). Thus, by using a- as a 
parameter a family of constant-cr loci is 
obtained. The frequency locus is the 
constant-cr locus with a- equal to zero. 
This family, as shown in Figure 6, is the 
conformal transformation of all lines 
parallel to the imaginary axis of the 5- 
plane, onto the G-plane. If the lines 
parallel to the real axis of the 5-plane are 
conformally transformed on the G-plane, 
a family of constant-co loci is obtained, 
as is also shown in Figure 6. By means 
of these two families of loci, l-to~l corre¬ 



spondence between the 5 and G-planes is 
established. 

Similarly, the root locus may be general¬ 
ized by the relation Ang G{s)=^ip. For 
various values of a family of constant-^ 
loci (or phase-angle loci^*’) may be con¬ 
structed. The root locus is the constant- 
<p locus with <p equal to ±180 degrees. 
This family is shown in Figure 7. It is 
the conformal transformation of all radial 
lines from the origin of the G-plane onto 
the 5 -plane. If all concentric circles with 
the origin of the G-plane as the center are 
conformally transformed onto the 5-plane 
a family of constant-r loci (or gain loci) 
is obtained, as shown in Figure 7. By 
means of these two families of loci, 1-to-l 
correspondence between the 5- and G 
planes is also established. 

The 1-to-l correspondence between 
the 5 - and G-planes means that for every 
point on the G-plane there is correspond¬ 
ing point on the 5-plane, and vice versa. 
Then, any information encompassed on 
the G-plane may be obtained from the s- 
plane by means of the transformation 
and vice versa. Since the loci on the G- 
plane give information on the frequency 
response and since the loci on the 5 -plane 
give that on the transient response, it 
follows that either of these two ways of 
correspondence, one with the two fami¬ 
lies of constant- 0 - and constant-co loci 
and the other with the two families of 
gain and phase-angle loci, may be used 
in finding the actual correlation. Several 
metbods^-^’^^ have been advanced wHcli 
make use of this correspondence to eval¬ 
uate the transient response from the fre¬ 
quency response, as indicated in the next 
section. 

Obviously, if the two families of gain 
and phase-angle loci, Figure 7(B), are 
plotted on the 5 -plane, the frequency 
locus is the plot on the G-plane of the 
values of r and (p of all the points of the 
imaginary axis on the 5 -plane. Smu- 
larly, if the two families of constant-^ 
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and constant-co loci, Figure 6(B), are 
plotted on the G-plane, the root locus is 
the plot on the ^-plane of the values of 
o- and 03 of all the points of the negative 
real axis of the G-plane. 

[Evaluation of Transient Response 
from Frequency Response 

The frequency locus, which is the plot 
of the open-loop transfer function with 
s^joo on the polar co-ordinates of the 
<S-plane, is the open-loop frequency re¬ 
sponse. The frequency response of a 
system is the plot of the closed-loop trans¬ 
fer function with s—jo3. Both of these 
two frequency responses may be plotted 
in either polar co-ordinates or as attenua¬ 
tion and phase-diagrams.® 

Methods have been developed to 
evaluate the transient response from either 
the frequency locus (or open-loop fre¬ 
quency response) or from the closed-loop 
frequency response. Since the desired 
roots are to be selected on the left half 
of the .y-plane and since the frequency 
locus is the conformal transformation 
along the imaginary axis of the ^-plane, 
the frequency locus itself cannot give 
the value of the desired roots. Thus, any 
attempt to find the roots (and then to 
evaluate the transient response) by means 
of the correspondence between the s~ 
and G-planes requires some transforma*- 
tion not along the imaginary axis of the 
^-plane but along some line or curve on 
the left half of the 5-plane where the 
desirable roots are located. Profos,^ 
and recently Russell and Weaver, ^ have 
utilized the correspondence shown in 
Figure 6, Kusters and Moore, ^ Bierson,® 
and Leonhard^^ have developed the con- 


Figure 4 (right). 
Relation between 
K's of frequency 
locus and K's of 
root locus 

A—Root locus on 
s-plane 
K1<K2<K3<K4 
K4 is the gain limit 
B—Frequency loci 
on G-plane 


G-PLANE 



B 


formal transformation of the open-loop 
transfer function G(s) along a constant 
damping-ratio line on the 5-plane onto the 
G-plane. Both transformations employ 
lines on the left half of the 5-plane in order 
to find the roots directly from their corre¬ 
sponding frequency loci. The desirability 
of a particular curve on the left half of the 
5-plane will greatly depend on the con¬ 
venience for plotting its corresponding 
frequency locus on the G-plane. They do 
not differ in principle. 

The above-mentioned methods make 
use of the frequency locus (or open-loop 
frequency response). Although the open- 
loop frequency response itself does not 
give the possible values of the roots 
directly, yet the closed-loop frequency 
response does, because the closed-loop 
frequency response can be obtained from 
the closed-loop transfer function and the 
transient solution can be worked out if 
the closed-loop transfer function is known. 
An excellent example of using the closed- 
loop frequency response is Floyd's 


method.® This enables one to find the 
impulse response of a system from the real 
part of the closed-loop frequency re¬ 
sponse (although this can be done di¬ 
rectly from the frequency locus on an 
over-lay chart). It would rather be ex¬ 
pected that some other methods might be 
developed along this approach of using 
the closed-loop frequency response. An 
obvious way along this approach is to 
find out the first-order factors (such as 
T5+1 or l/(r5+l)) and second-order 
factors (such as rV+2jT5+1 or 1/(r252+- 
2Jr5+l)) from the closed-loop frequency 
response by trial-and-error procedure. 
When these factors are found, the closed- 
loop transfer function is then determined, 
and the transient solution may be worked 
out from the closed-loop transfer func¬ 
tion. Although the practicability of this 
suggested method will depend on the 
amount of work required to find out the 
factors for a given closed-loop frequency 
response, yet such a relation between the 
closed-loop frequency response and the 


May 1953 


Chu—Frequency and Transient Responses of Feedback Control Systems 




Fi$ure 5. A collection of root loci and their correspondins frequency loci 
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Figure 5 (continued) 
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Figure 6 (left). The families of constanf-cr 
locus and of constant~ca locus on both s> 
and G-plane 




S-PLANE 1® >4 



Figure 7 (right). The families of constant-^^ t\0 
locus (or phase-angle loci) and of constant-r 
loci (or gain loci) on both s- and G-plane 



pole-zero configuration of the closed-loop 
transfer function reveals the nature of 
correlation between the frequency re¬ 
sponse and the transient response, and 
thus provides a better interpretation of 
the closed-loop frequency response. It is 
recalled that the closed-loop transfer 
function is related to the open-loop trans¬ 
fer function by the root locus. 

Examination of Mj, Criterion in 
Frequency-Response Method 

If the poles and zeros of the closed-loop 
transfer function are known, as is the 
case when synthesized by the root-locus 
method, the frequency response of the 
system may be readily obtained if plotted 
as attenuation and phase diagrams. 
Figure 8 is a collection of several closed- 
loop frequency responses as attenuation 
and phase diagrams with their corre¬ 
sponding pole-zero configurations on the 
5-plane. 

An examination of the cases of Figure 8 
reveals the relation between the 
criterion of the frequency-response 
method and the pole-zero configuration, 
which gives the transient response. The 
first five cases of Figure 8 show closed- 
loop frequency responses with no zero. 
The attenuation diagram of case a has a 
resonant peak. This is regarded as the 
desirable type of frequency response and 
is characterized in the pole-zero configura¬ 
tion by a pair of predominate complex 


poles. If there is no predominate pair 
and all are of simple poles, the attenua¬ 
tion diagram is of the shape shown in 
case b. If the predominate pole is a 
simple pole in addition to a pair of com¬ 
plex poles, as in cases c and d, there is a 
long tail in the transient response, be¬ 
cause the simple pole closest to the imag¬ 
inary axis of the 5 -plane gives the longest 
settling time. The difference in the 
shapes of the attenuation diagrams of 
cases c and d depends on the relative loca¬ 
tion of the simple and complex poles. It 
is known in the frequency response 
method that the dip in the attenuation 
diagram of case c gives unsatisfactory 
transient response. If there are two 
pairs of predominate complex poles, as 
the pole-zero configuration of case e, 
there may exist double peaks in the fre¬ 
quency response. 

The last three cases of Figure 8 show 
the presence of a zero. The attenuation 
diagram of case / is similar to that of 
case a, but their phase-diagrams are 
different. The one with the zero has 
smaller phase at low frequency. Case g 
is similar to case c but with a zero; again, 
the difference in shape is more conspicuous 
in the phase diagrams, and the long tail 
will appear in the transient response. 
If the zero is very close to the origin of the 
5 -plane, the peak in the attenuation dia¬ 
gram becomes huge. This is consistent 
with the deduction that when the zero is 
near the origin of the 5 -plane, the over¬ 


shoot is tremendous.^® It has also been 
shownthat if the zero is at the right half 
of the 5 -plane and at a certain distance 
from the origin, the peak time in the tran¬ 
sient response is reduced, yet the over¬ 
shoot is not much increased. This may 
also be demonstrated in the frequency 
response in that the attenuation diagram 
of case h is similar to case /, but there is 
a large positive phase in the phase dia¬ 
gram of case h and none in that of case /. 

It may be concluded from the discussion 
of these cases that the frequency re¬ 
sponse does give considerable useful in¬ 
formation in transient behavior. The 
Mp criterion will assure a satisfactory 
transient response if one examines the 
attenuation and phase diagrams of the 
closed-loop frequency response and as¬ 
certains the existence of a pair of pre¬ 
dominate complex roots by visualizing 
its corresponding pole-zero configuration 
of the closed-loop transfer function. 

Comparison Between Frequency and 
Root Loci for Conditionally Stable 
Systems 

A conditionally stable system is one 
which becomes unstable if the loop gain 
is reduced sufficiently, whereas an abso¬ 
lutely stable system is one in which in¬ 
stability does not result on decreasing 
the loop gain. A position seivo with 
tachometer, in cascade with a resistance- 
capacitance high-pass network as the 
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feedback path, is an example of a condi¬ 
tionally stable system. 

The frequency loci for three condi¬ 
tionally stable systems and their corre¬ 
sponding root loci are illustrated in Figure 
9. All frequency loci are drawn for the 
stable condition. The frequency locus 
of case a will of course be unstable if the 
gain is sufficiently reduced, but will 
always be stable if the gain is further in¬ 
creased. This is obvious on the corre¬ 
sponding root locus because only a small 
portion of the root locus lies in the right 
half of the ^-plane, which gives the region 
of instability at low value of gain. The 
frequency locus of case b will be unstable 
for sufficient increase or decrease of the 
gain. The corresponding root locus shows 

^0 


that there is only one portion of the com¬ 
plex branch of the locus which lies in the 
left half of the 5-plane, which is the stable 
region. The frequency locus of case c 
is drawn, corresponding to a point on the 
root locus between the frequencies ojg 
and o)f. Therefore, it will become un¬ 
stable for sufficient increase or decrease 
of the gain. Should the gain be further 
sufficiently decreased so that it is operated 
at a point on the root locus between the 
origin and the frequency cca (on the s- 
plane), the system will become stable 
again. Thus, the range of gain for stable 
operation can be determined easily from 
the root locus. 

The frequencies to co/ are those on 
the frequency loci at the points of inter¬ 


section of the frequency locus with the 
negative real axis of the 6^-plane. These 
are also the values on the imaginary axis 
of the 5 -plane at the points of intersec¬ 
tion between the root locus and the posi¬ 
tive imaginary axis of the 5-plane. As 
explained previously, the frequency coa 
on the 5 -plane of case a is the minimum 
bandwidth of the system, the frequency 
range between and of case b on the 
5 -plane is the possible bandwidth range, 
and the frequency range between co^ and 
zero and that between coe and co/ on the 5 - 
plane of case c are the possible bandwidth 
ranges of the system for stable operation. 
Thus, the range of bandwidth may also 
be determined easily from the root locus. 

Not only can the region of stability of 
these conditionally stable systems be 
determined from the root locus but the 
degree of stability as well. A constant 
damping-ratio line, drawn on the 5 - 
plane tangent to a stable portion of the 
root locus, will indicate the maximum pos¬ 
sible damping ratio of the predominate 
pair of complex roots for this stable por¬ 
tion of the locus, as shown in Figure 9. 
An equivalent criterion for the frequency 
locus on the G-plane is that the frequency 
locus should be sufficiently away from 
the —1 point. Because of the correla¬ 
tion between the frequency locus and the 
root locus, the significance of the fre¬ 
quency locus on the G-plane can thus be 
interpreted in terms of the parameters of 
the transient response. 

Similarity of Synthesis in Frequency 
and in Time Domains 

Synthesis of feedback control system 
in the frequency domain is a powerful 
one, because the magnitude and phase 
angle of the open-loop frequency response 
can be obtained by the product of the 
magnitudes, and summation of the phase 
angles, of the frequency responses of 
each component of the system. As an 
illustration of synthesis in frequency do¬ 
main, a feedback control system is 
shown in Figure 11(A). Figures 11(B) 
and 11(C) are the frequency responses 
(or frequency loci on the Gi- and Gz-plsines 
respectively) of the controller and the con¬ 
trolled member respectively. By multi¬ 
plication of the magnitude and addition 
of the phase angles of the frequency loci 
of the two components for various fre¬ 
quencies, the open-loop frequency re¬ 
sponse (or frequency locus on the G- 
plane) is obtained as shown in Figure 
10(D). The shape of the frequency 
locus with respect to the — 1 point on the 
G-plane determines the absolute stability 
and the degree of stability. The fre- 
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(D) 

Figure 10, Illustration of synthesis of feedback control system in 
frequency domain 



(D) 


Figure 11. Illustration of synthesis of feedback control system In time 

domain 



(A) Block diagram 

(B) Frequency locus of the controller 

(C) Frequency locus of the controlled member 

(D) Frequency locus of the open-loop transfer function 


(A) Block diagram 

(B) Phase-angle loci of the controller 

(C) Phase-angle loci of the controlled member 

(D) Root locus of the control system 


quency locus can be resbaped readily by superimposing (not shown in Figure 11) formation applicable to the synthesis in 

the frequency locus of an added com- these two phase-angle loci on the same the time domain. 

ponent into the loop. The closed-loop 5-plane, and by identifying the points 

responses can be read off the G-plane with which give a sum of dr 180 degrees for Conclusion 

reference to the two families of contours— any two phase-angle loci. Since the root 

not shown in Figure 10(D)—and then locus gives all possible roots of the charac- A correlation between the frequency 
replotted. Such synthesis will be further teristic equation of the system, a desira- and transient response is, in general, 

simplified by using attenuation and phase ble transient response may be obtained difficult to formulate. The^ difficulty or 

diagrams.® The polar-frequency locus by choosing proper roots from the root complexity has now been linked to the 

has been used in Figure 10 because of locus. The desired stability of the sys- particular shape of the root locus. By 

clarity in demonstrating the similarity. tern restricts the choice to those roots on establishing the correlation between the 

The root-locus method is one for syn- the left half of the 5 -plane. The root frequency locus on the G-plane and the 

thesis in the time domain. Furthermore, locus can also be reshaped by the phase- root locus on the 5 -plane through con- 

a correlation between the frequency locus angle loci of an added component into formal transformation, the ^ frequency 

on the 6^-plane and the root locus on the the loop. Although this synthesis in response may be interpreted in terms of 

5 -plane has been previously established. time domain involves only the addition the parameters of the transient response. 

A way of synthesis by the root-locus of angles on the complex plane and re- The performance of a feedback control 
method similar to that by the fre- quires no templates, yet in general more system can be evaluated when the poles 

quency-locus method has been developed graphical work is involved than that in and zeros of its closed-loop transfer 

by the introduction of the phase-angle the frequency domain. A similarity of function, together with a multiplying 

loci.^® The same system as the one illus- synthesis in frequency and in time do- constant, are specified. These poles and 

trated in Figure 10(A) is shown in mains is thus demonstrated. zeros, which give closed-loop frequency 

Figure 11(A). Figures 11(B) and (C) It is an advantage of the frequency- response on the one hand and the tran- 
show the phase-angle loci of the control- response method that the frequency func- sient response on the other hand, may be 

ler and the controlled member respec- tion is a complex one, and conformal used as a guide to interpret the frequency 

tively. The root locus of the system, transformation may be applied. The response in terms of transient response 

Figure 11 (D), can be readily obtained by root-locus method makes conformal trans- and vice versa. Several conditionally 
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stable systems are shown and discussed 
for their correspondence between the 
frequency and root loci. It has been 
demonstrated that the conditionality, 
which has previously been explained by 
nse of the Nyquist criterion on the G- 
plane, lies in a different or rather unusual 
intersection between the root locus and 
the imaginary axis of the ^-plane. Fin- 
Q-lly, it has been shown that synthesis in 
both frequency and in time domains can 
be performed graphically in an analogous 
tnanner. 

Thus, it is demonstrated that the corre¬ 
lation between the frequency and tran¬ 
sient responses can be well established 
by conformal transformation. The 
choice between the frequency response and 
the root locus methods is made on the 
basis of the convenience in plotting the 
locus, the preference of the designer, and 


the particular result to be looked for. 
There are cases in which one method com¬ 
plements the other. 
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Electric Distribution and Control for 
Lighting Systems 


W. H. KAHLER R. N. BELL 

NONMEMBER AIEE ASSOCIATE MEMBER AIEE 


H igher illumination levels and new 
lighting sources make it necessaiy 
to re-examine possible methods of power 
distribution and control for lighting 
loads. As a result of the higher lighting 
load densities and versatile lighting 
sources, the designer must now exercise 
a considerable amount of engineering 
judgment in planning the distribution 
system. New design techniques make it 
possible to provide maximum convenience 
and reliability at minimum cost and with 
a minimmn use of critical materials. 
The purpose of this paper is to discuss 
some of the requirements of the different 
lighting sources and analyze the modern 
trends in power distribution and control 
for lighting loads. 

Lighting Sources 

The principal lighting sources used for 
interior illumination today are filament, 
fluorescent, and mercury vapor lamps. 
Under certain conditions all of these 
sources are suitable for industrial light¬ 
ing, and the filament and fluorescent 
lamps are used extensively for commercial 

92 


interiors such as stores, schools, and office 
buildings. Filament lamps are operated 
directly from the supply voltage provided 
for lighting, while fluorescent and mer¬ 
cury lamps require an auxiliary device 
called a ballast to provide the correct 
lamp-starting voltage and to limit the 
operating current. 

Circuit Voltages for Lighting 

Filament lamps for lighting are gener¬ 
ally supplied for 120-volt circuits. Lamps 
for 240-volt circuits are also available 
but are not generally recommended be¬ 
cause efficiency is lower, filaments are 
more fragile, and cost is higher. 

Flourescent and mercury lamp ballasts 
could be designed for any distribution 
voltage, but the controlling factors are 
the common distribution voltages and 
economics. Many vapor lamps require 
high voltage for starting and a line voltage 
higher than 120 volts often permits a 
lower cost ballast which requires less 
critical material. These higher line volt¬ 
age ballasts may also have lower wattagfe 
loss. 

Table I indicates the utilization volt¬ 


ages and distribution systems suitable for 
the three types of light sources. In 
general, branch circuits for lighting 
should not exceed 150 volts to ground 
according to the National Electrical 
Code. However, a maximum of 300 
volts to ground is allowed in industrial 
plants and commercial areas for lighting 
fixtures that are equipped with mogul 
lampholders or lampholders approved for 
the application. In such installations, 
switch control cannot be an integral part 
of the fixture. Also, the equipment must 
be mounted not less than 8 feet above the 
floor. 

Lighting Load Characteristics 

The design of a lighting circuit and the 
selection of circuit protective devices 
necessitates a knowledge of not only nor¬ 
mal line current but also an understand¬ 
ing of the abnormal currents that occur 
when the circuit is closed or opened. 

Filament Lamps 

The filament lamp, when cold, has a 
resistance of about one fourteenth of that 
when it is hot. This characteristic re- 
suits in a very high in-rush of current 
when the circuit is first closed. The 
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Tabic I. Practical Utilization Voltase for interior Lighting Systems 


Approximate 

Equipment 

Rating 

Distribution 

System 

Lamp Type 

(Asterisk Where Practical) 

Filament Fluorescent Mercury 

110-125. 

. . . .120/240 volts, three wire, single phase...., 

'J? 


110-125. 

. . . ,120/208 volts, four wire, three phase. 

.*. . 


199-216. 

, . . ,120/208 volts, three wire, three phase. 

.. * 


220-250. 

. . . ,240 volts, two wire, single phase. 

. :i! 


220-250. 

. . . .240 volts, three wire, three phase. 

. * 


254-277. 

. . . ,265—460 volts, four wire, three phase. 



440-480. 

. . . .460 volts, three wire, three uhase. 

. 

... * 

* 
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magnitude of this in-rush current varies 
between a-c and d-c power supplies. 
However, the most serious condition 
occurs on alternating current when the 
circuit is closed with the voltage at its 
peak. In this case, the instantaneous 
current taken by the lamp is about 14 
times the normal peak values. It is 
slightly less on lamps of low wattage but 
is fairly consistent on lamps of 100 watts 
or more. The duration of the extremely 
high current is very short, varying from 
2 V 2 cycles in small lamps to 12 cycles for 
1,000-watt lamps. Figure 1 illustrates 
starting characteristics of a typical fila¬ 
ment lamp. 

Fluorescent Lamps 

The starting characteristics of fluores¬ 
cent luminaries are quite different from 
filament lamps. Wlien the circuit is 
closed, the line current is only about 
twice normal current and endures for 
only 2 or 3 cycles. 

When a lamp reaches end of life, how¬ 
ever, certain fluorescent ballasts will 
draw higher-than-normal line current 
due to the low power-factor condition 
created. This fact should be recognized 
when selecting the rating of the circuit 
protective and control devices. 

The fluorescent lamp with its associated 
ballast is actually an inductive load. 
This factor must be considered when 
determining the rating of the control 
devices to be used with fluorescent lamps. 

Mercury Vapor Lamps 

The starting and operating charac¬ 
teristics of the mercury vapor lamps are 
also quite different from those of the fila¬ 
ment lamp. The line-starting current 
for each type of lamp varies in peak value 
as well as in duration. Figure 3 illus¬ 
trates the starting characteristics of 
several typical mercury vapor lamps. It 
should be noted that the high-starting 
current endures over a considerable 
period of time in comparison to the fila¬ 
ment lamp. 

As with some fluorescent circuits, a 
mercury lamp outage may also create a 


higher-than-normal line current which 
may influence the selection of a protec¬ 
tive device. 

The different sizes, types, and auxilia¬ 
ries of light sources actually have quite 
different line-current characteristics; 
Table II has been prepared to indicate 
the specific characteristics for the more 
commonly used lamps. 

Controls for Lighting Systems 

Lighting units may be controlled indi¬ 
vidually by switches at the luminaires, in 
small groups by wall switches, in large 
groups by branch circuit breakers, or in 
very large groups by contactors or circuit 
breakers controlling one or more panel- 
boards. Generally it is more economical 
to control groups of lighting units, but 
the best method for a particular applica¬ 
tion depends upon the type of areas illu¬ 
minated. 

Individual luminaire control is not used 
extensively because very few work areas 
can be lighted with one unit. Small 
groups of luminaires as in a private 
office are best controlled by one or more 
wall switches. Large groups as found 
in store areas or general offices may be 
controlled by wall switches on the columns 
or directly from the panelboard, using 
the circuit breakers as switches. 

Industrial lighting involving medium 
and large areas is generally controlled 
from panelboards mounted on columns 
or on the wall. For the higher mounting 
heights, however, the length of the branch 



TIME AFTER CLOSING SWITCH IN 
SIXTIETHS OF A SECOND. 

Figure 1- Starting characteristics of incandes¬ 
cent lamps 


circuit becomes particularly long since 
panelboards mounted at floor level are 
used to control lighting 30 to 50 feet above 
the floor. It is therefore sometimes prac¬ 
tical to mount the complete distribution 
system including panelboards above the 
trusses. The power supply to the panel 
boards is controlled by remotely operated 
contactors or breakers with tlie push¬ 
button controls located on columns at 
floor level. 

Selection of Control Devices 

Conventional wall switches are availa¬ 
ble with ratings of 10, 20, and 30 amperes. 
This type of switch generally has a “T” 
rating which indicates that the switch 
may be operated at full-load current on 
filament lamp loads. However, where 
the switch controls an inductive load 
such as fluorescent or mercury lighting, 
the ampere rating should be twice the 
normal line current of the load. 

Circuit breakers in panelboards may be 
used to control as well as protect lighting 
circuits. It is not necessary to derate 
the circuit breaker for controlling filament 
lamp or inductive loads beyond the derat- 



PERCENT OF RATED VOLTS 

Figure 3, Influence of variations in voltage on 
light output 
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Tabic il. Approximate Linc-Currcnt Characteristics of Typical Light Sources 


Light Source and Ballast 
(If Required) 

Rated Line 
Voltage 

Starting 

Current 

Normal Line 
Current 

Maximum Line 
Current With 
One Lamp Ou^ 

Filament Lamps 





1-200 W*. 

.120. 


1 


1-300 W. 

.120. 


9. 


1-500 W. 

.120.. . 


4 ‘^0 


1-750 W. 

.120. 


6 25 


1-1,000 W. 

.120 _ 


R 30 


Fluorescent Lamps 





Preheat type 





2-40 W lead-lag. 

.118. 


n 85 

1 ^ 

2-40 W lead-lag. 

.236. 


.0.43!!!..! 

... 06 

2-90 W lead-lag. 

.118 . 


.2.05. 

■Js 

2-90 W lead-lag. 

.236. 


1 0? 

* 

2—90 W lead-lag sequence. 

.265. 


. .1.55. 

* 

Slimline (instant start) type 





2-38 W, 48-inch T-12 lead-lag. 

.118. 


. 0.95. 


2-38 W, 48-inch T-12 series. 

.118. 


.0.90. 

.... X . 0 

1 A 

2-58 W, 72-inch T-12 lead-lag. 

.118. 


.1.4 

.... i ^ 

2.2 

2-58 W, 72-mch T-12 series. 

.118. 


.1.4 

19 

2-72 W, 72-mch T-12 lead-lag. 

.118. 


.1.65. 

q 1 e 

2-75 W, 96-inch T-12 lead-lag. 

.118. 


.1.7 

.... 0.xo 

9 7 

2—75 W, 96-inch T-12 series. 



.1.7 

.... A. i 

1.9 

2-96 W, 96-mch T-12 lead-lag. 

.118. 


.2.2 

3 5 

Mercury Lamps 





1-400 W single lamp. 

.115. 

. 6.8... 

.4.2 . 

4.3 

1-400 W single lamp. 

.230. 

. 3.4... 

.2.1 

2.2 

2—400 W lead-lag. 

.115. 


.7 Q 


2-400 W lead-lag.. 

.230. 

. 2.3... 

.3.8_!!! 

.. . . t 

1-1,000 W single lamp. 

.115. 

.14.2... 

.10.4. 

.... 1 

.... 10.6 

1-1,000 W single lamp. 

.230. 

. 7,2... 

.5.2 .. 

5.3 

1—1,000 W single lamp. 

.460. 

. 3.6... 

.2,8.1 ] 

2.9 

1-3,000 W single lamp. 


-21.0... 

.15.0.! 

.... 15.4 

1—3,000 W single lamp. 


-10.5... 

. 7.5.[ . 

7.7 

2—3,000 W two lamp. 

.230. 

-42.0... 

.30.0..*! 

+ 

2-3,000 W two lamp. 

.460. 

-21.0... 

.15.0 ...’!!!! 

.. .. 1 

.. .. t 



t Less than normal line current. 


ing normally applied because of an en¬ 
closure. 

Remotely operated contactors or break¬ 
ers in the panelboard feeders may be used 
to control general lighting in high-bay 
industrial areas, auditoriums, or other 
locations where a single or remote con¬ 
trol is required for a large group of light¬ 
ing units. Contactors with magnetic 
hold-in coils may be used in most indus¬ 
trial areas where the a-c hum from the 
coil is not objectionable. However, 
where quiet operation is essential, the con¬ 
tactor should have a mechanical hold-in 
latch to eliminate continuous opera¬ 
tion of the magnetic coil. The National 
Electrical Manufacturers Association 
(NEMA) rating of standard contactors 


Table ill. Ampere Ratings of A-C Contactors 
For Filament Lamp Loads (250 Volts, or Less) 


Size of 
Contactor 

8-Hour 

Open Rating, 
Amperes 

Filament 
Lamp Load 
Rating, 
Amperes 

00. 

. 10. 

fi 

0. 


R 

1. 

. 25... . 

19 

9 

. 50... . 

30 

3.. 

.100... . 

60 

4. 

.150... . 

190 

5. 

.300. 

940 

6. 

.600. 



for filament lamp loads is given in Table 
III. For fluorescent and mercury vapor 
lamp loads it is not necessary to derate 
the contactor and therefore their normal 
8-hour ampere rating may be used. How¬ 
ever, all of the tabulated ratings are based 
on contactors operating in open air and 
when enclosed as they normally are, 
the rating should be reduced by 10 per 
cent. 

Distribution of Power to Lighting 
Loads 

Load Density for Lighting Systems 

Load density is one of the important 
factors in determining the layout of the 
lighting distribution system including 
branch circuits, panelboards, feeders, and 
secondary substations. Table IV gives 
the approximate volt-amperes per square 
foot for filament, fluorescent, and mer¬ 
cury vapor lighting systems providing 
various illumination levels. This table 
has been computed for an average size 
plant area and average maintenance 
conditions. 

Voltage Drop and Voltage 

Regulation 

It is usually considered good design 
practice to limit the voltage drop in 


lighting feeders to no more than 1 per 
cent and in the branch circuits to no more 
than 2 per cent. 

The rated life and light output values 
of light sources are based upon the lamps 
operating at rated design voltage. 
Therefore, the distribution system should 
be designed to provide line voltage as 
close as practical to the rated voltage of 
the lamp. 

The curves in Figure 3 show how light 
output varies with voltage for typical 
filament, fluorescent, and mercury equip> 
ment. 

Branch Circuits for Lighting 

The National Electrical Code classifies 
branch circuits as 15, 20, 30, and 50 
amperes. According to the code it is the 
rating of the circuit protective device 
which actually determines the rating of 
the circuit. Fluorescent equipment and 
medium base screw shell lampholders are 
permitted on 15- and 20-ampere circuits. 
Heavy duty lampholders are permitted 
on all four sizes of branch circuits. 

Circuits are normally protected by 
circuit breakers or fuses. The primary 
function of an over-current protective 
device is to guard against over-heating 
of the circuit conductor and to isolate 
a circuit fault. The operation of a ther¬ 
mal protective device (circuit breaker or 
fuse) is affected by the ambient tempera¬ 
ture around the device. Circuit breakers 
are calibrated in open air and therefore 
when enclosed should be derated. The 
NEMA recommends derating factors for 
circuit breakers of 30 per cent when used 
in panelboards and 20 per cent when in¬ 
dividually enclosed. 

The selection of a circuit breaker size 
must therefore be based upon its derated 
value plus consideration of starting, op¬ 
erating, and possible lamp outage condi¬ 
tions of the lighting load. With mer¬ 
cury vapor lighting in particular, it is 
necessary to co-ordinate the time-cur¬ 
rent curve of the breaker with the time- 
current characteristic of the mercuiy 
vapor load. This is a rather tedious 
procedure, and therefore Table V has been 
prepared for all common lamps used with 
consideration given to all factors that 
influence the breaker selection. 

Lighting Panelboards 

The cost and amount of critical mate¬ 
rial in branch circuit wiring will depend 
to some extent upon the location of panel- 
boards and the number of circuits per 
panel. Panelboards are generally availa¬ 
ble with from 4 to 42 circuits per panel. 
By using only a few circuits per panel, 
the length of branch circuits may be 
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Table IV. Load Density—Approximate Volt-Amperes per Square Foot for Typical Lishting 

Systems 


Approximate 

Foot-caadle 

Average 

Size Room 

Industrial Areas, Direct Lighting 


Office Areas 


- Direct-Indirect Semi-Indirect 
Fluorescent Fluorescent 

Indirect 

Filament 

Fluorescent 

Mercury 

Filament 

10 . 

.0.6 ... 

.0.7. 

. 1.0 





1 2 


. 3.0... 

.1.5_ 

. 27. ... 

.. .. 7 0 

.sU. 

3Q 

1 R 

.2,0. 

. 4.5,. . 

.2.0_ 

. 4.0. 

_11,0 

50. 

L L !3.0. . . . 

.3 5 . . .. 

. 7 5, ., 

.3.5.... 

. 6 5 . 

. . ..18.0 

75. 


.5.0 .... 

.11.0 . 

.5.0.... 

.10 0 


100 . 

.6 0.... 


.15.0... 

.7.0 ... 

.13.0 



minimized. Also, voltage drop may be 
reduced and it may be possible to prevent 
the necessity of increasing wire size on 
long circuits to limit voltage drop. With 
only a few circuits per panel however, 
the panel cost per circuit is increased 
and feeder cost is generally greater. It is, 
therefore, a designer’s responsibility to 
analyze this relationship of panelboard 
size versus the length of branch circuits 
to determine an economical and practical 
panelboard layout. 

Fundamental Distribution System 
Design 

One of the first decisions to be made is 
whether to use a combined lighting and 
power system or separate systems for 
each. In a combined system the power 
and lighting loads are supplied from the 
same secondary substations, whereas 
in a separate system separate substations 
are provided for the lighting load. 

The advantages of the combined sys¬ 
tem for power and lighting are simplicity 
and lower cost. The principal advantage 
of the separate power and lighting ar¬ 
rangement is its ability to limit the mag¬ 
nitude of voltage fluctuations resulting 
from suddenly applied loads. In some ' 
industrial plants the magnitude and fre¬ 
quency of the suddenly applied loads 
such as motor starting and load fluctua¬ 
tions produced by welders may produce 
an objectionable light flicker condition 
on a combined system. In installations 
where severe power-load fluctuations are 
encountered, the additional cost of a 
separate supply for lighting may be 
justified. 

The ability of the separate system to 
limit voltage flicker is the result of using 
separate secondary substations for the 
power and lighting loads. With this 
arrangement the voltage drop in the sec¬ 
ondary substation transformer, which is 
produced by a suddenly applied power 
load, has no effect on the supply to the 
lighting load. In most power distribu- 
iton systems, the voltage drop in the 
substation transformer will be a substan¬ 
tial part of any voltage dip to which the 


lighting load may be subjected. For this 
reason the magnitude of the voltage 
fluctuations are appreciably smaller when 
a separate lighting supply is installed. 

Types of Electrical Distribution 
Systems 

It is not within the scope of this paper 
to present a detailed discussion of the 

I FUI 11 I ^ * * 


X I X 1 1 


characteristics and relative merits of the 
eleven basic system arrangements which 
can be used to supply power and light¬ 
ing loads in an industrial plant or a com¬ 
mercial building. However, it should be 
recognized that the type of distribution 
system that is used determines to a large 
extent the quality of service which will 
be provided for the lighting load. This 
is one of the reasons that the selection 
of the distribution system for a plant or 
building deserves a lot of careful consid¬ 
eration and planning. 

The two characteristics of a distribu¬ 
tion system which are most significant in 
connection with the power supply to 
lighting loads are service continuity and 
voltage regulation. Service continuity 
is measured in terms of the amount of 
load dropped and the probable duration 
of any power outages for faults at differ¬ 
ent locations in the system. Voltage 
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Figure 4. Distribution study with fluorescent lighting 
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Table V.^Number of Lighting Units per Circuit Calculated for Thermal-Magnetic Type Breaker 


Line 

Voltage 

Lamps per Unit 

Type of Ballast 

Breaker Ratings 

15 20 25 35 SO 

Derated Value (70%) for Continuous 
Operation of Panel Breakers'*' 
10.5 14.0 17.5 24.5 35 

Filament Lamps 

120 . 1-100 Wf . 


. 12. . . , 

. .16. .., 

.. t ... 

. t. 

.... t 

120. .. 

. .1-200 W . 


. 6..., 

. . 8... 

.. t ... 

. t. 

.... t 

120... 

. .1-300 W. 


. 4..., 

, . 5_ 

. . 7 .. . 

.10. 

, . . .14 

120. .. 

. .1-500 W . 


. 2. , 

,. 3. .. , 

. . 4 .. . 

. 6. 

.... 8 

120. .. 

. .1-750 W . 


. 1 .... 

,. 2 ..., 

2 ..., 

. 4. 

, . .. 5 

120. .. 

. .1-1,000 W ... 


. 1 _ 

1 _ 

, . 2 . . . , 

. 3. 

... 4 

Fluorescent Lamps 

Preheat type 

118 . 2-40 W, 48-mch T-12. .. 

.. .lead-lag. 

.12_ 

.16 - 

. t .... 

.. t 

... t 

236... 

. .2-40 W. 48-inch T-12. .. 

. . .lead-lag . 

. 24 _ 

.32 _ 


.. $. 

... t 

118. .. 

. .2-90 W, 60-iiich T-17. .. 

. . .lead-lag . 

_ 5 _ 

. 7. ., . 


. t 

... t 

236. .. 

. .2-90 W. eO-inch T-17. . . 

. . . lead-lag ... 

. 10.... 

.14 _ 

. f .... 

. $. 

... $ 

265. .. 

. .4-90 W, eO-inch T-17. , . 

. . .lead-lag sequence start. .,. 

. 7 _ 

. 9 _ 

.$.... 

. 

... t 

Slimline type » 

118.2-38 W. 48-mch T-12.. . 

. . .lead-lag, 425 MA§. 

_11_ 

.14 _ 

. t .... 

. f. 

... t 

118. .. 

. .2-38 W, 48-mch T-12. .. 

. . .series, 425 MA . 

_ 11 _ 

.15 _ 

. t .... 

. 

... t 

118. .. 

. .2-58 W, 72-mch T-12. .. 

. . .lead lag, 426 MA . 

_ 7 _ 

.10 _ 

. t .... 

. 

... t 

118... 

..2-58 W, 72-mch T-12... 

. . .series, 425 MA . 

_ 7 _ 

.10_ 

. t .... 

. $■ 

... $ 

118... 

. .2-72 W. 72-mch T-12. .. 

, . .lead-lag, 600 MA. 

_5_ 

. 7_ 

. t .... 

• t 

... t 

118... 

. .2-76 W, 96-mch T-12. .. 

. . .lead-lag, 425 MA. 

_6_ 

. 8_ 


. f. 

... t 

118... 

. .2-75 W, 96-mch T-12. .. 

.. .series, 425 MA. 

.... 6.... 

. 8.... 

. t .... 

. t. 

... t 

118... 

. .2-96 W, 96-inch T-12. .. 

.. .lead-lag, 600 MA. 

_4_ 

. 6_ 

, t.... 

• t 

... t 

Mercury Lamps 

115.1-400 W. 

. .. single lamp HPF ||. 

.... 1.... 

. 2_ 

.3_ 

. 4. . 

... 6 

230... 

. .1-400 W. 

. . . single lamp HPF.. 

_3_ 

. 5 _ 

. 6 . . . . 

9. . 

... 12 

115... 

. .2-400 W. 

. . .two lamp lead-lag HPF... . 

_ 1_ 

. 1_ 

.2_ 

. s” 

!!! 4 

230... 

. .2-400 W. 

. . .two lamp lead-lag HPF_ 

.... 2_ 

. 3_ 

.4_ 

. 6.. 

. .. 9 

115... 

. .1-1,000 W. 

. . . single lamp HPF. 

_ 1_ 

, 1_ 

. 1_ 

. 2. . 

. .. 3 

230... 

. .1-1,000 W. 

.. .single lamp HPF. 

_ 2.... 

. 2_ 

.3_ 

. 4. . 

. .. 6 

460... 

. .1-1,000 W. 

. . .single lamp HPF. 

_4. . . . 

. 5_ 

.6_ 

, 9.. 

. . .13 

230... 

. . 1-3,000 W. 

. . . single lamp HPF.. 

_0_ 

. 0_ 

. 1 . .. . 

1 . . 

... 2 

460... 

. . 1-3,000 W... ... 

. . . single lamp HPF . 

_ 1_ 

, 1_ 

. 2 . . . . 

3. . 

4 

230... 

. .2-3,000 W. 

. . .two lamp HPF . 

_ 0.... 

. 0.. .. 

. 0 . .. . 

! 0.! 

... 1 

460. .. 

. .2-3,000 W . 

. . .two lamp HPF . 

_ 0 _ 

. 0 _ 

. 1 . .. . 

1 .. 

... 2 










* Data shown as calculated to allow sufficient capacity to prevent circuit breaker tripping even if power is 
interrupted and circuit re-energized immediately. 


t W = watts. 

$ According to National Electrical Code, lampholders for medium-base filament lamps and fluorescent 
lamps may be connected only to 15- and 20-ampere circuits. 

§ MA == milliamperes 
II HPF = high power factor. 


regulation includes both the magnitude 
of voltage difference between no-load 
and full-load conditions and the change in 
voltage resulting from suddenly applied 
loads. 

The secondaiy network system repre¬ 
sents the most reliable type of distribu¬ 
tion system that can be applied in a plant 
or building. Modifications of the radial 
system such as the primary selective 
radial, the banked secondaiy, and the 
secondary selective systems are less 
reliable than the network system but 
provide appreciably better service relia¬ 
bility than the simple radial system. 

The steady-state voltage regtdation or 
the difference between the no-load and 
full-load voltages is more closely related 
to the secondary substation rating and 
load power factor than to the type of 
system used. The use of relatively small 
secondary substations located in the 
center of the load areas that they are 
supplying will go a long way toward 
keeping the voltage regulation within 
reasonable limits. With this arrange¬ 


ment, power is distributed as close to 
the load as possible at the primary volt¬ 
age, and the voltage drops are held to a 
minimum. 

The magnitude of the voltage dips 
produced by suddenly applied loads are 
generally smaller on secondary network 
and banked-secondary systems than on 
any of the other types of distribution 
systems. In both of these systems the 
substations are interconnected on the low- 
voltage side. Thus any sudden load 
fluctuation is shared by the adjacent 
substations rather than being thrown 
entirely on a single substation as would 
be the case for other types of distribution 
systems. The distribution of the sud¬ 
denly applied loads among several ad¬ 
jacent substations is responsible for the 
smaller voltage fluctuations experienced 
on these systems. 

Comparison of Distribution Systems 

FOR Low-Bay Industrial Lighting 

A more complete picture of the relative 
merits of several methods of distributing 


power to lighting loads can be obtained 
from the results of comparison of supply¬ 
ing the lighting in a typical low bay indus¬ 
trial plant installation. A brief descrip¬ 
tion of the basis for this comparison and 
also the results obtained are shown in 
Figure 4. Both system investment and 
copper content were considered in this 
comparison. 

The comparison was based on an indus¬ 
trial plant which was 900 by 400 feet 
with bays 30 by 40 feet. The total of 
power and lighting loads was assumed to 
be 12.5 volt-amperes per square foot. 
The lighting layout consisting of 2-unit 
96-inch slimline fluorescent luminaires 
mounted in continuous rows spaced 8 
feet apart. Fluorescent lighting was 
selected on the basis of it being the most 
practical and economical source for this 
type of installation. The lighting layout 
provides approximately 50 foot-candles 
of light and the lighting load amounts to 
approximately 3.3 volt-amperes per 
square foot. 

The five system arrangements which 
were investigated in our comparison are 
listed in the following text. These five 
systems were selected because they ap¬ 
peared to offer the greatest possibility of 
providing a satisfactory solution to the 
problem of supplying the lighting load 
n this plant. 

1. Separate power and lighting. Lighting 
120/208 volts, power 460-volt wye system. 

2. Combined power and lighting. Lighting 
120/208 volts by small dry-type trans¬ 
formers, power 460-volt wye system, 

3. Combined power and lighting. Lighting 
265 volts from 460/265 volt system, power 
460-volt wye system. 

4. Combined power and lighting. Lighting 
460 volts, power 460-volt wye system. 

5. Combined power and lighting. Lighting 
460 volts, power 460-volt delta system. 

The economic comparison included the 
installed cost of all of the distribution 
system required for the lighting loads 
from the secondary substations to the 
branch circuits to the luminaires. The 
cost of the luminaires and lamps were not 
included in the comparison. In this 
particular case the cost of the luminaires 
and lamps would be essentially the same 
for the five arrangements being considered. 
The substation cost for the combined 
systems was obtained by dividing up the 
total cost of the substation in relation to 
the amounts of power and lighting load 
which the substation supplied. 

The copper comparisons were based 
on the copper content of the secondary 
substations, low-voltage feeders, and 
branch circuits in the distribution sys¬ 
tems supplying the lighting load. 
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In the combined systems, separate 
low-voltage feeders were provided for 
supplying the lighting load. Each of the 
five arrangements was designed so that 
the sum of the voltage drop in the low- 
voltage feeders and the branch circuits 
was limited to 3 per cent or less. Twenty- 
ampere branch circuits were used in each 
of the five systems. 

The economic comparison shows that 
the two systems which employ a 120/208- 
volt supply to the lighting load required 
the largest investment. The separate 
power and lighting arrangement was 
actually the most expensive. The com¬ 
bined system using small dry-type trans¬ 
formers to step down to 120/208-volts 
for lighting required just slightly less 
investment than the separate power and 
lighting arrangement. The relatively 
high cost of the small dry-type trans¬ 
formers in this combined system was pri¬ 
marily responsible for its cost being almost 
comparable to that of the separate ar¬ 
rangement. 

The relative cost of all three of the 
arrangements in which the lights were 
supplied directly from a 460-volt system 
was appreciably less than the separate 
power and lighting system. These three 
arrangements were approximately equal 
in cost being about 60 per cent of the 
investment in the separate power and 
lighting arrangement. 

The relative copper contents varied in 
approximately the same fashion as the 
system investments. The copper con¬ 
tent of the arrangement in which 265- 
volt fluorescent lamps were connected 
from line to neutral on the 460-volt wye 
system was 40 per cent of the separate 
power and lighting arrangement. The 
two schemes in which the luminaires were 
connected line to line on the 460-volt 
system required 35 per cent of copper in 
the separate power and lighting scheme. 

CoMPAmsoN OF Distribution System 

FOR High-Bay Industrial Lighting 

To further investigate the different 
distribution system arrangements which 
can be used to supply the lighting load 
in an industrial plant, a comparison of 
the power distribution to high-bay light¬ 
ing was made. This comparison was 
based on supplying the lighting load in 
two adjacent high-bay areas which were 
80 by 860 feet. Both 1,000-watt filament 
high-bay lights and 1,000-watt mercury 
vapor units were considered for lighting 
in this installation. The lighting layout 
for both filament and mercury vapor 
sources was designed to provide approxi¬ 
mately 50 foot-candles of illumination. 
The power and lighting loads were sup¬ 


plied from secondary substations at three 
locations in the plant area. 

A comparison of three distribution sys¬ 
tem arrangements for supplying the 1,000- 
watt filament lighting is illustrated in 
Figure 5. The three systems that were 
considered for supplying the 1,000-watt 
incandescent units are the following: 

1. Separate power and lighting system 
with lighting supplied at 120/208 volts from 
panelboards installed at the floor level. 

2. Separate power and lighting system 
with lighting supplied at 120/208 volts from 
panelboards installed overhead. Remotely 
controlled contactors installed overhead for 
control of lights. 

3. Combined power and lighting system 
with small dry-type transformers stepping 
down to 120/208 volts for lighting. Panel- 
boards and dry-type transformers overhead. 
Lighting controlled by circuit breakers at 
floor level. 

The economic comparison of these three 


schemes shows that the separate system 
with panelboards at the floor level and the 
combined system using small dry-type 
transformers for lighting require approxi¬ 
mately the same amount of investment. 
The cost of separate power and lighting 
system employing remote contactor con¬ 
trol was about 8 per cent higher than the 
other two schemes. The difference in 
copper content among these three arrange¬ 
ments was so small that for practical 
purposes they can be considered neg¬ 
ligible. 

The comparison which was made on 
the basis of 1,000-watt mercury vapor 
lighting for the high-bay installation is 
outlined in Figure 6. The distribution 
system arrangements which were con¬ 
sidered for supplying this mercury vapor 
installation are the same five arrange¬ 
ments that were investigated in the low- 
bay fluorescent lighting comparison. As 
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Figure 5. Distribution study with filament lighting 
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Fisurc 6. Distribution study with mercury lightins 


is illustrated in Figure 6, the results ob¬ 
tained in this comparison are Ytry simi¬ 
lar to those obtained when the same five 
systems were considered for supplying the 
fluorescent lighting installation. Sys¬ 
tem number 5, which was a combined 
lighting and power arrangement with 
the lights connected line to line on an 
ungrounded 460-volt delta system, is not 
shown in the diagram. However, the 
cost and relative copper content of this 
system are essentially the same as system 
number 4. 

In the figures that are included with 
this paper no attempt has been made to 
show the relation between the costs of 
the distribution systems for supplying 
filament and mercury vapor lighting on 
the high-bay industrial installation. It 
is interesting to note that the cost of the 
separate power and lighting system which 
was designed to supply the mercury vapor 
lighting was roughly 67 per cent of the 


investment required for the separate 
power and lighting arrangement that 
was discussed in connection with the 
1,000-watt filament lighting comparison. 
The combined power and lighting sys¬ 
tems incorporating 460-volt supply to 
the mercury vapor lights represented 
approximately 43 per cent of the cost 
of the separate power and lighting ar¬ 
rangement designed to supply the fila¬ 
ment lighting. The relatively high cost 
of the distribution systems for supplying 
the filament lighting can be attributed to 
the fact that power requirements of the 
filament lighting is over twice that of 
the mercury vapor lamps. 

All three comparisons which were de¬ 
scribed in this paper were based on the 
assumption that with a combined lighting 
and power system, a 460-volt utilization 
voltage would be suitable for all the power 
loads. In many cases it may not be 
practical to supply all of the power loads 


from the 460-volt system. This factor 
will tend to reduce the advantages which 
are shown for a 460-volt supply to the 
lights. However, in most instances the 
amount of power load which it is desira^ 
ble to supply at a somewhat lower voltage 
will be relatively small and introducing 
this consideration into the comparisons 
should not have any appreciable effect 
on the over-all results. 

Conclusions 

The results of the comparisons indicate 
that the investment in the distribution 
system for supplying lighting loads can 
be considerably reduced by installing a 
combined power and lighting arrange¬ 
ment in which the lights are supplied 
directly from the 460-volt supply to the 
lighting load. The reluctance of many 
individuals to go to voltages higher than 
120 volts for lighting plus the failure of 
most distribution engineers to recognize 
the inherently lower cost and copper 
savings in this type of system is appar¬ 
ently responsible for the fact that 460-volt 
supply to lighting loads has not become 
more widely used. 

The line-to-neutral connection of the 
lights on the 460-volt system appears to 
be the most practical method at the pres¬ 
ent time. Connecting the lights line to 
line on either a 460-volt delta or a 460- 
volt grounded wye system is feasible 
and offers the advantage of slightly lower 
cost branch circuits from the panelboards. 
However, line-to-line connection of lights 
makes it necessary to use either 2- or 
3-pole circuit breakers in the lighting 
panelboards. Panelboards consisting of 
2- or 3-pole breakers which can be applied 
on a 460-volt system are somewhat more 
expensive than the panelboards contain¬ 
ing single-pole breakers which are used 
when the lights are connected from line 
to neutral. 

•-♦---^ 

Discussion 

L. C. Peterman (Ford, Bacon and Davis, 
Inc., New York, N. Y.): If we accept the 
economy of distribution of the 265-volt 
system for lighting, we limit ourselves to 
fluorescent or mercury lighting units. And 
in numerous industrial applications filament 
lighting is eminently satisfactory and has 
the lowest over-all cost for fixtures and 
lamps. This sometimes is overlooked hi 
what seems to be almost a mania for taking 
up the new and casting aside the old. 

We cannot agree that the cost of supply* 
ing incidental 120-volt service from 260 - 
volt circuits will not seriously affect the 
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economic comparison in favor of 265-volt 
ciroiaits. Our experience indicates that 
offi.ce areas, trouble lamps, and portable 
tools require widespread convenience out¬ 
lets 33 per cent to 100 per cent as numerous 
as lighting outlets. If panel-boards and 
snaall transformers are added to the 265- 
volt system, the latter is increased con- 
si<de:rably in cost. And when the small 1-, 
2-, or 3-kva transformers are added will 
tlaey be tapped to a 265-volt circuit (requir¬ 
ing a special transformer) or will a special 
-460-volt circuit be run just for these trans¬ 
formers? 

The 265/460-volt system, as presented, 
is not a universal system applicable to all 
tyjses of lighting units as are some of the 
otlier systems presented. For a true com¬ 
parison, all systems estimated should be 
alDle to supply all types of lighting units, or 
■tire estimates should include the cost of fix- 
tnres and lamps to give at least approxi- 
ma-tely equivalent illumination results. 

We see no advantage in using 3-phase 
transformation for the 460/120-208-volt 
liglating circuits. Unless 3-phase 208-yolt 
service is required for special purposes, 
single-phase transformers are lower in cost 
and usually can be balanced acceptably 


across phases on the 3-phase 460-volt cir¬ 
cuit. Using single-phase transformers and 
with certain other refinements, we have been 
able to reduce costs for the 460-volt com¬ 
bined power and light system from 10 per 
cent to 25 per cent below the cost of other 
acceptable system(s). 

Strangely enough, in considering the 265- 
volt system, we have been advised at times 
that to specify such voltage (or 277 volts) 
for transformer secondaries will entail de¬ 
layed delivery because the voltage is non¬ 
standard. 

We commend Mr. Kahler and Mr. Bell 
for the use of 460 as a circuit voltage, which 
recognizes the obvious but sometimes over¬ 
looked fact that 480 on a transformer name 
plate does not necessarily, in fact seldom, 
represent the proper utilization voltage. 


W. H. Kahler and R. N. BeU: It certainly 
was not the intent of this paper to encourage 
high-voltage distribution systems for all 
types of lighting layouts. It is true that 
120 volts is best for incandescent lighting 
and, where incandescent lamps predominate 
in the over-all lighting load, a 120-volt 
distribution voltage is best. However, 


where all or a high percentage of the light¬ 
ing load is fluorescent or mercury, the 
higher voltage distributions will prove to be 
more economical. 

Where small dry-type transformers are 
required for incandescent lamps and re¬ 
ceptacle circuits, these transformers are 
generally connected to 460 volts line to line 
rather than to 266 volts line to neutral. 
The use of single-phase versus 3-phase dry- 
type transformers is determined by the 
amount and type of load to be served and 
also the particular engineering preference. 

In the past most 460-volt 3-phase distri¬ 
bution systems have been supplied by delta- 
connected transformers because industry 
has preferred the ungrounded secondary for 
power equipment. In recent years some 
industrial plants have seen advantages to 
grounded power systems and also have seen 
the advantages to 265 volts for lighting. 
Therefore, the 265/460-volt 4-wire Y-con- 
nected transformers have become uni¬ 
versally available from the major manu¬ 
facturers of transformers and unit substa¬ 
tions. If the demand for 265 volts for 
lighting increases, we would expect the Y- 
connected transformer to become standard 
apparatus for all suppliers. 


An Interurban Becomes a Railroad 

C. H. JONES 

ASSOCIATE MEMBER AIEE 


O NE OF the most important advances 
in rail transportation after the turn 
of the century was the introduction of 
electric traction motors for passenger 
-train service. This boom started a criss¬ 
cross of short interurban electric lines 
throughout the country with the idea in 
mind of reaching out and covering more 
territory. At the time of this boom there 
were two trends of thought in the traction 
field—alternating current and direct cur¬ 
rent. 

In May 1906 the Chicago Lake Shore 
and South Bend Railway Syndicate was 
formed to acquire the securities of the 
Chicago Lake Shore and South Bend Rail¬ 
way Company, a successor to the Indiana 
A.ir Line Railway Company. This syn¬ 
dicate, favoring a-c propulsion power, 
started construction on an interurban line 
from South Bend, Ind. to Chicago, Ill. 

The original electrification of the rail¬ 
road in 1908 was a 6,600-volt single-phase 
a-c contact system. The construction 
consisted of one 1/2-inch Siemens-Martin 
steel cable as' the main messenger, one 
4/0 copper intermediate wire and one 3/0 
grooved iron contact wire. The inter- 
rnediate wire was suspended from the 
xxxain messenger by means of rigid 


hangers. The steel contact wire was in 
turn suspended from the intermediate 
wire by means of bronze duplex clips. 
The duplex clips were spaced equidistant 
between hangers and provided a good 
feeder connection. 

This catenary system was supported by 
a wooden pole line which, upon its 
completion, was considered by many as 
the finest pole line in the country. The 
poles were 45-feet long-leaf yellow pine, 
creosoted and set with a concrete collar at 
the bottom about 3 feet in outside diam¬ 
eter and 1 foot thick and another 
similar collar just below the surface of the 
ground. The pole spacing was 167 feet 
on tangent track with shorter spacings on 
curves varying with the degree of the 
curve. On single track between Gary 
and South Bend, Ind., the poles were 
located on the south side of the track 
approximately 9 feet from the center of 
the track. In double-track territory 
between Gary and the Illinois-Indiana 
state line, the poles were located between 
the tracks. From the state line to Ken¬ 
sington, Ill., the poles were placed on the 
outsides of both main tracks. 

Attached to these poles were 9-foot tee 
section, bare steel mast arms. The main 


messenger wire was supported by a pin- 
type insulator attached to the top of the 
mast arm. A 5-foot wood steady strain 
was placed between the mast arm and the 
intermediate and contact wires at the 
proper angle so as to steady the wires 
from wind effect. 

With this 25-cycle 6,600-volt a-c 
system only two substations were needed 
to furnish the necessary propulsion cur¬ 
rent required by the trains. The main 
power plant was located at Michigan 
City with one substation located 22 miles 
east of Michigan City and the other one 
approximately 33 miles west. Trans¬ 
mission lines attached to the wood pole 
line fed the substations from the main 
power station. 

The single track portion of the line, 
extending from Gary to South Bend, was 
equipped with automatic semaphore-type 
block signals. These signals w^e two 
position and used the left-hand upper 
quadrant. The track circuits for these 
signals were 60 cycles, alternating cur¬ 
rent, so as not to be interfered with by the 
25-cycle propulsion current. A 2,200- 
volt a-c signal primary line fed the signal 
system with a pole-mounted transformer 
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Fisure 1. A pair of 900-class 100-tqn locomotives, equipped with 
2-way space radio, operating in multiple unit 



Figure 2. One of the 800-cIass 275-ton locomotives pulling freight 
train through “ideal section” near Gary, Ind. 


roads and growing motor transportation 
threatened to strip it of possibilities for 


at each signal location to step the 2,200 
volts down to 110 volts for motor opera¬ 
tion and another tap further reduced it to 
12 volts for the track circuit. 

The railroad had two full metallic cir¬ 
cuit telephone lines extending from 
Kensington to South Bend with the main 
switchboard located in the general offices 
at Michigan City. One circuit was used 
exclusively for dispatching and the other 
for the general business of the railroad. 

The original track consisted mainly of 
70^ ASCE Bessemer steel rail on 8-foot 
creosoted red oak cross ties ballasted to a 
depth of 6 inches with bank run gravel. 

In March 1908 five interurban coaches 
were delivered, but it was not until July 
of that year that time table number 1 was 
issued inaugurating regular service be¬ 
tween South Bend, Ind. and Michigan 
City, Ind. with a running time of 1 hour and 
30minutes. InSeptemberof the same year 
regular service was extended to Gary. 
In April 1909 scheduled trains were put in 
service between South Bend, Ind., and 
Kensington, Ill., where passengers trans¬ 
ferred to Illinois Central suburban trains 
for downtown Chicago. 

In May 1912 an agreement was made 
with the Illinois Central whereby Lake 
Shore Line coaches would be handled by 
Illinois Central suburban steam engines 
to the Chicago terminal at Randolph 
Street. By switching the cars to the 
Illinois Central at Kensington, it was 
possible to ride from South Bend to 
Randolph Street without necessitating a 
change. 

The passenger equipment included 11 
passenger motor cars and eight combina¬ 
tion motor and baggage cars weighing 55 
tons each and attaining a speed of 69 
miles per hour. There were also ten 50- 
foot trailers weighing 27V 2 and four 
60-foot trailers of about the same weight. 


The electric equipment on the motor 
cars included four Westinghouse number 
148 single-phase motors rated at 125 
horsepower equipped with multiple-unit 
controllers with five points for accelera¬ 
tion. The controller was not equipped 
with a dead-man control, although the 
controller would move to off position 
if released. A 6,600-volt autotrans¬ 
former was used to reduce the incoming 
voltage for use on the car. Two traction 
motors were permanently hooked in series, 
and the maximum voltage tap on trans¬ 
former was 800 volts. The control volt¬ 
age, which operated only the contactors, 
was furnished from a 18-volt 9-cell battery, 
charged on the floor and changed each 
time the car was shopped for inspection. 
Lighting on the motor cars was taken from 
the 110-volt tap on the transf onner. The 
headlights were originally carbon arc oper¬ 
ating from 110 volts, but were later 
changed to 6 volts using a 110 to 6-volt 
transformer. 

All of the cars were equipped with one 
pantagraph and at least one trolley pole. 
It was necessary for the trains to stop at 
each end of the cities and operate a 
changeover switch under the cars, which 
permitted the operation of equipment on 
800 volts through the city streets and 
6,600 volts outside of the cities. 

After about 15 years of operating, 
freight service was started and two 70- 
ton Westinghouse freight locomotives and 
a few freight cars were purchased. 

In the summer of 1925 the railway’s 
value had depreciated to only a per¬ 
centage of the original outlay. Track, 
equipment, signals, and stations were 
virtually ready to fall apart. The 
Chicago Lake Shore and South Bend 
Railway had collapsed financially under 
the heavy pressure of high costs during 
World War I. Parallel hard-surfaced 


the future. It was forced into receiver¬ 
ship. The Midland Utilities Company, 
operating a number of gas, electric, and 
transportation companies, realizing the 
strategic location, became interested in 
the insolvent Chicago Lake Shore and 
South Bend Railway. They could fore¬ 
see a region destined to become a summer 
vacation area with great industrial cities. 

After a survey was made by a group of 
Midland Utilities transportation engi¬ 
neers, this property was purchased and 
the Chicago Lake Shore and South Bend 
Railway became the Chicago South Shore 
and South Bend Railroad. 

Up until this time the Illinois Central 
suburban service was steam operation. 
Due to the growth and frequency of 
service, the Illinois Central deemed it 
necessary to abandon steam engines in 
favor of electric traction using 1,500 volts 
direct current. Because of the close 
association of the Illinois Central com¬ 
muter service and the South Shore inter¬ 
urban service, the Midland Utilities 
immediately converted to 1,500 volts 
direct current for propulsion power in 
order to establish a terminal in downtown 
Chicago, by running on the Illinois 
Central tracks from Kensington to 
Randolph Street, a distance of 14 miles. 

When the rebuilding problem arose, 
the management at that time had to 
choose between a light overhead col¬ 
lection system with separate feeder for 
conductivity or a system whereby all the 
conductivity is placed in the contact and 
supporting wires. After much consider¬ 
ation the latter-type construction was 
selected. 

In converting to the new system, the 
management decided on using the same 
pole line as the old poles were considered 
adequate for the new type of construc¬ 
tion. Having been previously set in con- 
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Crete, they were secure enough to with¬ 
stand the increased loads imposed by the 
new catenary; therefore, only a minimum 
amount of straightening was required and 
the pole line was ready for the conversion 
operation. On the Kensington and East¬ 
ern section, Bates expanded steel trusses 
were attached between the poles to sup¬ 
port the catenary over the double track 
main line. Suspension insulators were 
clamped to these trusses and the main 
catenary messenger attached to them. 
On the center pole and single pole over¬ 
head construction an adjustable type of 
galvanized bracket arm was installed. 
The main messenger was attached to an 
insulator on top of the mast arm similar to 
previously mentioned 6,600-volt con¬ 
struction. This new-type arm eliminated 
the heavy rusting condition experienced 
with the earlier-type construction. All 
pole spacing on tangent track remained at 
167 feet except on a portion of track 
paralleling the New York Central Rail¬ 
road immediately east of Gary. 

The new construction of the catenary, 
carried out between Gary and Kensington 
consisted of one 0.728 inch diameter 
copperweld main messenger cable, one 
250,000-circular-mil intermediate cable, 
and one 4/0 grooved copper contact wire, 
which had 65-per-cent conductivity. The 
new catenary construction between Gary 
and Michigan City was of the same type 
except that the main messenger consisted 
of one 0.81-inch diameter copperweld 
cable and the intermediate messenger was 
300,000-circular-mil cable. This larger 
design was necessary to increase the 
current-carrying capacity in this single 
track territory where only one catenary 
was involved. This construction used 
the rigid hanger between the main mes¬ 
senger and the intermediate cable for a 
good electrical connection. The contact 
wire was supported from the intermediate 
cable by means of flexible hangers. 


This changing of the overhead catenary 
system as far east as Michigan City was 
completed about 1930. Dining this same 
period a 500,000-circular-mil feeder cable 
was installed on the pole line from 
Michigan City to South Bend. The old 
steel main messenger was still used. A 4/0 
grooved contact wire was suspended from 
the old contact wire by means of duplex 
clips. This was to add sufflcient carrying 
capacity over this stretch of single track 
line. A feed tap tied the feeder cable and 
the catenary system together about every 
fifth pole. Through all cities where the 
South Shore operates in city streets, it was 
necessary to install a 750,000-circular-mil 
cable on the pole line. This larger feeder 
cable was necessary to furnish sufficient 
capacity through these locations due to 
the direct suspension type of construction. 
In this construction, the poles are located 
in the parkway between the curbing and 
sidewalk on both sides of each street with 
a 3/8 inch messenger wire cross spanning 
the distance between opposite poles. 
The contact wire is attached to the span 
wire by means of a trolley steady device. 
A feed tap also connected the feeder cable 
on the pole line with the contact wire 
about every sixth span. 

A section of track immediately east of 
Gary was rebuilt with Bates built-up 
galvanized overhead bridges. These 
towers were spaced at 300-foot intervals 
over the mile and a half section of double 
track. The 0.72 main messenger was 
supported by means of a pin-type insula¬ 
tor attached to the top of the bridge. 
The intermediate is suspended from the 
main messenger by means of hangers of 
various lengths the longest of which were 
58 inches and located nearest the bridges. 
On the south side of these bridges, a riser 
section was located to support the 33,000- 
■ volt transmission line. This section 
became known as the “ideal section.” 

With the change to the 1500-volt d-c 


system, eight new substations were built 
along the right-of-way. These consisted 
of four rotary converter stations and four 
mercury-arc rectifier stations. These 
stations were spaced approximately 10 
miles apart along the line. The overhead 
system was separated into eight sections 
with the section insulators being located 
at the substations. In addition to these 
eight substations, a 1,500-volt feed was 
obtained from the Illinois Central sub¬ 
station at Kensington to help feed the 
Hammond to Kensington section. 

The eight substations are owned and 
maintained by the Northern Indiana 
Public Service Company, The South 
Shore purchases the current at the various 
substation locations and is reponsible for 
all of the maintenance outside of the sub¬ 
stations. The Public Service Company 
feeds the substations with a 33,000-volt 
3-phase primary line which is attached to 
crossarms located on rented pole space 
at the top of the railroad's mast arm pole 
lead. 

The substations vary in output capac¬ 
ity. One station has a 750-kw output, 
while six other stations have 1500-kw out¬ 
put. The largest substation is a Brown- 
Boveri mercury-arc rectifier located at 
Michigan City and it has an output 
capacity of 3,000 kw. 

The substations are controlled by a 
carrier current supervisory superimposed 
on one land wire. This supervisory con¬ 
trol permits the automatic opening and 
closing of any substation feeder by remote 
control from the railroad’s dispatcher’s 
office. The Public Service Company has 
the automatic supervisory control over 
the substation rectifiers and rotary con¬ 
verters in the same manner. 

Under this program, the old semaphore 
signals were replaced with automatic 
block position color light signals. Use of 
impedance bonds at the insulated joints 
which separated track circuits was neces¬ 
sary to permit the negative return of the 
propulsion current to flow unobstructed 
to the substations. These bonds halted 



Figure 3. Three-car passenger train composed of three modernized 

air-conditioncd cars near Michigan City, showing typical curve catenary Figure 4. One of the original 6,600-volt a-c passenger cars which 
construction became obsolete with the rehabilitation program 
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Fisurc 7 (right). Original Hegewisch, III., passenger station, showing 
overhead construction and semaphore-type signal employed during 
6,600-volt a-c operation 


Figure 5 (above). **Old 1126,” a 6,600-volt a-c passenger car after 
conversion to 1,500-volt d-c operation 


were purchased. Hotrrly service between 
Chicago and South Bend, and half- 
hourly between Chicago and Gary was 
instituted. This improved service be¬ 
tween Chicago and Gary resulted in an 
increase of 45 per cent of travel in the 
first 2 months of operation. The re¬ 
habilitation brought astonishing results 
and it was necessary to place an order for 
more equipment. In all, 69 pieces of 
passenger equipment were purchased. 
This equipment consisted of 50 motor 
cars, weighing 130,000 pounds and seating 
56 passengers; 13 trail cars, weighing 
99,000 pounds and seating 50 passengers; 
4 parlor cars, and 2 diners. The cars 
were 60 feet long with all steel body and 
underframe and an insulated roof. 

The electrical equipment on each car 
consisted of four Westinghouse type- 
567-C9 750-volt d-c 210-horsepower trac¬ 
tion motors with 24 to 59 gear ratio giving 
a maximum speed of 72 miles per hour. 
These motors were controlled by Westing- 
house ty'gt-HBF electropneumatic unit 
switch control working on a 32-volt 
auxiliary circuit. A type-Ailf-idO con¬ 
troller was used, equipped with reverser 
handle and dead-man control. The con¬ 
trol was nonautomatic and the controllers 
were located at each end of every car in 
order to obtain a maximum of flexibility 
in train assembly. The controller had 
ten notches, five series, and five series- 
parallel positions, the last series-parallel 


Figure 6. Over¬ 
head mainte¬ 
nance crew work¬ 
ing from insulated 
deck of line car 
on typical cater- 
nary construction 


the flow of the alternating track current at 
that location for the signal system and per¬ 
mitted the passage of the direct negative 
current. On double track main, the sig¬ 
nals were 3-position color lights and on 
single track, 2-position lights were used. 
The signals were spaced approximately 1 
mile apart. With the changeover, the 
majority of the centrifugal track relays 
were replaced with vane track relays. 

Another circuit was added to the 
telephone system between Michigan City 
and Illinois State Line. This was a 
message circuit used for company business. 
Since the trains were operating over the 
Illinois Central Railroad into Chicago, it 
was necessary to extend the telephone 
circuit to Randolph Street. The dispatch 
wire and one company message circuit 


were extended. 

The major portion of the light original 
rail on the main line was replaced 
with 100# rail. 

The first d-c equipment was delivered 
in June 1926. These cars were put in 
service between South Bend and Michigan 
City without suspending operations. D-c 
operation was moved west as substations 
were finished. 

Originally, 10 combination baggage 
and coach cars, 15 coaches, 2 parlor 
cars, 2 dining cars, and 10 trail cars 
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Figure 8. Section of present caternary system consisting of one 0.81-composite 191-strand 
primary messenger cable, one 250,000-circular-mll 19-strand copper secondary messenger 
cable, and two 4/0 grooved bronze trolley wire, 80-per-cent conductivity 


position giving short field connection for 
additional speed. 

The switch group was comprised of 11 
Westinghouse UP~602 switches for ac¬ 
celeration, transition, and field shunting, 
plus two UP-602 switches connected in 
series for line switches. The line switches 
opened simultaneously in case of overload, 
as well as when the master controller was 
returned to off position. 

Current collection was provided by a 
spring-raised air-lowered double-shoe 
pantagraph and a trolley pole for auxiliary 
or emergency use; however, due to speed 
and 2-direction operation, the trolley pole 
was impractical and another pantagraph 
was installed. Lightning protection was 
obtained by a type IC capacitor lightning 
aiTester located on the car roof. 

All the control circuits necessary for 
multiple operation were train lined 
through all the cars in two separate 
jumpers in order to keep the size to a 
minimum for easy handling. A 1,500-volt 
bus line from the motor cars furnished 
power for auxiliary circuits on all trail 
cars. The 1,500-volt bus line receptacles 
were protected by contactors which were 
opened by switches on the angle cock of 
the air brake lines. The drmn-type re- 
verser was operated by an electropneu- 
matically controlled air engine. 

Each motor and trail car was equipped 
with a Westinghouse YX-11 2 V 2 -kw 
1,500-32-volt motor-generator set de¬ 
signed to give close regulation without ex¬ 
ternal regulating devices. The generator 
was a compound machine with series field 
connected to carry battery current. If 
the generator voltage would decrease, the 
battery discharged to the load through the 
series field, which, in tmn, increased the 
generator excitation. This series field 
also acted differentially to prevent the 
battery from charging at too high a rate. 

Air was furnished by a Westinghouse 
3 5-cubic-foot-per-minute compressor. 
The motor was a 10 horsepower 1,500- 
volt series type controlled by a type J 


Westinghouse air brake, electric compres¬ 
sor governor. 

Headlights consisted of a 32-volt 250- 
watt lamp mounted in front of a circular 
reflector. All interior lighting and venti¬ 
lating fans were taken from the 32-volt 
battery. 

Heat was furnished by a Peter Smith 
hard coal stove circulating hot water. 
Auxiliary electric heat was furnished from 
strip heaters operating on 1,500 volts and 
controlled from a thermostat mounted in¬ 
side the car. 

In October 1929, the South Shore Line 
won the Charles A. Coffin prize and the 
Electric Traction Speed Trophy. This 
was the first time in the history of the 
industry that the same railroad had won 
both honors at the same time. The Coffin 
award was presented for distinguished 
contribution to the development of 
electric railway transportation for the 
convenience of the public and benefit of 
the industry. The Electric Traction 
Speed contest, won by this railroad in a 
field of 22 fast interurbans, classed the 
South Shore Line as the fastest electric 
railway in America. A goal was set to 
eventually make all through trains on at 
least a 2-hour schedule. Westinghouse 
Engineers made an intensive study of the 
traction motor speed characteristics and 
recommended increasing the air gap on 
the traction motor to give a higher balanc¬ 
ing speed. By increasing the air gap and 
improving physical properties, the speed 
was increased about 6 miles per hour. 

Along with the rehabilitation of equip¬ 
ment for improved passenger service came 
the desire for increased freight service. 
Immediately new interchange connections 
were built with steam railroads, and by 
1929 the South Shore Line had connections 
with 13 railroads. 

In June 1926, four Westinghouse 
locomotives were purchased to give rapid 
overnight freight service which had been 
inaugurated. These locomotives weighed 
80 tons and were powered by fomr 


Westinghouse number 358, 750-volt 360- 
horsepower series motors, two connected 
permanently in series. A 
M U double-end control was used, employ¬ 
ing a type number 337 Westinghouse 
controller with nine steps in series and 
seven steps in series-parallel. The 1-hour 
rating is 30,400jf tractive effort in full 
field with a speed of 17 miles per hour. 
The over-all length of the engine is 39 
feet 8 inches. A Westinghouse YX-11-A 
motor-generator set is used to charge a 
32-volt battery. A type- YB-4 1,500-volt 
blower unit is used for cooling the traction 
motors. Air brakes are of the Westing¬ 
house 14 EL type. 

In 1927 to meet the demands of rapidly 
increasing freight business, two Westing¬ 
house 53-ton switcher locomotives, avail¬ 
able for immediate shipment, were 
purchased to give additional motive 
power until heavier locomotives were de¬ 
livered. These locomotives were powered 
by four 125-horsepower 750-volt number 
562 Westinghouse series motors. A 
type-HBF double-end control and UP- 
602 unit switches were used. The gear 
ratio was GO to 17 with a 1-hour ra¬ 
ting of 15,200# full field, and speed of 
12.5 miles per hour. The trucks were of 
Baldwin 4-wheel type equipped with 36- 
inch wheels. There were two type- Y4D 
Westinghouse blowers used for cooling 
traction motors. Brakes were furnished 
by Westinghouse air brake, type 14 EL. 

Because of a further substantial in¬ 
crease in freight business and the neces¬ 
sity of fast overnight service, four more 
80-ton Westinghouse-Baldwin locomotives 
were purchased in 1928. In 1930 one 
more 80-ton Westinghouse locomotive 
and three General Electric locomotives of 
the same design and size were purchased. 
The electrical design was similar so that 
multiple-unit operation was possible be¬ 
tween all 80-ton Westinghouse and 
General Electric locomotives. 

After the panic of 1929, improvements 
were curtailed except where a substantial 
saving in maintenance was realized. In 
1931 all parlor and diners were taken out 
of service. No major changes were made 
on the railroad until 1937. 

When the railroad began its modern¬ 
ization program in 1937, a second contact 
wire was installed along side of the first 
one. This was also a 4/0 grooved copper 
wire. In 1942 the job of replacing the old 
steel main messenger east of Michigan 
City was begun. Again, due to single 
track main line, O.STcopperweld cable 
was used as the main messenger, 300,000- 
circular-mil cable was used as the inter¬ 
mediate messenger, and two 4/0 grooyed 
copper contact wires were installed. 
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In 194^ tile railroad began replacing 
poles in the telephone signal lead, located 
on the opposite side of the track from the 
mast arm poles in single tract territory, 
with poles of sufficient height to permit 
the attaching of a Bates expanded steel 
truss between the mast arm pole and the 
telephone-signal pole. This type of 
construction has been installed on alter¬ 
nate poles extending east from the Ideal 
Section to Michigan City, a distance of 15 
miles. The trusses not only provided a 
more flexible method of aligning and ad¬ 
justing the catenary system, as the 
catenary is suspended from an insulator 
which is attached by means of a beam 
clamp to the bottom side of the beam, but 
it strengthens both the mast arm pole 
lead and the telephone-signal pole lead 
during high wind and heavy sleet and ice 
conditions. 

In 1940 a portable substation was built 
to supplement the eight existing ones 
already in use. This was a rotary 
converter-type station and was mounted 
on two railroad cars. One car supported 
the converter and its auxiliaries and the 
other was the transformer car. It was 
normally located on a siding just west of 
Gary, which placed it in the middle of the 
heavy traffic and switching area. This 
station was also moved at various times 
to the site of one of the fixed stations and 
was put on the line at the required 
location so that the fixed station could be 
removed from service for an indefinite 
period to permit extensive overhauling 
and checking to be carried out. 

The majority of the work on the 
catenary system is performed from the 
top deck of a multiple-unit line car 
especially built in the company shops for 
this work. This tar has a completely 
insulated top deck and a portable deck, 
with a hydraulic hoist mounted atop the 
insulated deck. This movable deck 
facilitates the maneuverability that is 
required in maintaining an overhead 
catenary system and a wooden pole line. 

In 1945 the railroad began eliminating 
the 2-position color light signals that were 
in use on single track main, and replaced 
them with the 3-position color light sig¬ 
nals, thus making the signal system the 
same over the entire line. 

With the rapid increase of automotive 
traffic, a strong effort was made to 
eliminate or adequately protect all 
dangerous highway grade crossings. 
This was accomplished by installing 
either automatic crossing gates or auto¬ 
matic flashing lights or both. 

The installation of a 2-way space radio 
system was started in 1947. This system 
consisted of one main station in Michigan 


City and two repeater relay stations, one 
located 22 miles east of Michigan City 
and the other 32 miles west. With the 
use of dual remote control stations—one 
in the Chief Dispatcher’s office and one at 
the switchboard operator’s position, both 
located in the general offices at Michigan 
City—and the repeater relay stations any 
mobile unit on the railroad right-of-way 
between South Bend and Kensington can 
be contacted immediately. Present in¬ 
stallations include 11 freight locomotives, 
12 motor vehicles, including supervisory 
automobiles, and signal and line mainte¬ 
nance trucks. Fourteen portable handie- 
talkie radios have been installed in the 
railroad’s cabooses so that end-to-end 
communication between engine and ca¬ 
boose can be maintained. 

During this modernization period, the 
100# rail is gradually being replaced by 
115# rail. Pressure welded rail has re¬ 
placed the conventional jointed rail on 
some sections of the railroad. The main 
line has been entirely reballasted with 
crushed limestone. 

The first trend toward modernization of 
cars was the installation of new seats in 
ten coaches and painting the interior of 
the cars with light colored paints to help 
attract passenger business. In 1939 
mechanical-type water coolers were in¬ 
stalled in the passenger cars using a 
reciprocating compressor driven by a 32- 
volt motor from the battery. 

All traction motor bearings and journal 
bearings were of the sleeve type. As a 
result, a great number of the road failures 
were due to hot bearings. One of the big 
improvements toward reduced mainte¬ 
nance was the changeover to roller bear¬ 
ings. In 1940, this program was started 
which eliminated all hot bearings on the 
traction motors and journals. 

In 1941 passenger business had in¬ 
creased tremendously and it became neces¬ 
sary to obtain more seating capacity. It 
was impossible to purchase new equip¬ 
ment because of the war effort, so it be¬ 
came necessary to concentrate on in¬ 
creasing the seating capacity of the equip¬ 
ment on hand. A proposition was sub¬ 
mitted to the Pullman Company for 
lengthening the cars. A design was 
worked out to cut the cars at approxi¬ 
mately the center and add a 17-foot 6-inch 
section which would increase the length of 
the cars to 77 feet 6 inches and increase 
the seating capacity from 56 to 80 pas¬ 
sengers. Because the Pullman Company 
could do the job only in 10-car lots, this 
program of modernization was under¬ 
taken in the South Shore shops, as this 
number of cars could not be removed from 
service at one time. 


Several improvements were made to 
bring this equipment up to present-day 
standards. Fluorescent lighting was in¬ 
stalled using a 32-volt motor driving a 
110-volt alternator made by the Safety 
Car Heating and Lighting Company. 
Forced ventilation was installed using an 
overhead blower for pulling in outside air 
and recirculating the air in the car. 
Mechanical air conditioning was to have 
been installed but at that time a 1,500- 
volt motor of the proper size was not 
available. Keep pace with modern 
trends of passenger comfort, the subject 
of air conditioning was again consid¬ 
ered in 1945, Because a 1,500-volt motor 
of the proper size still was not avail¬ 
able, Waukesha equipment was selected. 
This equipment consisted of a 20-horse¬ 
power 4-cylinder propane engine driving 
a 7-ton reciprocating-type compressor. 
The evaporator and ventilating fan con¬ 
sisted of a Trane upright unit located in a 
compartment at one end of the car. To 
give better heat regulation in air-con¬ 
ditioned cars, an automatic-fired tliermo- 
statically controlled oil heater was in¬ 
stalled. tiot water was circulated by a 
pump through finned radiation located 
the full length of each side of the car. 
Other improvements made in these cars 
were the installation of double-glazed 
picture-type windows and partitions for 
smoking and no-smoking compartments. 

Due to the additional 32-volt load on 
the lengthened cars, larger motor-genera¬ 
tor sets are now being installed. These 
sets are a General Electric GMG-150 
rated at 5 kw. Also, sealed-beam head¬ 
lights are being installed on all of the 
passenger equipment using two, 200-watt 
sealed-beam lamps enclosed in a Mars- 
type case. 

By 1950 30 coaches and six trail cars 
had been lengthened. Eighteen of tliese 
30 coaches were equipped with mechanical 
air conditioning and oil heat and the seat¬ 
ing capacity increased by 36 per cent. 

In 1941 when freight business was on 
the upswing, additional freight motive 
power, geared for speed, was found neces¬ 
sary. As a result, the two 50-ton loco¬ 
motives were sold in favor of the four 
100-ton Westinghouse-Baldwin locomo¬ 
tives purchased from the Illinois Central 
Railroad. These locomotives are powered 
by four number 5d0-type 750-volt 365- 
horsepower series motors. A type-HBF- 
MU double-end control is used with 11 
steps in each position; inductive shunt¬ 
ing is used for higher speed. The 1-hour 
rating is 31,000 tractive effort in full field 
at a speed of 17.7 miles per hour. The 
over-all length of the engine is 40 feet, 

1 inch. 
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Two type- VX-PAS blowers are used for 
cooling traction motors, each driving a 
32-volt generator for battery charging. 
As the blowers are in continuous operation 
when the locomotive is in service, a volt¬ 
age regulator prevents the battery from 
becoming overcharged. Air brakes are of 
the New York Air Brake Company type 
ESWL^LT. 

Additional freight motive power was 
discussed in 1947, but to have a company 
build only a couple of locomotives was 
very expensive. Some preliminary study 
and designs were made for building a 
locomotive in the shops on the property; 
however, this idea was cast aside in 1949 
when 20 General Electric locomotives 
became available. These locomotives 
were built for Russia on a lend-lease order 
but before the completion of the order, the 
United States State Department stopped 
shipment. The South Shore purchased 
three of these locomotives. As the loco¬ 
motives were designed for 3,300-volt d-c 
operation, it became necessary to convert 
the electrical phase for 1,500 volts direct 


current. With some assistance from 
General Electric engineers, this conver¬ 
sion was made in the railroad company’s 
shops. 

These locomotives employ eight Gen¬ 
eral Electric 750-1,500-volt motors. The 
1-hour rating is 5,500 horsepower with a 
tractive effort of 85,500# in full field at 25 
miles per hour. Acceleration is nonauto¬ 
matic with electropnemnatic contactors, 
series-parallel switch; and electropneu¬ 
matic operation is arranged to give 16 
steps in series, 10 steps in series-parallel, 
and 11 steps in parallel plus two reduced 
field steps in each motor combination. 

There are two motor-generator blower 
sets consisting of a 1,500-volt motor, 50- 
volt generator and blower mounted on a 
common shaft. The generator is under 
regulator control for lighting, control, and 
battery charging. Two 150-cubic-foot- 
per-minute 2-stage air compressors ftur- 
nish air for air brakes and electropneu¬ 
matic control operating at 50 volts, one 
compressor operating from each of the two 
motor-generator sets. The locomotives 

No Discussion 


were originally equipped with regener¬ 
ative braking, but because the South 
Shore had no use for electric braking and 
because it furnished several contactors 
necessary for conversion, this feature was 
not used. 

The locomotives are 88 feet 10 inches 
long with a total weight of 545,600 pounds 
and a weight of 405,600 pounds on the 
drivers. The locomotives, being of road- 
type construction, are designed to nego¬ 
tiate a curve of 360 foot radius or 16- 
degree minimum. 

The modernization program on the 
South Shore is still in full swing. The 
railroad, by employing the latest available 
equipment in the electrical and com¬ 
munications fields, has endeavored to 
present to the public a rapid and efficient 
means of public transportation service. 

The transformation from an interurban 
to a railroad has been a successful one and 
the South Shore’s future intent is to keep 
abreast with the trend of time, always 
keeping public safety and convenience 
as the prime goal. 
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Synopsis: The increasing prominence of 
the diesel-electric locomotive on American 
railroads has given new impetus to the 
use of dynamic braking. Originally in¬ 
tended as a means of controlling both 
passenger and freight train speed on moun¬ 
tain grades, it has been refined to the point 
where it is increasingly used for controlling 
freight train speed in relatively level terri¬ 
tory. A recent refinement of braking con¬ 
trol takes advantage of additional traction 
motor capacity available at lower speeds. 
Extensive service tests have demonstrated 
the operational and economic value of this 
form of braking. 

O NE OF the great advantages of the 
diesel-electric locomotive over steam 
motive power is its ability to provide 
dynamic braking. When operating in 
dynamic braking, the traction generator 
is used to excite the fields of the traction 
motors, see Figure 2. The motors then 
act as separately excited generators, 
driven by the motion of the train, and 
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produce a voltage. When resistors are 
connected across the motor armatures, 
this voltage causes current to flow and 
load the motors. As a result they pro¬ 
duce a torque which opposes the torque 
produced by the wheels. 

The advantages of dynamic braking 
are greatest in mountainous territory, 
but it has also been found valuable on 
railroads not having heavy grades. In 
such cases the dynamic brake provides a 
quick, easy means of applying retarding 
force to the train when its speed must be 
restricted, and for bringing it almost to a 
halt when a stop must be made. The 
latter is of particular advantage for freight 
trains. As a rule the reduction of brak¬ 
ing effort as the speed decreases makes the 
braking rate too low for passenger trains. 

There is nothing particularly new about 
the basic idea of dynamic braking. It is 
a simpler form of the regenerative brak¬ 
ing used on electrified roads years be¬ 


fore the diesel-electric locomotive came 
into being. The prime difference be¬ 
tween dynamic and regenerative braking 
lies in the method used to dissipate the 
power produced. Dynamic braking uses 
a resistor built into the locomotive for 
this purpose. Regenerative braking em- 
pld^ys the railroad power system to take 
the energy from the train and use it else¬ 
where or dissipate it in resistors at the 
substation. 

Dynamic Braking Limitations 

During dynamic braking the diesel 
engine is normally operating at idle speed. 
This reduces the ventilation to the trac¬ 
tion motors, and consequently their 
rating. Therefore, it often becomes 
necessary to increase the motor ventila¬ 
tion over what it is with the engine idling. 
Various methods are used, depending on 
whether the traction blowers are me¬ 
chanically or electrically driven. The 
amount of ventilation required depends 
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Braking Resistors 



Courtesy of the Denver and Rio Grande Western Railroad 

Figure 1. Dynamic braking is of particular advantage in handling trains on mountain grades 


on the braking requirements which, in 
turn, depend on the locomotive applica¬ 
tion. On special locomotives this re¬ 
quirement is cared for in the design. On 
standard locomotives the braking pro¬ 
vided is naturally that which can be most 
economically obtained, consistent with 
high quality. Operating experience indi¬ 
cates that it meets average requirements. 

Normally the requirements on the trac¬ 
tion generator are not limiting during 
dynamic braking. Rather, the traction 
motors are the limiting part of the system 
in the following ways; 

1. Field current If, which is limited by 
heating. 

2. Armature current 7^, which is limited 
by heating. 

3. Peak volts per bar V/B, which is limited 
by motor design. 

The way in which these aftect a braking 
effort curve is shown in Figure 3. In 
the past, armature current during braking 
had to be limited to a maximum value 
that would not exceed the safe heating 
limit of the motors at high speed where 
the core loss is greatest. This meant 
that the braking effort followed the con- 


indicated at the right-hand end of the 
curves in Figure 3. 

Operating Advantages of Dynamic 
Braking 

Years of operating experience, first 
with regenerative braking and later with 
dynamic braking also, have served to 
demonstrate certain advantages inherent 
in these systems. With the increasing 
popularity of the diesel-electric loco¬ 
motive during the last decade these advan¬ 
tages assumed new importance, and rail¬ 
roads tried to evaluate them more accu¬ 
rately. In a report on a series of exten¬ 
sive tests conducted by a large western 
railroad^ the economic advantages of the 
dynamic brake are listed as follows: 

1. Reduction in the number of overheated 
wheels in both freight and passenger equip¬ 
ment, 

2. Elimination of long, costly stops for 
wheel cooling in heavy grade territories. 

3. Reduction in number of thermal cracked 
wheels. 

4. Reduction in wheel wear as a result of 
reducing the use of air brakes to a minimum. 


A suitable resistor, see Figure 4, must 
be provided to control the amount of 
energy produced by the traction motors 
and, therefore, the braking effort of the 
locomotive. The design and construction 
of a locomotive-mounted resistor for dis- 
sipating such large amounts of power is 
not simple. Yet it appears safe to say 
that the problem is simpler with a fixed 
resistor load than it is with regenerative 
braking where the power system is the 
load. In that case the voltage level of 
the power system is constantly changing, 
often very sharply, over a wide range. 

The design and construction of the 
braking resistor is a study of its own, and 
it can be touched upon only briefly here, 
Practically all dynamic braking resistors 
are forced ventilated. This is necessary 
because space is at a premium. In 
nearly every case, the blower is driven 
by a series motor that receives its power 
from connections across a portion of the 
braking resistor itself. This provides a 
dependable source of power and elimi¬ 
nates the need for control devices. It has 
the advantage that the blower moLoTruijs 
at a speed roughly proportional to the 
load on the grids which it must cool. 
Therefore, maximum cooling is provided 
when the resistor load is greatest. This 
connection also provides a system charac¬ 
teristic such that when the greatest 
braking effort is required the blower load 
is a maximum and helps supply some of 
the braking effort. Since the power 
developed by the traction motors in 
dynamic braking must be thrown away 
through the resistor, the power to run the 
blower motor costs nothing. 

Control of Dynamic Braking 


stant la curve in Figure 3, and the maxi¬ 
mum possible braking effort available at 
lower speeds could not be utilized. The 
latest American Locomotive Company- 
General Electric Company (Alco-GE) 
system provides automatic control of the 
traction motor current to hold it within 
safe heating limits at all speeds. The 
result, as shown in Figure 3, is that greater 
braking effort is available at lower speeds. 
At higher speeds the peak volts per bar 
limit still exists. This requires a manual 
reduction in motor armature current as 
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5. Reduction in wearing of parts of brake 
rigging and attachments. 

6. Reduction in brake beam and brake 
beam attachment failures. 

7. Reduction in number of derailments 
caused by failures of brake beams and brake 
beam attachments. 

8. The ability to reduce train speed with 
the dynamic brake in conjunction with the 
air brake without attendant brake shoe 
and wheel damage. 

9. ^ Better train handling in regard to slack 
action where dynamic brake is properly 
used. 


Figure 2 (left). Fundamental circuits for 
dynamic braking 

Fisure 3 (right). Braking effort curves, 
showing the effect of automatic control 
of armature current 


The value of dynamic braking would 
be largely lost if an effective method of 
controlling it did not exist. An irapor* 
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Figure 4. Forced ventilated dynamic braking resistor assembly 


tant part of such control lies in the selec¬ 
tion of the value of resistance for the brak¬ 
ing resistor. How this resistance deter- 
mdnes the braking curve is illustrated 
in Figure 5. This shows two curves of 
braking effort, ABC and ADR, Curve 
ABC has a braking resistor twice that 
of ADR in ohms. Lines AB and AD 
represent maximum field current which 
may be applied to the traction motor 
without excessive heating. This is the 
same for both curves. Figure 5 shows 
that, other things remaining the same, 
half the resistance allows maximum brak¬ 
ing effort to be obtained at half the train 
speed. The armature current is the same 
for both curves, so the braking horse¬ 
power depends on the resistance and will 
be in proportion to the resistance value 
selected. These curves also show that 
maximum braking effort is independent 
of resistance; but braking effort for any 
particular speed-above that for maxi¬ 
mum braking—is directly proportional 
to resistance and, of course, to horse¬ 
power. Since the horsepower is a func¬ 
tion of the resistance selected—assuming 
traction motor held and armature cur¬ 
rent ratings to be hxed—the train speed 
for maximum braking effort will rise in 
proportion to the horsepower. 

Control of Dynamic Braking by the 
Engineman 

Most diesel-electric locomotives are 
equipped for multiple-unit operation. In 
such use the engineman must be able to 
control all units by operating a braking 
handle in the lead unit. With this handle 
he ultimately controls field current, from 
a separately excited source, for the trac¬ 
tion motors. By watching the traction 
motor ammeter, he controls the run-in 
of slack on the train when he first applies 
dynamic braking and later avoids exceed¬ 
ing the operating limits imposed upon 
him. A brake warning relay in each unit, 
connected across a portion of the brak¬ 
ing resistor, detects overvoltage and pro¬ 
vides an indication on a warning light 
trainlined into the leading cab. 

The Alco-GE System of Dynamic 
Braking 

The dynamic braking control equip- 
nient on a modern Alco-GE locomotive 
includes the braking resistors and a pneu¬ 
matically operated, 2-position braking 
switch which sets up motoring or braking 
connections. In addition, two braking re¬ 
lays set up control and excitation circuits 
for dynamic braking, and a third relay pro¬ 
vides the brake warning as already de¬ 


scribed. In the engineman’s control stand 
there is a commutator rheostat geared 
to the braking handle. The brush arm 
is connected potentiometer style to pro¬ 
vide a source of voltage which may be 
sent back over a train wire to the other 
coupled units. This voltage determines 
the amount of traction motor field cur¬ 
rent provided—up to the limit of traction 
motor armature current. When this 
point is reached the armature current pro¬ 
vides a signal which overrides the manual 
control and automatically regulates the 
field current to maintain a predetermined 
armature current. On some types of 
Alco-GE locomotives the armature cur¬ 
rent is modulated by train speed. Addi¬ 
tional dynamic braking equipment con¬ 
sists of certain reactor windings used 
only in dynamic braking, a small rectifier, 
and certain small resistor tubes. 

Figure 6 shows a schematic diagram 
of the system with most contacts and 
adjustments omitted for simplicity. At 
the left of the figure are four traction 
motors (numbered 4, 2, 3, and 1) and 
their braking resistors. Across a portion 
of the resistor for motor 3 is the blower 
motor K1 and the brake warning relay 
BWR, xAcross another portion of the 
same resistor is the current measuring 
coil on the reactor X3. This coil and its 
associated resistor are used to measure 
braking current in terms of voltage 
across a portion of the resistor. 

The traction generator G is shown con¬ 
nected to supply current to the four trac¬ 
tion motor fields in series. The common 
connection of the generator and the foiu 
traction motor armatures simplifies the 
switching required to go from motoring 
to braking. It also provides ground 
relay protection during ^braking through 


the relay coil GR. The generator start¬ 
ing winding, a series winding used in 
cranking the engine, is connected in the 
generator circuit during braking. It pro¬ 
vides a differential effect which requires 
the exciter to work at a higher level of 
excitation. The voltage drop across 
the generator commutating field is used 
to measure motor field excitation by 
means of coil D1-D2 on reactor XI. 

An amplidyne exciter E feeds the gen¬ 
erator shunt field GS-GSS. The genera¬ 
tor field current flows through coil D3-D4 
on reactor X3, which measures generator 
field current. To permit a simple ad¬ 
justment of the effect of the current in 
this reactor coil, proportional current 
from the exciter is fed into the D2-D1 
coil on the X3 reactor. 

The exciter shunt field F1~F2 is fed 
from the transformer T1 through the 
rectifier Rl. The exciter field current is 
controlled b}- having the rectifier feed 



Figure 5. Typical braking effort curves, show¬ 
ing effect of varying ohmic value of braking 
resistor 
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75 V SUPP LY 



into resistance 152 whose voltage may 
range from a few volts below that supplied 
by the rectifier to a few volts above it. 
The difference is available to control 
current flow through the exciter field in 
one direction or the other. At the right 
is the braking potentiometer with its 
brush arm in the minimum braking posi¬ 
tion, that is, as it is immediately after 
setting up the braking circuits. This 
allows maximum current to flow through 
the 165 resistor and the D3-D4 coil on Xi 
to the other side of the 75-volt d-c supply. 
This gives maximimi battery bias on XI 
and no bias on X2, which is short-cir¬ 
cuited. Reactor pairs X1-X2 and 
X3-X4, arranged as voltage pairs, are 
connected across another secondary of 
transformer Tl. With constant voltage 
applied to each pair, saturation of either 
reactor in the pair by means of direct 
current will increase the voltage across 
its mate. Saturation of XI will increase 
the voltage across X2. This voltage, 
rectified by R3, appears as a higher volt¬ 
age on resistance 752, reducing the cur¬ 
rent in the exciter field. In minimum 
braking, the d-c bias on XI fed by resistor 
165 is sufficient to decrease the field 
current very nearly to zero. We want 
substantially zero braking when going 
into braking. This requires zero motor 
field excitation. With this condition no 
current would flow in the XI coil D1-D2, 
coimected across the generator commuta¬ 
ting field. If current did flow, it would 
further saturate reactor XI, and further 
reduce the exciter field strength. This 
would decrease the generator excitation 
and reduce the motor field current. 

To sharpen up the control, particularly 
desirable in minimum braking, the boot 
strap winding D5-D6 on XI is used. 
This winding, shown immediately above 
rectifier R3, takes the output of reactor 
pair XI-X2 and uses it to further excite 
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TRAIN SPEED 


Fisurc 6. Simplified schematic 
diasram of dynamic braking cir¬ 
cuits on A!co-GE road locomotives 

XI. Up to this point the effect of the 
three windings on the saturation of XI 
has been additive. The terminal sym¬ 
bols B1-D2, et cetera are established for 
each winding so that current flowing 
from D1 to D2 will be additive with 
current flowing from D-odd to D-even, 
in any other coil on the same reactor and, 
of course, subtractive for reverse polarity. 

After the slack has been run in, more 
braking is desired. The engineman moves 
the braking handle so that the potentiom¬ 
eter brush arm turns toward the maxi¬ 
mum braking position, and provides a 
voltage of increasing value. This in¬ 
creases excitation on X2 reactor, which 
has only one d-c coil. Thus more excita¬ 
tion is required on XI to return to the 
same value of voltage across X2. At the 
same time the range is still further ex¬ 
tended by decreasing the additive current 
in the D3-D4 winding, and finally revers¬ 
ing it as the brush arm reaches a poten¬ 
tial above that of the mid point of the 
165-165A voltage divider. 

The incremental transient decrease of 
the voltage across the 152 resistance 
allows more exciter field current to flow. 
This in turn causes more motor field 
current to flow, producing more drop 
across the generator commutating field. 
As a result more current flows through 
the DBD2 winding of XI . This winding 
thus controls the exciter field current at 
points above minimum braking, with the 
values controlled being preset by the 
braking potentiometer brush arm voltage. 
The current in this winding is determined 
by generator excitation and is controlling 
the exciter field current. Hence, for a 
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given braking handle position, a balance 
point is reached where the current in the 
commutating field allows just enough 
exciter field current to flow to maintain 
the generator current. Any decrease in 
generator current allows more exciter 
field ciurent to flow, and any increase 
reduces the exciter field strength. 

In this way the Xi-X2 reactor pair 
provides the engineman with control of 
braking current as long as he does not 
try to exceed a preset limit. He controls 
the leading unit directly and, with the 
same potentiometer, the other units 
through a train wire. 

Automatic Current Limit 

Until recently, the preceding descrip¬ 
tion covered the entire system of dynamic 
braking control on Alco-GE locomotives, 
Now, however, a current limit based on 
traction motor armature current has been 
introduced. This provides an over¬ 
riding control of braking, preset and auto¬ 
matically regulated. With it the engine- 
man can control dynamic braking with 
much greater ease, .since he need not 
watch his ammeter or brake warning 
light so closely. It protects the equip¬ 
ment by preventing accidental or delib¬ 
erate overloads. It provides a better 
balance of braking between coupled units 
because it goes deeper into the system 
to take a measurement of output. U' 
stead of motor field emrent, it measures 
motor line current. This substantia y 
eliminates the effects of varying motor 
characteristics and wheel sizes between 
units. Of course, it does not eliminate 

May 1953 


on Diesel-Electric Locomotives 


Figure 7. Controlled 
braking characteris¬ 
tics. Entire charac- 
acteristic may be 
shifted to the left or 
right by changing 
X4 D1-D2 ampere- 
turns 
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LOW END OF TRAIN 
SPEED RANGE FOR 
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HIGH EXCITATION AND 
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CURRENT 
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'i ARMATURE CURRENT FOR 
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LOW TRACTION MOTOR ARMATURE CURRENT 


HIGH 
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these factors between motors of the same 
unit. As applied to Alco-GE road loco¬ 
motives, this refinement allows greater 
braking at low train speeds than at high 
speeds. It does this by taking advantage 
of the lower core loss at low speeds, allow¬ 
ing more copper loss for the same motor 
beating. To do this with ordinary engine- 
man control of dynamic braking would be 
very difficult. It would require complex 
operating instructions which would prob¬ 
ably prove most confusing to the engine- 
man. 

Figure 6 shows a winding D8-D7 of 
reactor X3 connected across part of the 
braking resistor for motor 3. This 
winding measures the braking current in 
motor 3, and controls the voltage across 
resistor 152 whenever the voltage across 
JC4 exceeds that across X2. The genera¬ 
tor field current in braking also flows 
through the D3-D4 coil on X3. The D8- 
JD7 winding is connected subtractively 
to obtain a close regulation of motor cur¬ 
rent throughout the speed range for full 
braking. Figure 7 shows how the proper 
characteristic is obtained. The flat sec¬ 
tion AB is produced by maximum braking 
Handle position controlling a fixed motor 
Held current. It is obtained at train 
speeds below that at which motor 3 
generates enough voltage to sufficiently 
excite X3 so that the voltage across X4 
will exceed X2, as previously described. 
IBeyond B the curve turns down to zero 
excitation at C. This is marked natural 
characteristic and shows the slope of 
response which must be followed by net 
ampere turns in X3 to produce the values 
of exciter field current shown by the or¬ 
dinate. All parts of the curve are in¬ 
tended to show the excitation on X3 
given by winding D8-D7 only. The 
curve marked unstable shop characteris¬ 
tic shows the effect of having the D3-D4 
winding on X3 subtractive to D8-D7. 
Thus it shows the excitation provided X3 
by the D8-D7 winding which must be 
diminished by that from the D3-D4 
winding to return to the natural charac¬ 
teristic. The excitation on D3-D4 is 
large at high exciter field currents and 
disappears at low exciter field currents. 

The curve just discussed is unstable on 
the road because less output of motor 3 
would result in more excitation on the 
exciter and vice versa. So an addi¬ 
tional winding on X3, properly adjusted 
and connected across the exciter arma¬ 
ture, is used to decrease the effect of the 
D3-D4 winding without working with 
Heavy-current low-voltage windings of a 
fixed number of turns. This restores the 
characteristic to that marked stable shop 
characteristic. It is the curve sought in 


standstill adjustment of the system where 
battery voltage, through a suitable rheo¬ 
stat and instrument, is used to simulate 
motor 3 voltage. 

All recent Alco-GE road-type loco¬ 
motives with dynamic braking have been 
equipped with a recalibrating winding on 
X3. Since this is fed from the locomotive 
axle generator through a rectifier, - it 
receives a d-c signal proportional to 
train speed. This provides excitation 
additive to that provided by the D8-D7 
winding. The result is to recalibrate the 
system so that less motor current will 
flow at high speeds than at low speeds. 
Thus advantage is taken of the reduced 
core loss at low speeds. This produces 
the curve marked apparent road charac¬ 
teristic. Although it has a negative 
slope it is not unstable because an outside 
element—strain speed—controls the slope. 
Actually this curve is simply the stable 
shop characteristic cut back varying 
amounts at various train speeds. Any 
transient changes follow the slope of the 
stable shop characteristic. 

This method of automatically control¬ 
ling maximum braking current provides 
regulation without using any moving 
parts except the setup devices. The 
unstable shop characteristic, Figure 4, 
is actually stable in the shop if a separate 
source of power is used for the D8-D7 
winding on X3 is used, but would be un¬ 
stable on the road. If an incorrect ad¬ 
justment or other defect produces this 


sort of characteristic on the road, the 
effect of the connection of the D7-D8 
winding across a portion of braking resis¬ 
tor ^hicli is in series with the blower 
motor results in minimum hunting. The 
motor tends to hold the voltage constant 
across its section of resistance. This 
makes any transient change in voltage 
appear almost wholly across the section 
of resistance adjacent, thereby giving a 
leading signal to the D8-D7 coil on reac¬ 
tor X5. 

Conclusion 

The popularity of dynamic braking on 
diesel-electric locomotives indicates its 
desirability and acceptance by the rail¬ 
roads. This is based upon its economic 
advantages, proved by years of operat¬ 
ing experience. Furthermore, these ad¬ 
vantages are obtained by the addition 
of very little equipment not required for 
traction purposes, so the capital invest¬ 
ment is relatively insignificant. Prog¬ 
ress in the design of dynamic braking 
systems has further enhanced the advan¬ 
tages. The refined system described in 
this paper automatically provides maxi¬ 
mum permissible braking capacity 
throughout the locomotive operating 
range. It permits this brake to be used 
advantageously on almost any railroad 
profile and makes additional braking 
power available at lower speeds where it is 
of particular advantage in freight service. 
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Discussion 

J. D. Sylvester (Canadian National Rail¬ 
ways, Montreal, Quebec, Canada): The 


authors outline a significant development in 
dynamic braking wherein the range is ex¬ 
tended to permit greater use of this form 
of braking rather than the straight air¬ 
brake system. The advantages for dy¬ 
namic braking as listed in the paper are 
rather true and the greater the range of the 
dynamic braking available, the greater are 
these operating advantages in magnitude. 
The limits of dynamic braking listed sug¬ 
gest that the curves as shown in Figures 3 
and 5 have a possibility of still greater 
revision. Figure 5 in particular suggests 
the possibility that if a variable resistance 
was applied to dynamic braking, the vari¬ 
able resistance to be something like that 
used on electric locomotives in acceleration, 
then it would be possible, with constant 
field current and constant armature cur¬ 
rent, to extend the dynamic braking curve 
to a rectangle with a very steep slope from 
A to Di very much to the left of D, and a 
horizontal line across the top to an inter¬ 
section of the limiting volts per bar curve 


as shown in Figure 3. In other words, 
head-end power would be just as responsi¬ 
ble in stopping a train as it is in accelera¬ 
ting a train, and the conventional air¬ 
brake system would be a standby only. 

The economics of this would be far 
reachmg to railway operators. 


A. V. Johansson and H. R. Stiger: Vary¬ 
ing the dynamic brake resistor in several 
steps, as suggested by Mr. Sylvester, 
would increase the speed range over which 
maximum braking effort could be obtained. 
This would, however, be effective for use 
only with relatively short trains. With 
long trains, the rate of deceleration would 
necessarily be quite low compared to that 
obtainable with air brakes. The additional 
equipment required would tend to increase 
both first cost and maintenance expense. 
These considerations appear to seriously 
limit the application of such a scheme from 
both practical and economic standpoints. 


Transient Measurement of Feedback 


between initiation of the step function and 
the time the system obtains a condition of 


Control 


F. H. FERGUSON 

MEMBER AIEE 

Synopsis: Transient measurement tech¬ 
niques permit rapid determination and 
comparison of the operational character¬ 
istics of feedback control systems. Instru¬ 
mentation is described which introduces a 
repetitive step function to a system and 
visually displays its dynamic response. 
Provision is made for precisely measuring 
response magnitude as a function of time 
and obtaining permanent records for future 
reference. Refinements necessary for ac¬ 
curate determination of the response of 
carrier systems is discussed. Examples of 
system response patterns are given. 

PPLICATION of feedback control 
systems has become so extensive 
that much engineering effort is spent in 
their evaluation and maintenance. Appli¬ 
cation involves introduction of a step 
function to a system and determination of 
system response with respect to time. 
Transient analysis gives information con¬ 
cerning speed of response and tendency of 
a system towards oscillation. 

Transient measurement can save 
valuable time when tests on a production 
basis or routine maintenance checks are 
necessary. The design engineer, aware of 
both system limitations and specified 
operational requirements, can make 
critical adjustment of parameters of a 
system prototype to obtain excellent over¬ 
all performance. The transient response 


Systems 

C. H, LOONEY 

NONMEMBER AIEE 

of the prototype then can be recorded and 
other systems of the same design consid¬ 
ered in proper adjustment when then- 
transient response to an equivalent step 
function corresponds to that of the proto¬ 
type. 

Requirement of Transient 
Measurement 

Requirements of the measuring means 
are necessarily determined by character¬ 
istics of the feedback control system to be 
studied. Present systems have error 
detectors, amplifiers, and power con¬ 
verters of widely varying form so that 
even those systems which have the same 
functional application are not necessarily 
composed of the same mechanical, 
hydraulic, or electrical components. In 
addition to this physical diversity, there 
exists a large variation in output power 
level and response time scale. Instru¬ 
mentation to examine transient response 
should be adaptable to all such systems 
without bothersome alteration either to 
the system or the measuring means. 

Consideration of various applications 
indicates that response duration may be 
expected to lie within a range from 15 
milliseconds to 3 seconds. Here, response 
duration is defined as the interval elapsing 


steady-state minimum error. It is desir¬ 
able that the measuring instrument 
introduce a repetitive train of step 
function inputs to the system to provide 
the operator with a continuous flow of 
information. In effect, this requires a 
constant frequency square wave input 
with a half-period continuously adjustable 
within the range of expected transient 
duration. 

Further requirements are imposed by 
carrier feedback control systems. In 
order that the response be repetitive it is 
necessary that initiation occur at a fixed 
magnitude of carrier phase. This implies 
that the response duration for carrier 
systems must contain an integral number 
of cycles of the carrier. Interpretation of 
the response wave form of carrier systems 
is difficult because the information on 
which the system acts is dependent upon 
the time phase relationship inherent 
between system signal and fixed phase 
reference voltages and is not necessarily 
defined by the envelope of the response. 
For this reason, a method of phase sensi¬ 
tive detection should be included to assist 
in the interpretation of the response wave 
form of carrier systems. 

The instrument should permit some 
method of providing a permanent record 
so that the response of a system in optimum 
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Figure 1. Block diagram of basic feedback control system 


adjustment may be used at a later time as 
a guide for adjustment of similar systems. 
Provision should be included to obtain 
accurately the numerical magnitude of the 
transient response as a function of time. 

Consideration of Step Functions 

There are three methods of introducing 
a step function to the basic feedback 
control system shown in Figure 1. These 
are: 

1. Manipulation of the command. 

2. Manipulation of the disturbance. 

3. Introduction of a signal to the summing 
point. 

Manipulation of the command requires 
that it be changed suddenly from qui¬ 


escence to a new fixed value. This 
effects a difference between reference in¬ 
put and primary feedback to actuate the 
control elements. Thereupon, the con¬ 
trol functions to cause the magnitude of the 
controlled variable to correspond to the 
new command value and obtain a final 
static condition of minimum error. Var¬ 
ious systems differ greatly in the nature of 
their command and the physical con¬ 
struction of their reference input element 
making it difficult to introduce a step 
function to the system by this means. 

Manipulation of the disturbance re¬ 
quires that the controlled variable be 
coerced from synchronization with the 
reference input. A transient condition is 
initiated at the instant the constraint is 
removed. The physical difficulty of 


forcing the controlled variable of high 
power level systems from synchronization 
is apparent. 

Addition of a signal to the summing 
point from an external source accom¬ 
plishes the desired offset of synchronization 
and sudden removal of this signal initiates 
a transient condition. In the majority of 
installations the signals at the summing 
point exist as electrical quantities so that 
any of these can be conveniently manip¬ 
ulated by means of fast-acting contacts. 
Ey proper selection of contact arrange¬ 
ment no external connections need be 
made to the system during the transient 
period other than those required to detect 
variation of system response as a function 
of time. Repetitive application of a step 
function is obtained if the contacts are 
opened and closed in a cyclic manner and 
the introduced signal is a fixed magnitude. 
Requirements on wave form phase 
relationship, impedance, or other factors 
imposed on the injected signal are not 
stringent since its only function is to dis¬ 
place the controlled variable prior to 
initiation of the measured transient. In 
the majority of cases the injected signal 
can be obtained directly from one of the 
fixed reference potentials of the feedback 
control system under investigation. 



Figure 2. Block diagram of instrument 
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The difference between these methods 
of introducing a step function to the 
system must be considered. Transient 
response following application of a step 
change in command includes the transfer 
characteristics of the reference input 
element. Displacement of the controlled 
variable either directly through disturb¬ 
ance manipulation or by introduction of a 
signal to the summing point produces a 
transient lacking the dynamical contri¬ 


bution of this reference input element. 
When the transient is introduced by 
manipulation of the disturbance there 
exists prior to transient initiation an 


actuating signal magnitude such that the 
manipulated variable is proportional to 
the offset controlled variable in magnitude. 
Thus, at the instant of transient initiation 
the dynamical effect of the control ele¬ 
ment also is absent. Introduction of a 
signal to the summing point differs in that 
the actuating signal is a minimum prior to 
transient initiation and removal of the 
introduced signal corresponds closely To a 
step function change in magnitude of the 
reference input. A careful analysis of 
the system requires that these effects be 
recognized. 

Techniques of Transient 


form amenable to measurement. The 
instrument is composed of two basic 
parts: a time base unit and a control unit. 
The time base unit includes an adjustable 
period, electromechanical square wave 
generator, and the mechanism for continu¬ 
ous time measurements while the control 
unit contains the electronic circuits and 
selector switches required for the various 
displays. 

Generation of a square wave having a 
half-period continuously adjustable with¬ 
in the range of expected transient duration 
is obtained from an oscillator in which the 
necessary feedback is furnished by a 
magnetic recording drum. Operation of 
the unit is described with reference to 
Figure 2. A hysteresis motor drives the 
magnetic drum at constant velocity. A 
continuous pulse train is established if a 


Measurement 




The primary functions of the instru¬ 
ment are to introduce repetitively a step 
function to a feedback control system and 
to present visually system response in a 



single electrical pulse is fed to the record 
head of the time base track to magnetize 
a small area of the drum. When this area 
passes the pickup head, a pulse is gener¬ 
ated which is amplified, shaped, and 
passed to the record head to place a second 
magnetized area on the drum. The proc¬ 
ess is regenerative and provides a pulse 
train having a fixed repetition rate which 
is inversely proportional to head spacing 
and directly proportional to drum veloc¬ 
ity. The magnetized areas have no 
further function after they pass the pick- 
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Figure 6 (left). Effect of carrier 
phase at transient initiation 


Figure 7 (right). Visual detect 
tion of in-phase component 

A. (n-phdse actuating signal 

B. Quadrature component 

actuating signal 


up head, and, therefore, are erased by a 
permanent magnet. Normal manufactur¬ 
ing tolerances on machine parts and 
excitation of the motor by the commercial 
60-cycle-per-second line will establish the 
lime interval to an accuracy of 0.5 per 
cent; with a regulated frequency supply 
this figure could be held to 0,1 per cent. 

The pulse train triggers a square wave 
generator which drives a fast-acting relay 
to alternately inject and remove the 
signal introduced to the summing point of 
the feedback control system. A voltage 
corresponding to system response is 
applied to the vertical amplifier of a 
cathode-ray oscilloscope equipped with 
long persistance screen, and sweep 
synchronizing signals are supplied from 
the pulse train. 

Examination of system variations for 
either the interval during which the con¬ 
trolled variable is being offset or the 
transient response interval is provided by 
an auxiliary relay acting in synchro¬ 
nism with the square wave. A direct 
potential supplied to this relay is intro¬ 
duced to the vertical amplifier of the 
oscilloscope to displace the trace off¬ 
screen during the alternate half-cycle. 
Examination of system variation during 
the offsetting period permits adjustment 
of the square wave half-period to a value 
which assures that the system has reached 
quiescence before the transient is initiated 
and also allows adjustment of the 


magnitude of the step function input to a 
value below the saturation level of the 
system. When these conditions are satis¬ 
fied the repetitive transient resjjonse of 
the system may be observed. 

A coincidence circuit is included for use 
with systems which have alternating cur¬ 
rent as a power source. The function of 
this circuit is to alter the square wave 
half-period established by the oscillator so 
that the time point of initiation of the 
transient occurs at a fixed phase of carrier 
frequency. Both the oscillator pulse 
train and a phasable carrier pulse train are 
fed to a gate circuit which is triggered by 
the first carrier pulse received after arrival 
of an oscillator pulse. The resultant 
output pulse triggers the square wave 
generator and is recorded to re-establish 
the regenerative pulse train. 

The instrument includes a visual 
method of phase sensitive detection to 
permit examination of a desired phase 
component of the carrier signal. This is 
accomplished by pulse-brightening the 
oscilloscope beam by a second phasable 
carrier voltage. The resultant response 
pattern is a series of points disposed 
horizontally at intervals corresponding to 
carrier period and vertically at magni¬ 
tudes corresponding to the instantaneous 
values of response at the selected phase. 

The time base circuit meets all require¬ 
ments necessary to introduce a repetitive 
step function to the feedback control 



system and provide a synchronized sweep 
for examination of system response. The 
control unit which permits measurement 
and recording of the transient is now 
described. 

Determination of response magnitude 
as a function of time obtained directly 
from the response pattern would be in 
error, proportional to sweep nonlinearity 
or vertical amplifier drift and distortion. 
To obtain greater accuracy a null method 
of comparing complex response wave 
forms with a calibrated direct poten¬ 
tial is used. Time measturement is 
accomplished through the use of the time 
delay track on the magnetic drmn. Its 
record head is paralleled electrically with 
the time base record head so that the 
spacing between consecutive magnetized 
areas on each track is equal. As the an¬ 
gular position of the pickup head of the 
time delay track is varied, each generated 
pulse is proportionately shifted in time with 
respect to the time base pulse train. The 
pulses are amplified and shaped to provide 
a synchronizing signal for the sweep. In 
this manner the response pattern is dis¬ 
placed horizontally. A desired point on 
the transient curve may be made to coin¬ 
cide with sweep initiation. The magni¬ 
tude of response at this point is measured 
with respect to a zero magnitude reference 
line. A ground connection is supplied to 
the auxiliary relay to short-circuit the in¬ 
put to the vertical amplifier on alternate 
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half-cycles thus establishing the base 
line. A calibrated direct reference volt¬ 
age from a precision potentiometer is 
added to the response signal to displace 
the trace vertically until the initial portion, 
which corresponds to the measured point 
in time, is in correspondence with the zero 
magnitude base line. The setting of the 
calibrated potentiometer then is a meas¬ 
ure of response magnitude at the desired 
time. Increasing the gain of the vertical 
amplifier increases the resolution with 
which the null point is determined. In 
this manner, a point-by-point tabulation 
of response magnitude as a function of 
time is obtained which is independent of 
sweep nonlinearity or amplifier drift and 
distortion. 

Permanent records for future reference 
are obtained by photographic reproduc¬ 
tion. To facilitate use of the camera, a 
sequence circuit limits presentation to a 
single excursion of the response pattern. 
To achieve this the square wave generator 
is included in the time base circuit. 
When the output of the square wave 
generator goes positive, the circuit is no 
longer regenerative and the signal relay 
holds the control system in the oEset 
position while the auxiliary relay intro¬ 
duces the fixed direct current potential to 
position the spot vertically oE-screen. 
The camera shutter is opened and a pulse 
is manually introduced to the oscillator 
circuit by means of switch 1, The pulse 
triggers the square wave generator which 
drives negative. This signal is recorded 
on the time base track, the relays operate 
and the sweep is synchronized to display 
the transient. At the end of the transient 
interval the recorded signal is reproduced 
to cause the square wave generator to go 
positive, thus breaking the pulse train 
with the spot positioned off-screen. 

Application of the Instrument 

To illustrate application of the transient 
response indicator, a carrier-type instru¬ 
ment servomechanism was constructed. 
The system employed potentiometers as 
the error detecting means and an induc¬ 
tion generator as a minor feedback ele¬ 
ment. A potentiometer energized from a 
d-c source was included as a measure of 
the controlled variable. 

The response of the servomechanism is 
given in Figures 3 through 8. The curve 
of Figure 3 is the modulated carrier 
transient response of the actuating signal. 
Figure 4 gives the response of the con- 



Figure 8. Display of in-phasc and quadrature 
components 


trolled variable as measured by the d-c 
excited potentiometer for corresponding 
conditions of step function magnitude and 
system adjustment. (The discontinuities 
of the trace result from slide-wire 
resolution.) 

Figure 5 shows the successive steps in 
determination of the values of time and 
magnitude for a point on the response 
curve with the system adjusted for one 
overshoot of the controlled variable. 
The zero magnitude base line is super¬ 
imposed on the response pattern of Figure 
5(A). In Figure 5(B), the sweep has been 
time-delayed so that the selected point 
(in this case the peak magnitude of the 
overshoot) occurs at sweep initiation. 
The pattern has been shifted vertically in 
the trace of Figure 5(C) so that the initial 
and final points of the^ time-delayed re¬ 
sponse curve lie on the base line. The 
magnitude of the response at this point is 
read from the calibrated d-c potenti¬ 
ometer. 

The variation which occurs in actuating 
signal response when the time of transient 
initiation coincides with different phase 
angles of the carrier frequency is illus¬ 
trated in Figure 6(A). One trace shows 
response when the transient initiation 
occurs at the peak magnitude of the 
actuating signal carrier voltage and the 
second trace shows response when tran¬ 
sient initiation is delayed by a time 
corresponding to 50 degrees of the carrier 
(2.3 milliseconds). It is noted that the 
transient duration is shorter when step 
function initiation corresponds to the 
peak magnitude of the carrier frequency. 
The curves of Figure 6(B) show response 
of the controlled variable for these same 
conditions. The change in carrier phase 
at the instant of transient initiation is re¬ 
flected in response as a time delay with 
response wave shape essentially unaltered, 
but shifted in time by approximately 4 
milliseconds. Examination of a family of 
response curves shows that this delay 


becomes progressively larger as transient 
initiation approaches 0 degree phase of tb^ 
carrier frequency. 

The error response curves of Figures 7 
and 8 were obtained by adding inertia to 
the system and adjusting gain and damp* 
ing to give an underdamped pattern. I« 
Figure 7(A) the transient response of tho 
actuating signal is shown for correct 
phase matching of reference input and 
primary feedback. Beam brightening 
pulses at carrier frequency have been 
adjusted to occur in-phase with this signal 
to give a visual detection of signal 
envelope. In Figure 7(B) the phase of tlie 
reference input potentiometer was pur* 
posely shifted to introduce a quadrature 
component to the actuating signal. 
Under these circumstances the true meas¬ 
ure of response is not determined by the 
envelope of the curve. In Figure 7(B) 
the carrier frequency beam brightening 
pulses again occur in-phase with system 
reference voltage. It is seen that the 
envelope and the detected in-plubc 
component of the signal differ, Tlie 
initial magnitude of the envelope is 
greater than the visually detected in-pliase 
component.. The first cross-over point 
has a broad envelope due to the quadra¬ 
ture component; however, measurement 
of response magnitude in the vicinity of 
cross-over by means of visual detection is 
possible. Subsequent cross-over points 
are not indicated from examination of the 
envelope but are shown by the beam 
brightened portion of the trace. Figtnv 
8 illustrates the selectivity of this tech¬ 
nique. The two curves represent detec¬ 
tion of the in-phase and quadrature com¬ 
ponents for the same conditions as in 
Figure 7. Intensity has been adjusted so 
that the trace of the amplitude modtdated 
carrier is not visible. 

Conclusions 

The instrument developed is suihciciUly 
versatile to allow determination of tran¬ 
sient response of a large number of feed¬ 
back control systems with a miiiiimun 
of alternation to either the instrument c.r 
the system. Transient characteristics 
may be examined for repeated application 
of a step function and the effect of system 
adjustments observed. The instrument 
is self-contained; it provides the neecs* 
sary step-function inputs and permit 
either photography or quantitative deter¬ 
mination of response magnitude as a 
function of time. 
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Education and Training of Diesel-Electric 
Locomotive Maintenance Personnel 
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W IDESPREAD use of diesel-elec¬ 
tric locomotives on American Rail¬ 
roads has created an unprecedented 
demand for personnel trained in the opera¬ 
tion, inspection, and maintenance of 
many types of electric equipment. The 
locomotive builders and the railroads, 
working together, have developed success¬ 
ful programs for training such personnel. 
Contributing vendors and the trade press 
have ably seconded these efforts. The 
application of basic principles of educa¬ 
tion has served to develop teaching 
techniques which are producing personnel 
capable of coping with the problems of 
this new era in railroading. 

A New Task in Education 

Since the turn of the century elec¬ 
tricity has played a steadily increasing 
role as a servant of the railroads. In 
the beginning this growth was so gradual 
that the recruiting and training of the 
relatively small electrical maintenance 
force was not a major problem. But 
the coming of the diesel-electric loco¬ 
motive swiftly changed this picture. 
The last 10 years have seen the electric 
horsepower installed by the railroads in¬ 
crease from 2,000,000 to 25,000,000. This 
phenomenal growth has caused a revolu¬ 
tion in this 100-year old industry. Per¬ 
sonnel, shops, and facilities geared to the 
maintenance of steam locomotives were 
suddenly faced with diesel-elec trie opera¬ 
tion. In the early stages of such a 
drastic change some confusion was inevi¬ 
table. 

From the lessons of those pioneer days, 
often learned through delays and break¬ 
downs, there emerged a pattern of main¬ 
tenance knowledge for both the builder 
and the operator of diesel-electric loco¬ 
motives. The next step was the dissem¬ 
ination of this knowledge at working 
levels. Part of this task proved to be 
relatively easy. The mechanical aspect 
of this new motive power was readily 
accepted by personnel already me¬ 
chanically minded. While new standards 
of precision and cleanliness had to be 
established, the workmen’s background of 
experience was reasonably close to the 
essentials necessary to understand his 


new job. Even the maintenance of 
motor and generator brushes, bearings, 
gears, and belts involved primarily me¬ 
chanical functions. Hence these duties 
were assumed with understanding and 
comparative ease. But the same could 
not be said in cases where electrical 
faults occurred. Here was an element 
new to the railroad mechanic—one about 
which he had only vague notions and 
many fears. The builders and railroads 
together had to muster enough expert 
people to diagnose and direct the cori'ec- 
tion of these electrical troubles. 

The advantages of the diesel-electric 
locomotive were so outstanding that 
American railroads eagerly embarked 
on a program of wholesale dieselization. 
The growing fleets of these locomotives 
emphasized the need for educating and 
training electrical personnel to man the 
required maintenance programs. In 
many cases experienced railroad super¬ 
visors found themselves in the same posi¬ 
tion as the men they were supposed to 
direct or teach. Both lacked background 
and experience in electric equipment. 
A further complication was introduced 
by the rapid evolution of the diesel-elec¬ 
tric locomotive. This resulted in a diver¬ 
sity of sizes and types, of varying com¬ 
plexity. 

Such circumstances demanded a train¬ 
ing program of a character and scope far 
exceeding anything then being car¬ 
ried on. The challenge was met and 
steps taken to implement such a program. 
Yet even while it was being set up trains 
moved and the equipment was kept in 
repair—a truly phenomenal job—again 
demonstrating ability of American rail¬ 
roads to rise to the occasion. 

Early Method of Instruction 

The service engineer, trained by the 
locomotive builder, was usually the first 
on the scene to put the locomotive into 
service. The assigned railroad personnel, 
both operators and maintainers, were 
subject to his direct instruction in hand¬ 
ling and servicing the equipment. He 
rode the trains and worked with the men 
at service points until a self-sufficient 
maintenance nucleus was trained and 


functioning. Locomotive riding was dis¬ 
continued as soon as crews were capable 
and outlying maintenance people learned 
routine duties. More time could then 
be spent with the maintainers, especially 
on diagnosis and correction of the elec¬ 
tric control difficulties. Of necessity, 
much of this instruction was “how to do,” 
rather than “why.” The primary objec¬ 
tives were to get the unit going quickly, 
keep it going, and make miles without 
delays. 

Instruction Books 

Instruction books, covering the opera¬ 
tion and maintenance of the equipment, 
have been used since the earliest days. 
They incorporate the best information 
available to the builder at the time of 
publication. Usually these books are 
written for each locomotive design and 
for each piece of new equipment. In 
the course of time a railroad with a diver¬ 
sity of locomotives accumulates a con¬ 
siderable library of builders’ manuals 
and instructions. These are extremely 
valuable in the continued operation and 
proper maintenance of the motive power, 
serving as reference sources for informa¬ 
tion on limits, adjustment data, and so 
forth. 

Field experience, as reported by service 
technicians and investigated by factory 
engineers, dictates periodic revisions of 
the instructions. Hence the distribution 
of instruction books must be known so 
that they can be kept up to date. 

There are two schools of thought re¬ 
garding the use of instruction books on 
railroads. The first favors wide distri¬ 
bution to get the instructions directly 
down to the level where work is done. 
This practice has the advantage of put¬ 
ting a maximum amount of information 
at the disposal of the workmen. A possi¬ 
ble drawback is that, in the pressure of 
work, the men will not find time to study 
the instructions. Moreover, specific in¬ 
structions for a given type of equipment 
may become general practice, even though 
not applicable to other equipment. A 
wide distribution makes it difficult to 
keep the instruction books up to date. 

The other school of thought advocates 
the distribution of a minimum number of 
books to key people only. These persons 
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then have the responsibility of extracting 
and interpreting the instructions in terms 
suitable to govern their local conditions. 
This method gives local supervisors close 
control of maintenance practices. Of 
course there is the possibility that the 
instructions will remain on the office shelf 
and the men at working level be left to 
their own devices. This may result in a 
variety of maintenance practices at dif¬ 
ferent points on the same railroad system. 

Instruction books are most valuable 
for the maintenance of motive power, 
but they are not well adapted for use 
in the education and training of personnel 
new to diesel-electric locomotives. Of 
necessity, the information these books 
contain is largely specific, so that a back¬ 
ground of basic knowledge and training is 
desirable for their proper understanding 
and use. To meet this need other media 
of instruction have been developed. 

Schools 

Schools conducted at the plants of 
locomotive builders are a natural out¬ 
growth of the factory training of service 
engineers. Expert instructors, with a 
factory background and familiarity with 
operating problems, conduct these classes 
on an organized basis. Such schools 
are located at the factory and have 
teaching facilities, such as classroom 
slide and moving picture projectors, 
models, and other demonstration material. 
Conducted tours through the factory 
pennit inspection of the equipment to be 
maintained. Seeing operations performed 
is a valuable aid in effectively clinch¬ 
ing the knowledge gained in the class¬ 
rooms. 

While this orderly education is ex¬ 
tremely valuable, it cannot be used for 
reaching the mass of men engaged in main¬ 
tenance work. The fact that the stu¬ 
dents must be away from their jobs and 
homes makes it expensive. Time limita¬ 
tions require a concentrated presentation 
so that only men who are naturally stu¬ 
dents can absorb the material. A very 
effective use of such schools is for the 
education of key railroad personnel who 
have teaching ability. They, in turn, 
then act as instructors for the men on 
their own properties. 

Schools conducted by the railroads 
themselves are a means of reaching more 
men, particularly those who actually do 
the maintenance work on the locomotives. 
Since such schools are held locally, the 
time element is not as important as 
when they are away from home. The 
classes are shorter, usually not over 2 
hours, instead of 8 hours. They are 


spread over a longer period and only one 
item is handled at a time. The classes 
are usually conducted by a railroad man 
who may have attended a factory school, 
or arrangements may be made to have 
the builder’s instructor do the teaching. 
Such schools bring the teachers to the 
students rather than have the students 
go to the teacher. 

Instruction cars are another effort to 
bring the school to the men. These are 
patterned after the well-known air brake 
instruction cars, which served so well 
to instruct railroad personnel in the spe¬ 
cialized equipment of the air brake. The 
advent of the diesel-electric locomotive 
introduced the widespread use of other 
types of specialized equipments, and the 
railroads were quick to adopt the instruc¬ 
tion car method here also. These cars, 
owned either by the locomotive builders 
or the railroads, all follow a general pat¬ 
tern. About half the car is devoted to 
mechanical equipment. The other half 
is fitted up for electrical instruction. 
Cut-away sections, typical control setups, 
and other visual aids are provided. 

Arrangements are made in advance at 
the various maintenance points to utilize 
this facility effectively. Generally, three 
sessions are held to reach all three work¬ 
ing shifts, for example: 9 to 11 a.m., 

1 to 3 p.m., and 7 to 9 p.m. 

A number of railroads find it advan¬ 
tageous to own their own instruction 
cars. Education and training is a con¬ 
tinuing effort. It must keep pace with 
labor turnover, with the modernization 
of equipment, and with improvements in 
methods. Such a car serves to educate 
personnel, at all the service points on a 
widespread railroad system, in the best 
available maintenance practices. 

Diesel Clubs 

Diesel clubs are a powerful and timely 
influence for the advancement of educa¬ 
tion. They combine the natural inclina¬ 
tion toward social gatherings with shop 
talk. The power of such motivations is 
amazing. It brings men to meetings on 
their own time after a day’s work, re¬ 
gardless of weather to listen to and talk 
shop. Such clubs afford opportunities 
to learn and to exchange experience, and 
are quick to bring results. Points 
picked up at these sessions are soon put 
into practice on the job. 

These clubs enjoy the active co-opera¬ 
tion of the railroads, the builders, and 
the vendors, both in supplying speakers 
and furnishing subject material. This is 
beneficial to all concerned. Active mem¬ 
bership in these clubs tends to be divided 


between workmen and supervisors but 
allows typical American mingling. Pro- 
grams, however, are slanted to suit the 
respective memberships. 

This type of activity is formalized 
in a national body through the Loco¬ 
motive Maintenance Officers Association. 
The electrical aspects of locomotive 
operation are occupying an ever-increas¬ 
ing part of this association’s program 
time and committee work. This tends 
toward a better understanding and spread¬ 
ing of electrical know-how on a nation¬ 
wide basis. 

In addition to the general exchange of 
information by railroad maintenance 
officers, the Association of American 
Railroads, through its electrical section, 
studies and records on its proceedings 
accepted electrical practices. These rec¬ 
ords are an authoritative source of 
valuable information for educational 
programs, and constitute excellent refer¬ 
ence material. 

Magazines and Vendors’ Bulletins 

Trade magazine articles are an impor¬ 
tant educational tool. Publications for¬ 
merly devoted to mechanical subjects 
have definitely recognized the demand 
for electrical subject matter. Some have 
established electrical sections and added 
electrical editors to their staffs. Even 
titles have been changed to better describe 
this broadened scope. Published mate¬ 
rial includes abstracts of meetings, “how 
to do” articles, and valuable hints in the 
form of question and answer columns. 
Staff editors make trips into the field to 
survey trends, problems, and needs. 
They then seek material from authorita¬ 
tive sources along these lines. 

The value of this effort must not be 
underestimated. Interest in such sub¬ 
jects runs high, and each issue of the 
publication is read with interest by sub¬ 
scribers. Also, there are nonsubscribers 
who read office copies, so that the cir¬ 
culation figures for any magazine are 
not a true index of its effectiveness. 
These periodicals, because of the factual 
and authoritative character of their 
material, influence thinldng and mold 
viewpoints on current problems. Cer¬ 
tain articles become available for distri¬ 
bution to interested parties in reprint 
form. These accumulate as reference 
material in notebooks or scrapbooks of 
many individuals. 

Presently the demand is for articles 
dealing with fundamentals and reasons 
for the “how” of electric equipment main¬ 
tenance and operation. The popularity 
and effectiveness of these articles is 
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governed by the simplicity of their ap¬ 
proach. Unfamiliar terminology must 
be avoided and the language kept at 
newspaper level. For example, a tech¬ 
nical paper with its theoretical and mathe¬ 
matical treatment of a subject is worth¬ 
less for this purpose. Its message will be 
lost regardless of its value. 

Bulletins issued by vendors of various 
parts, such as bearings, oil products, 
carbon brushes, and instruments must 
not be overlooked. Their contribution 
to the education of personnel is impor¬ 
tant, and such information should be 
passed on to the men. Some of these 
publications are broad in their scope, 
and others are specific. For example, 
carbon products bulletins may explain 
brush tenninology and show the relation¬ 
ship between brushes and factors affect¬ 
ing commutation. An instrument ven¬ 
dor’s publication may not only explain a 
meter but may also show its value for 
checking insulation or for measuring the 
output of a locomotive power plant. 
Another may dwell only on checking 
viscosity of insulating varnishes or meas¬ 
uring temperatures of ovens. Collec¬ 
tively, these publications make a vast 
fund of specialized knowledge available 
to electrical personnel for application to 
their everyday problems. 

Personal contacts between railroad 
employees and builders’ or vendors’ 
engineers and service people is a special¬ 
ized kind of education. This is often a 
2-way relationship of mutual benefit, 
especially in the study and solution of 
difficulties that may arise. The rail¬ 
road learns about some of the design con¬ 
siderations and thereby gains an inti¬ 
mate understanding of the mechanism. 
The builder in turn, learns about the 
exacting requirements set up by a given 
duty. Hence, intelligent maintenance 
and good product design are both aided. 

Self-Help 

Self-help means are available to all. 
Libraries have books ranging from texts 
on elementary electricity to engineering 
treatises. Larger communities offer night 
classes. Wlierever the mail goes, there 
is opportunity for correspondence courses. 
Many a supervisor and master mechanic 
worked up through the ranks in days of 
the steam locomotive by burning mid¬ 
night oil. The same can be done today 
in the study of electricity. 

Apprentice Programs 

Apprentice systems have long been a 
principal means of training the elec¬ 


trician, machinist, boilermaker, and others 
in the related skills of the huge railroad 
industry. In all probability the emphasis 
in this system will be altered to provide 
for the training of the electrical personnel 
now required in such numbers for main¬ 
tenance of diesel-electric locomotives. 
In the meantime however, the sudden 
swing of the railroads to this new motive 
power has created a demand for men far 
beyond the capacity of the existing elec¬ 
trical apprenticeship programs. The 
problem today is one of retraining men 
experienced along other lines directly 
for these duties, while suitable and ade¬ 
quate programs are being developed. 

Generally, it is the younger men who 
transfer, those who have not yet formed 
attachment to steam. Those among the 
older personnel who transfer are usually 
the ones who were able to foresee the new 
trend or who, because of their key posi¬ 
tions, were urged by management to 
change over and prepare themselves for 
the coming of the new motive power. 
With the decline of steam power, however, 
more older men began to strive for these 
new jobs on the basis of their seniority. 
Depending on local circumstances, they 
sometimes displaced the younger men 
already doing effective work. There is 
the possibility that the full use of ap¬ 
prentice system training in electrical 
maintenance may be delayed until this 
situation is stabilized. 

Service Technicians’ Training 

Locomotive builders anticipated the 
need for trained men in their electrical 
shop crafts. To furnish these, especially 
for their own service shops, they insti¬ 
tuted factory training programs. Likely 
young men who wish to qualify for such 
jobs are enrolled. This is a long-term 
training, with emphasis on developing 
manual skills in all the phases of motor, 
generator, and control construction by 
actually doing the work. In addition 
there is regular class work, homework, 
and a series of inspection tours conducted 
by qualified instructors from both fac¬ 
tory and engineering departments. Upon 
completing his training the graduate is 
ready to take a position in the builder’s 
repair or service shop. Wliile developed 
primarily for training builder’s personnel, 
such a program could be adopted by the 
railroads if it appeared desirable. 

Junior Engineers’ Training 

College graduates are being offered 
opportunities in railroading as never 
before. The technical complexity of 


modern transportation tools demands the 
analytical training and fundamental 
grounding provided by college cun'icu- 
lums for the management of these facil¬ 
ities, The problem here is one of train¬ 
ing an individual, having the necessary 
qualifications, in the ways of railroading, 
as contrasted with the training of a 
railroad man in the fundamentals of the 
equipment. A typical long-range plan 
brings the college man through the 
various departments of the railroad, 
including roadway and track, shops and 
office, on various assignments. This 
permits the man to get the feel of rail¬ 
roading and also allows the railroad to 
measure the man. 

Teaching Techniques and Problems 

Certain circumstances characteristic 
of this field sti'ongly influence the teach¬ 
ing techniques. Education and training 
must be considered separately. Under 
education are grouped those techiiicpies 
having to do with learning by instruc¬ 
tion and study. They include lectures 
and demonstrations by the inslrucLor. 
In training, the student practices what 
he has learned in order to gain the re¬ 
quired skill. 

One problem common to both forms of 
teaching is the matter of interest. 
Any presentation or training program— 
whether it be in class, at a club meeting, 
through casual contact, or by the written 
word-—becomes ineffective unless it holds 
interest. Any technique should be exam¬ 
ined and considered in the light of its 
ability to motivate interest. One of the 
sources of interest is the natural, inherent 
curiosity about a subject connected with 
one’s work. Another is ambition; look¬ 
ing ahead and preparing for the future. 
Still another is the very practical one of 
holding a job right now. The instruc¬ 
tor’s enthusiasm is another stimulus to 
the interest of the class. Indeed, a 
certain amount of showmanship, not 
too unrCvStrained, with .surprises that are 
are later explained, will add to the enthu¬ 
siasm displayed by the students. Differ¬ 
ent types of men will show widely varying 
degrees of interest. Young men, or 
older ones, who see the going of steam 
and are intrigued with the mechanism 
of the diesel-electric accept the change 
and seek every opportunity to perfect 
themselves in the understanding of the 
new motive power. But there arc those 
who through time, have gained position 
and formed attachments to steam power. 

They have preference for steam, so 
that they are not eager to change. 
They must start all over, so they have 
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fears. With, no understanding of elec¬ 
tricity they doubt their ability to learn. 
They may mask these fears with an 
attitude of indifference. The instructor 
should tactfully let them know that he 
understands their position. All these 
factors need to be considered in setting 
up an educational program. 

Where classes are set up on the man's 
own time, they compete with fishing, 
lodge meetings, gardening, and other 
diversions for a share of his interest. 
For these reasons summer classes are 
more difficult than those held in winter. 
To keep a man’s attendance for 2 hours 
a day 5 days a week, for a month is a 
real challenge. The literature and sub¬ 
ject material is issued in small parcels 
at each class session rather than as a 
complete text at the first class. This 
tends to keep the men coming and also 
confines attention to the subject at hand. 
An attendance record of 75 per cent or 
better justifies issuing a diploma. 

An important point is to have no com¬ 
parative examinations or tests. This 
avoids fear on the part of the students 
of being embarrassed by a revelation 
of what they don’t know. It is an im¬ 
portant consideration, especially where 
men and supervisors sit in the same 
classes. The same fear curtails the 
asking of questions and tends to stifle 
the spontaneous conduct of a class. 
It must be remembered that many of 
the men and supervisors are already 
working at the very job they are studying. 
Self-checking and self-scoring systems 
are accepted methods of testing their 
knowledge. These list the questions 
on the subject and the student goes 
through them. Then the instructor 
gives the correct answers and each stu¬ 
dent checks, corrects, and scores his 
own paper. No attempt is made to 
record or disclose the result. Each man 
is on his own. Wherever possible, 
separate classes should be held for work¬ 
men and for supervisors in order to pro¬ 
mote ease and freedom of action. 

The Instructor’s Approach 

The class sessions should be kept short 
and only one topic should be studied at 
a time. The level of understanding 
must be considered in the teaching ap¬ 
proach. The instructor must begin where 
the students are. He must be certain 
that his class understands him and that 
they are following him as he goes. One 
quick unfamiliar term or phrase, and the 
class is lost. The explanations must fit 
the student’s thinking and provoke his 
thought process. A feeling of confi¬ 


dence must prevail between instructor 
and student. This should be based, 
not on what the instructor knows, but 
rather on the ability of the student to 
understand and accept facts on his own 
as right and reasonable. 

Words are the means by which thought 
flows from instructor to student. Hence 
they should be chosen with the utmost 
care. The words used must suit the 
audience for which they are intended. 
This is true for the spoken^ as well as 
the written^ message. For example, 
there is the everyday street level, news¬ 
paper kind of language generally under¬ 
stood by all. Next is shop talk, which is 
complicated only by the names of parts, 
tools, materials, or processes peculiar to a 
certain trade, and easily understood by 
those familiar with that activity. Fin¬ 
ally there is the professional language 
based on terms and laws of highly de¬ 
veloped and specialized activities, such as 
^ medicine, chemistry, and engineering. 
A background of specialized training is 
necessary to follow the thought and 
absorb the ideas expressed in such terms, 
and even then it often can be done only 
by careful study and reference. A prac¬ 
tical recognition of these three language 
levels is most important. Articles, in¬ 
struction books, and talks must be 
worded for the level at which they will 
be used if their message is to be under¬ 
stood. 

Subject Matter and Procedure 

Differences in the character of the 
subject matter are also important. There 
is a distinction between “how’ ’ and ‘ ‘why. 

It is one thing to show a man how to do 
something and another to tell him why 
it is done. Both are necessary; but 
in teaching electricity, emphasis should 
be on the why. This is the same in any 
given instance, whereas the how can be 
varied to suit the situation. Knowing 
the reason for a procedure fixes it more 
firmly in mind and makes it easy to 
devise methods to suit a given situation. 
A man who knows the why acts logical^ 
and intelligently when confronted with a 
new problem. He can figure it out him¬ 
self. 

In teacihing tlie approach to any com¬ 
plex problem, circuit analysis, or chain 
of events, the instructor should show how 
it can be reduced to simple, easily under¬ 
stood parts. He should compare un¬ 
familiar phenomena to something the 
students understand by using analogies. 
Many electrical concepts have an equiva¬ 
lent physical analogy which should be 
drawn upon. For instance the flow of 
current in the electric circuit can be 


likened to the flow of water in a closed 
hydraulic system. The idea of no flow 
without a circuit must be driven home. 
Show that what goes out into a circuit 
must also come back before the machines 
will start. Flow in various types of 
circuits—series, parallel, and their com¬ 
binations—should be studied. The ob¬ 
ject of such instruction is to build famil¬ 
iarity with the tracing of circuits. Once 
this is established wiring diagrams with 
their terminology can be considered. 

After the preliminary steps have been 
completed, emphasis should be laid on 
control. Both control circuits and con¬ 
trol mechanisms should be studied, since 
practically all trouble shooting is done 
through these channels. One training 
method is to introduce faults in a circuit 
and have class members locate and cor¬ 
rect them. The subject of electric rotat¬ 
ing machinery should come last. Motors 
and generators may be shown to be 
identical machines. Emphasizing their 
similarity and the purely mechanical 
nature of much of their maintenance 
will dispel many misgivings in the minds 
of students. 

Electrical terms can also be correlated 
with familiar concepts; volts as equiva¬ 
lent to water pressure, amperes as volume 
of water flow, and resistance as the op¬ 
position to flow resulting from the size 
of a pipe and the condition of its interior 
surface. Insulation may be pictured as 
confining electricity to a circuit as pipes 
confine water or steam. 

An important factor to take into ac¬ 
count at the outset is the natural fear 
of electricity. A student may master 
all the fundamentals in the classroom, 
and yet hesitate to apply them when con¬ 
fronted with the equipment. This cau¬ 
tion should be respected and can even 
be used to advantage in teaching good 
safety practices. The students should be 
taught precautions against establishing 
circuits through the body, such as working 
with one hand, the use of insulated rods, 
and the wearing of gloves. They should 
also be taught to make an electric cir¬ 
cuit harmless by removing fuses, open¬ 
ing switches, or shutting down equip¬ 
ment whenever possible. But the final 
step will be taken only when confideijce 
is established within the man himself. 
The quickest way to bring this about is 
by practice. Show him how, and then 
have him practice until all uncertainty 
leaves. Training in classes must be 
watched to insure that all members 
benefit as much as possible. In almost 
every group there will be those who know 
and have confidence and are eager to 
demonstrate. They will push forward 
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while the others seek the rear and look 
on. This situation can be remedied by 
calling on all individuals to participate. 

Phases of Education 

The education and training of these 
men goes through three distinct phases. 
The first is operation: how to start, stop, 
and control the locomotive; and the 
simple theory of its operation. The 
second is running maintenance: what to 
do to keep the equipment in running 
order; how to locate, trace, and correct 
trouble. Here the reasons behind main¬ 
tenance procedures can be given in as 
much detail as seems desirable. The 
third phase is overhaul, reconditioning, 
and repair: how to rebuild the equip¬ 
ment. Again, reasons for recommended 
procedures may be discussed. 


Generally, electrical personnel comes 
either from the mechanical ranks or from 
among men who have acquired a good 
mechanical understanding in the process 
of their work. Such a familiarity with 
the mechanical end of the locomotive is 
essential for a proper performance of 
the electrical work. Jobs of this type 
call for men of high ability with a wide 
scope of understanding and analytical 
powers. Because of this the instructor 
finds the majority of the students more 
than ready to meet him half way. 

A Sound Investment 

Many railroads already have become 
aware that providing able instructors, 
good teaching and training aids, and 
suitable classrooms is a wise policy. 
Trained men bring results in terms of 

No Discussion 


lower maintenance costs and improved 
reliability of equipment. This, in turn, 
is reflected in the better service so essen¬ 
tial to the railroads in their tremendous 
task of furnishing transportation on a 
competitive basis. 

No business is better than the men who 
give it life; their abilities and attitudes 
make it what it is. Track can be laid; 
locomotives can be built; but men must 
be trained if this multibillion dollar 
railroad investment is to continue to 
produce the life blood of our economy— 
efficient transportation. 
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Synopsis: The presence of coulomb friction 
in servomechanisms often results in un¬ 
desirable effects, such as an operating dead- 
zone, low-frequency wander, and poor 
dynamic performance for low level signals. 
Methods of compensation for these adverse 
effects are discussed and a specific example 
is presented. Also, a general procedure, 
using frequency-response techniques, is out¬ 
lined for the synthesis of compensation in 
systems affected by coulomb friction. The 
methods employed are based on the recog¬ 
nition that coulomb friction in a control 
device has a describing function which 
reduces gain and introduces phase lag. The 
describing function is determined by both 
the amplitude and the frequency of the 
input signal to the device. 

T he technique of extending the con¬ 
ventional frequency response method 
to control systems containing non¬ 
linear elements is described in the Htera- 
ture,^"”^ This paper discusses a proce¬ 
dure for applying the technique to systems 
affected by the presence of coulomb 
friction. The validity of the procedure is 
confirmed by analogue computer studies. 
The simplicity of the procedure is illus¬ 
trated by its application to an analysis 
of the effect of coulomb friction on the 


performance of the Massachusetts Insti¬ 
tute of Technology (MIT) numerically 
controlled milling machine.^ 

The effect of coulomb friction is ob¬ 
served as a force opposing motion of a 
controlled • member. With the member 
at rest the stiction coulomb friction force 
is equal in magnitude and in opposition 
to the driving force. With the member 
in motion the sliding coulomb friction 
force is constant in magnitude, but its 
direction is dependent on the sense of the 
velocity, since the force always opposes 
motion. The coulomb friction force is 

-aC<Fp(t)<aC forX(/)=0 (IB) 

where 

ratio of stiction to sliding coulomb 
friction force 

magnitude of sliding coulomb force 
X(0 = relative velocity of the engaged 
members 

The general approach to nonlinear 
systems by the frequency response 
method is to divide the components of the 


system into those components which 
are linear and frequency-variant and 
those which are nonlinear and amplitude- 
variant. The describing function of a 
nonlinear component is the ratio of the 
output signal to the input .signal where a 
sinusoidal input signal is considered 
and where only the fundamental hannonic 
component of the output is taken into 
account. The describing function thus 
obtained will depend upon the input 
signal amplitude. 

Nomenclature 

a = dimensionless coulomb friction forces 
^ ^f/C 

B = dimensionless vector position of engaged 
member— (XiT)/C 
IB| magnitude of the vector B 
B=vector velocity =joiB 
|B| — magnitude of the vector JcoB 

magnitude of the sliding coulomb fric¬ 
tion force 

D—viscous damping 

F 2 f-(^) = coulomb friction force as a function 
of time 
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Fjp — coulomb friction force vector 
iT —s yste m gain or stiffness 
j^V-i 
iW—mass 

u — dimensionless angular frequency — co/co^ 
X(f)= relative position as a function of time 
relative velocity as a function of time 
Xsss relative position vector 
Xj 5= magnitude of tbe vector X 
IX relative velocity vector 
lX| == magnitude of the vector X 
Ck:== ratio of stiction to sliding coulomb fric¬ 
tion force 

r = time constant associated with MIT 
milling machine 
CO = angular frequency = 2 x/ 
coa = undamped natural angular frequency == 

Vk/M _ 

5* = damping ratio ==Z)/(2ViiCilf) 

According to equpaon 1 the nonlinear 
coulomb friction force is a function of the 
velocity X. When a sinusoidal variation 
of velocity is assumed, the form of the 
coulomb friction force function, plotted 
against time, is a square wave of ampli¬ 
tude C. The fundamental harmonic 
component of this force function is a 
sinusoidal wave of amplitude 4:0/t. 
The fundamental harmonic component 
of the coulomb friction force output is in 
phase with the velocity. The describing 
function obtained by considering only 
the fundamental component of the output 
is shown in Figure 1. 

The conventional experimental tests 
for obtaining linear frequency response 
are modified for systems affected by 
coulomb friction. In contrast to con¬ 
ventional tests the input s 3 nichro is 
driven at a constant velocity as shown in 
Figure 2. The advantage of this 
method is that the output is constantly 
in motion, the coulomb force is constant, 
and the nonlinearity does not affect the 
sinusoidal response. 

Comparison of Results for 
Idealized Control System 

A control system is studied which is 
characterized by the relation 

(Xin-Xo«t)iC-(lf + 5)Xout+Fir (2) 

in which the mass M and the viscous 
damping D are negligible and the only 
significant parameters are the gain K 
and the coulomb force Fj?. The mechani¬ 
cal analogue of such a system is shown in 
Figure 3. For a sinusoidal input varia¬ 
tion the wave form of the output is deter¬ 
mined by the input amplitude. Figure 4 
illustrates the wave forms of Xjn, Xout) 


Fp(ja;) 


INPUT SYNCHRO DRIVEN AT 
A CONSTANT VELOCITY , ©lCJEST) 


FUNDAMENTAL OF 
COULOMB FORCE 

Figure 1 (above). De¬ 
scribing function of an 
element subjected to 
coulomb friction 

Figure 2 (right). Closed- 
loop frequency response 
testing of a servo¬ 
mechanism with cou¬ 
lomb friction 



k GoCTEST) eCTEST)| 

S 


OUTPUT 

SYNCHRO 



and Fp for two different amplitudes of 
Xin, and for an assumed ratio of stiction 
to sliding coulomb friction force of 1.3 
(a = 1.3). If the peak amplitude of Xu 
is less than 1.15 C/K, the output does not 
move and the coulomb friction force 
varies sinusoidally. If the peak ampli¬ 
tude of Xm is greater than 1.15 C/K, the 
output remains stationary until 
(Xin~'Xout) = 1.3 C/K; then the output 
suddenly moves a distance 0.3 C/K and 
continues to follow, but lags the input 
until (Xin-Xout) 

A describing function, Xout/Xin, is 
obtained as a function of the amplitude 
of Xin (considering only the fundamental 
component of Xout in Figure 4) by con¬ 
ventional Fourier series analysis. Polar 
plots of this describing function are pre¬ 
sented in Figure 5 for ratios of stiction 
to coulomb-friction force of 1.3 and 2.0. 
The plots are given as a function of 
Xoutli ^/C for convenience. 

An approximate describing function 
Xout/Xin can be obtained more simply by 
making the approximations outlined 
previously; these resulted in the describ¬ 
ing function shown in Figure 1. 

From Figure 1 and equation 2, with 
0 and D — 0 

(Xin-Xo.t)=-PF/K = ^/~ (3) 

xiClAoutl 

Equation 3 in phasor-form is 


Xin 


■(Xout)=- 


1 +- 


j4C 

■K\Xo^ 


(4) 


tion 3, however, the signal Xout is differ¬ 
entiated to form Xoutj which, in turn, 
generates the coulomb force. Despite 
the lack of low-pass filtering, the approxi¬ 
mate curve of Figure 5 agrees qualita¬ 
tively with the more exact curves. 
When physical systems are used in which 
mass and damping are not negligible, 
the higher harmonics of coulomb force 
are attenuated and the approximation of 
considering only the fundamental attains 
greater validity. 

The determination of the describing 
function from equation 2 when the mass 
and damping are not negligible is greatly 
facilitated by using an analogue com¬ 
puter. 

Analogue Computer Studies 

To investigate further the validity of 
the approximation of Figure 1, an analogue 
computer was constructed to represent 
equation 2 when mass and viscous damp¬ 
ing are not negligible. Equation 2 may 
be made dimensionless for computer 
representation. 

(Bin—Bout) =( (^) 

where 

Bin = A-Xin/C 
Bout = KXoxit/0 
CO/can 

^=D!2\^KM 

and for a stiction to sliding coulomb force 
ratio of 1.3 


A polar plot of this describing function 
also presented in Figure 5. The locus 
of the describing function of equation 4 
is a semicircle. 

The approximation of considering only 
the fundamental component of a non¬ 
linear output is valid, if this output is 
subject to low-pass filtering. In equa- 


-1.3<a<1.3 for Bout = 0 

(a will have whatever value within this range 

is necessary to maintain Bout===0) 

a = Bout/|Bou<; I for Bout 

A block diagram layout of the computer 
is shown in Figure 6. 

The nonlinear function is generated 


Figures. Mechanical analogue of 
a basic servomechanism with cou¬ 
lomb friction 
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by feeding the velocity signal through a 
high gain amplifier and limiting the ampli¬ 
fier output with an ordinary neon tube. 
The neon tube simulates the stiction to 
sliding friction effect, since the firing 
voltage is greater than the conducting 
voltage. The tube used in the analogue 
has a ratio of firing voltage to conducting 
voltage of 1.3. The describing function 
Bout/Bin for a sinusoidal input is ob¬ 
tained by considering only the funda¬ 
mental harmonic component of Bout. 

The calculated transfer function 
Bout/Bin, using the approximation of 
Figure 1, is 


Tabic I. Comparison of Observed and Calculated Wander on the Milling Machine 


Orifice Size, 


Frequency of Wander in 
Radians Per Second 

Peak-to-Peak Amplitude of 
Wander in 0.0001 Inch 

in Inches 

Gain 

Observed 

Calculated 

Observed 

Calculated 



Original Thrust-Bearing Plate 



0.030. 

.6.85. 

.12.5. 

.12.5. 

.35.0. 

.35.0 

0.030. 

.2.75. 

. 5.5. 

. 8.0. 

.42.0. 

.45.0 

0.016. 

.7.00. 

. 5.5. 

. 7.0. 

......15.0. 

.15.0 

0.016. 

.4.50. 

. 1.7. 

. 5.5. 

.17.0. 

.20.0 



Modified Thrust-Bearing Plate 



0.016. 

.7.00. 

. 5.0. 

.7.0. 

. 3.0. 

.4.0 


Bout/Bia—-- (5) 

TT 

|BoUtj 

The describing function of equation 6 
is a function of the frequency and ampli¬ 
tude of signal. A plot of this function 
in the complex plane requires a family of 
loci. The describing function is con¬ 
veniently calculated for various values of 
Bout, and u. These values of Bout, 
and u were also represented by means of 
the computer, and a comparison of cal¬ 
culated and measured transfer functions 
was made. Comparisons were made for 
11 = 0.05, 0,1, 0.5, and 1.0 at ^=0.25 and 
f=1.0, for several values of Bout. The 
results obtained from tliis comparison 
validates the approximation, shown in 
Figure 1, of considering only the funda¬ 
mental harmonic component of the non¬ 
linear output. In general, the com¬ 
puted and observed phase angles of the 
transfer function agreed within 10 degrees 
and the magnitudes of the transfer func¬ 
tion within 15 per cent. Some of the 
error in comparison must also be attrib¬ 
uted to experimental deviations and not 
to the approximation of Figure 1. 


Application of Procedure to Analysis 
of Effect of Coulomb Friction on 
Performance of MIT Numerically 
Controlled Milling Machine 

The machine-drive system of the MIT* 
numerically controlled milling machine^ 
consists of three separate servomecha¬ 
nisms, one for each degree of motion of the 
machine. All tliree motions of tlie ma¬ 
chine are similarly driven, hence a de¬ 
scription of the cross-slide servomecha¬ 
nism will suffice to illustrate the procedure. 
The principal element of the servo¬ 
mechanism is an electi'ically controlled 
variable-speed hydraulic transmission 
which drives the cross slide through a lead 
screw and an antibacklash nut. To ob¬ 
tain cross-slide position feedback, a 
standard synchro receiver is coupled to 
the cross slide through a precision rack 
and gear train, which cause one degree 
of rotation of the synchro shaft for each 
0.0005 inch of cross-slide travel. The 
error signal obtained by comparing the 
synchro receiver and transmitter signals 
is amplified and drives an a-c torque 
motor. The torque motor strokes a 
hydraulic amplifier which in turn strokes 


the hydraulic transmission. Compensa¬ 
tion is introduced in the control system 
by a spring-dashpot feedback on the hy¬ 
draulic amplifier. 

The cross slide was observed to wander 
at a low frequency with no command sig¬ 
nal; this was attributed to coulomb 
friction. The frequency of the wander 
could be varied from •! to 12 radians per 
second and the amplitude from 0.001 to 
0.004 inch peak-to-peak by adjusting 
the amplifier gain and the orifice size of 
the dashpot feedback of the hydraulic 
amplifier. Using the procedure outlined 
in this paper, it is possible to predict 
quantitatively the amplitude and fre¬ 
quency of the wander for variations in 
the conditions listed here. 

Referring to Figure 3, it is possible to 
explain qualitatively the wander caused 
by coulomb friction. The spring shown 
represents the effect of the torsional and 
compressional resilience of the lead 
screw, the deflection of the lead-screw 
thrust-bearing plate, and the torsional 
deflection of the power-drive gears. 
A positional error causes the hydraulic 
motor to rotate, compressing the spring 
until the level of coulomb force is at¬ 
tained; the cross slide will then move 




Figure 4 (left). 
Wave forms of 
input,ouiput,and 
coulomb force 


Figure 5 (right). 
Polar locus of 

Xout . 

— as a function 

Xin 

ofXoutK/C 


and overshoot the desired position. The 
spring is then released and put in tension 
in order to move the cross slide in the 
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COULOMB FRICTION 



Fisurc 6 (above). Block diagram of analogue computer representing equation 5 

Figure 8 (right). Determining points of milling machine instability from inter- 
section of 1 /G-i and G 2 


S|“ K«(Tjw+l) 


Opposite direction. This process is re¬ 
peated as a periodic function of time. 

The motion of the cross slide is de¬ 
scribed by 

(Xfl-Xout)-K: = (-^ s)Xout+I’j? (^) 

where 

Xa = the angular position of the hydraulic 
motor referred to the cross slide 
Xout = the cross-slide position 
K = the spring effect 
M = the mass of the cross slide 
D = the viscous damping 
F — the coulomb force 

Dividing the equation by K results in 

(Xa-X„ut) =( JW-K s^+D/K s)Xoni+ FrZ-S-' 

( 8 ) 

where M/K and D/K are neglected since 
the spring is extremely stiff, and the 
frerprencies of interest in the analysis 
axe low. In addition, the feedback effect 
of Fj? on leakage and compression in the 
hydrauUc transmission is neglected since 
the transmission is designed for forces well 
in excess of the conlomb friction level. 
However, the application of the procedure 
outlined in this paper for analyzing the 
effects of coulomb friction is not limited 
to systems where these assumptions may 
be made. 

The linear and nonlinear components 
axe separated as shown in Figure 7 by 
applying the describing function of Figure 
1 . The linear transfer function is appli¬ 
cable for the frequencies of interest and 
was obtained from component analysis 
and checked by experimental frequency 



180 


response. The gain Ka varies directly 
with the amplifier gain, and directly with 
the area of the orifice in the feedback 
dashpot of the hydraulic amplifier. The 
time constant r varies inversely with tlie 
area of the orifice. The response func- 
tion 


Xout _ G 1 G 2 
^”’l-hGlG2 


(9) 


where 


Giijco) = 
G"2|®ontj “ 

Xout ” 1 


K gjcOT-j-l 

w 
1 


!+• 




TrlBoutl 


XBout 

The system is unstable when 6 ^ 16^2 == — 1 
or when —(j 2 = 1 /G'i- The locus of \/Gi 
is plotted as a function of (jco) and -G^ 
as a function of iBoutl- The intersection 
of these two loci indicate instability at 
the frequency of \/G\ and the ampli¬ 
tude of — 6 ^ 2 . 

Figure 8 shows these loci. From them 
the following conclusions may be drawn: 

1. Since the amplitude of 1/Gi varies in¬ 
versely with gain, an increase in gain moves 
the intersection point to a new position 
corresponding to a higher frequency and 
lower amplitude of wander. 

2. Increasing the orifice size displaces the 
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Figure 7. Milling machine block diagram for investigation of wander 
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-l/Gi locus to the left, resulting in a new 
intersection point corresponding to a higher 
frequency and greater amplitude of wander. 

3, The intersection point is expressed in 
terms of the dimensionless displacement 
Boufc. The frequency of wander is thus in¬ 
dependent of the magnitude of friction force 
and spring stiffness; however, the dimen¬ 
sional amplitude of wander varies directly 
with friction force and inversely with spring 
stiffness. 

Quantitative data are obtained by 
assigning appropriate values of Ka and r 
for the linear transfer function. It was 
determined experimentally that the most 
effective spring action in cross-slide 
motion was the deflection of the lead- 
screw thrust-bearing plate. This plate 
was 2 inches thick over a short span, and 
was bolted to the frame of the milling 
machine with four 1 -inch bolts. De¬ 
spite its construction, the deflection of 
this plate was 0.005 inch peak-to-peak 
as the cross slide wandered. The value 
of C/K used in the calculations was 
0.005 inch. 

Table I presents a comparison of actual 
observed wander and calculated instabil¬ 
ity from the intersection of the loci with 
the original tlrrust-bearing plate, and 
with a modified thrust-bearing plate. 
The calculated and observed data 
comparable except at low frequencies. 
The actual wander for this condition was 
very erratic and at times the cross slide 
was stationary. It is observed that, 
at low frequencies, neglecting all com¬ 
ponents of nonlinear output except the 
fundamental leads to poor correlation. 

General Discussion of Applying 
the Procedure 

The effects of coulomb friction may bs 
summarized as a reduction in loop gaia 
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and the introduction of phase lag for 
low amplitude signals. The result of 
these effects upon the over-all perform¬ 
ance depends upon the linear elements 
of the system. Coulomb friction causes 
an operational dead band in systems 
where torque is generated by error. This 
dead band may be narrowed by increas¬ 
ing the over-all stiffness of the system. For 
example, in a systen in which error gener¬ 
ates rate of change of torque there will 
be no dead band due to coulomb friction; 
however, in other systems, such as the 
milling machine, an undesirable wander 
may result. Increasing the stiffness of 
the system short of an infinite torque 
constant may lead to wander at the low 
frequencies of the lag network. The 
phase lag of the network, cascaded with 
that due to coulomb friction, may result 
in low-amplitude low-frequency wander. 

Dynamically, the effects of coulomb 
friction will be more pronounced for low- 
level signals. The resulting reduction 
of gain and phase lag at these signal 
levels results in slower response and less 
dynamic stability. These results may 
be partially offset by appropriately add¬ 
ing phase lead. 

There is no general panacea for coulomb 
friction; however, the procedure of this 
paper does permit investigation of com¬ 
pensation and design modifications to 
improve the performance of a specific 
system. The algebraic form of the non¬ 
linear-describing function makes it pos¬ 
sible to manipulate with ordinary block- 
diagram algebra. 


Discussion 

M. R, Aaron (Bell Telephone Laboratories, 
Murray Hill, N. J.): Mr. Haas has de¬ 
veloped a useful procedure for determining 
the effects of coulomb friction on the per¬ 
formance of feedback-control systems. The 
purpose of this discussion is to point out an 
alternate approach to the problem which 
yields results identical with those of the 
author. 

Jacobsen^ in 1930 suggested a procedure 
for simplifying the analysis of the forced 
vibration of a single degree-of-freedom 
system subject to friction other than viscous 
friction. The basic simplification arises 
from the introduction of the concept of an 
equivalent viscous-damping coefficient de¬ 
termined from the criterion of equivalent 
dissipative work done during 1 cycle of the 
output. 

For the case of coulomb friction (ampli¬ 
tude dbC) 

/'"(“) (1) 

J^ip) dx 


The mode of applying the procedure 
will depend upon the system to be 
analyzed. However, the most general 
synthesis problem this author can con¬ 
ceive of is the synthesis of a nonlinear 
compensation for a system adversely 
affected by the presence of coulomb fric¬ 
tion. It is felt that the ideal manner 
of compensating for nonlinearity is the 
employing of nonlinear compensation. 

A general procedure for synthesizing 
nonlinear compensation is as follows: 

1. The linear block diagram for the system 
to be investigated is derived either experi¬ 
mentally or analytically, 

2. The block to represent coulomb friction 
force, shown in Figure 1, is inserted in the 
appropriate manner. 

3. The system transfer function C/E is 
obtained by block diagram algebra, or by 
solution of simultaneous equations. This 
transfer function is a function of amplitude 
of signal and frequency. (See, for example, 
equation 6 .) 

4. The describing function of the non¬ 
linear compensation to be synthesized is G^, 
The modified transfer function of the system 
is now Gi (the original transfer function) 
times Gi (the describing function of the non¬ 
linear compensation). 

5 . The function l/Gi is plotted in the com¬ 
plex plane as a family of loci. Each locus 
is plotted as a function of frequency for a 
constant magnitude of error signal. It may 
be necessary to initially prepare a family of 
loci in which each locus is plotted as a func¬ 
tion of amplitude of error for a constant 
frequency. 

6 . A specific point on the — G 2 locus repre¬ 
sents a specific amplitude of error signal. 
This point will also'be the (—l-pyO) point 


for the 1 /G\ locus plotted for the same am¬ 
plitude of error. This — G 2 locus should be 
shaped to obtain the desired peak value of 
magnitude \M\, the system response func¬ 
tion, for all operating amplitudes of error 
signal by the conventional method. In 
other words, the — 6^2 locus should act to 
make the family of l/Gi loci a single locus 
of desired shape by shifting the ( —l-K/O) 
point for various amplitudes of signal. The 
analytical process of shaping the desired 
— G 2 locus is straightforward and not par¬ 
ticularly laborious. Synthesizing a non- 
linear-compensation system which will ap¬ 
proximate this locus may be fairly difficult. 

Conclusions 

The procedure outlined may be used 
to synthesize or analyze systems sub¬ 
jected to coulomb friction effects. The 
use of an algebraic nonlinear-describing 
function provides an expedient means 
for investigating such nonlinear phe¬ 
nomena. 
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where C« is the equivalent viscous damping 
coefficient. If it is further assumed that the 
output wave form remains essentially sinu¬ 
soidal, and of the same frequency as the 
input despite the existence of coulomb 
friction, then 


Aout — IXoutj cos cat 


( 2 ) 


Substituting equation 2 in equation 1 and 
integrating yields 


4C 

TTwjXouti 


(3) 


It can be seen that the expression for the 
equivalent viscous-damping coefficient given 
in equation 3 of my discussion, when multi¬ 
plied by Xout, yields the author’s symbol Fjr. 
for sinusoidal inputs. In addition, the use 
of this equivalent coefficient for the system 
of Figure 3 of the paper results in the trans¬ 
fer function which is given by equation 6 of 
the paper. 

The transfer function just referred to is re¬ 
written in equations 4 and 5 of my discus¬ 
sion to obtain information about the ampli¬ 
tude and phase of the output relative to the 
input 



{[‘-(ijSj)’}'- 

. . - / 4C 


i)j+ 




„ / 4C« \ 


(l-«2)2 + 4J-2a2 




—lau”‘ 


4 C_ |Bi„| 

IBout j 


(4) 

( 5 ) 


where Xin is the amplitude of the input 
sinusoid (which can be assumed units, for 
convenience), and <p is the phase angle of the 
output relative to the input. 

Equation 4 is plotted in Figure 1 of the 
discussion for the case where ^' = 0 . 6 , and 


- — • 7 —.j == 0 and 0.4 respectively. It should 

•AlXjnl ,^|v' 

be emphasized that the following assump¬ 
tions have been made: the output is essen¬ 
tially sinusoidal, and of the same frequency 
as the input; the ratio of stiction to cou¬ 
lomb friction is unity. In other words, the 
boundary conditions are such that np stop 
motion occurs, and the coulomb friction a 
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Figure 1, Amplitude ratio with coulomb and viscous damping 

[]] Measured on analogue computer X Computed/ Den Hartog 


1.6 l.ft 


Computed/ Jacobsen 


2,0 



stop occurs per half cycle. The equations 


square wave. Stop motion occurs when the 
mass comes to a dead stop over a portion 
of each half cycle of the output. During 
the stop interval, the coulomb friction force 


may have any value between zhC. ^ 

Den Hartog2»3 has solved the problem of 
the forced vibrations of the system of 
Figure 3 of the paper exactly for the case 


that result from this analysis are quite 
complicated and are not reproduced here; 
however, points computed from Den Har- 
tog’s equation for output amplitude over 
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Figure 3. Motion 
for Mx+Dx+Kx = 



for ±9^0 


— C<Fp<C iorx—Q 

Then as long as x and hence Fp do not 
change sign, equation 1 of my discussion 
may be modified to 

Mz-\~Dz-\-Kz=:Q (2) 


where 


z~x—Fp/K 


input amplitude, for sinusoidal motion with 
no stops, and ^ = 0.5, C/(JClXin|) = 0,4 are 
plotted in Figure 1 of the discussion. In 
addition, Den Hartog has determined con¬ 
ditions for the occurrence of stops. This 
analysis results in the boundary curve of 
Figure 1 of the discussion, which defines the 
region of validity for the use of the equation 
mentioned. 

Approximately 2 years ago, I was inter¬ 
ested in investigating the effects of coulomb 
friction on feedback-control systems by 
using the methods described in the fore¬ 
going. At that time an analogue computer 
of the Philbrick type was used to obtain 
experimental data to verify the approxi¬ 
mate analysis of Jacobsen. A configuration 
similar to that of Figure 6 of the paper was 
used where the peak amplitude of the out¬ 
put, input, and voltage representing cou- 
loml3 friction were measured for several 
input frequencies and damping coefficients. 

Measured points for the case where 
^ = 0.5, and C/(ii"|Xin|) = 0.4 are plotted in 
Figure 1 of the discussion. The agree¬ 
ment between the measured characteristic 
and the calculation based on the approxi¬ 
mation of Jacobsen and the work of Den 
Hartog agree within better than 10 per cent 
over the region ti = 0.8 to w==1.8. The 
output wave forms for three different values 
of u are shown in Figure 2 of the discussion. 
For 2 i = 1.0 and 1.2 the outputs are essen¬ 
tially sinusoidal as expected, while for 
tt^OA the phenomenon of stop motion is 
depicted. 

It can be concluded for the system of 
Figure 3 of the paper and its equivalents 
that for the region where no stop motion 
occurs, the effect of coulomb friction is to 
reduce the output-to-input-amplitude ratio 
as ill equation 4 of the discussion, with an 
attendant increase in phase shift below 
« = 1.0 and an attendant decrease in phase 
shift above u^l.O. In addition to the 
points emphasized in this discussion, other 


useful information about the effects of 
coulomb friction, damping proportional to 
the nth power of velocity, and mixed damp¬ 
ing in feedback control systems can be 
obtained from a study of the papers of 
Den Hartog, Jacobsen, and others listed in 
the references. 

References 

1. Steady Forced Vibrations as Influenced 
BY Damping, L. S. Jacobsen. Paper AMPS3-9, 
Transactions, The American Society of Mechanical 
Engineers (New York, N. Y.), 1930. 

2. Forced Vibrations with Combined Viscous 
AND Coulomb Damping, J. P. Den Hartog. Philo- 
sophical Magazine (London, England), May 1930, 

3. Forced Vibrations with Combined Coulomb 
AND Viscous Damping, J. P. Den Hartog. Paper 
AMPS3-9, Transactions, The American Society of 
Mechanical Engineers (New York, N. Y.), 1931. 

4. The Effect of Coulomb Friction on the 
Performance of Servomechanisms, G. D. 
McCann, F. C. Lindvall, C. H. Wilts. AIEE 
Transactions, volume 67, iiart I, 1948, pages 540-46. 

5. Measuring the Coulomb and Viscous Com¬ 
ponents OF Friction, C. Kennedy. Instruments 
(Pittsburgh, Pa.), volume 15, October 1942. 

6. Vibrations Damped by Solid Friction, 
S. Thomas. Philosophical Magazine (London, 
England), March 1930. 

7. The Effects op Backlash and Speed De¬ 
pendent Friction on the Stability op Closed 
Cycle Control Systems, A, Tustin. Journal, 
Institution of Electrical Engineers (London, Eng¬ 
land), 94, part IIA, number 1, pages 143-51. 


Morris Rubinoff (University of Pennsyl¬ 
vania, Philadelphia, Pa.): It may be inter¬ 
esting to consider the effect of coulomb 
friction directly from the differential equa¬ 
tion. As a simple preliminary example con¬ 
sider damped oscillatory motion in the pres¬ 
ence’ of coulomb friction, but ignoring 
stiction 

il//x-hZ)xH”JCx = F^ (1) 

where 


Equation 2 of my discussion has the 
familiar solution 

z = z(0)e~“^cos cat (3) 

where we assume, without loss of generality, 
that initially the mass M is at rest and 
maximally displaced upward. In this case 
Fp—A-C and z — %—C/K. Clearly M will 
move down for almost a half cycle 
to an amplitude of approximately s(0 )e 
below s = 0, that is, below x — C/K, The 
path is shown as FQ in Figure 3 of the dis¬ 
cussion. 

At Q, the motion and Fp reverse direction. 
Nevertheless equation 3 of my discussion 
still holds. M moves up for almost a half 
cycle with approximately the same frac¬ 
tional loss in amplitude when it reaches R. 
But in this case the amplitude R is meas¬ 
ured from X — — C/K; in other words, there 
is a frictional amplitude loss of Ax: —4 C/AT 
per cycle. 

Since R in Figure 3 of the discussion lies 
between AzCjK, M stops at R. The fre¬ 
quency spectrum of the motion may be ob¬ 
tained by Fourier transform, the integral 
being evaluated piecewise. Flowever, it is 
clear that there will be a large component 
of angular frequency w, where 

2 -:^ 

" ~ M~ 

The method is easily extended to the 
control system characterized by equation 2 
of the paper. The equation may be re¬ 
written, ignoring only damping (not mass, 
as in the paper) and using x for Xout, y for 

Xiu 

Afx-fATx^Xy-l-F^ (4) 

where stiction is included through the 
author’s relation 

— aC<Fp<aC for5C = 0 (5) 
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As before the substitution z=:X—Fjp/Z 
yields the single equation 

dfzd-iCx = A:y for z7^0 

;2==0 for i: = OaslongasA:ly-xl<aC (6) 

If we assume the sinusoidal driving force 
A sin cot, the solution of equation 6 of 
my discussion W'hen is 

A sin cot 

z—a sin coiit+b cos mt'-i-' ;; z 

l-“(co/wo)2 

where K^Mo}q^ defines cuo- For coq^co, as 
assumed by the author, the coefficients a 
and b obey the following initial conditions 
at each change of direction of motion 

a cos cooT-'bsin ooqT »0 

a sin woF-h&cos woT'+.d sin (8) 

and hence 

s = [s( r) ” vl sin ooT] cos r)H“A sin (at 

(7A) 

Equation 6 of my discussion specifies that 
no motion occurs until the net force over¬ 
comes stiction, at which time K\A sin cot—x] 
^aC and, in fact K[A sin caT—x(T)] — 
— a Fp. Then equation 7{A ) becomes 

s = (l —a)(Fi?/ir) coscoo{t— T)-\-A sin oot; 

t>T (7B) 

Since equation 7{B) discloses that 

Fjp. , 

there is a jump Az= Ax —2(1 in time 


At^ir/m whenever motion occurs. The 
effect is illustrated in Figure 4(A) of the 
paper and Figure 4 of the discussion. Study 
of the latter will disclose that a range of 
motions is possible. 

W^hen the relation does not hold., 

the only change is in the constants of inte¬ 
gration, Cl and b of equation 7 of the paper, 
which obey conditions slightly different 
than equation 8 of the paper. However, the 
solution may be readily obtained either 
analytically or graphically. 

The solution of equation 4 of my discus¬ 
sion for arbitrary slowly varying input y 
may now be obtained simply by observing 
the following facts: 


1. The bounding lines iC/AT in Figure 
3 of the discussion define a stiction band. 
For equation 4 of my discussion, these Fn^ 
are parallel to y at a distance ±aC/iC 
from y. 

2. Motion is induced whenever [y-x 


increases to aCIK. 

3, The resultant motion is of the form 


j^x - y = (1 - cos J with t - 0 initially. 

(Note that this assumes that the Fourier 
transform of y has only components with 
c*)<^too (see equation 7 of the discussion). 


4. 

when 


The motion ceases when —0, that is, 
Fp 

y = (O' — 1 sin cc^t. 


A sample graphical solution is indicated 
in Figure 5 of the discussion. The extension 
to more rapidly varying y may be obtained 
from equation 7 of my discussion. 


Vinton B. Haas, Jr.; The author appre¬ 
ciates the confirming discussions of Mr. 
Aaron and Mr. Rubinofi. The author 
wishes to emphasize that the significant 
feature of his procedure for investigating 
the effects of coulomb friction on system 
performance is its convenience and sim¬ 
plicity rather than its rigor. 

It has been the author’s experience, in 
considering the effect of coulomb friction 
on system performance, that it is difficult 
to assign accurate numerical values to 
coulomb friction force. It is convenient, 
therefore, to have a quick engineering tool 
to appraise the effect of coulomb friction, 
since the accuracy of the data available 
would not in most cases justify a detailed 
calculation. It is most desirable to appraise 
the effect of coulomb friction on system 
performance for a range of friction coeffi¬ 
cients. 

The analysis of the effect of coulomb 
friction may indicate, in some instances, 
that its presence has a desirable effect on 
system performance. If the opposite is 
true, that is, if the effect proves undesirable, 
the analysis may indicate methods of system. 
modification which will compensate for these 
undesirable effects, such as, using a more 
rigid thrust-bearing plate as in the case of 
the MIT milling machine. 

The author feels that the procedure out¬ 
lined in the paper would be improved if the 
describing function of coulomb friction force 
were modified to include the effect of the 
ratio of stiction to sliding coulomb friction 
force, and he is presently investigating this 
possibility. 


rhc Application and Standardization of 
Hish Rupturing Capacity Currents 
Limiting Fuses 


J. W. GIBSON 

NONMEMBER A!EE 


I T HAS become widely realised that 
faidt values on low-voltage systems 
often greatly exceed the interrupting 
rating (10,000 amperes) of the cartridge 
fuses at present recognised by the Na¬ 
tional Electrical Code in the United 
States and the Canadian Electrical Code 
in Canada. 

Fuses are available having interrupting 
ratings in line with present-day needs 
and offering many other technical advan¬ 
tages. These advantages are obtained 
with a product actually having consider¬ 
ably smaller dimensions than those of 
“code” fuses of the same voltage and cur¬ 
rent ratings. Such fuses have been used 
for about 20 years in Great Britain. 


The design and performance of the 
modern high rupturing capacity (HRC) 
fuse will be dealt with only briefly 
here, since it has been covered in a num¬ 
ber of American and British works.^""^ 
While the paper deals principally with 
low-voltage fuses, the principles apply in 
general equally to higher voltages. 

Construction 

The fuse elements are of silver, often 
with the addition of small masses of low- 
melting-point alloy. Except for very 
low currents, a number of elements in 
parallel are used. Usually the elements 
are not of uniform cross section, “necks” 


being formed at points where it is desired 
to initiate the arc; the method of forming 
the necks depends on whether wire or 
strip elements are used. The filler is a 
granular inert material, usually a very 
pure silica. It does not evolve gas and 
the fuse is of the sealed type, simplifying 
the construction and obviating the risk 
of external flashover. A close control is 
held on the materials and manufacturing 
processes with the result that the fuse is 
a precision article with a highly consistent 
performance. A typical 200-ampere low- 
voltage fuse is shown in Figure 1. High- 
voltage fuses are of a similar construction, 
except that usually, the elements are 
wound in helical formation on a former 
mounted centrally in the tube. 

Performance 

The silver used for the elements does 
not deteriorate in service, being entirely 
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Figure 1. Typical 200-ampere HRC fuse 


free from the oxidation trouble to which 
copper is subject and from crystallization 
such as occurs in zinc at the normal work¬ 
ing temperature. 

The neck or necks are made sufficiently 
long for the arc voltage developed during 
operation to be high enough, compared 
with the system voltage, to force the 
current down to zero without waiting 
for the normal zero pause, as do a-c inter¬ 
rupters other than fuses. On the other 
hand, the length is not made great enough 
to develop objectionably high over-. 
voltages. The use of a filler of pure 
granular quartz allows the necessary 
arc voltage to be developed over a fairly 
short length, and this largely accounts 
for the shortness of the HRC fuse, com¬ 
pared with the “code” fuse. 

A primary objective in the design of 
the fuse is to restrict the total element 
cross section. This reduces the amount 
of metallic vapour to be deionised when 
the fuse blows. Further, by lowering 
the thermal capacity of the element, 
the “cutoff” current is reduced and there¬ 
fore the inductive energy to be handled 
by the fuse is reduced. Both factors 
help in the attainment of high interrupt¬ 
ing capacity in a fuse of small volume. 
The reduction in cutoff current (that is, 
the considerable current-limting effect) 
is obtained in the following ways; 

1. Silver, through its high conductivity, 
inherently has a small cross section for a 
given current rating. 

2. The specific heat of silver is low—^not 
much more than half that of copper. A 
low specific heat naturally has no influence 
on the long-time fusing current but re¬ 
duces the cutoff current. 

3. The use of separated elements in 
parallel rather than a single large element. 
The separation results in a higher normal 
current density in the elements, that is 
the cross section is reduced for a given cur¬ 
rent rating. 

4. The elements are short (for example 
2 V 2 inches for the fuse shown in Figure 1) 
and consequently heat is readily transmitted 
to the ends. This again increases the cur¬ 
rent density. 

5. The use of the necks previously men¬ 
tioned. 

6. The fairly high thermal conductivity 
of the filling powder. 


The net result is that the cross section 
is very small, the full-load current density 
in the necks of the elements in the 200- 
ampere fuse already mentioned being as 
high as 88,000 amperes per square inch. 

The small-section requirement for high 
interrupting rating would normally tend 
to result in high watt loss. To reduce 
this watt loss and so avoid excessive tem¬ 
perature rises, the use of the neck is very 
valuable, since the high-resistance part of 
the elements is confined to a fraction 
of their length. The shortness of the 
fuse also helps in this connection. In 
addition, the positive temperature coeffi¬ 
cient of resistance of silver ensures that 
the elements have a much lower resistance 
at rated current than they have when on 
the point of melting. 

A further reduction in watt loss is as¬ 
sured by the low melting point alloy in¬ 
serts, now generally used for all except 
very lo w current ratin gs. When the tern - 
perature of the element reaches the 
melting point of the alloy, diffusion of the 
alloy into the silver occurs. The amal¬ 
gam has a higher resistivity than pure 
silver and heating is increased. The 
action continues progressively until fusion 
occurs. In effect, therefore, the melting- 
point of the silver element is reduced 
from 960 degrees centigrade to little more 
than 200 degrees centigrade. A con¬ 
siderably cooler running fuse is the re¬ 
sult. In addition, the time-lag on moder¬ 
ate overloads is increased. 

The time-current characteristic for 
the 200-ampere HRC fuse compared with 
that of a typical 200-ampere code fuse is 
shown in Figure 2. The quick operation 
of the FIRC fuse under heavy fault con¬ 
ditions is shown by the greater steepness 
of its curve. The shape of the time- 
cun*ent characteristic can to some extent 
be controlled by varying the proportions 
of the element (length of neck and ratio 
of cross section at the neck to that of the 
rest of the element), but the possibilities 
are restricted compared, for example, with 
fuse links for high-voltage expulsion fuses 
where the form of the element has less 
effect on the interrupting ability. 

Figure 3 shows typical current-limita¬ 
tion curves for HRC fuses. The cutoff 
current for any particular fuse depends 
not only on the available fault current 
but on the instant on the voltage wave at 
which the fault occurs. Accordingly the 
curves are drawn for whatever fault clos¬ 
ing angle gives the maximum value of 
cutoff current at any particular value of 
fault current. The left-hand part at a 
slope of 1/1 corresponds to fault currents 
insufficient to give current limitation, 
while the closing angle is such as to give 


asymmetrical conditions: the current 
actually passed by the fuse is greater 
than the numerical value of the available 
current, since this value is expressed in 
rms amperes. The extreme right-hand 
part of the curves is for symmetrical faults 
and has a slope of 1/3, since for extreme 
conditions of current limitation, the 
cutoff current is proportional to the cube 
root of available fault current. Inter¬ 
mediate parts of the curve relate to par¬ 
tially asymmetrical faults. The curves 
are based on an assumed ratio of rms 
asymmetrical current to rms symmetrical 
current of 1.25, and are for 60 cycles 
per second. 

Another important characteristic of 
a fuse is the value of SMt, that is, the 
square of the current actually passed by 
the fuse, integrated over either the melt¬ 
ing time, the arcing lime, or the total 
interrupting time. These “let-through” 
values will be designated in what follows 
as {iH)a and {iH)t respectively. 

The last determines the healing by the 
fault cun-ent of any apparatus in series 
with the fuse, whether equipment being 
protected or the elements of a “protected” 
fuse. Provided the times under con¬ 
sideration are short (of the order of 0.1 
second and less) heat dissipation from 
the elements during the melting period is 
negligible, and {iH)m is independent of 
actual values of current. In other words, 
every fuse has a characteristic value of 
{iH)rii- On the other hand, {iH)a, and 
also vary not only with fault cur- 



CURRENT-AMPERES 

Figure 2. Comparison of time-current charac¬ 
teristics of typical 200-ampere code fuse and 
200-ampere HRC fuse 
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CUT-OFF CURRENT - AMPERES 



Principles Governing Fuse 
Application 


pends on four principal factors as follows. jimuy to Withstand Initial Overcurrents 
Full-Load Current of Circuit In many practical cases, tliese tran- 


Short-Circuit Protection and Over- 
cxjEitENT Protection 
In general, tlie application of HRC 
fuses (as with most other fuses) is for 
short-circuit protection rather than over- 
current protection. Electrical systems 
and circuits should, wherever possible, 
be so laid out that outages need not occur 
as a result of overloading. Where this 
cannot be avoided, as in motor circuits 
where mechanical overloading is always 
liable to occur, suitable overcurrent relays 
should be provided, leaving the HRC fuses 
to deal only with electrical faults, which 
they clear with their characteristic rapid¬ 
ity. This reduces outage time by en¬ 
suring that the fuses only blow on faults 
beyond the capabilities of the other inter¬ 
rupting device. 

Accurate overcurrent protection of ap¬ 
paratus and cables by fuses cannot be ob¬ 
tained over a wide range of currents. 
The time-current characteristics of, for 
example, cables and of fuses cannot be 
matched to each other; the curves are of 
very different shapes, because of the much 
shorter thermal time constant of the 
fuses. A fuse matched to the long-time 
characteristics of the cables operates on 
heavy short circuit long before the safe 
limit of the cable is reached. 
This is on the whole an advantage, since 
it prevents or minimizes damage to other 
parts of the circuit which have lower 
short-time ratings than the cables; exam¬ 
ples are contactor contacts which may be 
subject to welding, and current trans¬ 
formers which may be damaged by elec¬ 
tromagnetic forces. 


This factor, taking into account any 
anticipated overcurrents, may be tlie 
only one to be considered for general 
distribution systems for public supply. 
For factory distribution and, in particular 
the protection of individual pieces of 
equipment, the factors enumerated in the 



relay 

A. Starting current of motor. Full-load cur¬ 
rent 14 amperes, locked rotor current 84 am¬ 
peres 

B. Characteristic of overcurrent relay, mini¬ 
mum setting 115 per cent of motor full-load 

current 

C. Characteristic of 40-ampere HRC fuse 

D. Interrupting capacity of controller 


sient overciirrents necessitate a larger 
fuse than if only steady full-load current 
had to be considered. In such cases, the 
fuses are to be regarded as giving short- 
circuit protection rather than overcurrent 
protection. 

Equipment taking overciurrents when 
switched in may be divided into two clas¬ 
ses; 

1. Motors, where the overcurrent per¬ 
sists for a time from about 1/2 second to 1 
minute or more. In the case of direct 
started induction motors, the^ current, 
after the rapid dying away of the initial d-c 
component, remains at nearly the full 
locked-rotor value until the motor is almost 
up to speed. The fuse is therefore selected 
on a basis of locked-rotor current and start¬ 
ing time. For ordinary starting duty, for 
example, individual machine tool drives, it is 
generally satisfactory to choose a fuse 
which, from its time-current characteristic, 
will carry 110 per cent of locked-rotor cur¬ 
rent for 12 seconds. ^ , 

Where reduced voltage starting is used, a 
fuse of lower current rating is suitable. 
It is necessary to bear in mind that with 
some methods of transition, transient cur¬ 
rents when changing to the run position o 
the controller may for the first cycle or so 
be considerably higher than if the fu 
voltage were switched direct on to t e 
stationary motor. It is therefore inad¬ 
visable to use a fuse of less rating than about 
70 per cent of that used for direct starting. 

2. Apparatus with which the transient is 
complete in a very few cycles (for 
capacitors and tungsten lamps) or reduce 
to a low value in a few cycles (for 
transformers). Since during the s o 
periods of time in question, loss of heat 
the fuse elements is very small, selection m y 
be made on the basis of the maximum^ 
value of the current inrush for the appara 
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This value must be less by a safe margin 
than the value for the fuse. 

Co-ordination with Other Interrupters 

Fuses for Backup Protection. Where the 
fuse is to be used for backup protection of 
another device of less interrupting capac¬ 
ity, it is necessary that the time-current 
characteristics shall intersect at the re¬ 
quired take-over value. T'wo important 
cases will be considered. 

The first case is motor controllers. 
Here the take-over point is well defined, 
since the controller is designed to take 
care of the maximum current which can 
occur in normal service, namely the 
locked-rotor current. The fuse should 
have such a rating that it operates only 
on currents higher than this; it thus 
serves solely to protect the cables and ap¬ 
paratus against electric faults. 

Figure 4 shows typical time-current 
characteristics of a fuse and of a thermal 
overload relay in the controller, A being 
the take-over point. Ideally, the over¬ 
current relay should be matched to the 
whole of the motor heating characteristic 
from currents slightly more than full 
load up to locked-rotor curi'ent, in order 
that the motor may have adequate ther¬ 
mal protection. It is difficult in practice 
to achieve sufficiently long time lag in the 
relay, particularly if of the ordinary in¬ 
expensive type and it is frequently con¬ 
sidered sufficient if the minimum setting is 
say 115 to 125 per cent of full-load cur¬ 
rent and if there is sufficient delay with 
locked-rotor current to avoid risk of a 
trip when starting. 

If the relay is matched to the motor in 
the way just given and if the fuse is 
matched to the motor as recommended in 
item 1 under the section entitled “Ability 
to Withstand Initial Overcurrents, ” then 
correct co-ordination between fuse and 
relay will be obtained, as shown in Figure 
4. It will be seen that the controller is 
relieved of interrupting currents greater 
than its rating. For this optimum protec¬ 
tion to be obtained, it is necessary that 
each motor should have its own set of 
fuses. 

The HRC fuse has an advantage in the 
steepness of its time-current characteristic 
in the neighborhood of the take-over point; 
accurate co-ordination is obtained because 
the curves do not intersect at a very acute 
angle. 

This method of using fuses has the im¬ 
portant advantage that since overloads 
on the motor can be dealt with only by 
the overcurrent relays, the risk of these 
overloads causing single-phasing by blow¬ 
ing one fuse of a 3-phase group is avoided. 

The second case is backing-up of circuit 


breakers of inadequate interrupting capac¬ 
ity. This use of HRC fuses is chiefly 
for cases where the growth of system 
fault kilovolt-amperes has rendered exist¬ 
ing circuit breakers inadequate. It may 
also be applied in new installations where 
for economic reasons, it is desired to avoid 
the, cost of a full-rated breaker. 

The requirements are similar to those 
for protection of controllers, except that 
usually selection is not based on transient 
overcurrents, such as occur in individual 
motor circuits. If, however, there is any 
particular value of overcurrent expected 
to occur frequently in normal working, a 
check should be made with the time-cur¬ 
rent characteristic of the fuse to ensure 
that there is no risk of its being blown 
under these conditions. On the whole, 
the choice of fuse is dictated by the neces¬ 
sity for the take-over point to be within 
the interrupting rating of the circuit 
breaker. The take-over point is usually 
higher in proportion to normal load than 
with controllers on account of the higher 
interrupting capacity of circuit breakers. 

Discrimination Between Fuses. Where 
discrimination is requii'ed between HRC 
fuses in series such that faults on the load 
side of branch circuit fuses shall not blow 
main fuses, conditions are quite different. 
In factory distribution, the use of HRC 
fuses, not only in the circuits of individual 
motors, but also in main feeders, presents 
considerable advantages, since a fault on 
a motor does not shut down any healthy 
circuits. Unless an elaborate “unit” 
system of protection is used, similar dis¬ 
crimination cannot be obtained with series- 
connected circuit breakers having instan¬ 
taneous trips; graded time lags are neces¬ 
sary and have the disadvantage that the 
fault is left on the system for an excessive 
time. 

The conditions governing the grading 
of HRC fuses will now be considered. 

It is first necessary that the time-cur¬ 
rent characteristic of any fuse A must lie 
throughout its length to the left of that of 
any fuse B nearer to the point of supply. 
Discrimination can be predicted in this 
way only when the arcing time of fuse A 
is small compared with its total interrupt¬ 
ing time. On heavy faults the arcing 
time (though much shorter than with 
noncurrent-limiting fuses) becomes a con¬ 
siderable proportion of the total interrupt¬ 
ing time and a comparison of melting 
time curves is no longer of value. For 
discrimination to be obtained under 
these conditions, the current must reach 
its peak value and be reduced to zero by 
the “minor” fuse before the melting point 
of the elements of the “major” fuse is 


attained. This does not mean that the 
melting time for the major fuse need 
exceed the total interrupting time of the 
minor fuse. Referring to Figure 5, the 
fault is initiated at A and the minor fuse 
cuts off at B, the current than falling 
during the arcing period till it reaches 
zero at C. If the minor fuse had not been 
in the circuit, the current in the major 
fuse would have increased until cutoff 
occurred at D. The time AE for this to 
take place is seen to be less than the total 
interrupting time AC of the minor fuse. 
Nevertheless, discrimination does occur. 
The criterion is that the {iH)m value for 
the major fuse shall exceed the {iH)t value 
for the minor fuse. Comparison of the 
shaded areas in Figure 5 shows that this 
condition was satisfied in the case con¬ 
sidered. 

Discrimination can thus be predicted if 
the various iH values are known, and a 
method of presenting this information is 
given in the last section of this paper. 
Arcing times depend not only on available 
fault current, but also on voltage, power 
factor or time constant, and for a-c cir¬ 
cuits on the fault closing angle. It is 
impracticable to test fuses for a complete 
range of all these varying conditions and 
consequently information regarding {iH)a 
cannot have very high accuracy. Never¬ 
theless, the method already outlined gives 
much better results than a comparison 
merely of times. 

Where discrimination is required be¬ 
tween fuses on the high-voltage and low- 
voltage sides of a transfonner, whereby 
the high-voltage fuse must operate only 
for internal faults in the transformer, the 
same method is applicable if due allow¬ 
ance is made for the transformation ratio 
of the transformer. 

Discrimination is impaired if, when the 
fault occurs, the major fuse has been 
carrying load and so is warm, and the 
minor fuse is cold. It is possible to esti¬ 
mate the amount of impairment with a 
fair degree of accuralcy for any specified 
value of preloading of the two fuses. 
The procedure is to calculate, first, the 
temperature rise of the hottest parts of 
the elements of the two fuses, and second, 
the reduction in the {iH)m and {iH)g: 
values for the fuses consequent on the 
preloading. As a rough general guide for 
the nearly extreme case of the minor fuse 
being on no load and the major fuse on 
full load when the fault occurs, it is sug¬ 
gested that the rating of the major fuse 
should be increased by 25 per cent. 

Current Limitation 

The current-limiting property of the 
uses gives very valuable protection to 
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Figure 6. Virtual 
time 

A. Current-time 
relationships 
B and C. (Cur- 
rent)2-time rela¬ 
tionships 


VIRTUAL MELTING 
TIME 


-VIRTUAL 
ARCING 
TIME 



all the components of the circuit against 
the destructive effects of short circuits. 
As seen in Figure 3, HRC fuses, particu¬ 
larly if of small or medium current rating, 
limit the current to a small fraction of the 
available value. Since the electromag¬ 
netic forces and the rate of heating are 
proportional to the square of the cur¬ 
rent, stresses are usually reduced to values 
which all equipment can readily with¬ 
stand. This can be checked by compar¬ 
ing values, as supplied by the fuse manu¬ 
facturer, of {iH)t and of cutoif current 
with corresponding withstand values for 
the equipment. Current limitation also 
greatly reduces both damage at the point 
where the short circuit takes place, and 
general disturbance to the system. 

The mechanical stress set up in equip¬ 
ment as a result of a single pulse of current 
-fed through a fuse is in general not the 
same as that set up* by a steady current 
equal to the cutoff current. The two 
values would only be the same if the 
equipment were completely rigid me¬ 
chanically. In practice, stress does not 
appear until deflection has occurred, and 
the maximum stress with a fuse in circuit 
Is considerably reduced when there is 
appreciable “give” in the parts of the 
equipment. There is thus a margin of 
safety in comparing cutoff currents with 
known maximum withstand currents for 
equipment. 

In motor circuits, components which 
are particularly vulnerable to short cir¬ 
cuits are contactor contacts, overcurrent 
relays (whether thermal or magnetic) and 
multiturn current transformers. Also 



cables, if of small section, may be melted 
or have their insulation damaged or may 
suffer severe damage from electromag¬ 
netic effects. Investigations in high- 
power testing stations have confirmed 
that when the appropriate HRC fuses 
for direct-starting motor duty are in¬ 
cluded in the circuit, normal types of con¬ 
tactor and switch can safely be closed on a 
fault of very high kilovolt-amperage 
provided that the contacts are ordinarily 
robust. In the preceding, it is assumed 
that each motor circuit is separately 
protected by fuses. 

For back-up protection of circuit 
breakers, the fuses will be so selected (see 
the section entitled “Fuses for Backup 
Protection”) that the breaker will not 
have to interrupt faults above its rating. 
In order to check its ability also tomakeon 
faults, it is well to compare the cutof 
current of the proposed fuse with the 
value of current which the breaker is 
known to be able to make, bearing in 
mind the safety margin mentioned. 

Summary of Advantages of HRC 
Low-Voltage Fuses Compared 
with “Code’^ Fuses 

1. High interrupting capacity. Codefuses 
are tested at only 10,000 amperes and this 
only with direct current; it is known that 
the interrupting capacity of some of these is 
considerably less with alternating current. 
It should be noted that large fault current 
is frequently associated with small values of 
normal current. 

2. Very high speed on heavy faults. 

3. Very pronounced current limitation. 


4. Low voltage-surge on circuit interrup¬ 
tion. 

5. Accurate and consistent performance. 

6. Freedom from deterioration. Cor¬ 
rectly selected fuses thus only blow when 
required, to do so, the renewals are there¬ 
fore few. 

7. Accurate co-ordination with overcurrent 
trips and with other HRC fuses. 

These advantages are such as to allow 
fuses to be used in many situations 
where circuit breakers were previously 
considered necessary. 

A Comparison of HRC Fuses 
with Circuit Breakers 

1. In low current ratings, the fuses have a 
higher interrupting capacity than is com¬ 
mercially practicable with circuit breakers. 

2. With fuses, small current rating implies 
correspondingly small interrupting times 
and let-through values, so that the conduc¬ 
tors of the circuit are adequately protected. 
With circuit breakers, there is no appreci¬ 
able current limitation, nor (in general) 
are they faster in the smaller sizes. Oonse- 
quently, in the smaller current circuits, 
there is great risk of conductors being burnt 
out before interruption of heavy faults is 
completed. 

3. Where the fuses are used as backup for 
motor controllers, it is usually easiei to 
obtain precise “take-over” from the over¬ 
current relays on heavy short circuit, than 
when circuit breakers are used as backup. 

4. Lower cost of fuses. 

Standardization 

The Trend of Standardization 

The earlier standards in the various 
countries usually specified the following: 

1. Voltage rating(s). 

2. Current ratings. 

3. Temperature rise. 

4. Fusing current at long times and (some 
standards only) at shorter times of the 
order of minutes or seconds. 

5. Interrupting tests with direct current 
of a specified, fairly low, value. No time 
constant was specified. 

6. Dimensions (some standards only). 

Various national standards have now 
extended their requirements in some of 
the following ways: 

1. With the recognition that d-c and a-c 
performances may be widely different, in¬ 
terrupting tests on alternating current, 
usually at fairly high values, have been 
introduced. 

2. Methods of preparing time-current 
characteristics are specified, the basis being 
either prospective (available) current or 
the rms value of the actual current. 

3. Current-limiting characteristics are 
called for. 
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4. For specialised applications, require¬ 
ments regarding discrimination between 
fuses have been introduced. 

Proposed Method of Preparing Time- 
Current Characteristics 

The quantities mentioned in the pre¬ 
ceding section are those which are neces¬ 
sary in applying the fuses, with the excep¬ 
tion that no existing standard, so far as 
the author knows, yet covers the presenta¬ 
tion of information regarding the let- 
through characteristics of the fuse, that is, 
iH values. In addition, present methods 
of preparing time-current characteristics 
involved ambiguity for times less than 
about 0.1 second. Shorter values of 
melting time depend not only on current 
but also on rate of rise of cmrrent, and this 
fact must be taken into account in inter¬ 
preting the characteristics. 

The first method of plotting the charac¬ 
teristics (time-available current) has the 
drawback that the shape of the curve 
varies with the degree of asymmetry of 
the short circuit, and the user naturally 
does not know the phase instant at which 
a fault will occur. Melting and arcing 
times can both be shown, but the curves 
can give no direct indication of iH values. 

The second method (time-actual rms 
current) has the drawback that the user 
does not know the value of the rms actual 
ciurrent, but only the available current. 


Discussion 

J. C, Lebens (Bussmann Manufacturing 
Company, St, Louis, Mo.): Mr. Gibson’s 
paper was most interesting and presented a 
viewpoint slightly different from that of the 
protection engineers in the United States. 

I think the author’s proposed method of 
preparing time-current characteristics using 
prospective current and virtual time is most 
excellent and deserves serious consideration. 
In fact, our company already has adopted 
its use and finds that it greatly clarifies 
the picture. It not only has been of help 
in making co-ordination studies but it has 
given the user, not thoroughly versed in the 
mechanics of circuit interruption, a better 
conception of what he can expect under 
fault conditions in his circuit. 

To our way of thinking the concept of 
prospective current and virtual time is 
necessary to represent the time-current 
characteristics over the entire range of fuse 
operation from the low overloads to heavy 
short circuits. If the concept is not used, 
instantaneous values of peak current must 
be employed at times less than .01 second 
and rms values of current for the longer 
times. Hence, a single curve cannot be 
used to show the relationship between time 
and current over the entire range without 
using virtual time and prospective current. 

In discussing the principles governing 
fuse application, the author is thinking in 


The value of {iH)m can be taken easily 
from any point on that part of the melting 
characteristic which has a slope Of 2/1. 
Although arcing times can be shown, this 
involves ambiguity and these times cannot 
he used to determine {iH)a since for any 
particular operation of a fuse the rms 
value of current in the arcing period can 
differ considerably, up or down, from the 
current in the melting period. 

These difficulties are overcome by a 
method proposed by Dr. I. Herlitz, which 
has now been endorsed by the Interna¬ 
tional Electrotechnical Commission. The 
proposal is to plot “virtual time” against 
prospective, that is, available current. 
Virtual time is equal to {iH) /I where 1^ 
is the prospective current and iH can be 
applied to the melting, arcing, or total 
interrupting periods. Consider for exam¬ 
ple the total interrupting period. The 
virtual total interrupting time (much 
shorter than the true time if there is con¬ 
siderable current limitation) is the time 
for which a steady current numerically 
equal to the full Ip value would have to 
flow to produce the same heating effect 
in the circuit as is actually produced. 
This is illustrated in Figure 6, showing 
conditions in a d-c circuit. The cross- 
hatched areas in (C) are equal to the 
correspondingly cross-hatched areas in 
(B). 

Melting time-actual rms current char- 

- ^ - 

terms of obtaining only short circuit pro¬ 
tection with the fuse. This is in agreement 
with the English practice. However, in the 
United States, where dual element fuses are 
used extensively, over-load as well as short- 
circuit protection is considered a function 
of the fuse. 

Since the author recommends reducing 
the physical size of thq; fuse giving only 
short-circuit protection to something less 
than the dimensions specified by the Na¬ 
tional Electrical Code the results are the 
same. In the author’s system he recom¬ 
mends protecting the cables and apparatus 
against short circuit with a smaller fuse 
having high rupturing capacity and using 
separate thermal overload relays to protect 
against overloads. 

Dual-element fuses combine the short- 
circuiting fuse and the thermal overload 
device in a standard fuse enclosure as speci¬ 
fied in the National Electrical Code. This 
permits the use of standard equipment and 
still gives the fast clearing and current- 
limiting action under short circuit as well 
as protection at the lower overloads. 
Hence, from a fundamental consideration, 
the results are the same but the relative 
costs of the two approaches heavily favors 
the use of the dual-element fuse. 


P. C. Jacobs, Jr* (The Chase-Shawmut 
Company, Newbury port, Mass.): Mr. 
Gibson’s paper is an excellent presentation 


acteristics are, for all practical purposes, 
coincident with virtual melting time- 
prospective current curves drawn to the 
same scale of amperes and seconds and 
may be used as such. Both coincide 
with those which would be obtained by 
plotting actual current against actual 
time if the fuse operated in a d-c circuit 
of zero inductance. 

Values of {iH)t can easily be read from 
the curves for calculation of the heating 
effect of the let-through current on the 
circuit components. If virtual time curves 
for two fuses in series are plotted on the 
same sheet, comparison of the curve of 
total interrupting time for the minor 
fuse with the melting time curve for the 
major fuse will show immediately whether 
discrimination between the two fuses is 
likely. 
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of the advantages and the principle of ap¬ 
plication of current-limiting fuses. 

This paper is of particular interest, since 
the Chase-Shawmut Company has for the 
past 10 years been engaged in the develop¬ 
ment of high-inteiTupting-capacity current- 
limiting-type fuses known as the Amp-trap. 

Our development has followed a more or 
less parallel course to that in England. 
However, since the current limiting fuses 
developed here are designed to meet the 
conditions of American practice, there are 
some significant differences in characteristics 
between the American and the English 
current limiting fuses described by Mr. 
Gibson. 

In the first place, our National Electric 
Code provides a workable system for over¬ 
current protection and standards for the 
the characteristics of current protective 
devices in the overload range. These 
operating characteristics are quite different 
from the British standards. 

Many of us believe that the National 
Electric Code could be expanded to provide 
workable rules for effective short-circuit pro¬ 
tection. However, experience over a period 
of many years has shown that the existing 
code is valuable, and devices developed for 
application on American systems should be 
consistent with the provisions of the code 
and should be capable of being applied using 
the application rules given in the code. 

As a result, the American current-limiting 
fuses have low overcurrent characteristics. 
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such that an operating time of approximately 
10 minutes is obtained at a current of 1.5 
times rating. The English current limit¬ 
ing type fuses have an operating time of 
approximately 10 minutes at currents of 
about 2 times rating. 

The difference in the low overcurrent 
operating characteristic of the American 
and British high-interrupting-capacity fuses 
is not great and could be adjusted by a 
change in the current ratings. There is a 
much larger and much more important 
difference in the current-limiting character¬ 
istics of the two types. Since the reason for 
a large difference in the current limiting 
characteristics of American and English 
fuses may not be obvious, we would like to 
explain the method by which these charac¬ 
teristics have been established. 

Mr. Gibson has carefully explained the 
reasons for obtaining current-limiting action 
and the manner in which the cutoff or let- 
through current of the device controls the 
magnetic and thermal stress that is im¬ 
posed on the electrical equipment protected 
by current-limiting fuses. 

In general, the American Amp-trap has 
been developed by starting with low current 
or overload characteristics that conform to 
the National Electric Code and adjusting 
the current-limiting or cutoff characteristics 
to meet the capabilities of the equipment 
that the high-interrupting capacity fuses 
would be required to protect when installed 
according to the Code rules. This has re¬ 
sulted in three classes of Amp-traps with 
differing degrees of current-limiting action. 

As Mr. Gibson has explained, current 
limiting is obtained only at high available 
current and there is a minimum available 
current at which current limiting starts. 
At available currents higher than this 
ininimum the actual cutoff or let-through 
current of the fuse varies as approximately 
the cube root of the instantaneous peak 
available current. The minimum available 
current at which the current-limiting action 
starts is a convenient measure of high cur¬ 
rent performance of current-limiting fuses. 

The British fuses described by Mr. Gib¬ 
son start to limit at currents of approxi¬ 
mately 38 times rating. The corresponding 
class of Amp-trap, which is furnished in 
ratings up to 600 amperes inclusive, be¬ 
comes current limiting at about 18 to 20 
times rating. 

It is believed that the necessity for hav¬ 
ing American current-limiting-type fuses 
with a lower cutoff current than the British 
equivalent is caused by the very high load 
density encountered in American distribu¬ 
tion systems. This has brought about 


extremely low system reactances and as a 
result it is becoming quite common to find 
that where it is desirable and convenient to 
connect a load distribution panel or a motor 
control center into a system there will be an 
available short-circuit current that will 
range from 50,000 to 100,000 rms amperes. 
The greater part of the load distribution 
equipment and the motor control equip¬ 
ment is for small ampere loads which re¬ 
quires a high degree of current limiting in 
the backup protective device. 

We also have the tendency on American 
distribution systems to lump or group 
together load distribution circuits and con¬ 
trol, so that the backup protective device 
on the feeder has to have a relatively large 
continuous current rating and a still higher 
degree of current limiting. 

To meet the requirements of industrial 
distribution systems at 480 and 240 volts, 
a second class of Amp-traps has been de¬ 
veloped. This development covers current 
ratings ranging from 800 amperes to^ 3,000 
amperes with current limiting starting at 
approximately 12 times the current rating. 

The problem of 208-volt distribution 
systems in large downtown buildings is 
similar but even more severe. This has 
brought about the development of a third 
class of Amp-trap having continuous cur¬ 
rent ratings up to 5,000 amperes, with cur¬ 
rent-limiting action starting at approxi¬ 
mately five times rating. 

Mr. Gibson has brought out that the 
HRC current-limiting fuses are^ nonde¬ 
teriorating. It is obvious that it is meant 
that the fuses are constructed of materials 
that will not deteriorate in strength during 
service and the fusible elements will not be 
damaged by surge loading. This is im¬ 
portant as it is well known that some of our 
National Electric Code fuses will deteriorate 
in strength when subjected to adverse con¬ 
ditions in service. Likewise, it was a 
recognized fault of some of the earlier high- 
capacity fuses that the fusible elements 
could be damaged by surge^ loading. In 
many cases damage characteristics showing 
the safe limits of surge loading have been 
published for such fuses. 

In the American development of high- 
interrupting-capacity low-voltage fuses it 
was possible to benefit by this known 
experience. The strongest insulating ma¬ 
terials known are used to make the strength 
of the structure far greater than the mini¬ 
mum requirements. Not only will the 
structure not deteriorate under adverse 
service conditions but will not be damaged 
by accidental mishandling. It was found 
that damage characteristics could be 


eliminated by proper design and nonde- 
teriorating fusible elements have been used 
from the start. 

J. W. Gibson: Mr. Lebens is to be con¬ 
gratulated on combining extreme values of 
time lag on overload with high interrupting 
capacity in one fuse. Whether or not this 
results in a cheaper solution to the motor 
protection problem than a combination of 
fuses for short-circuit protection with relays 
for overload protection surely depends 
largely on the frequency with which over¬ 
loads occur. If such frequency is appreci¬ 
able, the cost of replacements of the neces¬ 
sarily somewhat expensive dual-element fuse 
more than outweighs the first cost of the 
relay equipment, bearing in mind that in 
either case contactors are required; further, 
with the fuse/relay combination, supply 
can be restored immediately after operation 
on overload. In addition, the fuse/relay 
combination greatly reduces the risk of 
damage by single phasing, particularly if 
the fuses are fitted with striker pins for 
opening the contactor when any one of the 
three blows. 

Mr. Jacobs makes a plea for obtaining 
close overload protection by using a fuse 
having low "fusing-factor” (ratio of asymp¬ 
totic fusing current to rated current). 
British experience over the years has on the 
whole been that more fuses blow when not 
required than do not blow when preferably 
they should; this is in spite of the use of 
fuses with a somewhat higher fusing-factor 
(usually about 1.6) than is permitted in the 
United States. In addition, the use of such 
values of fusing-factor minimizes trouble 
by long-time overheating of fuse contacts 
and the like. 

Mr. Jacobs urges the use of fuses with 
extremely low cut-off values. My own 
view is that even normally low cut-olTs re¬ 
sult in iH values so greatly less than with 
circuit breakers as to be perfectly acceptable. 
British practice is to take frequent ad¬ 
vantage of the discriminative properties 
and low cost of HRC fuses by using them 
both in main and branch circuits of a system. 
I do not quite understand Mr. Jacobs’ 
references to the ratio of current at which 
limitation begins to current rating, ^ for 
which he quotes a figure of 38 for British 
fuses. An analysis shows that this ratio 
is not constant but for any particular type 
of fuse construction is approximately pro¬ 
portional to the cube root of the fuse rating. 
This is borne out by Figure 3 of the paper, 
where for example a 200-ampere fuse has u 
ratio of approximately 13. 
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An Axle-Driven Alternator-Rectifier 
System for Caboose Power Supply 


A. H. HOFFER 

ASSOCIATE MEMBER AIEE 


Synopsis: The application of 2-way tele¬ 
phone communication to moving railroad 
trains has created a need for a dependable 
power supply for railway cabooses. A 
study of the system requirements indicated 
an axle-driven alternator-rectifier equip¬ 
ment to be better suited to this application 
than the conventional d-c generator. A 
3-5-kw alternator system has been devel¬ 
oped, paying particular attention to the re¬ 
quirements of this service and to the fact 
that the equipment must operate over long 
periods without attention. 

System Requirements and 
Limitations 

T he prime requisite of a caboose 
power supply is reliability with a 
bare minimum of maintenance. Unlike 
the railway passenger car, the caboose re¬ 
ceives a minimum of electrical attention 
and the periodic overhaul may not occur 
at stated intervals. Eor this reason the 
maintenance requirements of its electric 
system must be extremely low. This 
stipulation strongly discourages the use of 
a small engine-generator set with its need 
for regular fuel, lubrication, and coolant 
servicing. The alternative type of power 
supply system is the axle-driven genera¬ 
tor with a large storage battery. 

The system must provide full output 
over a very wide speed range. While it 
is expected that a large part of the opera¬ 
tion will be at low speeds, as in drag 
freight service, one operator has specified 
a range from 10 to 90 miles per hour. 

A third requirement is that the control 
be fully automatic. The generator must 
be self-excited and must build up at a 
speed below 8 miles per hour. The sys¬ 
tem must include both current limit and 
voltage control features to protect the 
battery and the charging equipment. 
At standstill the parasitic power drain 
from the battery must be very small to 
prevent discharging during long layovers. 

General Description 

The axle-driven alternator-rectifier sys¬ 
tem shown in Figure 1, with its schematic 
wiring diagram shown in Figure 2, in¬ 
cludes the following components: 

1. Axle-driven alternator (Figure 3). 


G. W. WEBER 

NONMEMBER AIEE 

2. Gear drive and centrifugal clutch 
(Figure 4). 

3. Selenium rectifiers—power and con¬ 
trol (Figure 6). 

4. Rectifier fan. 

5. Voltage control relay (Figure 6). 

6. Current limit relay (Figure 6), 

7. Line contactor (Figure 6). 

8. 300-ampere-hour 32-volt battery. 

The equipment, when applied to a ca¬ 
boose, is rated to produce a d-c output of 
80 amperes. The voltage may be preset 
between 36 and 45 volts, over a speed 
range from 10 to 90 miles per hour. It 
may also be applied to other equipment on 
which a small power supply may be re¬ 
quired, such as work-train, baggage, ex¬ 
press, and railway postal cars. Depend¬ 
ing on the speed range, the output may 
he as high as 125 amperes, still regulated 
at a preset value between 36 and 45 volts, 
shown in Table I. 

Reliability is the keynote of the design. 
This is evidenced by the choice of a to¬ 
tally enclosed alternator with a gear-type 
drive and a relatively large 300-ampere- 
hour, 32-volt battery. 

Operation 

The alternator is mounted under the 
caboose, see Figure 4, and driven from the 
axle by an outboard-type double-reduc¬ 
tion gear unit with a 5.28-to-l gear ratio. 
A splined propeller shaft with universal 
joints provides for the movement of the 
truck relative to tlie car body. When the 
axle drive reaches a predetermined speed, 
somewhat below the voltage cut-in speed 
of the alternator, the centrifugal clutch 
engages and connects the gear drive to 
the alternator. 

With the small residual iiux in the al¬ 
ternator fixed by design, the system con¬ 
stants are such that the alternator voltage 
will build up at some speed below 430 rpni 
(8 miles per hour with 5.28 gear ratio and 
33-inch wheels). A selenium rectifier in 
series with the rectifier fan isolates the 
fan from tlie field circuit during build-up. 
This permits the use of a common field 
and fan rectifier with no appreciable de¬ 
crease in the build-up speed. As the 
voltage builds up, the rectifier fan starts 


and the line contactor closes, actuated 
by the fan motor current. When tlie 
rectified voltage exceeds the voltage of 
the battery, direct current begins to 
flow to the battery and its connected 
load. When the rectified voltage tends 
to exceed the desired charging volt¬ 
age, the voltage control relay begins re¬ 
ducing the alternator field current by 
opening its normally closed contact inter¬ 
mittently, thus inserting resistance in the 
field circuit. A further reduction of field 
current to essentially zero is possible when 
the normally open contacts begin short- 
circuiting the field intermittently. The 
current relay acts in an exactly similar 
manner when the desired maximum load 
current is exceeded, reducing voltage to 
hold constant current. Note that when 
the current limit relay reduces the voltage 
to a value less than the setting of the volt¬ 
age control relay, the latter is inactive 
and the former has complete control. 
Capacitors Cl and C2, and resistor R4 
form an arc-suppression circuit for the 
contacts of both relays. Voltage adjust¬ 
ment over the range required by 32 volt- 
lead acid or nickel alkaline batteries is 
done by means of adjustable resistor R3. 

Wlien the train slows down and the al¬ 
ternator speed falls, a point is reached 
where the alternator can no longer hold 
full voltage. The load current falls to 
zero when the rectified voltage falls below 
the battery voltage, and reverse current 
is blocked by the rectifiers. When the 
voltage of the control rectifier reaches a 
very low value, the line contactor will dis¬ 
connect the battery and its load from the 
system. The rectifier fan will also stop. 
The primary function of the line contactor 
is to remove the rectifier leakage and the 
voltage relay coil loads from the battery 
while the equipment is idle. In case of 
fan failure resulting from a locked rotor, 
the fan fuse will blow, de-energizing the 
line contactor coil. Similarly, any failure 
that opens this circuit will also deenergize 
the line contactor coil. Thus the recti¬ 
fiers are protected against damage by fan 
failure for any cause. 

A 3-phase full-wave bridge of selenium 
rectifiers is used to provide high efficiency 
and a low a-c ripple in the d-c output. 
Six 40-ampere time-delay fuses protect the 
individual branches of the bridge. This 
provides closer, faster protection for both’ 
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Figure 3. Exterior of alternator 



Figure 1. Sample axle-driven alternator mounted under a caboose 


the a-c and d-c circuits than would be pos¬ 
sible with a single fuse of larger size. The 
selenium rectifier stacks have a special 
vapor-resistant coating to reduce damage 
from moisture and corrosive vapors. 

Comparison of the Alternator- 
Rectifier and D-C Generator 
Systems 

For the purpose of evaluating these two 
systems, the alternator-rectifier system 
will be compared to a typical d-c machine, 
also totally enclosed and capable of per¬ 
forming the same service. 

The fundamental difference between 
the alternator and the d-c generator lies 
in the location of the power windings and 
rectifying devices. From this stems 
'many of the advantages that the alterna¬ 
tor enjoys. 

Brushes 

The d-c machine has its power windings 
located in the rotating armature, neces¬ 
sitating a commutator and a high-current¬ 
collecting brush rigging with a multi¬ 
plicity of brushes. These introduce high 
friction and contact losses as well as high 
brush maintenance. The a-c machine has 
its power windings located in the stator, 
and only a small exciting current need be 
carried to slip rings by the brushes. The 


brush drop loss at full load is reduced from 
176 to 3 watts, and the brush friction loss 
at maximum speed is reduced from 350 
to 16 watts. 

Power Conversion 

The d-c machine rectifies its power from 
alternating to direct current by its com¬ 
mutator. The ability of a machine to 
commutate well depends, to a great meas¬ 
ure, on the reactance voltage per bar. 
This voltage varies directly with the 
speed, the load current, the number of 
poles, and the number of commutator 
bars. It also varies with the square of 
the number of tans per armature coil. 
As the full output speed range of a d-c 
machine is widened, it becomes increas¬ 
ingly more difficult to obtain good com¬ 
mutation and long brush life at the high¬ 
speed end of the range. 

The a-c machine has its power rectified 
externally, and hence has no commutator. 
Therefore, it requires no space for a com¬ 
mutator and no extra surface area to dis¬ 
sipate comutator losses. Also, since it 
has no speed limitation imposed by dif¬ 
ficulties in obtaining good comanutation, 
the a-c machine can be made considerably 
smaller and lighter than its d-c counter¬ 
part. 


COMPARTMENTATION 

In a totally enclosed d-c machine, air 
from the main body of the machine must 
be blown over the commutator to keep it 
cool. This air becomes contaminated 
with carbon dust, some of which is de¬ 
posited on the insulating surfaces of tie 
machine. This results in reduced creep- 
age resistance and the danger of dielec¬ 
tric breakdown. 

In the alternator the slip-ring losses are 
low, allowing the rings and brushes to be 
isolated in a separate chamber. Thus the 
carbon dust, which, incidentally, is far 
less with slip rings than with commuta¬ 
tors, can be kept away from all the wind¬ 
ings. 

Field Windings 

The alternator is simple in construction 
and operation. It has only one field coil 
which excites all of the pairs of poles in 
parallel. It requires no series, differen¬ 
tial or commutating field windings, such 
as may be required by the d-c machine. 

Stability 

A d-c machine is considered unstable if 
at any speed its excitation requirements 
decrease for an increase in load. As the 
speed range increases, it becomes pro- 





Figure 4. Closeup of caboose mstailation showing gear drive, centrifugal clutch, 

and sample alternator 
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Figure 5. Selenium rectifier group 


gressively more difficult to design a stable 
d-c machine. 

The alternator-rectiiier system, on the 
other hand, is inherently stable at all 
speeds and can produce full output over 
an extreme range of load and speed with¬ 
out the need of stabilizing windings. 

Control Features 

The control for an alternator-rectifier 
system is inherently simpler than that for 
a d-c generator. Since the alternator out¬ 
put is alternating current, no polarity re¬ 
versing switch is required. Furthermore, 
the valve action of the rectifiers prevents 
the flow of reverse current, thus eliminat¬ 
ing the usual reverse current relay. 

Another potential advantage of the a-c 
system lies in the fact that the presence of 
an a-c power {supply makes possible the 
development of a completely static reg¬ 
ulator and the elimination of all contact¬ 
making devices. However, the system 
now in use, as shown in Figures 2 and 6, 



Figure 6. Control panel 



ALTERNATOR SPEED IN THOUSAND R PM 

Figure 7. System performance curves 


1. Field amperes 

2. Direct voltage 

3. D-C load amperes 

4. Rectifier eFficiency 

5. Alternator efficiency 

6. System efficiency 


employs the vibrating-type voltage and 
current relays. 

Initial Cost 

The maximum speed-range at full load 
establishes the size and cost of the system. 
The combination of the a-c machine with 
its external rectifier is comparable in cost 
to the d-c machine alone. Moreover, 
since the field current requirements of an 
a-c machine are less than that of its d-c 
counterpart, a less expensive regulator 
can be used. 

System Efficiency 

The over-all efficiency of the alternator- 
rectifier system at the low speeds which ^ 
generally characterize freight service is 
greater than that of the d-c generator 
system. Table II compares the losses in 
the two systems, and Figure 7 shows how 
the a-c system efficiency varies with 
speed. In the middle of the speed range 
the efficiencies of the two systems are al¬ 
most identical. At extremely high speeds 
the efficiency of the a-c system is slightly 
less than that of the d-c system. How¬ 
ever, operation at these high speeds is 
rare. 



Figure 8. Rotor assembled on shaft 


Alternator Design 

This alternator is a 12-pole 3.2-kw ma¬ 
chine with a speed range of 537 to 5,070 
rpm and a frequency range of 53.7 to 607 
cycles. Its simplicity stems from the de¬ 
sign of its rotor, shown in Figure 8. This 
is assembled by pressing two similar 6- 
legged castings onto the ends of a pre¬ 
wound rotor sleeve which, in turn, is 
pressed onto a shaft. The twelve tapered 
field poles are essentially fixed cantilevers, 
very sturdy in construction and offering 
high resistance to centrifugal forces. The 
rotor magnetic circuit was especially de¬ 
signed to require very little exciting 
power. This minimized the size and cost 
of the regulator. Since all the pairs of 
poles are excited in parallel by a single 
field coil, the alternator requires much 
less field power than does the d-c ma¬ 
chine. As previously indicated, care was 
taken in choosing the magnetic materials 
for the rotor, to provide just the right 
amount of residual flux to make the ma¬ 
chine build up at low speeds, and yet not 
provide an overvoltage at no-load and 
high speed. 

The leads of the single field coil are 
brought out through shallow slots in the 
shaft to the slip ring assembly which is 
housed in a separate brush-holder com¬ 
partment. The slip ring assembly con¬ 
sists of two brass rings molded in open 
resin. The rings are presprayed with 
molten copper to increase their .surface 


Table I. Alfernator-Recfifier System Performance* 


Gear Ratio 


2.54 

3.09 

3.44 

5.28 

.125. ... 

, ...125_ 

...125.. 

.. .80 

. 40.... 

,40.... 

... 40.... 

.. .40 

. 45.... 

,46.... 

... 45.... 

.. .45 

. 36.... 

, 36..., 

... 36.... 

.. .33 

. 33.... 

... 33.... 

... 33.... 

. . .31.5 

.135_ 

, .Ill _ 

...100..,. 

.. ,90 

, 30.... 

... 25.... 

... 22.... 

...10 

25..., 

. .. 21_ 

... 18.... 

... 9.5 

. 18.... 

.... 15.... 

... 14.... 

.. . 8 


Rated d-c output, volts. 

Maximum regulated d-c output, volts... 

Wheel diameter, inches (maximum).. 

Wheel diameter, inches (minimum). 

Maximum permissible speed, miles per hour... 

Minimum continuous speed, miles per hour. 

Minimum full-load cut-in speed, miles per hour, 25 degrees 

centigrade... 

Minimum voltage cut-in speed, miles per hour, 32 volts d-c, 


* These ratings are obtained from a single alternator. Rectifier size and capacity increase with the full¬ 
load current rating. 
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Fisure 9 (left). Completely 
wound stator 


Figure 10 (right). Sequence 
diagram for 3-phase full-wave 
bridge rectifier 



hardness and decrease their friction and 
contact drop. Two brushes, at right 
angles, ride each ring to provide positive 
current collection and prevent arcing at 
the rings. Each brush is 2 inches long, 
and the wear rate is extremely low. Each 
of the four brush holders is securely bolted 
to integrally cast framehead studs to pre¬ 
vent misalignment. Field tests indicate 
that a set of rings and brushes may last 
for many years so that need for brush 
maintenance is reduced almost to the 
vanishing point. 

In designing the stator, Figure 9, for 
this machine, 72 slots were chosen since 
this yields a large number of voltage and 
current combinations should it be desired 
to rewind the machine to supply a dif¬ 
ferent voltage system. The high number 
of slots also minimizes the stator leakage 
reactance and the load loss. The stator 
windings are w>^e-connected to give the 
lowest cut-in speed for the alternator and 
to prevent circulating currents. Class B 
insulation is used throughout. 

This machine was designed with a large 
air gap to minimize the load loss in the 
solid pole faces which varies inversely as 
the square of the air-gap length. 

The Ih^e current wave form of an al¬ 
ternator loading into rectifiers is not the 


same as that for one loading into a bal¬ 
anced resistive load. When a sine wave 
alternator loads into a balanced resistive 
load, the current wave form is identical 
with and in phase with the impressed volt¬ 
age wave form. In an alternator load¬ 
ing into a 3-phase full-wave bridge of rec¬ 
tifiers, the current at any instant flows 
only in the phase which is most positive 
and the phase which is most negative 
while no current flows in the third phase, 
see Figure 10. Every 60 electrical de¬ 
grees, or six times every cycle, one rectifier 
stops conducting and another starts. 
Every time a rectifier cuts in, a transient 
oscillation appears in the line current 
(Figure 11) whose time constant is de¬ 
termined by the inductance, capacitance, 
and resistance of the circuit. The ampli- 
*tude of these transients increases directly 
with load and speed. The rectifiers can 
handle them easily, hut the air gap of the 
alternator must be made large to limit the 
load loss introduced. The solid poles 
act as amortisseur windings to damp out 
these transients and minimize their eflect. 

The over-all dimensions of tlie alterna¬ 
tor are: height 20Vi6 inches, width 21 
inches, and length 24 inches. The com¬ 
plete machine weighs.408 pormds. 


Table II. Comparison of Typical A-C and D-C System Losses 


Based on Net Output of 80 Amperes at 40 Volts D-C at 10 Miles Per Hour 


Item 

Alternating Current, 
Watts 

Direct Current, 

Watts 


.. 3 . 

. 176 


. 2 . 

. 40 


. 4 . 

. 3 


. 350 . 

. 356 


. 48 . 

. 442 


. 0 . 

. 146 

Commutating pole copper loss. 

. 101 . 

. 21 


. 40 . 

. 18 


. 720 . 

. 0 


. 0 . 

. 15 


. 64 . 

. 360 

.. . . . 

.1,332 . 

.1,577 

. 





Long experience in the design of rail- 
way equipment has proved the totally en¬ 
closed design to be the most satisfactoq^, 
hence it was used on this equipment. The 
machine is completely sealed with neo¬ 
prene gaskets to keep out dirt and mois¬ 
ture. For better cooling, its nomnagnetic 
aluminum frameheads are ribbed inside 
and out, as shown in Figure 3. Fan 
blades, cast integral with each end of the 
rotor, see Figure 8, circulate air through 
the stator and windings and return it to be 
cooled against the framehead ribs. 

The machine is fitted with two similar 
heavy-duty prelubricated ball bearings. 
Here again, ease of assembly and disas¬ 
sembly was kept in mind. The slip-ring 
end bearing pulls off over the slip rings 
without disturbing them. The outer race 
of the drive end bearing is securely 
clamped, while a special anticreep device 
prevents the outer race of the slipring end 
bearing from rotating, yet allows it axial 
freedom to compensate for thermal ex¬ 
pansion of the rotor. 










-1 





RECTIFIER LOAD 


Figure 11. Typical wave forms of alternator 
phase current with resistive and rectifier loa s 
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The alternator is hung under the side 
of the caboose and is isolated from body 
vibration by four rubber mounts. 

Conclusion 

A sample equipment of similar design 
has been operating successfully on a major 
railroad for over a year. Additional 
equipments are currently being supplied. 
Some of the outstanding features of this 
new system are high reliability, over-all 
simplicity, low maintenance, low initial 
cost, small size, light weight, extreme 
speed range and versatility. 
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Discussion 

W. S. H. Hamilton (New York Central 
Railroad, New York, N. Y.): This paper is 
very interesting in that it shows one solution 
of a very difficult problem. It is noted that 
the authors passed over the mechanical 
drive for the generator attached to the end 
of the axle very quickly. I wish to com¬ 
ment on that iirst, as it has been one of the 
most difficult developmental projects which 
I have participated in, over many years of 
experience with rolling stock equipment. 

During World War II, the New York 
Central made a survey of possible postwar 
needs and determined that an axle-driven 
generator for supplying power for radios and 
cabooses would probably be one of the re¬ 
quirements of the post-war period. 

After studying the various problems in¬ 
volved, including operation around sharp 
curves, we came to the conclusion that a 
drive mounted on the end of the axle and 
through a vertical propeller shaft driving a 
vertical generator mounted inside the car 
approximately above the axle would be the 
simplest method of solving the problem, 
particularly as operation around 100-foot- 
radius curves is involved. Accordingly in 
March 1945, the development of such a drive 
and the designing of a 2-kw 40-volt d-c verti¬ 
cal generator to go with it was undertaken. 

While drives taken from the end of the 
axle are fairly common in Europe, they had 
not been used in the United States up until 
that time; neither so far as I know has a 
vertical drive and a vertical generator been 
used elsewhere to date. 

At that time (1945) the requirements of 
the manufacturers of radio equipment were 
that all radio equipment must operate from 
117 volts, 60 cycles, alternating current. 
When the necessary conversion losses were 
included, this meant that a 2-kw generator 


was necessary. This proved to be a very 
good generator, developing 2 kw at 650 rpm 
and having a cut-in speed of 500 rpm at 32 
volts. It also has a maximum speed of 
4,200 rpm to provide for a maximum train 
speed of 75 miles per hour which it was 
thought would be about the maximum speed 
at which a freight train would be required to 
operate. The full load speed in miles per 
hour is 12, and the cut-in speed is 10.5 miles 
per hour with the gear ratio used (5.28 to 1). 

It was realized at the outset of this de¬ 
velopment that a great deal of difficulty 
would be enountered due to vibration of the 
drive which on cabooses has to be mounted 
on‘the truck side frame. Also the problem 
was complicated by it being necessary to 
open up the drive in order to have access to 
the waste for repacking and oiling. Ac¬ 
cordingly, the drive was arranged with two 
handles with cams and springs to hold it in 
place and still allow it to be swung open to 
provide access to the waste without discon¬ 
necting the propeller shaft. A short hori¬ 
zontal drive shaft having square rounded 
ends was provided between the end of the 
axle and the drive proper (a construction 
which is quite commonly used in driving 
speed recordei^ especially in Europe). 

One of these drives was installed on a ca¬ 
boose on January 8, 1947, and has operated 
on the same caboose most of the time since 
then. This particular division is a rela¬ 
tively slow speed division with a maximum 
speed limit on freight trains of 35 miles per 
hour. 

Difficulties were encountered with break¬ 
age of the horizontal drive shaft due ap¬ 
parently to torsional shocks; also a great 
deal of difficulty was encountered in keeping 
the handles closed and they finally had to be 
replaced by bolts. 

The vertical generator behaved very well 
and is still in service. Trial applications of 
this drive were made also to two passenger 
baggage cars in 1947, one of them being 
equipped with the same safety vertical 
generator and the other with a 2-kw induc¬ 
tor alternator, further mention of which will 
be made later. 

The results of all these test applications 
indicated to us by the middle of 1948 that 
for successful operation in service of this 
nature on nonroller bearing boxes, a drive of 
this type must be: 

1. Rigidly bolted to the truck side frame 
or journal box. 

2. Have access doors for packing and 
oiling the waste. 

Accordingly the development of this 
drive with these features in mind was contin¬ 
ued, and in April 1950, a wooden model of the 
proposed drive with access doors was made 
up for for the pupose of showing to those re¬ 
sponsible on the railroad for the mainte¬ 
nance of journal boxes, the space provided for 
working on the waste. These access doors 
are shown clearly in Figure 4 of the paper. 

The cabooses were equipped with this 
drive in August 1951 for service in the west¬ 
ern part of New York State but were not 
actually used for about a year. 

By this time (1961) the requirements of 
the radio equipment manufacturers had 
changed and they were willing to design 
radio equipments which would operate 
from 12 volts, d-c, instead of 110 volts, a-c. 
This in turn reduced the power necessary so 
that a 1-kw generator was large enough for 
the purpose. 


Accordingly a Leece-Neville type 5184G6 
a-c generator with rectifiers, which rates 75 
amperes at 14 volts was selected. On ac¬ 
count of the small size of the armature, no 
clutch was provided between the generator 
and the propeller shaft. The rectifiers are 
installed in a locker above the generator 
which has ventilating holes from the inside 
of the caboose near the bottom of the locker, 
the whole locker being ventilated by a 3 V 2 - 
inch globe ventilator installed above the 
roof of the caboose. In this way, it was 
possible to avoid using a fan for forced 
cooling of the rectifiers. The Leece-Ne¬ 
ville equipment also includes their type 
of vibrating voltage regulator actuated by 
the direct voltage, which maintains con¬ 
stant voltage above a certain speed and also 
has a current limit relay to limit the output 
of the generator. 

These two cabooses have been in active 
service since August 1952 and have run ap¬ 
proximately 18,000 miles each to January 1, 
1953. 

The only difficulty encountered has been 
wear of the spline teeth in the spline bushing 
in the axle and on the end of the horizontal 
driving shaft which connects to the drive 
proper. It has been necessary to use a 
hardened steel bushing in the axle and to 
provide a lubricating fitting for introducing 
lubricant at the inner end of the shaft spline 
teeth in order to reduce the wear. This 
lubricati|ig fitting looks as though it were 
successful and had overcome the last major 
obstacle in the application of these drives. 

We are also trying out for the effect of an 
accelerated life test, one of these drives with 
3.70-to-l gear ratio on a passenger baggage 
car driving the same safety vertical gen¬ 
erator that was originally installed on the 
car in 1947. This has been running now 
since November 1952 and has run ap¬ 
proximately 6,000 miles to January 1, 
1963. With the lubricating fitting for the 
spline teeth previously mentioned, the 
operation seems to be satisfactory. 

We also have in service 5 baggage cars 
with 1.5-kw safety d-c generators hung under 
the car body at the outside, very similar to 
Figure 4 of the paper except that the drive 
shaft comes up at an angle directly from the 
drive housing itself, instead of from a 
supplementary gearbox mounted on top of 
the drive proper. These drives are mounted 
on roller bearings so that the problems have 
been very much easier than on nonroller 
bearings, and very good success has been 
obtained with them since their installation 
in 1950 and 1951. 

During the tests in 1947-1948, a 2-kw, 3- 
phase inductor alternator with rectifiers, 
arranged to give a d-c output of 50 amperes 
at 40 volts was tested. This was much the 
same as the generator shown in the authors’ 
paper, except that it was vertically mounted, 
and being of the inductor type, had no slip 
rings. The frequency varied from 125 
cycles per second at 750 rpm to 761 cycles 
per second at 4,600 rpm, the maximum 
speed. A blower was used for cooling the 
rectifiers. 

It was in service for about a year but had 
to be abandoned due to dirt causing the 
rectifier plates to arc over. It was, how¬ 
ever, a very interesting application. 

The idea of an inductor alternator for 
small size generators such as 1 kw or 2 kw, 
is attractive in eliminating even the col- 
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lector rings which are present in the design 
shown in the authors' paper. While the 
efficiency is lower than that of a machine 
with a revolving field, the absence of all 
connections to the rotor makes it attractive 
under the conditions present on baggage 
cars and cabooses, and it is hoped that some 
day this development will be taken up 
again. It is necessary with such a gen¬ 
erator to supply a small amount of current 
from the battery when the car is at rest 
in order to insure building up of the gen¬ 
erator voltage as the car begins to move; 
but in order to prevent undue battery dis¬ 
charge, this circuit can be interrupted by a 
pressure-operated switch connected to the 
brake pipe on the car, so that when the car 
is standing, with no air pressure or air pres¬ 
sure below that required to properly oper¬ 
ate the brakes on the train, this small field 
current drain is cut off. 

It would be interesting also if some one 
would explore the possibilities of building 
a generator of larger capacity than 5 kw, 
utilizing the alternator principle, either of 
the inductor or field-excited type, with 
rectifiers, to see how it would compare in 


cost and weight with the conventional 20- 
and 30-kw motor-generator sets now used 
on main line passenger cars. Such an 
alternator would immediately have the 
advantage of eliminating the induction 
motor now required for stand-by operation, 
as the stand-by power could be fed into the 
rectifiers direct. Also the rectifiers could 
be mounted underneath the car and blown 
with relatively clean air obtained from 
within the car body, as it is necessary to re¬ 
move a certain amount of air from the car 
interior anyway for proper operation of the 
air conditioning system. 

Such a generator would also eliminate the 
commutator and pole changer of the 
present d-c generator, do away with their 
maintenance and other troubles experienced 
in service due to dirt. 

A. H. Hoffer and G. W. Weber: The 
authors wish to thank W. S. H. Hamilton 
for his interesting history of the develop¬ 
ment of the gear drive. Also of interest 
was his review of the various types of ma¬ 
chines—especially the inductor-type alter¬ 
nator—which have been investigated in the 


field as sources of power supply to cabooses. 

Before designing the rotating-field alter¬ 
nator, the inductor-type alternator was care¬ 
fully considered and finally rejected. Al¬ 
though it had no slip rings, it was heavier, 
larger, and more expensive than the rotat- 
ing-field-type machine. Moreover, it was 
estimated that the maintenance costs 
associated with a successful brush-and-slip- 
ring combination would be so low that the 
inductor-type construction could not be 
justified. Reports from field tests to date 
have supported this prediction. 

Larger capacity alternator-rectifier sys¬ 
tems are presently being studied. The 
high cost of rectifiers limits the ability of 
these larger systems to compete with con¬ 
ventional d-c machines. The advantage of 
eliminating the induction motor is question¬ 
able since it introduces the need for a step- 
down transformer, for some means of regu¬ 
lating the widely variable wayside-power 
voltage, and for providing a current limit. 
The downward trend in rectifier cost and 
size per kilowatt may, however, soon tip 
the economic balance in favor of the al¬ 
ternator-rectifier system. 


Electric Transmission with Diesel 
Locomotives 


P. A. MCGEE 

MEMBER AIEE 


T he FIRST diesel locomotive, I 
understand, employed direct side 
rod drive, somewhat similar to steam 
power. As might be expected, this trans¬ 
mission of diesel power was not found 
satisfactory. 

The Transmission Problem 

A simple analysis of the problems in¬ 
volved in transmitting the torque of a 
diesel engine to the rims of a locomotive 
wheel will show the necessity of employ¬ 
ing some type of torque converter between 
the diesel engine and the driving wheels. 

As a simple specification, it may be 
stated that an efficient locomotive unit 
should be capable of accelerating its 
train, using tractive forces up to the limit 
of its adhesion. Throughout its operat¬ 
ing speed range, the locomotive should 
deliver its rated horsepower. 

Such a locomotive unit gives a constant 
horsepower characteristic which will be 
referred to later. 

Since a diesel engine develops prac¬ 
tically a constant torque over its operat¬ 
ing speed range, it must operate at its 
maximum rated speed to develop its 


rated output. In order, therefore, to 
obtain the full available rated horsepower 
for accelerating purposes and over the 
operating speed range of the train, it 
becomes necessary to have a torque con¬ 
verter between the diesel power plant and 
the driving wheels. 

The commercially developed torque 
converters available are as follows: 

1. Electric power transmission considered 
in this paper. 

2. Straight mechanical gear shift drive as 
commonly employed with relatively small 
power units in highway and to a lesser 
extent in rail transportation. 

3. Hydraulic torque converter as exten¬ 
sively employed in certain highway and 
earth working services. This drive is also 
employed to a limited extent in rail service 
in this country and is employed and pro¬ 
posed for extensive rail services in Europe 
and other countries. 

4. Combination of hydraulic and straight 
mechanical converters used in services out¬ 
lined in items 2 and 3. 

Diesel locomotives for class one rail¬ 
roads in this country normally employ 
minimum axle loads of 55,000 pounds. 
Under favorable rail conditions, starting 
tractive efforts of 16,000 pounds per 
axle may be developed with this load. 


With a 4-driving-axle unit this gives 
a total tractive effort of 64,000 pounds and 
with a 6-driving-axle unit a total tractive 
effort of 96,000 pounds, which power is 
generally delivered from one power plant. 
When units are operated in multiple, 
to obtain say a 4,500-horsepower pas¬ 
senger locomotive with eight driving axles 
or a 6,000-horsepower freight locomotive 
with sixteen driving axles, starting trac¬ 
tive efforts of the order of 128,000 pounds 
and 256,000 pounds respectively are 
encountered. 

The mechanical problems in transmit¬ 
ting this large tractive power from a 
limited number of power plants is not 
simple. The efficient control of these 
forces is actually the design problem of a 
diesel locomotive. 

Early History of Diesel Power 
Transmission 

The first practical application of inter¬ 
nal combustion power to revenue traffic in 
this country was probably the McKeen 


Paper 53-69, recommended by the AIEE Land 
Transportation Committee and approved by the 
AIEE Committee on Technical Operations for 
presentation at the AIEE Winter General Meeting, 
New York, N. Y., January 19-23, 1953. Manu¬ 
script submitted October 24, 1952; made available 
for printing December 3, 1952. 

P. A. McGee is a consulting engineer in New 
York. N. Y. 

The following manufacturers have my sincere 
thanks for the typical wiring diagrams and loco¬ 
motive chara ctesistic curves supplied and employed 
in this paper: The American Locomotive Company 
of The General Electric Company, Baldwin-Lima- 
Hamilton Corporation, Westinghouse Electric Cor¬ 
poration, The Electro-Motive Division of General 
Motors Corporation, and Fairbanks, Morse and 
Company. Unfortunately, it was not possible 
include all the data and curves submitted. 


138 


McGee—Electric Transmission with Diesel Locomotives 


May 1953 




comne:ct/on5 

SE9. PAR. F^l • 
SER. PAR, FSZ • 
RAR/ALLEL FS I | 
'^PARALLEL FSZi 


CONTACTORS CLOSED f 

PI I PZ S2ljP2l|paeMI iMajMS,M4[ 

1 ‘ ' I I I 
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car employed around 1910. This car 
employed a gas engine with straight 
mechanical gear shift clutch drive and 
possessed many advantages over a steam 
locomotive or steam propelled rail car 
for branch line services. The gear shift 
and clutch, however, were not found 
satisfactory and an electric transmission 
with a manually controlled generator 
field switch, which apparently was be¬ 
yond the understanding of the available 


steam trained crews was developed. 

As a result of these difficulties, the 
development of internal combustion rail 
motive power languished until after 
World War L 

With the general increase in crew wages 
and materials at the end of World War I, 
railroad management became branch line 
conscious and a receptive market became 
available for simple motor car units. 
In 1924 the classic transmission control 


which, in one form or another, is now 
employed in practically all types of diesel- 
electric transmissions was developed. 

Needless to say, many refinements 
have been added since 1924 and today 
we can choose the product of many manu¬ 
facturers for diesel-electric control which 
automatically develops the diesel power 
available for traction purposes without 
any hazard of overloading or stalling the 
diesel engine. 

Modern Diesel-Electric Transmission 

The basic elements of an electric trans¬ 
mission consist of the following: 

1. A d-c normal 600-volt electric generator 
generally direct coupled to the diesel engine. 

2. Series-wound d-c traction motors gen¬ 
erally axle-hung, similar to street car motor 
suspension, with a simple gear connection 
to the driving axles. 

3. An auxiliary generator set or sets em¬ 
ployed to excite the main generator and 
supply battery charging or other auxiliaries. 
These are generally direct or belt driven. 

4. Blowers for engine water cooling, motor 
cooling either direct driven or driven from 
auxiliary generator. 

5. Compressors for air brake and control 
supply either direct or belt or auxiliary 
generator driven. 

6 . Main control switches for traction 
motor control, reverser, held taps, and 
motor combinations. 



7. Starter control from battery to main 
generator. 
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8 - Load regulator generally receiving its 
impulse from the engine governor and con¬ 
trolling generator field or exciter field, to 
regulate the generator output. 

9. Control switches operated from throttle 
control to engine governor, generally giving 
eight engine speed positions. 

10 . Control switches to fuel pumps, air 
compressors, blowers, and auxiliary genera¬ 
tors and control and lighting circuits. 

11. Relays controlling automatic functions 
of motor transitions, field taps. Reverse 
current and ground relays, and relays con¬ 
trolling dynamic brake when employed. 

12 . Temperature and speed indicators with 
warning signals. 

13. Reverser, master control, and throttle 
control at operator’s position. 

14. Necessary load indicators, speed indi¬ 
cators, and air gauges with auxiliary control 
switches located conveniently at opei*ator’s 
position. 

Many articles have been written de- 
cribing in detail the functioning of vari¬ 
ous manufacturers’ diesel-electric trans¬ 
mission. They all contain the basic ele¬ 
ments just outlined with certain vari¬ 
ations.^—^® 

The objective of all these transmissions 
is to give automatically a generator out¬ 
put up to the normal rating of the diesel 
en^ne, at all engine speeds and under all 
train loading conditions. 

This characteristic of the generator 
may be expressed as a constant volt- 
ampere output or a voltage in inverse 
ratio to the amperes demanded. This 
condition can be approximated in small 
output ^ generators with a differential 
field winding on the main generator or 
on the auxiliary exciter, thus giving in¬ 
herent regulation. Such an arrangement 
is employed extensively and very effec¬ 
tively on small industrial locomotives. 

With road power and comparatively 
large size generators, it is necessary to 
this inherent regulation with 
some type of load control related to the 
engine governor, in order to fully protect 


the engine and obtain maximum powder 
under all loading conditions. 

The arrangement employed by the four 
principal manufacturers of electric trans¬ 
mission equipment with road power, is 
^plained in Figures 1 to 4 inclusive. It 
is not necessary to explain each manufac¬ 
turer’s arrangement except to state that 
they are all considered eminently satis¬ 
factory and purchasers today are more 
concerned with the rating of the appara¬ 
tus than with the exact functioning of the 
apparatus. 

It should, however, be mentioned that 
all operations are controlled from the so- 
called trottle and that the operator has 
simply to notch out from notch 1 to 
notch 8 at a rate depending upon his 
load meter to put his train in motion up 
to its maximum speed. All motor transi¬ 
tions, field taps, and engine regulation 
may be completely automatic and from 
his load meter the operator knows the 
heating load on his motors and the extent 
to which his transmission load exceeds 
or is below the continuous rating of the 
motors and generator. 

Many interesting refinements have 
been incorporated in the most recent 
equipments. One company now em¬ 
ploys an amplidyne exciter scheme which, 
with tuned frequency relays for forward 
and reverse transition, supplies the opti¬ 
mum in power output control. Another 
company employs an a-c alternator at¬ 
tached to its main generator to supply a-c 
power to squirrel-cage water cooling and 
traction motor blower motors. A pneu¬ 
matic trottle control and a simplified 
permanent motor hook-up is used by still 
another company. The challenge of the 
electric locomotive has been met and a 
line of diesel locomotives which have 
optional horsepower per unit has been 
produced. 

Added to their individual developments 
and refinements, the builders of electric 
transmission equipment have universally 


improved their apparatus by the following 
developments: 

1 . Employment of silicone and other im¬ 
proved armature insulation. 

2 . Improved form wound armature coils. 

3. By mass production methods, improved 
generator and motor production. 

4. Perfection of dynamic braking with 
high-capacity blown resistors. 

5. Water temperature control. 

6 . Ventilating shutter control. 

7. Air filtering. 

8 . Solderless lead terminals and oil resist¬ 
ing rubber cable. 

9. Locomotive slip relays and control. 

10 . Apparatus subassembly for conveni- 
ence in replacement and maintenance. 

11 . Development of maintenance pro¬ 
cedure, to obtain maximum economy and 
availability. 

12 . Maintenance kit packages and unit 
exchange with factory-conditioned parts 
and units. 

It may be definitely stated that elec¬ 
tric transmission in its present high degree 
of development is ideal in its functioning 
for road, yard, and industrial locomotive 
services. 

Dynamic Braking 

One of the unique features of electric 
transmission is the possibility of working 
it in reverse to absorb the energy of the 
train. 

Dynamic braking employs the traction 
motors as generators to convert the kinetic 
energy of the train into electric power 
which can be easily dissipated through 
resistors. By this means, a locomotive 
can control the speed of a train on down 
grade or during deceleration without the 
extended use of mechanical brakes. This 
method of train speed control on our 
heavy grade railroads represents one of 
the major advantages of diesel motive 



Figure 3. Sche¬ 
matic diagram 4- 
motor power and 
exciter circuits 
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Figure 5. Typical 2,250-horsepower passenger unit speed tractive-effort curve 


power. On level or rolling profiles where 
long trains are operated, dynamic brakes 
have also the great advantage of nor¬ 
mally controlling the train speed to suit 
slow-downs for curves, signals or other 
speed restrictions without resorting to 
mechanical brakes. 

It should be mentioned that dynamic 
braking is an exclusive feature of loco¬ 
motives and equipment employing elec¬ 
tric transmission. 

Transniission Rating and Flexibility 

The necessity of load regulation, not 
only in its ability to develop the maxi¬ 
mum rated engine output but also to 
protect the power plant from over¬ 
load and stalling has been stressed. 

With the main generator and traction 
motors, the service duty cycle may re¬ 
quire a large variation in the torque char¬ 
acteristics of the traction motors and the 
duty on the generator without in any 
way influencing the diesel engine. 

For high-speed passenger service, the 
accelerating and slow speed operating 
periods are relatively infrequent and the 
question of horsepower at high speed is 
more important than high continuous 
tractive power. In freight service, espe¬ 
cially heavT freight, the opposite is true. 
High continuous tractive effort is all im¬ 
portant. This will be readily understood 
when it is recognized that with approxi¬ 
mately 00,000-pound axle loads and 
appropriate traction motors we gear our 
4,500-hor3epower passenger locomotives 
for maximum speeds of 95 to 110 miles 
per hour with eight traction motors, 
whereas w'e gear a 4,500-horsepower freight 
locomotive for a maximum speed of 60 
miles per hoiu* to 70 miles per hour and 
employ 12 traction motors. In other 
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words, it takes more torque converter 
motors to deliver a given horsepower 
when high continuous tractive effort is 
required. 

This condition is well illustrated by the 
typical speed-tractive effort curves shown 
on Figures 5, 6, and 7. 

Figure 5 represents a 2,250-horsepower 
diesel-electric passenger unit showing its 
continuous rating when geared for various 
maximum speeds. Two of these units in 
multiple represent a typical 4,500-horse¬ 
power locomotive such as hauls the New 
York Central “Century’’ or Pennsylvania 
Railroad “Broadway” and other famous 
trains. 

Figures 6 and 7 represent a 1,600-horse¬ 
power and a 1,500-horsepower diesel-elec¬ 
tric freight unit showing its continuous 
rating when geared for various maximum 
speeds. Three of these units in multiple 


represent a typical 4,800-horsepower or 
4,500-horsepower freight locomotive as 
pretty well universally employed on level 
and rolling profiles with 3,000-ton to 
4,000-ton trains. 

Referring to these curves, the speed 
range between the continuous rated 
speed and the maximum speed is the 
practical continuous operating range. 
The passenger unit, see Figure 5, when 
geared for a maximum speed of 117 miles 
per hour, can operate continuously with 
a load which exceeds a minimum speed 
of 25 miles per hour. With a gear ratio 
giving a maximum speed of 80 miles per 
hour, it can operate continuously with a 
load which exceeds a minimum speed of 
17 miles per hour. The ratio between 
the maximum speed and continuous 
speed is 4.5 with this locomotive unit. 

The freight unit shown on Figure 6, 
geared for maximum speed of 75 miles 
per hour, can operate continuously with 
a load which exceeds a minimum speed 
of 10 miles per hour and similarly for 
higher gear ratios and maximum speed. 
With the freight unit, the ratio of maxi¬ 
mum speed and continuous speed is 7.0. 

The freight locomotive is therefore more 
than 1.5 times as flexible as the pas¬ 
senger unit, by this very complete meas¬ 
ure of a locomotive’s flexibility. The 
explanation is the increased transmission 
capacity in amperes or torque of the 
freight unit which, for a given horse¬ 
power, has 40 per cent more traction 
motor capacity than the passenger unit, 
Locomotive tractive effort rating and 
flexibility is entirely a matter of trans¬ 
mission capacity and does not neces¬ 
sarily refer to the engine except in the 
matter of speed. It would be theoret- 
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ically possible to obtain the tractive 
effort rating shown on these curves with 
one-quarter the horsepower stated on 
these curves at one-quarter the speed 
indicated. 

It is not necessary to discuss here the 
degi-ee of flexibility which should be 
incorporated in any given transmission 
equipment except to state that it should 
be governed by the type of service to 
which a locomotive or car equipment is 
applied. In this connection, it should 
be noted that excessive motor capacity 
not only adds unnecessary cost but also 
unnecessary weight to the motive power 
equipment. 

In passenger service, operating on a 
rolling profile, it is generally considered 
good practice to have a minimum con¬ 
tinuous tractive effort of 10 to 12 per cent 
of weight on driving wheels. In freight 
service, this value in heavy grade service 
may be as high as 17 to 18 per cent and 
for a general purpose locomotive, it may 
be of the order of 15 per cent. 

Simple Calculation of Locomotive 
Characteristic Curve 

Referring to Figures 5, 6, and 7, atten¬ 
tion is called to the note explaining the 
formulas from which the curves are 
derived, namely 

te=30^ 

MPH 

TE = tractive effort in pounds 
HP— engine horsepower input to generator 
shaft and 308 is approximately 82 
per cent of factor 375 
MPH—miles per hour 

Before the perfected development of 
existing electric transmissions, it is 
doubtful that this approximation with 


such a perfect continuous output curve 
would be accepted at its face value. 
Numerous tests and extensive service 
experience confirm the accuracy of these 
curves and indicate that with the release 
of any auxiliary load for which the diesel 
plant is adjusted, it immediately appears 
n the traction output. 

Measured at the rim of the driving wheels 

MPH 

Generators of 1,500-horsepower output 
and traction motors of 400-horsepower to 
500-horsepower rating have maximum 
efficiencies of 96 per cent and 92 per cent 
respectively and over their normal operat¬ 
ing range the combined efficiency of 
generator, motors, and gears will be 
between 82 and 85 per cent. The charac¬ 
teristic curves in Figures 5, 6, and 7, as 
stated, are constructed on this efficiency 
assumption. 

This 18-per-cent energy loss in the 
transmission of the traction power is 
regrettable, as is also the auxiliary losses 
occasioned by the blowers, compressors, 
and control apparatus. Plowever, the 
actual fuel consumed with these losses 
is of relatively small value. The addi¬ 
tional equipment weight to provide for 
the losses, although of considerable im¬ 
portance in high-speed passenger and 
suburban services, is of relatively small 
importance in freight service where the 
total locomotive weight may be only 6 
to 10 per cent of the train weight. 

Standardization of Electric 
Transmission 

Diesel locomotive motive power with 
electric transmission is now the accepted 


standard in our United States railroads. 

Diesel power has an inherent thermal 
economy which is far reaching in all 
countries which must import fuel or 
have liquid fuel directly or indirectly 
available. It has the further advantage 
that when standardized it gives a produc¬ 
tion, maintenance, and operating economy 
which may eventually lead to its uni¬ 
versal use on all railroads. 

Electric transmission has contributed 
in no small measure to diesel locomotive 
development. Wlaen individual axle 
drives are considered desirable with large 
tractive power such as that employed on 
U.S.A, railroads and when dynamic 
braking is required, electric transmission 
is essential. 

Brief Reference to Other Types of 
Transmission 

In comparison with other types of 
torque converters, the electric trans¬ 
mission efficiency of 82 per cent compares 
favorably with the hydraulic systems 
developed today. In the small horse¬ 
power output range, where mechanical 
gear shift transmission or hydraulic 
combinations thereof can be applied, 
the mechanical drive may have a 5-per¬ 
cent to 15-per-cent efficiency advantage. 

In the matter of weight with high-speed 
passenger and rail car equipments, it 
becomes increasingly necessary with the 
development of straight mechanical and 
hydraulic drives to consider the possi¬ 
bility of obtaining lighter electric trans¬ 
mission than commercially available 
today. 

With freight and general purpose power, 
the question of weight as stated is of 
small importance. 
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Finally the question of first cost and 
maintenance cost, with electric trans¬ 
mission, are of great importance when 
comparing various types of torque con¬ 
verters. 


References 

Diesel-Electric Teac 

C A CONTROL SYSTEMS, 

TOloJ! R? Transactions, 

volume 66, 1947, pages 223-28. 

2. A Power Plant Regulating System for 


Diesel-Electric Locomotives, C. B. li'ewis. 
AIEB Transactions, volume 66, 1947, pages 242-46.' 

3. Developments in Control Systems for 
Diesel-Electric Locomotives, M. D. Henshaw. 
AIEB Transactions, volume 66, 1947, pages 233-41* 

4. Twenty-Five Years Progress in the Design 
OF Traction Motors, M. J, Baldwin. AIEB 
Transactions, volume 68, part I, 1949, pages 132-37. 

6. Application Engineering on Diesel-Elec¬ 
tric Locomotives in Railroad Service, G. T. 
Bevan. AIEB Transactions, volume 68 part I* 
1949, pages 125-31. 


6. The Renaissance of Electric Motive 
Power. A. H. Candee. AIEB Transactions, vol¬ 
ume 68, part I, 1949, pages 138-44. 


7. Fifteen Years’ Progress in the Design op 
Industrial Diesel-Electric Switchers, R. 
Barrel!. AIER Transactions, volume 71 cart TT 
1952, pages 215-19. ' ' 


--- 

motive for the Seaboard Air Line Railway 
D. R. Staples, T. L. Weybrew, C. A. Atwell. AIEE 
Transachons, volume 66, 1947, pages 215-19. 


9. Electric Drives for Locomotives, A. H. 
Candee. Mechanical Engineering (New York 
N. Y.), December 1950. ’ 


a.ljv.;uiviutivb uug— hunters, E. W. 
Kettering, T. B. Dilworth, J. M. Norris. Journal 
SocmtyiOf^ Automotive Engineers (New York! 




Discussion 

J. _C. Aydelott (General Electric Company, 
Erie, Pa.): When an author has done such 
a comprehensive job as that done by Mr. 
McGee there is not much that can be added 
in the way of discussion. Some of the facts 
which the author has mentioned, however 
may be highlighted. 

The broad problem is to connect some- 
thmg which is moving (the crankshaft of 
the diesel engine) with something which is 
standing still (the locomotive and train) to 
cause the latter to move. This problem is 
solved beautifully by using an electric gen¬ 
erator on the diesel engine and electric trac¬ 
tion motors on the locomotive axles. Mr. 
McGee has touched on the many good 
points of this system and has done a good 
job of bringing out the distinctive features 
offered by the various builders. The funda¬ 
mental similarities of these locomotive 
drives, however, far outweigh any differ¬ 
ences in detail. It is worth remarking that 
the locomotive builders in this country are 
practically unanimous in the selection of 
electric drive for their locomotives. 

About two-thirds of the way through his 
paper Mr. McGee discusses the ratio of the 
maximum speed of a locomotive to its con¬ 
tinuous speed and illustrates his discussion 
with a passenger locomotive in which this 
ratio is 4.5 to 1 and a freight locomotive 
haying the ratio of 7 to 1. Mr. McGee 
points out that the freight locomotive must 
have more traction motors to provide this 
additional "flexibility” in the use of the 
diesel engine horsepower. This is looking 
at the picture from the prime mover point 
of view. The converse statement is also 
interesting and instructive. The proper 
amount of electrical material to be used on 
a locomotive is determined by its weight 
which limits the tractive effort which it can 
develop and by the top speed at which the 
locomotive must run. If the horsepower of 
such a locomotive is low it will have great 
flexibility, using Mr. McGee’s words. 
However, it should be noted that as horse¬ 
power IS increased, the same trains can be 
handled faster and that this higher horse¬ 
power can be accommodated with prac¬ 
tically no change in the amount of electrical 
material required. This is the direction 
which improvement in future locomotives 
may be expected to take. 


Another highlight is dynamic braking. 
Mr. McGee points out that this is an ex¬ 
clusive feature of electric drive. Originally, 
without dynamic braking, electric drive had 
sufficient advantages to dictate its use. 
The further advantages of dynamic braking 
are becoming more and more appreciated as 
its use is increasing and this tends to en¬ 
trench electric drive all the more firmly in 
locomotive application. 

One more feature of electric drive which 
Mr. McGee did not mention is worth noting. 
Much of the tremendous investment which 
the railroads have in diesel-electric loco¬ 
motives can be salvaged if it some day be¬ 
comes economical to put a trolley wire up 
over the track. Studies indicate that it is 
entirely feasible to install conversion appa¬ 
ratus in the cab in place of the diesel engine 
and its accessories and run the locomotive 
under a wire. _ Much of the cab and all the 
running gear including the traction motors 
will still be useful. 

^ Mr. McGee has not exaggerated in point¬ 
ing out the many advantages of electric 
drive on diesel-electric locomotives. 


P; A, McGee: I thank J. C. Aydelott for 
his remarks and further comments on the 
advantages of electric transmission. 

As stated in my paper, I feel that the 
manufacturers of electric transmission equip¬ 
ment in the United States are to be con¬ 
gratulated on the developments which give 
us, from the operating standpoint, an ideal 
transmission. 

In this country with our relatively high 
axle loads and large tractive effort per loco¬ 
motive unit, the electric transmission has 
many advantages and is recognized as our 
standard transmission. 

With light-weight cars and for some 
special applications, it seems to me that 
electric transmission will require some 
weight reduction to compete with recent 
mechanical drive developments. 

Mr. Aydelott refers to my discussion on 
the ratio between maximum speed and con¬ 
tinuous speed. This is of course a vital 
ratio, more particularly since railroads are 
now I feel rather overstressing universal or 
general purpose diesel units. 

It is a fact that straight electric locomo¬ 
tives, in their limited and restricted applica¬ 
tions to date, have ridiculously small maxi¬ 
mum and continuous speed ratios. This 


explains their inflexibility and assignment 
to specific freight and passenger duties with 
very exacting rules on their tonnage ratings 
With the universal application of diesel 
power, these limitations could not be toler¬ 
ated and the railroads are constantly de¬ 
manding the so-called foolproof locomotive. 

^ A foolproof locomotive is one with suffi¬ 
cient transmission capacity to permit con¬ 
tinuous operation up to the slipping point 
of^ the wheels. If speeds in excess of 100 
miles per hour are required, the transmis¬ 
sion would, with this continuous rating, be 
unduly heavy and expensive. My paper 
states the generally accepted continuous 
ratings with various types of service. 

I cannot agree with Mr. Aydelott that 
by keeping the horsepower low you obtain 
greater flexibility and that the modern 
tendency is to increase horsepower with a 
sacrifice of flexibility. 

Railroad operators and even design engi¬ 
neers are very apt to confuse ability to pull 
and horsepower. 

A simple case of such confusion is well 
illustrated by an incident that occurred a 
few years ago with a very capable operating 
vice-president of one of our large systems. 
The particular railroad had a number of 
diesel units, the power plants of which were 
under-rated. By very simple modifications, 
it was possible to increase the engine horse¬ 
power rating by approximately 12 per cent. 

^ With this increase in power, the operating 
vice-president requested a 12-per-cent ton¬ 
nage rating increase with these units. It 
took a lot of explaining to convince this 
practical railroader that his transmission 
equipment had not been increased and the 
additional power could be used only to ob¬ 
tain higher speed. 

There is a very large difference between 
horsepower obtained with increase in speed 
and horsepower secured through increase in 
tractive effort. The former is cheaply ob¬ 
tained, the latter is costly and requires 
larger and better transmission apparatus. 
Not just a few more engine rpm or an in¬ 
crease in brake mean effective power but an 
actual increase in thermal rating of the 
whole transmission apparatus is effected. 

This reasoning applies to mechanical and 
hydraulic just as with electric transmission. 
The criterion in any comparison of the vari¬ 
ous types of transmissions must be the rela¬ 
tive flexibility or the ratio of maximum to 
permissible continuous speed. 
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Arcing Time of High-Voltage Air- 
Breal< Contactors at Low Currents 

C A. LISTER 

MEMBER AIEE 


A HIGH-voltage air-break contactor 
must be able to interrupt the circuit 
to motor loads or static loads covering a 
wide current range. Considerable atten¬ 
tion has been given to the ability of con¬ 
tactors to interrupt fault currents, but 
little has been published on the problem 
of obtaining satisfactory performance at 
low currents. The difficulty at low cur¬ 
rents is one of getting acceptably short 
arcing time. 

It has been pointed out previously that 
for low power-factor static loads the 
arcing time at low currents is relatively 
]ong .^»2 gome tests on motor loads have 
shown very short arcing time for low 
currents, and it may be that there is no 
danger of excessively long times with 
such loads. ^ However, to make applica¬ 
tion simple, it is desirable to design a 
contactor with acceptably short arcing 
time at low currents, regardless of the 
type of load, provided, of course, that 
fault interrupting ability is not sacrificed. 
This paper considers some of the factors 
which affect the low current arcing time 
of high-voltage air-break contactors. 

Examination of the interruption proc¬ 
ess employed in high-voltage air-break 
contactors will show the reason for the 
relatively long arcing times at low currents. 
Figure 1 .shows those parts of a typical 
contactor which are involved in the inter¬ 
ruption process. In operation an arc 
is drawn between contact tips and is 
forced onto and up arc runners by a trans¬ 
verse magnetic field set up by a series 
excited blowout. As the arc is forced 
into contact with cooling plates, it is 
deionized and extinguished. At low 
current, the blowout field is weak so that 
the arc travels at a relatively low velocity 
and consequently the arcing time is long. 

Two factors which affect the arcing 
times of contactors are evident, the 
strength of the blowout and the position 
of the cooling plates. In order to deter¬ 
mine the relative importance of these 
factors, an experimental study was under¬ 
taken in which low-current arcing times 
of static loads were measured using blow¬ 
out coils having 1 to 32 turns and with 
the cooling plates placed successively in 
the five positions shown in Figure 1. A 
less extensive set of tests was also made 


on a contactor which differed from that 
of Figure 1 in that the cooling plates were 
parallel to the arc and the arc runners 
diverged at an angle of about 120 degrees 
throughout the interruption region. 

For the 10 to 40 amperes current range 
considered, arcing time varied approxi¬ 
mately as a small negative power, —0.25 
to —0.35, of the blowout flux density and 
as the minus one power of distance be¬ 
tween contact tips and cooling plates. 
Arc velocity measured along the shortest 
line between tips and cooling plates was 
constant for a given value of the product 
“blowout flux density times current” and 
varied nearly as a small power of this 
product. Arc velocity along parallel 
arc runners was higher than along runners 
which diverged. 

When the current to be interrupted was 
made sufficiently small, a large per¬ 
centage of interruptions occurred with¬ 
out the arc transferring to the arc runners 
and with an arcing time of less than 1 
cycle. This effect appeared more pro¬ 
nounced at higher tip opening velocity. 

While the character of load handled 
by a contactor is not subject to control 
by the contactor designer, it is useful to 
know the effect of the type of load on 
arcing time. Tests on static loads in 
which the power factor was varied showed 
that as the power factor was increased 
for a fixed and sufficiently small current, 
the percentage of interruptions which oc¬ 
curred without arc transfer increased; 
but for those interruptions in which arc 
transfer did occur the arcing time was 
independent of the power factor. No 
motor loads were used in the tests, but 
it has been pointed out by others that 
with motor loads, counter electromotive 
force reduces the recovery voltage across 
the tips thereby making interruption 
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simpler. It is believed that the fast inter¬ 
ruptions of motor loads which have been 
reported previously^ were of the same 
type as the interruptions noted here 
without arc transfer. In such cases the 
arcs are broken on the contact tips, the 
blowout field and cooling plates not taking 
part in the interruption. 

Test Procedure 

The circuit used in the tests is shown in 
Figure 2. All tests were single phase, 
single pole, 2,300 volts, 60 cycles. By 
adjusting the reactor, the current was 
set successively at 11, 20, and 39 amperes. 
The power factor was 0,15 or less. A 
coil separate from the blowout structure 
was connected between the stationary 
tip and its arc runner. During an inter¬ 
ruption, this coil was energized when the 
arc transferred to the arc runner so that 
oscillograms of the voltage across this 
coil and the blowout coil revealed the arc 
transfer instant as well as the instant of 
interruption. A simple circuit employ¬ 
ing another pole of the contactor was used 
to indicate the instant of tip separation. 
Figure 3 is an oscillogi*am of a typical 
interruption. 

Supplementary tests were made to 
determine the variation of flux density 
tliroughout the region of arcing. As 
the constant flux density lines of Figure 4 
show, the flux density was nearly uniform 
throughout the interruption region. This 
uniformity was found to hold over the 
entire range of blowout strengths used. 

Effects of Changes in Blowout 
Strength and Position of 
Cooling Plates 

In analyzing the interruption tests it is 
convenient to divide the total arc time 
into the lime for arc transfer and the 
time to interrupt after transfer. This is 
desirable because it separates the transfer 
problem from the interruption problem. 

Figure 5 shows a typical set of arcing¬ 
time characteristics for the contactor 
of Figure 1. The “time to interrupt 
after arc transfer” is plotted against 
“current” for various numbers of blow¬ 
out turns and for a single position of the 
cooling plates. The points shown are 
average values based on three or more 
tests taken under identical conditions. 
These characteristics show plainly the 
rapid increase of arcing time as the cur¬ 
rent is decreased. The results of other 
tests taken at currents below 10 amperes 
are not plotted. In such tests the arcs 
were extinguished without transferring 
to the arc runners and in a total arcing 
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Figure 1 (left). 
Schematic dia. 
gram of high- 
voltage air-break 
contactor. 
Dashed lines A- 
E show cross-over 
levels for various 
positions of cool¬ 
ing plates 




Figure 3. Typical oscillogram of currenl 
interruption. Cooling plates position C, 20 
amperes rms, 8 blowout turns 


—Voltage across blowout coil and transfer 
indication coil 

-Voltage across tips of adjacent pole in 
contact separation circuit 


time of less than 1 cycle. This phenom¬ 
enon will be discussed later. 

If the arcing times of Figure 5 are plot¬ 
ted on log-log scales and flux density is 
used as a parameter instead of the num¬ 
ber of blowout turns, the resulting curves 
are nearly straight parallel lines. Like¬ 
wise a log-log plot of “arcing time after 
transfer versus flux density” for several 
constant values of current yields similar 
straight parallel times. The lines of 
these two sets of characteristics have 
nearly the same slope which shows that 
the arcing time after transfer varies 
approximately as the same power of both 
flux density and current. Therefore, it 

KE300 \/olts h 
60 '^ 


appears that a single curve ‘^arcing time 
after transfer versus the product *blow- 
out flux density times current’ ” should 
give with fair accuracy the same essential 
information as given in the several curves 
of Figure 5. This was found to be true and 
in Figure 6 the single curve for cooling 
plate position C gives in different fonn, 
the information of the three curves of 
Figure 5. The other curves of Figure 6 
show “arcing-time after transfer versus 
blowout flux density times current” for 
two more of the five cooling plate posi¬ 
tions used and the time required for the 
arcs to transfer to the arc runners. The 
transfer time curve, like the others, is a 
straight line for practical purposes. 

One result observed on certain oscillo¬ 
grams deserves special mention. In the 


Figure 2 (left). 
Test circuit for 
interruption tests 


tests where the maximum number of 
blowout turns was used, the ciurent de¬ 
creased markedly during the arcing time, 
the effect being particularly noticeable 
for the tests at 11 amperes. A current 
decrease was also noticeable for many of 
the other tests, but the decrease appeared 
small enough to neglect. A current de¬ 
crease would be expected to increase 
the arcing time for those tests in which it 
was pronounced and, for the more remote 
plate positions, the experimental results 
were in general agreement. A possi¬ 
ble explanation for the current attenua¬ 
tion is that velocities were high enougli 
to cause more than normal heat transfer 
from the arc to the air. 

Plainly the time-after-transfer curves 
of Figure 6 can be expressed very nearly 
by the eciuation 

k^K{Bir^ ( 1 ) 

where 

/2 = time between arc transfer and interrup¬ 
tion in cycles 

B = blowout flux density in lines per square 
inch taken at a reference point in the 
arc chute 



’ ISOUTISIG TRANSFORMER 




/TRANSFER INDICATION 
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^CONTACT TIPS 
‘-ARC RUNN6R5 


OPERATING 
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Figure 4 (right). 
Flux distribution 
midway between 
blowout ears. 
Lines of constant 
flux density are 
shown. Numbers 
Sivc peak lines 
per square inch 
for 60 rms am¬ 
pere-turns excita¬ 
tion 
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Figure 5. Arc-time after transfer versus cur¬ 
rent for various numbers of blowout turns 


/ — current in rms amperes 
k, K = constants for a fixed position of the 
cooling plates, k varied in the range 
0.24 to 0.32 for different plate 
positions. 

The transfer time curve can be expressed 
similarly by 

( 2 ) 

where 

/i“time between the initiation of the arc 
and its transfer to the arc runner 
above the stationary contact tip 
K — constant 
*=0.37 

B and I have the same meaning as in 
equation (1) 

The previous results are useful in esti¬ 
mating average arc velocities. In Figure 
7 the arc times after transfer, of Figure 6, 
are plotted against the distance from the 
contact tips to the cooling plates for 
several values of BL Assuming that for 
a given current and flux density an arc 
must be driven the same distance into 
the cooHng plate stack for extinction 
regardless of the location of the stack, 
the distances between cooling plate loca¬ 
tions correspond directly to differences 
in arc travel, and therefore the inverse 
slope of the curves of Figure 7 is arc 
velocity. It is evident from the curves 
that when the arc is moving between the 
parallel parts of the arc runners the veloc¬ 
ity is constant. If the velocity is 
plotted against BI on log-log scales, a 
straight line with slope 0.18 results, show¬ 
ing that the velocity varies as BI to the 
0.18 power, see Figure 8. The average 
ui:)ward velocity of the arc was somewhat 
lower in the region where the arc runners 
diverge than in the region where the arc 
runners are parallel. 

When the results for the contactor 
with arc runners which diverged through¬ 



10 ^ 10 ^ ( 0 ^ 10 ® 
BLOWOUT FLUX-DENSITY K CURRENT IN 
PEAK LINES PER SR, IN. K RMS AMPERES 


Figure 6. Arc transfer time and lime to interrupt after transfer versus blowout flux density times 
current for various cooling plate positions 


out the interruption region were exam¬ 
ined, it was found that they too could be 
expressed by equation 1. * for this con¬ 
tactor was 0.40 for the transfer time and 
from 0.33 to 0.36 for the time after trans¬ 
fer depending upon the position of the 


cooling plates. Again arc velocity was 
found to be constant for a given value of 
BI and in this case the “time-versus-dis- 
tance” curves converged to a point near 
zero distance from the tips, indicating 
that velocity was constant all along the 



runner for various TO CROSS ^ OVER LINE OF COOLING PLATES'- 


values of blow¬ 
out flux density 


INCHES 


times current LETTERS INDICATE CROSS-LEVEL FOR COOLING PLATE POSITIONS A-E 
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Tabic I. Summary of Arcing Time Versus Power-Factor Tests 


Current 19.6—21.1 Amperes, 2,300 Volts, Single Phase, Cooling Plates Position C, Blowout 
Coil 5 Turns Permanently Connected, 24 Additional Turns on Same Core Inserted When 
Arc Transfers to Rear Arc Runner 


Power 

Factor 

Total 

Number of 
Interruptions 

Number of 
Interruptions 
with Arc 
Transfer to 
Runners 

Number of 
Interruptions 
without Arc 
Transfer 

Arcing Time 
with Arc 
Transfer, Cycles 

Arcing Time 
without 

Transfer, Cycles 

0.12-0.13. . . 


. 7 . 

. 2 . 

S-r:/,, 

3/._1 

0.19-0.20. .. 


.3 . 

. 0. 

_73A-S 


0.42-0.44... 


.4. 

. 3. 

71A-S1/, 

1 /o_3 ! A 

0.66-0.67... 

.10 . 

. 7 . 

.3 . ! 

7iA_73/, 

1/n-l 

0.88-0.89.. . 

. 30 . 

. 6 . 

. 24 . 

* « • • « / Z i / 4 . 

73A-S 

lA-1 

1.0 

. 27 . 

. 0 . 

. 27 . 


. Vs-l 


arc runners. Again the velocity was is long or short, is the tip opening veloc- 

found to vary as a power of BI^ in this ity. This was suggested by results of 

case the 0.31 power. the low power factor tests described 

The angle between the diverging parts earlier. For the contactor of Figure 1 
of the arc runners was nearly the same nearly all interruptions at 10 amperes 

for the two contactors tested. This sug- or less, at a power factor of 0.15 or less, 

gested that the arc velocities measured had arcing times of less than 1 cycle, 

in the second contactor might be used to Tip opening velocity for this contactor is 

calculate the arc time for that region of about 40 inches per second. For the 

the Figure 1 contactor in which the arc second contactor with a tip opening 

runners diverged. When such calcula- velocity of about 20 inches per second the 

tions were made, they agreed fairly well current had to be reduced to about 6 

with the measured times. amperes at a power factor of 0.15 in 

order to have nearly all interruptions 
Effect of Power Factor occur in less than 1 cycle. 

A group of tests, similar to those pre- Areas for Research 
viously described, were made with all 

variables fixed except the circuit power The test results suggest areas for future 

factor. It was found that at high power research. Variations in arc velocity with 

factor, some interruptions occurred in distance between parallel arc runners 

less than a cycle and without arc transfer and with the angle between diverging 

while others required as much time as arc runners, if known, are not found 

those at the same current and low power easily in the literature. Knowledge of 

factor. The results for a current of such factors might be useful in contactor 

about 20 amperes are summarized in 


design. A comparison of arc velocities 
found in these tests with the velocities 
given by L. J. Linde and B. W, WymaJ 
for arcs along parallel runners in free air 
indicate that for the same current and 
flux density, arc velocity in free air is 
several times greater than that in an arc 
chute. Actually the data for veloci¬ 
ties in free air^ are for values of BI 
somewhat above the range of Bl of 
these tests, but the BI values ap- 
proached close enough to permit fair 
comparison of arc velocities. It would 
be useful to know what factors are particu¬ 
larly important in causing decreased arc 
velocities within arc chutes. For exam¬ 
ple, spacing of the cooling plates and 
width of the arc chute might be significant 
factors. 

Factors which determine whether an 
arc is extinguished before reaching the 
arc runners have been investigated to 
a limited extent but much more remains 
to be done. It would be useful to know 
the motor size, particularly at 4,160 
volts, for which arcs of rated current fail 
to be extinguished on the contact tips 
and must be driven into the cooling plates. 
This will be investigated by using reac¬ 
tors to simulate the primary leakage 
reactance of each phase of an induction 
motor and adjusting the applied voltage 
to a value approximating the difference 
between line voltage and the counter 
electromotive force. 

Conclusions 

The following conclusions have been 
reached. 

1. For two high-voltage air-break con¬ 
tactors, the time for arc transfer to the arc 


Table I. At higher current a greater per¬ 
centage of tests at a given power factor 
show a transfer to the arc runners. As 
is noted in the table, a second coil on the 
blowout core was used in place of a sepa¬ 
rate transfer indication coil. This change 
had been made for other tests not covered 
here, and comparison of the results of 
tests with two coils on the same core and 
tests with the coils on separate cores 
gave evidence that this change did not 
affect the results basically. 

As the table shows, at 20 amperes the 
probability of the arcing time being less 
than a cycle increases as the power factor 
is increased, but even at power factors 
of about 0.9, one interruption in five is 
long. No doubt the phase of the current 
with respect to the instant tip of separa¬ 
tion is a major factor in whether a particu¬ 
lar interruption is long or short. 

Another factor believed to be significant 
in determining whether an interruption 



BLOWOUT FLUX-DENSITY K CURRENT IN 
PEAK LINES PER SR. IN. x RMS AMPERES 

Figure 8. Arc velocity versus blowout flux density times current for two contactors 
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runners and the time to interrupt the arc 
after transfer varied as a small negative 
power of blowout flux density Xcun-ent. 
The exponent for time after transfer was 
between ~“0.24 and —0.32 for one contactor 
and between —0.33 and —0.36 for the 
second depending upon the distance of the 
cooling plates from the tips. The exponent 
for transfer time was —0.37 for the first 
contactor and —0.40 for the second. In 
the first contactor the arc runners diverged 
initially and then ran parallel while in the 
second contactor the arc runners diverged 
throughout the interruption region. 

2. In the first contactor the arc velocity 
along parallel parts of the arc runners was 
found to be constant for a given value of 
flux density Xcurrent. In the second the 
arc velocity along the continually diverging 
arc runners was similarly found to be con¬ 
stant. In each case arc velocity varied as a 
small power of flux density X current. 
When the velocities found for the second 
contactor were used to calculate arc times 
in that portion of the first contactor in 
which the arc runners diverged, the results 
were in close agreement with those found 
experimentally. 

3. The distance of the cooling plates from 
the contact tips is a very important factor 
ill the arcing time of a contactor since the 
arc velocity is a constant when all other 
variables are fixed. Although changes in 
the direction of the arc runners result in 
discontinuities in the slope of the 'Time 
versus distance” curve, the variation of 
time with distance is essentially a first- 
power relationship. 

4. The blowout strength is not neai'ly so 
important a factor in arc time as distance 


of the cooling plates from the contact lips 
since arc time varies as only a relatively 
small power, about 0.25 to 0.35, of the 
blowout flux density. 

It should be pointed out that in applying 
the conclusions about the position of cooling 
plates and the blowout strength to contactor 
design, the effect of these variables at high 
currents must also be considered. For ex¬ 
ample, in choosing the position of the cool¬ 
ing plates it is desirable for fast, low-current 
interruptions to bring the plates as close to 
the tips as possible, but it is also necessary 
that sufficient clearance be made between 
the plates and the arc runners so that the 
largest arcs to be interrupted will be able 
to move freely. Otherwise, the maximum 
current which can be interrupted satis¬ 
factorily will be lowered. 

Since arcing time varies as only a small 
power of flux density, and since at high 
currents the blowout is certain to be satu¬ 
rated, it would appear that a relatively 
small amount of blowout iron and copper 
should be specified in an economically 
balanced design. However, an increase in 
the amount of blowout iron would raise the 
saturated value of flux density and should 
thereby improve the high-current inter¬ 
rupting ability of a contactor. Further¬ 
more, increased blowout flux density should 
permit a slight lowering of the cooling 
plates as stronger forces are available for 
driving the arcs into the confined spaces. 
It is also possible that the greater forces on 
the arcs and the higher arc velocities might 
permit the use of more economical material 
for the cooling plates. 

5. When the current to be interrupted was 
made sufficiently small, a large percentage 
of arcing times were less than a cycle and 


arc transfer did not occur. It appeared 
that higher tip opening velocities increased 
the maximum current value at which this 
effect was pronounced. 

6. As the circuit power factor was in¬ 
creased for a fixed and sufficiently small 
current, the percentage of interruptions 
which occurred without arc transfer in¬ 
creased, but for those interruptions in 
which arc transfer did occur, the arcing 
time was independent of the power factor. 
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Discussion 

Leon. J. Goldberg (General Electric Com¬ 
pany, Schenectady, FT. Y.): This paper is an 
important contribution to design informa¬ 
tion on air-break contactors in revealing the 
effects of certain design variables on speed of 
interruption of low currents. It happens to 
be a fortunate circumstance that these 
effects do not dictate design features in con¬ 
flict with those required for high current 
interruption. 

A contactor must interrupt all currents 
from very small values to the maximum for 
which it is rated. It is very important that 
the high and maximum values be inter¬ 
rupted in short times because of the wear on 
the arcing parts, the need in many cases to 
stop a running motor promptly, and in some 
cases to limit the damage done by fault 
current. Furthermore a long arc duration 
at high current interruption may be indica¬ 
tive of a dangerously close approach to 
maximum interrupting ability. On the con¬ 
trary, a low current interruption need not 
necessarily be of very short-time duration. 
All that is required is reliability and surety 
of interruption. Low currents may be 
caused by light running motors. In this 
case the counterelectromotive force of the 
motor assures short arc duration and reliable 
interruption. The most difficult interrup¬ 
tion is on low power factor static reactor 


loads. In this case surety of inteiTUption 
is indicated, nolwitlistandiiig several cycles 
of arc duration, if the arc voltage in succeed¬ 
ing half-cycles is successively greater for 
each half-cycle and without intermediate 
decreases. This has always occurred in 
those low current interruptions for which 
this author has seen oscillograms, even in 
development models that had less than ex¬ 
pected maximum current interrupting abil¬ 
ity. 

Figure 1 of the discussion summarizes 
some interesting data tending to support the 
idea that for a general type of air-break con¬ 
tactor critical features of the arc interrupt¬ 
ing structure importantly affect maximum 
interrupting ability, but do not greatly 


affect the pattern of the arc duration-cur¬ 
rent relation. In making this figure 64 
points were x:)lottcd from test data taken 
with four different models of contactors, in 
which the blowout turns and the voltage 
were also varied. Some of the chutes had 
arc barriers transverse to the plane of the 
arc, some parallel to the plane of the arc. 
Variations in arc duration due to these vari¬ 
ables of design and lest were not sufficiently 
distinct to establish different trends with 
precision. Furthermore, the curves pre¬ 
sented in reference 1 of Mr. Lister's paper 
rcplotted on the figure in this discussion fall 
approximately on the lower edge of the 80- 
per-ceiit band. The data of Mr. Lister's 
Figure 5 (showing arc time after transfer) 
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fall on and slightly overlap the 80-per-cent 
band. Thus, several contactor variations, 
including the differences inherent to three 
different manufacturers’ designs, show sur¬ 
prisingly close agreement in time-current 
characteristics. 


C. A. Lister: The author wishes to thank Mr. 
Goldberg for the additional information he 
has contributed on the subject of arcing 
time of high-voltage air-break contactors. 
The middle curve of Figure 1 of the discus¬ 
sion represents arcing times which are twice 
the arcing times of the lower curve for the 
same currents. For each contactor tested by 
the author, an average arcing time, for in¬ 
terruptions with arc transfer, was found at 
each current, and variations from this time 
were seldom more than 10 per cent. Dif¬ 
ferences between the arcing times of con¬ 
tactors of different designs were distinct and 
were as great as 2 to 1. 

Mr. Goldberg claims that with motor 
loads the counterelectromotive force assures 
short arc duration, and some tests on 2,300- 
volt motors reported in reference 1 of the 
paper support this theory. The author feels 
that the question of arcing times with motor 
loads is important enough to warrant further 
study. 

Short arc times are particularly necessary 
for contactors used in reversing motor start¬ 
ers . If the arcs on the contactor used for one 
motor direction are not extinguished by the 
time the contactor for the reverse direction 
closes, a direct short circuit is placed on the 
power supply. While potential interlocking^ 
is used to prevent this possibility, such pro¬ 


tection does not fail safe, and it would be 
desirable to have contactor arcing time short 
enough to preclude this possibility of short- 
circuiting the power supply. Thus, it would 
be useful to know whether, for all sizes and 
makes of motors and for all degrees of speed 
and loading, the arcs on a contactor would 
be extinguished before a reversing contactor 
could close. 

The boundary between the rapid interrup¬ 
tions which occur without the arcs leaving 
the contact tips and the much longer in¬ 
terruptions in which the arcs are driven into 
the cooling plates has not, to the author’s 
knowledge, been found, and it appears that 
extensive testing on a large number of 
motors would be required to define this 
boundary. At the limiting condition of 
stalled rotor one would certainly expect the 
longer type interruption. 

Since recovery voltage appears to be the 
key to the problem, it was felt worth while 
to make some interruption tests at voltages 
well below rated contactor voltage. Such 
tests may give some indication of what 
would occur with motor loads. 

Tests were made at voltages of 230, 465, 
575, 670, 770, and 950. These, like most of 
the previous tests, were made with currents 
in the range of 10 to 50 amperes and at power 
factors of between 0.1 and 0.2. In these 
tests no arc transfers were observed at 230 
volts. At 465 volts some arc transfers were 
found, but arc times were always less than 
one-half the arc time at the same current 
and 2,200 volts. At 575 and 670 volts some 
tests in which arc transfer occurred had arc 
times less than half the time for the same 
current and 2,200 volts while others had arc 


times nearly the same as those at 2,200 volts 
At 770 and 950 volts arc times were only 
slightly less than those for the same current 
and 2,200 volts. 

At a given voltage, in the range 465 to 950 
volts, some groups of interruptions failed to 
show a single transfer to the arc runners 
while other groups at nearly the same current 
and power factor showed a very high per. 
centage of transfers. It was observed that 
when certain reactors were used in the cir¬ 
cuit high percentages of arc transfers were 
likely. This is to be expected as different 
reactors would give different transient re¬ 
covery voltages across the open tips and 
those tending to give high transient re- 
covery voltages would be expected to cause 
the arc to be maintained longer. 

While the results of the tests do not prove 
that long arcing times will be obtained with 
motor loads, they show that long arc times 
may occur with normal frequency recovery 
voltage well below rated voltage and, there¬ 
fore, they indicate a possibility of long arcing 
times with motor loads. In the absence of 
proof that motor loads will always assure 
low enough transient recovery voltage 
across the contactor tips so that arcing time 
will be short, it seems good practice to as¬ 
sume that the contactor arcing time will be 
that which is found when the arc is ex¬ 
tinguished by being driven into the cooling 
plates. 

Reference 

1. A-C Minb-Hoist Control, James W. Cooke, 
G. W. Heumann, General Electric Review (Schenec¬ 
tady, N. Y.), vol. 50, no. 12, December 1947, 
pages 26-32. 


Drag-Cup A-C Tachometer with 
Constant-Current Excitation 


R. H. FRAZIER 

FELLOW AIEE 


A S A consequence of recent publication 
of a general analysis of the drag-cup 
a-c tachometer,^ numerous inquiries have 
been received relative to the desirability 
of operating such a device from a current 
source. Hence, a brief examination of 
the possibilities of such operation seems 
worth while. In these communications 
the ideas expressed about constant- 
current operation have been to the effect 
that with fixed exciting flux extreme 
linearity of output voltage with respect 
to speed should be achieved, and that 
troubles caused by change of winding 
resistance with change of temperature 
should be eliminated. Mathematical 
examination shows that extreme linearity 
indeed is theoretically possible. How¬ 
ever, design difficulties in the tachometer 


itself, temperature effects other than 
change in winding resistance, and the dif¬ 
ficulties of designing and constructing 
an adequate current source make doubtful 
the practical realization of the theoretical 
advantages of operation from a current 
source to a sufficient extent to show 
superiority over operation from a voltage 
source. 

Steady-State Operation 

The investigation is limited to the 
simple case of the output winding un¬ 
loaded, which suffices to illustrate the 
principal points. The steady-state equiv¬ 
alent circuit shown in Figure 1 (which is 
adapted from Figure 4 of reference 1) 
then can be used. The winding resist¬ 


ance and any external series impedance 
have no influence on the operation of the 
tachometer and hence are omitted from 
the diagram. If core loss resistance is 
absent, the primary leakage reactance 
also has no influence on the opera¬ 
tion of the tachometer. The voltage out¬ 
put then is 

[2^2X22 —jW "-X22^) {!) 

or 

p' — VL/lm — an/h[2a—j{l — (2) 

in which the forward impedance Zy and 
the backward impedance Zs are 

Zf^jx^ [ra -fj( 1 - n)x2] / h +j( 1 -n)x2i] (3) 

[r2+i( 1+ n)x2] / [r2 +i( 1 (4) 

Other defined quantities and ratios are 

Paper 53-17, recommended by the AIEE Feedback 
Control Systems Committee and approved by the 
AIEE Committee on Technical Operations for 
presentation at the AIEE Winter General Meeting) 
New York. N. Y., January 19-23, 1953. Manu¬ 
script submitted j’uly 28, 1952; made available 
for printing November 5, 1952, 
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Figure 1. Equiva- 

lent circuit for in- I 



Xn—‘X<fi-\-X2 (5) 

( 6 ) 

h^nfx^^ (7) 

where 

magnetizing reactance 
:xr 2 = leakage reactance of the rotor with 
respect to the main winding 
H = rotor resistance 

a = turns ratio, auxiliary to main winding 
per-unit speed based on synchronous 
speed 

All parameters are referred to the main 
winding. The angle by which leads 
V L can be computed from 

tan a2)/2a (8) 

The full-speed ratio and phase errors are 

I Ap'/p'l _a2)„//(i+ft2)2 (9) 

lAi^'ltsSaV/d+o*)® (10) 

If calibration is made at speed ^/V^, 
the extreme errors are half the errors 
indicated by equations 4 and 5. 

Here ratio and phase of the output 
voltage are based on and maximizing 
the ratio and reducing the phase angle 
to zero depend on tachometer design 
and not on external circuitry. With the 
tachometer phased (if the speed error 
is neglected) 

a = l (11) 

p' = anl2ah = ax^H/^Xn == aXf^nl{x^-\-X' 2 ) 

( 12 ) 

and large ax^ and small xg are needed to 
achieve large p'. The condition of equa¬ 
tion 11 also greatly reduces ratio error, 
which must be computed from an exact 
equation rather than from equation 9 
when 0' is of the order of A0'. If calibra¬ 
tion is made at speed 

|ApVp'|««//32«0.00012 (13) 

\A<t>'\ «m// 4»0.016 radian, or 0.88 degree 

(14) 

for Uf of 0.25 per unit. 

The ratio error indicated is smaller 
and the phase-angle error is larger than 
computed for the idealized cases in 
reference 1 with use of a voltage source. 
Since close design for the condition of 
equation 11 is difficult, the ratio error 
inevitably must exceed the figure of 
equation 13, and a phasing network 
following the output terminals is un¬ 
avoidable if zero phase is desired, though 
the phase-angle error is decreased by 
increased 0'. If a tachometer designed 
for operation from a voltage source, such 
as the ARMA Corporation type 1B400 
tachometer,^ is operated from a current 
source, its speed errors are likely to be 
larger than the errors associated with 


operation from a voltage source. 

Now if Tc is not omitted, it, in associ¬ 
ation with can be replaced by a voltage 
source in series with Tc and the voltage- 
source equations of reference 1 can^ be 
applied with fc substituted for the 
self-resistance of the main-winding loop. 
The basic equation, adapted from equa¬ 
tion 17 of reference 1, is 

Vl/Iw = anre/ {[(&— )xn + 2abrc+a] + 
j [2abxn -(b~a^b)rc~~l]-\- 

(a^bxn—o^)n^—jMrcn^]\ (15) 

in which the self-reactance of the main- 
winding loop and the equivalent voltage 
source are represented respectively by 

^11 . X(f) d" Xiifi (16) 

(17) 

For high Tc the results are essentially the 
same as given by the equations herein 
and are identical when Tc becomes 
infinity. In fact, for general analysis 
using a current source in association with 
any input network, and using any output 
network, the equations of reference 1 can 
be used simply by transforming the cur¬ 
rent source and its shunt impedance to 
the equivalent voltage source and series 
impedance, so that all possibilities can 
readily be studied merely by slight ad¬ 
justment of existing equations. When a 
cun-ent source is used, ri^ and Xim are re¬ 
placed by the real and imaginary com¬ 
ponents of impedance seen by looking out 
from the terminals of the magnetizing 
reactance of the tachometer when the cur¬ 
rent source is opened. A considerable 
variety of possibilities for adjustment by 
means of terminal networks exists when a 
current source is used, just as when a 
voltage source is used, but when a current 
source is placed elsewhere than directly 
in series with the input winding, or a 
voltage source is placed elsewhere than 
directly across the winding terminals, the 
type of source used becomes indistinguish¬ 
able from the point of view of the tachom¬ 
eter. 


Although use of a current source di¬ 
rectly in series with the input winding 
theoretically eliminates errors due to 
change in resistance of that winding with 
change in temperature, serious errors 
caused by change in temperature still may 
arise from change in resistance of the cup 
and change in resistance of the iron; also 
seconda,ry effects may remain due to 
slight changes in reluctance of the iron or 
in dimensions of parts. Hence use of a 
current source is only a partial, and may 
be only a minor, influence in the reduction 
of temperature errors. 

Operation with Varying Speed 

The acceleration error for operation 
with a current source is not the same as 
for a voltage source connected directly to 
the temiinals of the tachometer. When 
the input terminals of the tachometer are 
open (which corresponds to removal of a 
current source directly in series with the 
tachometer terminals), the characteristic 
equation (obtained by using Tc in place of 
r^ni in equation 195 of reference 1) is 

L(/)^L‘22)s^-\- (i'cL22^~{~2r2LiiLn — 
^ 2 ^ 0 ^)-^^+ {^2^Lii4-2rcr2L22-\~ 
LnL22V7i^—'Lfjt^L220o^n^)s'}“ 

{rcr2^-i-rcLoi^(j^ht^)==0 (18) 

For the ARMA Corporation tachometer 
mentioned, the roots of equation 18 are 

5= -27,060 and -5,365=t:il,270 second-' 

(19) 

When the terminals of the tachometer 
are short-circuited (which corresponds to 
removal of a voltage source directly across 
the tachometer terminals), the charac¬ 
teristic equation is obtained by using 
riJ TcKtuu + rc) in place of rim in 
equation 195 of reference 1, or in place 
of Tc in equation 18 here. Actually rim^ 
may be used instead of fim' rj (fim + 
with little error unless core loss is usually 
large. For the ARMA Corporation ta¬ 
chometer mentioned, the roots of the 
characteristic equation then are 

5 = 13,704, -5,791, and -170 second-i(20) 
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These figures can be compared with the 
corresponding figures in equation 196 
of reference 1, which show no oscillation 
and no root less than 1,800. If a current 
source is placed directly in series with 
the input winding of an unloaded ta¬ 
chometer, the character of the transient in 
the response of output voltage to a step 
in speed depends only upon certain 
tachometer parameters themselves and 
on the size of the speed step, and is un- 


Discussion 

Herbert H, Woodson (United States Naval 
Ordnance Laboratory, Silver Spring, Mary¬ 
land): An auxiliary result of this study, 
especially interesting to those who work 
with tachometer-stabilized magnetic-ampli¬ 
fier servo systems, is contained in the 
transient analysis of the tachometer. From 
equation 20 the tachometer, when excited 
from a voltage source, has one time con¬ 
stant of approximately 6 milliseconds. 
When a tachometer is excited in this*manner 
and is used to stabilize a magnetic amplifier 
servo system, the tachometer time constant 
in conjunction with the time delay in the 
magnetic amplifier may give sufficient 
phase shift to seriously limit the band¬ 
width obtainable with such a system. 
This limitation has been observed at the 
Naval Ordnance Laboratory. 

The time delay through a 400-cycle 
2-stage half-wave magnetic amplifier is 
3.75 milliseconds. 1 To make the tachometer 
time constant negligible when used with 
such an amplifier, it must be decreased by 
a factor of ten or more. Equation 19 shows 
that tachometer excitation from a current 


influenced by the parameters of any ex¬ 
ternal circuit elements. 

Conclusions 

The examination outlined herein in¬ 
dicates that use of a current source offers 
little promise in the reduction of speed 
and temperature errors below the levels 
already achieved or theoretically achiev¬ 
able with operation from a voltage source. 

- ♦- 

source will effect such a decrease in 
tachometer time constant; however, such a 
drastic step need not be taken. A sufficient 
reduction in time constant can be achieved 
by raising the internal impedance of the 
excitation source to an appropriate value. 

Reference 

1. An Improved Magnetic Servo Amplifier, 
C. W. Lufey, A. E. Schmid, P. W. Barnhart. AIEE 
Transactions, volume 71, part I, 1952, pages 281- 
89. 


Charles M, Edwards (Bendix Aviation 
Corporation, Detroit, Mich.): Professor 
Frazier’s paper invites consideration of de¬ 
veloping a device which utilizes a tachom¬ 
eter that has an output accurately pro¬ 
portional to the product of shaft speed and 
impressed voltage. While I was at the 
Dynamic Analysis and Control Laboratory, 
Massachusetts Institute of Technology, 
tests were made on an Arma 1B400 unit, 
to determine the linearity of output with 
impressed voltage. Over a range of volt¬ 
ages of approximately 10 to 1, the outpul- 
to-input ratio for full speed changed several 
per cent. Undoubtedly, most of this non- 


Diesel-Electric Locomotives in Canada 


J. D. SYLVESTER 

MEMBER AIEE 

Synopsis: This paper explains briefly the 
progress of diesehzation on the two major 
railways in Canada. It outlines specific 
electrical problems encountered and sug¬ 
gests the developments desired to meet 
their particular type of operation. Infor¬ 
mation given is in terms of technical reci¬ 
procity with the numerous railways in the 
United States. 

T he CANADIAN National Railways 
and the Canadian Pacific Railway are 
the two principal railway systems in 
Canada. These systems have over 40,000 
miles of track from the Atlantic seaboard 
to the Pacific coast and comprise the two 
largest railway systems on the North 
American continent. Although there are 


D. F. HANEY 

ASSOCIATE MEMBER AIEE 

other class I railroads operating in 
Canada, this paper will limit the discus¬ 
sion to the two roads which operate about 
95 per cent of the total track mileage. 

The railways were built in Canada not 
to meet a direct economic need for trans¬ 
portation but as a connecting link for 
the unification of the country. It subse¬ 
quently became necessary for the railways 
to encourage settlement and development 
of primary industries in order to pay for 
the initial capital expenditiure. 

The two transcontinental railways are 
basically single-track lines with many 
branches feeding into the main line. 
They were constructed when modern 
machinery and methods were not availa¬ 


In the hope of achieving very little, if any 
reduction of error, one must pay the price 
of designing and constructing an adequate 
current source having acceptable wave 
form and very close tolerances on auipH- 
tude and frequency fiuctuation. 

Reference 

1. An Analysis of the Drag-Cup A-C Tachom¬ 
eter BY Means op 2-Phase Symmetrical Com¬ 
ponents, R. H. Frazier. AIEE Transacim^ 
volume 70, part II, 1951, pages 1894-1906. 


linearity was due to effects in the core, 
although some might have been due to 
temperature changes. 

It is reasonable that a combination volt¬ 
age and current source, as might be pro¬ 
vided by a feedback amplifier, could be 
developed to give partial compensation for 
the iron effects and possibly some of the 
temperature effects. 

Professor Frazier is to be commended for 
his pioneering efforts in quantitative analy¬ 
sis of the a-c tachometer. 


R. H. Frazier: The author appreciates the 
discussions by Mr. Edwards and by Mr. 
Woodson, which are valuable supplements 
to the paper. The drag-cup a-c tachometer 
represents in principle a type of device 
that can be adapted to a large variety of 
uses as a motor or a generator, especially 
when used in association with auxiliary 
terminal networks or other apparatus, as a 
component in a complex system, and in¬ 
vites much inventive speculation. When 
excited with direct current, the device can 
be used as an accelerometer. Some quan¬ 
titative studies of such operation are in 
progress under the author’s direction. 


ble and consequently are characterized 
by numerous curves and grades. The 
railways operate through varied climatic 
conditions. A train could leave Van¬ 
couver at 50 degrees Fahrenheit and in a 
few hours be in a snow stonn at a tempera¬ 
ture of —40 degrees Fahrenheit. In gen¬ 
eral, the temperature ranges from -50 
degrees Fahrenheit to 100 degrees Fabren- 
heit. 

Locomotive 9000 

The Canadian railways were the first 
to operate a diesel-electric locomotive 


Paper 53-68, recommeaded by the AIEE Lami 
Transportation Committee and approved by tne 
AIEE Committee on Technical Operations for 
presentation at the AIEE Winter General Meeting, 
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for printing December 29, 1952. 
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Tabic i. Comparison of Number of Steam and 
Diesel-Electric Units in Service at the End of 
1942 and 1952 



ITumber of 

Number of 

Total 

Number 


Steam 

Diesel 

of Units in 

Year 

Locomotives 

Units 

Service 

1942... 

.3,977_ 

_ 5. 

...3,982 

1952... 

.3,780.... 

_610. 

...4,390 


in main line service on this continent. 
Canadian National 9000, placed in pas¬ 
senger service in 1928, comprised a 2,660- 
horsepower diesel-electric locomotive of 
two units, the largest in the world for 
many years. This locomotive was built 
by the Canadian Locomotive Company 
at Kingston, Ontario, using 800-rpm 
Beardmore engines built in Scotland, and 
Westinghouse electrical equipment built 
in the United States. This was an experi¬ 
mental locomotive, the notable foresight 
of C. E. Brooks, former chief of motive 
power of tlie Canadian National Railways. 
The units accumulated 250,000 miles in 
revenue service and were retired in 1946 
because spare parts became unavailable.^ 

Dieselization 

After the initial investigation into 
diesel-electric units, the Canadian rail¬ 
ways had little opportunity to develop 
the locomotive further because of the 
advei'se economic conditions which started 
in 1929. Four locomotive units, total¬ 
ing 3,710 horsepower, were owned in 
Canada by the Canadian National at 
the end of 1937. 

In 1942 the Canadian railways began 
purchasing modern diesel-electric loco¬ 
motives. A program for purchasing 
switching units was set up, but at that 
time no road units were considered for the 
following reasons: 


road power can be made either by dieseli¬ 
zation of selected runs or by complete 
dieselization of a territory. The Cana¬ 
dian National assigns new diesel power to 
selected high-mileage runs, where the 
greatest return is obtained on the original 
capital expenditure.^ The Canadian Pa¬ 
cific, on the other hand, assigns new diesel 
power to a specific territory with pro¬ 
vision for extended service during off- 
peak trafiic conditions. This avoids 
duplication of steam and diesel mainte¬ 
nance and servicing facilities and permits 
operating and maintenance personnel to 
become thoroughly familiar with one 
type of power. 

The number of diesel-electric units 
operated by the Canadian National and 
Canadian Pacific has increased from five 
units totaling 4,710 horsepower at the 
end of 1942 to 610 units totaling 728,750 
horsepower at the end of 1952. This 
growth is shown graphically in Figure 1. 

The decrease in the number of steam 
locomotives in operation has not balanced 
the increase in diesel-electric units. 
Table I compares the steam and diesel- 
electric units in service at the end of 1942 
and 1952. The decrease of 197 steam 
locomotives has been balanced by an 
increase of 605 diesel-electric units. It 
should be mentioned that the railways’ 
steam inventory had not remained static. 
During the period from 1943 to 1948 
a total of 314 modern steam locomotives 
were purchased, and from 1942 to 1952 
a total of 511 obsolete steam locomotives 
were retired from service or scrapped. 
The increase in the numbei' of motive 
power units is indicative of the expanding 
economy and tire increase in population of 
Canada. 

Prior to 1948, all diesel-electric units 
were manufactiued in the United States. 
Since that time the American manufac¬ 
turers have realized the importance of 
the Canadian market and are now manu- 


Table ii. Service Miles of Diesel-Electric 
Units From 1943 to 1952 Inclusive 


Type of Service Service Miles 


switching.49,900,000 

road.46,100,000 

total.96,000,000 


facturing units in three subsidiary plants. 
At present, the Canadian content of the 
units varies from 65 per cent to 90 per 
cent of the value of the units and efforts 
are being made to increase this. 

Units manufactiued in Canada are of 
American design with certain modifica¬ 
tions to suit our climatic conditions. 
The railways are purchasing 1,500- and 
1,600-horsepower road units with 4- 
wheel trucks for freight and passenger 
service, 1,200- and 1,500-horsepower 
road-switching units for wayfreiglit and 
branch-line service, and 660- to 1,200- 
horsepower units for switching and work- 
train service. 

The diesel-electric units of the two 
railways have accumulated 96,000,000 
miles in service to the present time. As 
shown in Table II, over one-half of this 
mileage is in switching service. The 
miles in road service have been accumu¬ 
lated since 1948. 

Electrical Problems 

Our problems, especially the electrical 
problems in diesel-electric locomotive op¬ 
eration, have been very few to date be¬ 
cause the equipment is comparatively 
new and because the operation at rela¬ 
tively low schedule speeds does not sub¬ 
ject the traction equipment to both high 
thermal stresses and high centrifugal 
forces. 

Typical problems have been some flash- 
overs on the main generators on one rail- 


1. Units for road service were not suffi¬ 
ciently reliable to perform satisfactorily in 
Canada’s varied climate. 

2. The fuel economics of a diesel switcher 
over a steam switcher, especially at idling, 
were sufficient to make purchasing diesel 
switchers obvious. 

3. Canada had to import most of her fuel 
oil and because of war conditions was not 
assured of a continued supply of oil required 
for expansion to road units. 

In 1947 the opening of the Alberta oil 
fields provided an assured domestic source 
of oil. In the meantime, the diesel-elec¬ 
tric road locomotives had become more 
reliable and their purchase was now more 
attractive. 

The assignment of new diesel-electric 


Figure 1. Graph 
showing increase 
of diesel-electric 
units on Canadian 
National and 

Canadian Pacific 
Railways 
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Figure 2. Canadian National Locomotive Number 9000. The first diesel-electric in main line 
service on the American continent 


way, and marked commutator burns on 
traction motors in the beginning on the 
other railway. The causes of the flash- 
overs have not as yet been determined 
deflnitely. Commutator bums were found 
to be due to starting the freight trains 
before the brakes were released. This 
problem ceased when operators were 
instructed to wait 5 minutes after releas¬ 
ing brakes before applying power to the 
wheels. 

Some of our problems, which may not 
be typical elsewhere on this continent, 
are those caused by fine dry powdered 
snow blown by high winds so common in 
the extreme cold. This snow will pass 
through filters to build up to a foot and 
more in the interior passageways of the 
locomotive and will enter the main genera¬ 
tor, traction-motor blowers, and elec¬ 
trical control compartments. This re¬ 
sults in frequent moisture grounds which 
are partially alleviated by continuing the 
operation of the locomotive so that the 
electrical equipment is dried out by its 
own generated heat. 

Late in the fall the locomotives are 
winterized to restrict the entry of pow¬ 
dered snow to the most critical areas of the 
engineroom. Up to 50 per cent of the 
car body filters are blocked off to reduce 
the amount of cooling air entering the 
engineroom. Exhaust openings from the 
main generator to the outside are closed 
so as to use recirculated air rather than 
fresh air which carries snow with it. 
Outside air along the top of the locomotive 
has the lowest content of snow. The 
swirling action of the air along a moving 
train carries the snow well up the sides 
of the train. The stream flow along the 
top is least turbulent and therefore the 
cleanest from roadbed dust and drifting 
snow. This is in accordance with experi¬ 
ence on intakes for air-conditioned pas¬ 
senger cars and for the traction-motor 
cooling air on the Delaware and Lacka¬ 


wanna Western electric multiple-unit 
cars. 

To take advantage of the relatively 
snow-free air above the locomotive, some 
units have a roof air intake placed over 
one of the engine cooling radiator blowers 
and so baffled that some of the exhaust 
from the radiator blowers is drawn into 
the engineroom with the outside air 
taken in at this point. The control 
temperature of this radiator blower is 
set to have it operate first and so sup¬ 
plement the outside air with preheated 
air whenever heat is available from the 
engine cooling radiators. The amount 
of air drawn through the roof intake will 
depend upon how many car body filters 
are blocked off and whether the engine 
room shutters are open or closed. The 
Canadian railways look forward to fur¬ 
ther developments to overcome the pow¬ 
dered snow problems and the resulting 
moisture grounds. Any means to reduce 
air intake and air leakage below or along 
the side of the locomotive is to be desired. 
Pressurizing the engine room and particu¬ 
larly the electrical compartments with 
clean air would be a step towards this 
objective. One manufacturer has a means 
of passing the cooling air from the main 
generator through a duct with a filter 
to the electrical compartment to pressur¬ 
ize it. 

In passing, it may be significant to 
note that the original Canadian National 
9000 had some featiues not yet available 
on modern diesel-electric power. Engine 
air could be taken either directly from 
the outside or from inside the engineroom, 
depending upon climate and track condi¬ 
tions. This had the advantage that when 
air was taken directly from the outside 
the amount of snow drawn into the 
engineroom was much less. The genera¬ 
tor was enclosed in a separate compart¬ 
ment, thus free from snow and oily vapor 
deposits. 


In winter, the electrolyte of our start- 
ing batteries is often down to a tempera^ 
ture of 5 degrees Fahrenheit and therefore 
the engines are kept idling when not in an 
engine house. It is the findings of our 
National Research Council that a diesel 
engine cannot be expected to ignite on 
starting if the engine block temperature 
is below 20 degrees Fahrenheit. Auxiliaq' 
steam generators are of value in our winter 
operation although they have not yet 
been arranged to heat the battery com¬ 
partment. 

Precautions are taken in cold weather 
to inspect locomotives indoors as soon as 
possible after being released from service. 
The electrical equipment therefore, does 
not cool down to the point where conden¬ 
sation would occur across insulated parts 
when subsequently brought into the 
shops. 

In the United States there are many 
nonrailway shops which specialize in 
repairing electric traction equipment. In 
Canada there are none to date. The 
two major railways therefore are plan¬ 
ning to equip several of the main shops 
to do these repairs. These will be staffed 
by reassigned personnel trained for the 
new work. It is not likely that there will 
be the advantage of competitive repair 
costs such as are available in the United 
States. 

Our only schedule for traction motors 
is the inspection and clean-up at wheel 
change. This has been satisfactory to 
date but insufficient experience has been 
obtained to establish a definite overhaul 
interval. The first of our diesel-electric 
yard switchers has just seen 10 years of 
service. The first of our diesel-electric 
road locomotives has just had 600,000 
miles of operation in freight service. A 
definite pattern of life expectancy of trac¬ 
tion motor bearings is developing on some 
of the power. This more than anything 
else is dictating when the traction motors 
are taken into the main shops for whatever 
overhaul is required. Road failures of 
traction motors have been due mostly to 
mechanical failures and accidents. 

Desired Developments 

The Canadian railways note with 
interest recent developments which give 
better and more reliable locomotive per¬ 
formance. With the improvement in 
the diesel engine and the reduction in 
mechanical failures, more emphasis is 
being placed on the electrical components 
to ensure trouble-free service. Although 
many automatic controls are necessar}^ 
there is a need to make these of few mov¬ 
ing parts and to have their functioning as 
simple as possible. 
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The use of class H insulation has in¬ 
creased the continuous rating of the elec¬ 
trical equipment. This allows the rail¬ 
ways to use a higher gearing without 
reducing the haulage capacity in heavy 
freight service. This increase in “operat¬ 
ing range” pennits the better perfonnance 
of a locomotive in heavy freight and in 
medium-speed passenger service. Fur¬ 


ther developments along these lines are 
anticipated. 

Recently the capacity of the dynamic 
brake has been increased and danger of 
ciurent overloads has been reduced by 
the development of an automatic control 
to replace the manual control. This 
will allow greater use to be made of the 
dynamic brake without burning out the 


resistors or overspeeding the cooling 
fans. 
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Discussion 

P. H. Hatch (General Electric Company, 
Erie, Pa.): This year marks the 30111 an¬ 
niversary of the first diesel-electric locomo¬ 
tive. This was a switching locomotive used 
as a demonstrator on a number of railroads 
in the United States and subsequently pur¬ 
chased and put into regular service by one of 
them. It is especially interesting to note 
that the next two anniversaries in point of 
years belong to Canada. These are the 
first diesel-electric rail car in road service 
in 1925 and the first main-line diesel-elcc- 


tric locomotive in road service in 1928. 

As the paper states, the discovery of large 
oil reserves in Alberta in 1947 has initiated 
full-scale dieselization of Canadian railways, 
which is well under way today. 

One interesting question is touched upon 
by the authors in this connection. This is 
whether dieselization should be progressed 
on the “area” or tlie ”cream-of-the-service” 
basis. There are advantages and disadvan¬ 
tages to both; probably the ultimate answer 
is one of economics. 

Locomotive-wise the Canadian railways 
are adding to our store of knowledge in 
tackling squarely the problem of operating 


diesel-electric locomotives in very low tem¬ 
peratures and with continuing expostue to 
fine, dry snow. This should in the end 
enable locomotives to be built to be less 
vulnerable to low temperatures and it 
should lead to improvement in cab and ap¬ 
paratus ventilation generally, which knowl¬ 
edge will be of extensive use for both diesel- 
electric and electric locomotives in contend¬ 
ing not only with snow but with rain, dirt, 
and dust as well. 

In conclusion, it is very refreshing to have 
this paper by our Canadian friends and a 
great deal of interest and value is to be 
found in it. 


Desisii Factors Favorins Diesel- 
Locomotive Electrical Maintenance 


J. STAIR, JR. 

MEMBER AIEE 


Synopsis: Many details of design of elec¬ 
tric apparatus and its installation in the 
locomotive have a profound effect on the 
amount and quality of maintenance atten¬ 
tion it requires and receives in service. 
Simplicity and ruggeducvss are basic. The 
influence of design upon diesel-locomotive 
electrical maintenance cannot be over¬ 
emphasized. This applies not only to the 
design of the electrical apparatus but also 
to the design of the conduit and wiring, 
electrical cabinets, cab .structure, and even 
the diesel engine itself. Taken separately, 
the following features peculiar to the diesel- 
electric locomotive must be kept in mind. 

Electric Apparatus 

E lectric apparatus must conform 
to the appropriate standards of the 
industry, with proper selection and use of 
traction motors, generators, auxiliaries, 
control and protective devices, and with 
some leeway in the capacity of the ap¬ 
paratus with respect to the work to be 
done. Modern inorganic materials 
should be used for the insulation of trac¬ 
tion motors and generators. A detailed 
discussion of these items is beyond the 
scope of this paper. 


Dirt, moisture, and oil fumes are in¬ 
evitable. Consequently, an oily con¬ 
ductive film develops on the apparatus. 
Panels, connections, and interiors of 
motors and generators must be designed 
with adequate creepage paths and no 
portion of the power circuits should be 
exposed except where adequate creepage 
paths are provided. 

Relays should he enclosed in dust- 
tight containers, with glass or plastic 
covers permitting visual inspection of the 
operation of the relay. Rotating ap¬ 
paratus should be equipped with grease- 
lubricated sealed bearings to exclude 
foreign matter and extend maintenance 
periods. 

Electric devices suitable for railway 
service should be used throughout. Bear¬ 
ings and contacts of industrial-type 
devices, such as relays, contactors, and 
instruments often will not stand up under 
the shocks of running over the road and 
the vibration of the diesel engines. 

Protective and control devices should 
be inherently sealed to prevent tinkering 
by crews and others who too often are 


more interested in experimenting with 
the various items of apparatus than with 
proper operation. 

All electric apparatus and wiring should 
be designed to permit pressure spray 
cleaning of the interior and exterior of the 
locomotive without water entering the 
electric apparatus or wiring. 

Conduit and Wiring 

Conduit, wire and cable troughs, and 
wiring within the engine room should be 
located overhead or on the side walls 
well up from the floor and above the air 
intake filters. 

Conduit should be of ample size to 
permit pulling in additional wires if re¬ 
quired in the future, and to permit freely 
pulling out the original wiring for repairs 
or renewal. 

Insulation on all wires and cables 
should be of heat-resistant material with 
fire-resistant nonabsorhent neoprene ex¬ 
terior. 

All conduit, fittings, and junction boxes 
should be absolutely waterproof to per¬ 
mit pressure spray cleaning. 

Cables cleated to the underside of the 
cab structure should be out of the way of 
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or protected from brake shoe sparks, and 
should be clear of wheel wash and of any 
location subject to seepage of oil or water 
from engine room. They must also be 
protected from direct impact of jets from 
running-gear high-pressine cleaning de¬ 
vices. Cables and cable protection should 
not form pockets wliich will catch leaves, 
paper, or other combustible material. 

Connections between motor leads and 
cab-structure leads should be easily dis¬ 
connected, reconnected, and reinsulated. 
Leads must be sufficiently flexible to 
avoid breakage, and so cleated, located, 
and protected as to eliminate chafing. 

To facilitate the replacement of cables 
under the cab structure, tlie bolts wliich 
secure the cleats to the underside of the 
cab structure should be attached firmly to 
the cab structure. 

Sharp comers in conduit and cabinets, 
which may cause damage to wire and 
cable, should be eliminated or the wire 
and cable given special protection at such 
points. 

Electrical Cabinets 

Electrical cabinets should be a mini¬ 
mum of 4 inches above the floor to per¬ 
mit mopping the floor, and all wiring 
should be kept several inches above the 
bottom of the cabinets. 

Doors should be dust-tight and water¬ 
proof to prevent entry of road dust, dirt, 
and cleaning solutions. 

All wires and cables should enter and 
leave cabinets in conduit or in wiring 
troughs. These should be so designed 
that the entry of dirt or water will be re¬ 
duced to a minimimi, and fires originating 


on the running gear cannot spread to the 
cabinets. 

Cab Structure 

Engine room floors should be oil and 
watertight to prevent seepage of oil and 
water onto the traction motors and the 
cables below the floor. 

All openings through floors for pipes, 
conduits, cables, and drains should be 
sealed against leakage or provided with 
raised dams around the opening; they 
should have suitable barriers to prevent a 
fire originating on the running gear from 
spreading to the interior of the unit. 

Cab air Alters should be provided to 
clean all air entering the engine room to 
prevent ingress of dirt and to minimize 
the entry of snow and rain as well. 

Cab and doors should be automatically 
self-closing, not readily susceptible to 
being blocked open. 

All doors and windows should be as 
dust-tight as practicable. 

Adequate quantities of clean cooling air 
to main generators, traction motors, and 
electrical cabinets must be provided. 

To keep oil fumes out of the electric 
apparatus, cooling air streams should not 
previously pass over the diesel engine 
and its appurtenances. 

Suitable sumps should be provided be¬ 
neath diesel engines and air compressors 
to catch and drain off all leakage of oil 
and water. 

Diesel Engines 

Diesel engines should be designed and 
constructed to provide the absolute 


minimum of oil leakage from top deck 
covers, inspection covers, crankcase 
breathers, piping, frame joints, and so 
forth. 

Exhaust manifolds and all their con¬ 
nections must be absolutely free of leaks 
to avoid the entry of exhaust fumes and 
soot into the engine rooms and thence 
to the electric apparatus. 

General 

The diesel locomotive is a complicated 
piece of macliinery. Unlike a stationai}^ 
power plant or the machinery of a ship, 
it must, on a large railroad, be operated 
and maintained continually by many dif¬ 
ferent persons. 

In the interests of reliability and eco¬ 
nomical maintenance, simplicity of de¬ 
sign and ruggedness of apparatus are of 
fundamental importance. Rugged does 
not necessarily mean massive. Although 
efficiency is to be desired, refinements to 
attain it to a high degree are not war¬ 
ranted if they result in complications of 
maintenance and in failures. 

To facilitate both operation and main¬ 
tenance, standardization of apparatus is 
desirable. Therefore, a modification in 
the design of a piece of apparatus which 
prevents its interchangeability with the 
older piece is to be avoided unless it 
sufficiently improves the operation or 
benefits the maintenance. 

Likewise, in any given type of loco¬ 
motive, both operation and maintenance 
are facilitated by standardization of the 
location of the various pieces of appa¬ 
ratus in the operating cab and in the 
engineroom. 




Discussion 

C. A. AtweU (Westinghouse Electric Corpo¬ 
ration, East Pittsburgh, Pa.); In this 
paper, at first glance very brief, Mr. Stair 
has done a good job of listing the essential 
design features of diesel locomotives that 
will help the operator in good maintenance. 

Many of his listed items apply to loco¬ 
motive arrangement with which designers 
of rotating apparatus will wholeheartedly 
agree because such things as accessibility to 
brushholders, ease of cleaning, and proper 
supply of ventilating air are items which 
mean much to the trouble-free operation of 
generators or motors. They know that if 
the arrangement is unhandy, the parts will 
be neglected, and such neglect can offset the 
efforts of the most careful and thorough de¬ 
sign efforts. 

It is almost heartbreaking to the desigfner 
when he climbs on a locomotive that has 
been in service only a few months to see 
apparatus, which was clean and shiny when 
it left the factory after thorough test, with 


field coils and brushholders dripping oil or 
detergent cleaning fluid. 

Mr. Stair says dirt, moisture, and oil 
fumes are inevitable. This is probably 
true, but it is also a simple undeniable fact 
that generators and motors of the power and 
voltages required for diesel locomotives will 
not operate correctly if these enemies of 
commutators, brushes, and insulation are 
not kept to the minimum by continuous 
maintenance. 

Designers of rotating apparatus are doing 
their utmost, or at least near their utmost, 
to produce machines that are rugged and 
reliable, but it is this writer’s belief that 
without irnproved maintenance efforts to 
keep electric apparatus clean and dry, much 
design effort will be offset in the first few 
months of operation of a new locomotive. 


R. L. Chapman (General Electric Company, 
Erie, Pa.): Mr. Stair's paper, treating as 
It does the design factors affecting mainte¬ 
nance from the viewpoint of a locomotive 
user, should be of particular interest to a 


locomotive manufacturer since the latter's 
knowledge of conditions of use must neces¬ 
sarily be less complete and continuous thau 
that of the user. Conversely, the designer 
and manufacturer is usually more keenly 
aware of the limitations imposed by design 
considerations and how these affect the de¬ 
tail design of apparatus and its placement in 
the locomotive. 

Mr. Stair, as a representative of one of 
the larger users of diesel-electric locomo¬ 
tives, is certainly well qualified to discuss 
these problems. He should be listened to 
as one who speaks with authority on this 
subject. Speaking for a manufacturer I 
want however to point out that the com¬ 
plete fulfillment of the requirements laid 
down by Mr. Stair would, in most cases, re¬ 
quire additional space—an item at a 
premium in locomotives. Steady progress 
is being made in the direction indicated by 
this paper. Motor output is well on tbe 
way to being double what it was a few 
ago; but the space available for that 
motor—^fixed by wheel diameter, distance 
between wheel flanges, and clearance to 
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rail—has not increased. Likewise the con¬ 
trol has grown in size and complexity with 
the trend to higher horsepower, better 
utilization, increased fault protection, and 
more automatic operation; yet the space it 
occupies has not increased correspondingly. 

This trend toward more horsepower and 
improved performance without a corre¬ 
sponding increase in size and weight is in 
the right direction. It is good, but it means 
that both the manufacturer and the user 
will have to be increasingly alert; the 
manufacturer to avoid design compromises 
that unnecessarily increase the cost of main¬ 
tenance, and the user to find and adopt new 
and improved materials and procedures for 
servicing and maintaining the complex 
piece of machinery we call a locomotive. 


That Mr. Stair is aware of the manufac¬ 
turer’s problems as well as his own is shown 
by his judicious use of the words should and 
must, and we cannot but agree with him 
that full consideration should and must be 
given to these factors. 


J. Stair, Jr,: The design factors outlined in 
this paper were accumulated through con¬ 
tinuing surveys of maintenance practices 
which have been found necessary for many 
different makes and models of diesel-electric 
locomotives. They are presented with the 
expectation that they could enable railroad 
personnel to maintain electric apparatus on 
diesel locomotives economically and effi¬ 
ciently. 


While the quality of prevalent mainte¬ 
nance practices is somewhat beyond the 
scope of this paper, it seems appropriate to 
suggest that costly quality maintenance has 
been experienced because of certain un¬ 
favorable design factors, despite the fact 
that the apparatus left the factory *‘clean 
and shiny.” 

It is also significant that despite the 
premium on space, railroads have been 
forced to modify designs on many diesel 
locomotives to reduce maintenance costs 
and to improve reliability of performance. 

Railroads are interested in better per¬ 
formance and lower maintenance costs from 
diesel locomotives and believe that more 
comprehensive designs can do much to 
accomplish both objectives. 


Equipment and Functions of a Modern 
Diesel Locomotive Heavy Electric 
Repair Shop 

F. THOMAS 

NONMEMBER AIEE 


Synopsis: Various requirements, pro¬ 

cedure, and equipment for maintenance of 
electric equipment on diesel-electric loco¬ 
motives are outlined. 

Growth of the Electrical Maintenance 
Problem 

With the rapid development and wide¬ 
spread employment of diesel-electric 
locomotives in recent years, the problem 
of electrical maintenance has grown with 
eqtxal rapidit}". Since the electric equip¬ 
ment on steam locomotives is relatively 
small and simple compared to that on 
diesel locomotives, the problem of educat¬ 
ing electricians already in the employ 
of the railroad and of hiring and educat¬ 
ing new men for electrical work has in¬ 
creased the magnitude of the mainte¬ 
nance headache. Aside from the procure¬ 
ment and education of competent per¬ 
sonnel for the railroad electrical shop, there 
is the problem of securing the proper 
equipment for the shops and arranging 
this equipment so that it can be utilized 
to its fullest extent. Arranging and con- 
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verting certain pieces of equipment from 
a steam locomotive back shop for use in 
new duties in the repair of electric equip¬ 
ment has been done to a limited extent. 

Centralization of Repair 

A large part of the equipment on today’s 
diesel locomotive is electrical, and inspec¬ 
tion and repairs on electric equipment 
must be far more specialized than similar 
work on steam locomotives, which makes 
the centralization of such repairs more 
essential. A great number of small pieces 
of equipment, such as relays, excitation 
controls, governor controls, and so forth, 
require specialized expensive repair and 
test equipment which cannot be duplica¬ 
ted in each small repair shop on the road. 
Traction motors and main generators and 
in general the larger types of electric 
equipment require periodical overhauling 
as well as overhaul when the locomotive 
unit is in the shop for complete general 
repairs. It is, therefore, necessary in 
planning these facilities to provide ade¬ 
quate space for general overhaul work, as 
well as work on equipment which has been 
sent in from outside points for repair. 
The repair of traction motors can be ar¬ 
ranged to operate on a flow production 
basis overhaul system. The traction 
motor repair on a flow chart basis should 
utilize specialized machinery designed 


and placed for each specific task. It 
will, of course, become necessary to 
determine the volume of work anticipated 
in order to know if duplications of opera¬ 
tions on some items are required. In 
general, it can be said that a field frame 
stand and an armature winding stand are 
required for each armature rewind job 
and heavy repair passing through the 
shop per 8-hour working day. 

Traction Motors 

The general procedure followed in a 
traction motor repair shop should be as 
follows: Every piece of equipment enter¬ 
ing the shop goes through a preliminary 
cleaning process in a vapor degreaser and 
receives a shop index card, index number, 
and so forth, according to the type of 
indexing system selected. A test is 
made to determine what repairs are neces- 
saiy and a colored tag indicating whether 
a complete rewind job or a partial over¬ 
haul job is to be done is attached. The 
next step in this operation is the removal 
of the traction motor pinion from the 
shaft which is done with a hydraulic 
pinion puller or an induction pinion heat¬ 
ing device. The induction heating 
method has been found to save time and 
to be more efficient. The armature is 
removed from the traction motor housing 
and, if it is a rewind job, placed in an old 
lathe which is suitable for use in stripping 
the armature. A simple cutting tool is 
used in the lathe to cut the armature 
coils immediately behind the risers as the 
armature is rotated. The coils are then 
ripped out by means of a frog clamp at¬ 
tached to a 1-ton crane. The soldered 
parts of the winding and commutator are 
heated by a high-frequency soldering 
machine and the soldering slots cleaned 
with a low-pressure stream of air. The 
armature goes from here to the mild 
abrasive blast. After this abrasive blast 
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the conmiutator is tested by approxi¬ 
mately 3,000 volts to ground and 200 to 
250 volts bar to bar. Following neces- 
sary repairs, the commutator is ground, 
polished, and seasoned. The equalizing 
coils are then applied and preheated to 
about 200 degrees Fahrenheit. Next, 
follow the different winding steps such as 
bottom and top coils, temporary banding, 
urther testing against ground, and finally 
brazing back end connections and solder¬ 
ing the commutator. The temporary 
banding wire is removed and permanent 
banding is applied. The vacuum impreg¬ 
nating process using insulating varnish 
IS followed by a 24-hour baking at ap¬ 
proximately 250 degrees Fahrenheit. 
The commutator is tightened, if necessary, 
undercutting is done, alignment checked, 
and the armature is dynamically balanced. 
Another ground and bar-to-bar test 
follows using new-type high-voltage surge 
tester, and if found to be all right the 
armature is ready for the traction motor 
assembly. Armatures which do not re¬ 
quire^ rewinding are cleaned in a mild 
abrasive blast, dipped in varnish, baked 
for 24 hours, and from here go through 
the same operation as those armatures 
which received complete rewinding jobs. 

Following cleaning in the vapor de¬ 
greaser and removal of the armature, the 
field coils are tested inside the frame,'and 
it is decided at this point whether it is 
necessary to rebuild these coils or have 
th^ cleaned and revamished. The 
coils are then removed from the frame 
and go to their respective repair section. 
The frame as well as the poles are cleaned 
by a mild abrasive blast. Care should 
be taken that this abrasive blast material 
is suitable for this type of work and not 
too sharp or too hard. It should also be 
rather fine grained for best results. 
Frames should be inspected, the neces¬ 
sary ground insulation replaced, new or 
reinsulated field coils applied, and aU 
leads and connections resoldered and 
reinsulated where necessary. The entire 
assembly of frame, coils, leads, and so 
forth, is baked for 24 hours at approxi¬ 
mately 260 degrees Fahrenheit and then 
sent to assembly. After cleaning, the 
traction motor bearing housing is in¬ 
spected, repaired and sent to assembly. In 
some instances it will become necessary 
to build up and remachine the traction 
motor bearing housing. 

The traction motor armattue bearings 
are sent to a special dustproof room, 
cleaned, inspected, and “miked’’ and are 
returned to service if in suitable condition. 

The bearings not passing inspection are 
returned to the manufacturer for recon¬ 
ditioning. The section of the frame which 


holds the traction motor suspension bear¬ 
ing should be inspected and if necessary 
should be built up by welding and re- 
machining. The traction motor suspen¬ 
sion bearing caps may likewise necessitate 
welding and remachining. All repaired 
and rebuilt components of the traction 
motor are assembled and the motor 
undergoes a 2-hour running test at various 
speeds and loads. 

Generators and Auxiliary Motors 

The rebuilding of the main generator, 
auxiliary generator, and blower motors 
follows approximately the same steps as 
the traction motor except for those types 
of main generators which have an a-c 
generator on the same shaft as the d-c 
generator. Inasmuch as the a-c genera¬ 
tors supply current for all vital auxiliary 
apparatus, a rebuild and test procedure 
is developed handling the a-c side as a 
separate repair item. 

Electric Equipment on Steam 
Generators 

The specialized electric equipment used 
on steam generators should be repaired in 
a subsection of a small parts electrical 
section and tested for its particular func¬ 
tions. Motors and similar equipment 
used on steam generators can be incor¬ 
porated in the general motor overhaul 
area previously mentioned. 

Control Apparatus 

The diesel-powered locomotive with 
electric drive demands a relatively new 
type of apparatus in railway service to 
be placed in quantity on each locomotive. 
This apparatus is used to co-ordinate the 
function of the diesel-power unit, the 
electric drive, and the engineman. Com¬ 
monly, this type of apparatus is referred 
to^ as the electric control equipment. 
With the installation of this new type of 
control equipment came the need for 
specialized shop facilities for overhaul 
and maintenance. The following outline 
of shop procedures is intended to be a 
typical sequence but should not be taken 
as an ironclad procedure to be used in every 
instance. It can, however, be taken as an 
aid in enumerating the items which 
should be considered in planning a shop 
to meet a particular set of conditions 
and requirements for equipment obtained 
from various manufacturers. 

Disassembly 

Electric control equipment which is 
removed from the locomotive unit to be 


overhauled should at once be tagged and 
marked as to model, size, and nimiber. 
While this extensive tagging appears to 
be rather unnecessary, it will be of great 
value in maintaining correct equipment 
records and permit the interchangeability 
of parts in conformance with manufac¬ 
turers’ parts books. For example, a 
transition relay removed from an early 
passenger locomotive unit may be in¬ 
stalled on a passenger unit of later manu¬ 
facture and different type if the part 
number for this particular item corre¬ 
sponds. All devices which must be cleaned 
in chemical solution should use tags which 
withstand the cleaning operation and 
remain legible. Preliminary cleaning will 
in general, remove the accumulation of 
dirt, grease, oil, and other foreign sub¬ 
stances. Due to the fact that control 
equipment consists of a number of non- 
metallic parts as well as various metallic 
parts, it becomes necessaiy to separate 
the different types of parts so that they 
may not be damaged by the warm clean- 
ing agent. A plain suction vacuum 
cleaner is often useful in removing carbon 
and steel dust particles. 

On all electropneumatic devices it is 
advisable first to remove the specifically 
electric equipment such as coils, and so 
forth, and clean the devices connected 
with the air operation separately. 

Distribution 

All cleaned equipment designated for 
overhaul should be checked at one cen¬ 
tral inspection station, and at this time 
it should be determined if the part is fit 
for overhaul or should be replaced. The 
equipment which has been found worthy 
to be overhauled is forwarded to the 
designated shop repair section for each 
particular part and placed on storage 
racks marked so that individual parts 
may be properly identified. The same 
part when completely overhauled will be 
placed on the other side of these racks 
indicating that it is ready for installation 
or shipment 

A small shop truck is best suited for 
handling the traffic between the various 
departments. Most of the control equip¬ 
ment is not too heavy and can be handled 
without large crane facilities. However, 
handling some parts on roller conveyors 
will speed operation in sections where 
traffic of small parts is extremely heavy. 

To utilize test equipment to the fullest 
extent, high potential test sets should be 
mounted on insulated boards on top of a 
table which can be wheeled around the 
test area of a small-parts section. Suffi¬ 
cient pans, boxes, and containers should 
be provided to facilitate the rapid assem- 
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bly of equipment composed of compara¬ 
tively small parts. 

Preliminary Testing 

Each repaired part should undergo a 
preliminary test which reproduces the 
action it must take when operating on 
the locomotive unit by means of a simple 
but accurate test device. It is necessary 
to have a constant voltage of 74 volts d-c 
as well as 110 volts a-c available at all 
points in the small-parts repair section. 
A source of high current will be required 
to test the battery-charging voltage¬ 
regulating relay and the current-limit 
controls on certain units as well as excita¬ 
tion panels. In general, an old electric 
welding set can be modified to produce the 
necessary" results. 

Repair Equipment 

Compressed air should be available at 
all work benches. The benches used for 
repair of control equipment should be 
located close to rotary bins which contain 
all the bolts, nuts, washers, and other 
small items necessary. Most of the elec¬ 
tric control equipment work will be con¬ 
cerned with the handling of comparatively 
small parts which require careful adjust¬ 
ment. It is essential to have good light¬ 
ing. Small drills, hand tools, wrenches, 
pliers, and so forth, play an important 
part in this electrical shop. It is advan¬ 
tageous to hang tools, such as small power 
tools on a steel cable directly over the 
work bench and control the vertical 
movement of these tools by means of 
spring balancers. Some insulated benches 
should be provided for testing certain 
electric equipment, and for some devices 
it becomes necessary to have benches 
constructed of nonmagnetic material to 
permit the calibration of magnetic devices. 
It also becomes necessary to provide some 
kind of overload protection on all test 
outlets on benches. Small circuit breakers 
are most suitable for this application. 
To improve the appearance of a finished 
job and also in some instances to restore 
the insulation characteristics, it is neces¬ 
sary to repaint or respray certain parts 
of the control equipment. Extreme care 
should be taken to prevent paint being 
deposited on electric contact surfaces. 

Test Panels 

It is advisable to build portable test 
panels adaptable to a general test bench 
for testing a specific piece of equipment. 
The test panels should be designed to 
fit on the end of the bench, and the con¬ 
nections should have lead blocks which 
fit on the bench outlets and if necessary 
have self-closing air couplings. Controls, 


switches, meters, lights and rheostats 
necessary for conducting tests should be 
mounted on shock absorbing material to 
prevent changes of settings due to vibra¬ 
tion. WTierever there is a great amount 
of a particular control device to be tested, 
a permanent test panel installation will 
be justified. Special attention should be 
paid to arranging the mounting brackets 
of any device to be tested so that it is 
in the same position as the mounts for 
this device located on a locomotive unit, 
and in critical cases surrounding vibra¬ 
tion conditions on a locomotive should 
be duplicated on the test panel. For 
contactors it is possible to develop a 
mounting fixture which can be effectively 
used for all types of large contactors of 
various manufacturers. Small relays 
should not be mounted on the same con¬ 
tactor stand, since the vibrations set up 
by the constant opening and closing of 
large contactors during the test period 
might affect the previous test settings of 
small relays. Each shop should tiy to 
develop additional mounting fixtures to 
meet the requirements of particular jobs 
and reduce the time required to set up 
this special type of equipment. 

Small devices which can be tested in 
multiple operations should be so grouped 
and connected to mechanical counting 
devices to indicate the number of cycles 
performed by each relay and also con¬ 
nected to a system of lights which will indi¬ 
cate a defective relay. It is our ultimate 
goal to develop a frame structure which 
permits the preassembly of the major 
portion of the control equipment on the 
shop floor where it can be tested as a 
complete assembly and then mounted as 
a unit on the locomotive. As a ftuther 
attempt to decrease the number of men 
working in the limited space within a 
locomotive unit, there appears to be the 
possibility of utilizing a development of 
the radio industry of having a large 
amount of control wires moulded in a 
newly developed plastic transparent board 
or panel. This should reduce the amount 
of control difficulty encountered on the 
road caused by broken wires, chafed 
insulation, and so forth. 

Governors and Fuel Injection 

Equipment 

It is advisable to separate the overhaul 
and repair of governors and fuel injection 
equipment from the normal shop recondi¬ 
tioning areas and locate this type of work 
in a pressurized dustproof section of the 
shop. Since the manufacturers of diesel 
locomotives employ vastly different princi¬ 
ples of governor control, it is necessary 


to segregate test equipment in the gover¬ 
nor repair section for each particular 
type of governor to be tested. It be¬ 
comes necessary to purchase specialized 
test equipment developed for the type of 
equipment involved from such manufac¬ 
turers as American Bosch, General Elec¬ 
tric, and so forth. Most engine gover¬ 
nors employ mechanical and electric 
equipment coupled together to produce 
the desired mechanical actions as dictated 
by the requirements of the electric power 
transmission system of the locomotive 
unit. It is for this reason that the repair 
of electric as well as mechanical parts 
for governors is done in the same loca¬ 
tion, and that the injector equipment, 
which is of mechanical nature, is also 
placed in this dustproof section of the 
shop. It appears advisable to have men 
trained for the specialized work on the 
equipment handled in this particular 
section of the shop. 

Work Remaining in Locomotive Unit 

Although the greatest amount of re¬ 
pair work performed on diesel locomotive 
equipment is done outside the locomotive 
unit in specialized repair sections, there 
still is a large amount of work remaining 
which must be completed in the loco¬ 
motive unit which is time consuming. 
While progress has been rather slow to 
find ways and means to expedite this 
type of work more efficiently, I believe 
that we have started in the right direc¬ 
tion. In the near future we hope to be 
able to report further progress in this 
specialized field of work. We would 
appreciate greatly if the members of the 
American Institute of Electrical Engineers 
would continue to give us their co-opera¬ 
tion and help, and any constructive criti¬ 
cism would be most welcome. 

- ♦ - 

Discussion 

J. W. Teker (General Electric Company, 
Erie, Pa.): The magnitude of the tasks 
confronting railroads undergoing revolu¬ 
tionary changeover of motive power is not 
generally appreciated. Especially so, when 
we consider that the move from steam to 
diesel-electric power is being accomplished 
without perceptible interruption of service. 
The scope of this subject is certainly wide 
enough for several papers. Mr. Thomas has 
most effectively condensed present-day 
thinking in his presentation of the subject. 
My remarks only serve to supplement what 
Mr. Thomas has outlined. 

Centralization of shop facilities is funda¬ 
mentally sound. The concentration of 
volume allows a repetitive division of work. 
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acquires proficiency at his as- 
siped task. Many of these tasks on elec¬ 
tric apparatus are mechanical in nature and 
can be done by machinists or men with 
some mechanical background or training. 
The smctly electrical aspects of the job can 

comparatively fewer 
electncaUy trained men. Such L ar- 
rangem^t makes it possible to direct the 
^ort of a large electric repair organization 
With a few, and for the time being, harder-to- 
hnd capable electricaUy trained supervisors, 
these advantages would be lost if heavy 
repairs were wide spread. 

Furthermore, centralization fixes re- 
sponsibihty which, in turn, stimulates profi¬ 
ciency and excellence of work quality A 
case in point is the pulling of motor pinions. 

c y ^ aulic method can be used over an 
entire railroad system without hazard to the 
heat treatment of the pinion. But the 

f greater than 

with the induction method which, in turn 
involves the potential hazard of overheating 
a pinion if used improperly. Centralization 
should make it feasible to provide the right 
sizes, implements, and control so that induc¬ 
tion heating can be used on the various 
makes of motors without damage to pinions 
or bearing assemblies. One man can be 
tamed, kept busy, and held responsible for 
the proper execution of this duty. 

The same arrangement would apply to 


the mounting of pinions. However, where 
the practice is followed of keeping pinions 
matched with gears, this training and re¬ 
sponsibility problem is more difficult as the 
pinions are pulled and mounted at the sev¬ 
eral points of motor changeouts, 

Fractices vary and might be considered 
still in their evolutionary stages. In time 
best practices tend to be standardized. 
For instance, the seasoning of commutators 
before winding is certainly the best kind of 
precaution. Seasoning after winding to 
stabilize the commutator which has been 
subjected to the impacts of setting leads and 
high soldering temperatures is also desirable. 
But only after careful economic study over a 
period of time will it be known whether both 
seasoning operations are justified. 

^ In addition to the repair and recondition¬ 
ing of equipment, the shop may also conduct 
a continuous modernization program. Lo¬ 
comotive units are brought up to date and 
go back into service with increased ratings, 
higher horsepower, or with greater uni¬ 
formity and standardization of parts. This 
alone is a sizeable but very worth-while 
task. 

Centralization of shops provides oppor¬ 
tunity for the study of returned equipment, 
permits analysis of defects by capable per¬ 
sonnel, and aids in the accumulation of 
data which should provide a basis for cor¬ 
rective action in operation, running main¬ 


tenance, and design for the improvement of 
motive power. 


F. Thomas: It is with pleasure that I note 
in Mr. Teker’s discussion that the policy 
which I outlined is looked upon by manu¬ 
facturers’ representatives and possibly other 
railroads as being sound. 

The paper covers the thoughts of the larger 
railroads who, of course, maintain many 
types of various manufacturers’ diesel-elec¬ 
tric locomotives, and in order to keep the 
cost per mile for operation down, these rail¬ 
roads must purchase the finest of machines 
necessary for the repair and testing of the 
electric equipment. 

The shop picked must be large enough to 
set up a production line of work, must have 
ample equipment installed, and must be 
well lighted; also as good a supervising per¬ 
sonnel as possible must be selected. In 
this way it can be run efficiently and econom¬ 
ically, requiring a fewer number of trained 
personnel for the various tasks performed. 

I believe papers of this kind will do much 
to help the railroads in their changeover 
from steam to diesel when properly publi¬ 
cized and certainly will mean a closer relation 
between the railroads and the various manu¬ 
facturers. This should, as time goes on, 
give the railroads and the manufacturers a 
much improved piece of motive power. 


An Analytical Solution of Heat Flow 
Versus V^ire Temperature for 
Electric Cables Buried in Plaster 

J. E. GOFF 
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^OMPLETE electric heating installa- 
Vt tions axe becoming quite general 
throughout certain areas. A popular 
type is the resistance cable embedded in 
plaster to form a radiant panel heater. 
For long cable life and maximum safety, 
the cable temperature must not exceed 
a definite limit. Various investigators 
have derived equations describing the 
temperature throughout the panel. How¬ 
ever such equations do not relate tem¬ 
perature to heat input or else they are 
based on conditions not met in electric 
cable heating. K. Kalousi developed 
equations for embedded pipe using hot 
water based upon the simpUfied assump¬ 
tion that heat flows laterally through the 
panel. This assumption is valid for 
panel thicknesses near pipe diameter 
and for pipe spacing, which is large when 
compared to panel thickness. Neither 
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condition is met in electric cable heating. 
T. Napier Adlam“ publishes curves for 
pipe buried in plaster. The pipe sizes 
and spacings however, are quite large as 
compared to electric cable sizes and cable 
Spacing. 

Shoemaker* presents a solution for 
temperature throughout a panel, using 
embedded pipe for conditions based upon 
an equivalent conductivity panel. It 
presumes a known pipe temperature and 
describes the temperature at any point 
in the panel, while the wire temperature 
of heating cable is an unknown factor. 
Also the work does not present a solution 
that will enable one to solve the pipe 
temperature for a known British thermal 
unit (Btu) output, nor solve for Btu out¬ 
put for a known pipe temperature. The 
cable temp^ature for a known Btu per 
foot input is one of the most important 


design considerations. Due to the intrin¬ 
sic characteristics of cable heating, there 
is a constant heat input per foot of heat¬ 
ing cable and the cable temperature must 
adjust to dissipate this input. Hence 
the need to determine maximum cable 
temperature is apparent. Previous cable 
designs have been made largely from 
experimental data and this does not 
always lend itself to optimum design. 

This paper will show how the work of 
Shoemaker can be extended to give ana¬ 
lytical solution of this problem, and will 
include experimental data to verify the 
solution. 

Discussion of Work by Shoemaker 

In the derivation of his solution for 
the temperature function in the panel, 
Shoemaker^ replaced the actual heating 
panel by an equivalent panel. The rela¬ 
tion between the actual panel and equiva¬ 
lent panel is shown in Figure 1. The 
actual heating panel consists of layers of 
materials of different conductivity and 
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subject to the boundary conditions out¬ 
lined in Figiu-e 1 to be as follows 

T{xy) = ae{x^y) +7 (4) 

where 
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Figure 1. Actual and equivalent heating panel 
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thickness. In the equivalent panel, the 
different materials are replaced by one 
material of conductivity ka^ In order to 
keep the net thermal resistance of each 
layer constant, it is necessary to adjust 
the thickness of that layer in the equiva¬ 
lent panel by the following equation 


where 

^£1 = equivalent conductivity used in equiva¬ 
lent panel. 

— actual conductivity ofjth layer of actual 
panel. 

actual thickness of jth. layer of actual 
panel. 

—equivalent thickness of jth layer of 
actual panel used in equivalent panel. 

This is justified if the flow lines are 
perpendicular to the parting plane of the 
two media of different conductivity. 
Electric cables have small diameters, are 
closely spaced, and only materials of 
relatively high conductivity are used near 
the cable. Also the cables are embedded 
in the surface layer so that no change in 
conductivity occurs between cable and 
panel surface. These combine to make 
this simplifying assumption valid. 

The second assumption replaces the 


Table I. Values of Film Coefficient Versus 
Panel Surface Temperature 


Panel Temperature, 

Degrees Fahrenheit Film Coefficient 


90 

100 . 

105 . 

110 . 

116 , 


1.48 

1.49 

1.50 
1.61 
1.52 


film coefficient by an equivalent layer Xi 
of conductivity ka as follows 


This presumes that the film coefficient / 
is a constant while it is actually a function 
of panel surface temperature. 

Here again the close spacing and high 
conductivity combine to give nearly 
constant panel surface temperature so 
that the variation in / will be less than 
the error in measurement in the actual 
system. Therefore this assumption 
should be readily accepted. 

It is well known that steady-state heat 
flow must satisfy Laplace’s equation which 
follows 




(3) 


Shoemaker shows the solution for T{x^y) 


A = +F)0(r.O) -Ae{0,-B) 

Other constants as definedjn Figure 1. 

Note that Btu per foot of pipe does 
not enter into this solution. The con¬ 
stant a. is related to heat input but cannot 
be used directly to calculate this data. 

Heat Flow for Concentric Cylinders 

Let us digress for a moment and exam¬ 
ine the problem of electrostatic fields. 
It is known that the boundary conditions 
for temperature in steady-state heat flow 
are formally identical with those for 
electrostatic potential. James Clerk Max¬ 
well^ developed the equations for the 
electrostatic field of a wire grating which 
is shown in Figure 2. Figure 2 shows 
that the closer one approaches the wire, 
the more nearly the equipotential lines 
approach circles, and correspondingly 
the more nearly the isotherms approach 



Figure 2. Maxwell's lines of force near a grating 
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WIRE temperature 


circles in heat system. At a distance Ar 
from the wire, these isotherms are circles. 
This is an important result. The iso¬ 
therms are circles so that the boundary 
values reduce to constants, and one may 
easily calculate the heat flow between 
two cylinders separated by a distance Ar 
and a medium of constant conductivity. 
The heat flow from a single cable through 
a ring Ar under these boundary condi¬ 
tions can be calculated quite easily; sub¬ 
stitute for temperature difference across 
the boundary as determined by equation 
2 and the result will give the heat 
flow temperatirre relation for each cable 
in the grid arrangement. Figure 3 shows 
such a simple arrangement. 

Let us determine the temperature heat 
flow^ of the simple case in Figure 3 as 
follows 

dt 

-kA ^ 


This may be written 
fH . 


A (2‘jrrS)/12—area, of cylinder through 
which heat flows radially outward 
r=radius of cylinder 
^== length of cylinder 
^=heat input to cylinder Btu per hour 
= thermal conductivity 


Substituting 

J 27rkaZ r 
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This can be greatly simplified as follows 
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Figure 3. Boundary conditions for simple 
cylinder 
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and calculate the value of ti-t 2 where ti 
is the temperature of heating cable sheath 
and /o is temperature a distance Ar away. 
Since we are dealing with a circle of 
constant temperature, we may select 
any point on the circle to calculate 4, 
Let us select the point (x+Ax, 0) to 
calculate 4. 

Therefore 

k--T(x,0} 
k^T(x-\-Ax, 0) 

0)-T{xi~Ax,0) 

/i -4 = ae{x, 0) 4-^(0)-f 7- 0Le{xA-Ax, 0) - 

/ 3 ( 0 ) —7 

k-h==a[6{x, 0)-d{x-{-Ax, 0 )] ( 6 ) 

Substituting equation 6 into equation 5 
we get 


sin2-—-f cos2 —- = 1 
d d 


1 ^ 27rA 

- 111 - -- 

2 2 d 


Therefore 

^(iV,0)=ln sin 2 

d d 

Similarly replacing .v by x+Ax 
9(^+Ar.0)= lu sin 

d d 

and 

—•i9(;x;-{-Ar,0) = ln sin •™—hi 


. 7r(:x:~}-AvV) d 

sm-j—' =:ln.—- /gi 

® . 7r(r>!;-f Aa;) 

sin ——;- 

a 

By similar process noting that B is large 
compared to d 

fl(0,-5)=-?^ (9, 

and A becomes 


A — (^ -\-B) In 2 sin 


Tvx 27rAB 


We may now return to equation 4 Cosh.%-=' 
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Figure 4 (left). 

Watts per foot 160 
of cable versus S 

temperature 2 
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Figure 5 (right). 
Cable tempera¬ 
ture versus cable 
spacing 


Substituting equations 8, 9, and 10 into 
equation 7 and noting that x=ri^r 
(the cable radius) and x4(~Ax=T^=t'-\r^^ 


'^OUlzL TEST POINtT 
ICALCULATFH I 


234 
CABLE SPACING-INCHES 


Fl„ Versus Wire Terupera^ure fer EUarie CaPUs BuHa i. Piaster 


July 1953 






WATTS. PER LINEAR FOOT OF CABLE 


Figure 6 (left). 
Measured versus 
calculated tem¬ 
perature 


Figure 7 (right). 
Temperature ver¬ 
sus spacing In 
test house 



CABLE SPACING-INCHES 


Experimental Results 


where r and r+hr are distance along the 
plus X axis, we get 
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z" 
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But 


sin x = x — -+—‘jr .. . + 
o o 

This is a convergent alternating series. 
The error in using N terms is always less 
than the N+1 term. When x is less 
than 0.2, the error in using only the first 
term of the series is less than 0.5 per cent. 
In this case {'irr)/d will always be small 
and less than 0.2. Therefore 
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where 

^w=wire temperature 
H/Z — Btvi per foot of cable 
r = radius of cable 

d spacing between wires center to center 


i=room temperature 
^ 0 —temperature behind panel 
= temperature of cable 
thermal conductivity of equivalent 
medium (for kat see Figure 1) 

4 =see Figure 1 

5 - see Figure 1 

Discussion of equation 12 shows several 
interesting results. 

1. is £L simple direct function of If, 
which was an expected result. 

2. is a simple function of J^a for a fixed 

4 and 5, where 4 is depth of bury of cable 
in equivalent panel. This was unexpected 
since where the physical configuration of 
actual panel is fixed, is a complex function 
of K. The equivalent depth of bury 4 
is Ka/f-h:Scj(Ka/ICj). When this is sub¬ 
stituted for ka, ft (^jt finds that 

relatively large changes in Ka have a small 
effect on cable temperature. 

3. Wire temperature is only slightly 
affected by changes in /o, that is, in the well 
insulated panel, 5>>4 so that cable 
temperature is little affected by flooring 
or a heated room over the panel. 

4. Cable temperature is directly related 
to 4, which is directly related to depth of 
bury and film coefficient. 

5. In most cases In 2 sin ~ is small 

compared to so that wire tem- 

a(4+5) 

perature is a simple inverse function of 
wire spacing. 



Figure 8 


These equations were derived as a 
consequence of work done with an elec¬ 
trical analogue computer that used the 
same equivalent panel. The obvious 
steps were to compare the results ob¬ 
tained with the two systems. Two items 
were checked. The first was a curve of 
wire temperature versus power per foot 
for a constant spacing. The result is 
shown in Figure 4. The second test 
was to compare the effect of spacing on 
the wire temperature for a constant input 
per linear foot. The results are shown in 
Figure 5. 

Since the model and mathematics were 
both based upon the same assumption, 
it was felt that an actual check should be 
made in a test house to compare results. 
Consequently a house 4 feet by 8 feet 
by 8 feet was constructed with heat loss 
factors adjusted to give the same condi^ 
tions as a typical room with zero outside 
temperature. It was operated with IV 2 - 
inch spacing and the power per foot was 
varied. The results of the test are pre« 
sented in Figure 6. 

Tests using cable embedded in sand 
over gypsum board were conducted as. 
part of the test house work. The results; 
are shown in Figure 7. In addition tOi 
these tests, numerous tests have beeni 
made to verify cable designs. In all! 
such tests, one is able to calculate the 
operating temperature of a cable bnri'ed’ 
in plaster within a few degrees, 

Summary 

Complete electric heating mstallations 
are becoming quite general throughout 
certain areas. A popular type is the 
electric resistance cable embedded in 
plaster to form a radiant panel heater, see 
Figure 8. The intrinsic characteristic of 
cable heating is a constant PR input per 
foot of heating cable and the cable tem¬ 
perature must adjust to dissipate this 
heat. For long cable life* and maximum 
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safety, the cable temperature must not 
exceed a definite limit. Previous investi¬ 
gations have derived equations describ¬ 
ing the temperature throughout the heat¬ 
ing panel. However such equations do 
not relate temperatures to heat input or 
else they are based on conditions not 
met in electric cable heating. 

It is known that the boundary condi¬ 
tions for temperature in steady-state heat 
flow are formally identical with those for 
electrostatic potential. Further, James 
Clerk Maxwell** developed the equations 
for the electrostatic field of a wire near 
a grating. Examination of this work 
shows that the closer one approaches the 
wire, the closer the equipotential lines 
approach circles and correspondingly the 
more nearly the isotherms approach cir¬ 
cles in the heat system. It can be shown 
that at a distance Ar from the wire these 
isotherms are circles. Thus a simple 
method of obtaining a relation between 
cable temperature and heat input is sug¬ 
gested. The isotherms at a distance Ar 
from the round cable are circles and since 
the heat flow between concentric circles 
can be readily calculated, it only remains 
to find a way to calculate the tempera¬ 
ture difference (At) between the isotherm 
circles (Ar) apart in the heating panel to 
relate cable temperature to heat input. 


R. W. Shoemaker in his book^ derived an 
equation describing the temperature 
throughout a heating panel, based on the 
conditions normally met in cable heating. 

Using the equation derived by Shoe¬ 
maker, one may calculate At and substi¬ 
tute the value in the equation for heat 
flow between the isotherm circles. This 
simplifies to the following 


tu) 


kaTT (Z)^ 


, ^ , 7rr 

In 2 sin — — 
d 


Ai-B^ 


A /o -]rBi 
A+B 
( 1 ) 


where 


cable temperature 

cable input in Btu per foot 
Ka = equivalent thermal conductivity of 
media 

r—radius of cable 

d = spacing of cable center to center 
A ~ depth of bury of cable in equivalent 
panel 

B = depth of equivalent panel behind cable 
4=temperature behind panel 
t ==room temperature 


Examination of equation 1 shows that 4 
is a simple direct function of heat input 
per foot of cable and of the equivalent 
depth of cover of cable. Cable tempera¬ 
ture is approximately an inverse function 
of spacing. The most surprising result 
is that ^ is a function of Ka so that when 
typical values are substituted in the equa¬ 


tion, one finds that variations in Ka have 
relatively small effect on cable tempera^ 
ture. Thus the usual small variations in 
plaster mix will have negligible effect 
on cable temperature. 

Numerous tests have been made on 
completed heating cable designs whicli 
were used to check equation 1, The 
results of these tests show that experi¬ 
mental and calculated values differ by 
not more than 5 per cent which is normal 
tolerance on resistance cable. There¬ 
fore equation 1 represents an easy method 
of investigating effect of various param¬ 
eters on cable temperature, enabling 
cable manufactmrers to prepare general 
installation insti'uctions prescribing safe 
installation practices. Experimental 
work is required only to verify the original 
design data as with any new product. 
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Discussion 

S. B. Hammond (Stanford University, 
Stanford, Calif.): A solution of Laplace’s 
equation in two dimensions attributed to 
Shoemaker^ is the basis of this paper by 
Goff. Shoemaker’s solution, equation 4, is 
in an unwieldy form which Goff has solved 
for cable temperature as functions of cable 
size and spacing, depth of bury, British 
thermal units per foot of cable, and con¬ 
ductivities and dimensions of panel. 

The mathematics is fairly straightforward. 
There are several approximations necessary 
to simplify the results which must be kept 
in mind if the final equation, equation 12, is 
to hold with any accuracy. The first re¬ 
quires the ratio A /d to be greater than 7r/4. 
The definitions of terms A and d are given 
in Figure 1. Now A is the equivalent thick¬ 
ness of a single homogeneous heat conductor 
between the electric cables and the heated 
room, including plaster and boundary layer. 
If this ratio were smaller, say A = 1/2, an 
additional error of maybe 5 per cent would 
be introduced into equation 12 for cable 
temperature. However, as this ratio de¬ 
creases further, the error increases at a 
rapidly increasing rate. A similar restric¬ 
tion is imposed on the ratio of B/d. 

A further assumption requires r, cable 
radius, to be very small compared to d, the 
distance between adjacent cables, in order 
to simplify equation 11. This seems to 
conform well with practice. 


Equation 12 for cable temperature may be 
further simplified by noting the log term in 
the brackets is usually considerably smaller 
than the second term in the brackets. Thus 
the equation can be written with little 
additional error 

Ak^Bt 
kZdiA+B)'^ A+B 

Mathematically the minus sign is correct in 
this equation, but from physical considera¬ 
tions it appears this sign should be plus. 

Consider next the case in ordinary house 
wiring where d is very large. It would 
appear that the preceding equation would 
give the temperature of the cables. How¬ 
ever, the restriction was previously made 
that the ratio of A/d must be greater than 
7r/4. Actually, equation 12, or the pre¬ 
ceding equation, can only be used where the 
cables are uniformly spaced and cover a 
large surface area. From the methods used 
by Shoemaker and Goff it should be possible 
to derive an equation that would give the 
temperature of a single cable. These equa¬ 
tions will not. 

Reference 

1. See reference 3 of the paper, pages 264-67. 


J. E. Goff: Mr, Hammond points out that 
one cannot calculate the temperature of a 
single conductor embedded in plaster using 
the equations devised in the paper under 


discussion. If one uses the simplified for¬ 
mula in Mr. Hammond’s discussion, one 
finds that the temperature of a single con¬ 
ductor is the same as room temperature, 
regardless of the heat input. This is ob¬ 
viously not true. If one uses the equation 
in the form quoted in the paper, one finds 
that the single wire temperature is infinite 
regardless of the input to the cable. This 
too is impossible, so that one must agree 
that the final result can not be applied to 
calculation of temperature for a single 
conductor. However, I would be greatly 
surprised if we got any other result. 

Shoemaker states,^ “For a single source, 
the temperature function that satisfies La¬ 
place’s equation for unity intensity is 
In (1/R), if combined with an image, 
In (1/A)-—In (1/A')- To represent an in¬ 
finite string of sources, we need a periodic 
function with similar singularities; this is 
known to be In sin Z where Z—Kix+iy).'' 
Thus in the very beginning of his develop¬ 
ment, Shoemaker admits that he is not 
attempting a solution for a single conductor 
but is developing a solution for an infinite 
number of conductors. 

Further it must be recognized that A/d 
must be greater than 1/2, This fact is used 
to neglect certain terms in making the solu¬ 
tion easier to use. However, if one notes 
how A was defined and the restrictions im¬ 
posed upon it, then one immediately dis¬ 
covers that an almost constant surface 
temperature was assumed. This condition 
is met in electric heating cable installations 
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where the spacing is seldom greater than 
3 inches. However, if D is large, the surface 
temperature becomes f{x) and A is no 
longer a constant, and a boundary assumed 
constant for mathematical reasons is not a 
constant. 

These equations were devised for use in 
design of cable heating systems for many 
conductors, spaced reasonably close together 


and covering a large area. Therefore, great 
care should be used in applying these equa¬ 
tions to other types of systems. 

Mr. Hammond also calls attention to an 
error in sign. Equation 12 should have a 
minus sign in front of the first term. It 
was also omitted in copying the same equa¬ 
tion later in the paper. This equation 
should read as follows: 


tw'~ 


m ' 

irkaZ _ 


In 2 sin 


nrr 

~d 
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AtQ~\-Bi 
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A Differential-Analyzer Study of 
Certain Nonlinearly Damped 
Servomechanisms 

R. R. CALDWELL V. C RIDEOUT 

ASSOCIATE MEMBER AIEE ASSOCIATE MEMBER AIEE 


A SERVOMECHANISM must hold 
its error or the difference between 
input and output, to as small a value as 
possible. If a large error appears as a 
result of a rapid change in the value of an 
input position signal, then high accelera¬ 
tion and high output speed are desirable, 
and these in turn are favored by a low 
damping ratio. Wlien the error is near 
zero, the speed should be reduced rapidly 
so that overshoot does not occur, and this 
recjuires a high damping ratio. Thus the 
use of nonlinear damping which has some 
inverse relationship to the error has been 
proposed by several investigators.^"^ 
Another approach to the design of a 
nonlinear servomechanism involves a 
consideration of the practical limit of the 
available torque of the servo motor. If 
some maximum torque is available, 
then the best servo performance in re¬ 
sponse to an input step will be obtained if 
Tm is first applied in such a direction as to 
accelerate the load and reduce the error, 
and is then reversed so that — is ap¬ 
plied to reduce output speed to zero. Such 
a servo is called a relay servo and for op¬ 
timum response it requires a sensing and 
swtiching device. 

The nonlinear damping approach has 
certain advantages, such as the fact that 
the ordinary stability criteria may be ap¬ 
plied for small errors, but it cannot ordi¬ 
narily be expected to give as rapid a re¬ 
sponse to an input step as the relay or 
maximum-torque servo. However, the 
relay servo has difficulty with other than 
step-function inputs, and is not too satis¬ 
factory in its operation when errors are 
small. 

In the course of investigating a number 


of nonlinearly damped servos with the aid 
of a high-speed differential analyzer^ it was 
discovered that one of these nonlinearly 
damped servos tended to operate at very 
nearly maximum torque except when er¬ 
rors were small. Thus this servo com¬ 
bines the best feature of the relay servo 
and of the nolinearly damped servos. It 
was first built in simple fonn and 
tested for response to an input step by 
J. B. Lewis. ^ The differential analyzer 
study made it possible to compare the 
Lewis servo with others, and to extend 
the sltidy to other than step inputs, and 
to the case where the servo contained 
more than one lag. As a result of this 
work some major modifications of this 
servo are suggested which give significant 
improvement in its operation. 

Response Criteria 

A number of criteria for comparison of 
servo responses have been suggested.^do.n 
In this work the integral 

I = S\e\dt (1) 

was used, where \e\ is the absolute value 
of the error. For a step-function input 
applied to the simple linear second-order 
servo this integral is minimized by a 
damping ratio of f=0.65, giving an error 
overshoot of 7 per cent. 

The choice of this criterion was based 
on a compromise between computer 
adaptability and suitability of the meas¬ 
ure obtained. Thus use of the absolute 
value of error rather than error squared 
reduces the unwanted emphasis on the 
large initial error, which is unavoidable 
with step-function inputs. The per cent 


of overshoot obtained with this criterion 
is within the range generally accepted 
as suitable for a large class of servo appli¬ 
cations. The use of time weighting, al¬ 
though desirable from some points of 
view, gives rise to difficulties in com¬ 
puter setups which are not in proportion 
to the advantages gained. 

Unfortunately the absolute-value-error 
integral is not easily handled analyti¬ 
cally. However, an analytic solution can 
be obtained for the second-order linear 
system. For a step-function input of 
amplitude P and the underdamped case, 
the absolute value integral is 

-1- O' sill ^-f-cos 6 —2e^^"l (2) 

where 

tan 

The computer setup used to determine 
this integral is shown in Figure 1. This 
setup was used with various servos tested 
with different inputs to give a numerical 
basis for comparison. 

Computer Solution of Linear and 
Nonlinear Servomechanisms 

Figure 2 shows the basic servo used in 
this study. 3 If the nonlinear device is 
inactivated and the amplifier has no lags, 
we have a simple second-order linear servo 
in which 


„ , /j5+iV> 


L'' +( I . 



where 

J==the inertia of motor plus load 
B =the viscous friction damping coefficient 
N—ktkih is the tachometer damping coef¬ 
ficient 

K = kih is the loop stiffness or gain 
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CLAMPING Figure 1 (left). 

Analogue com- 

C- fv- - - puter setup for 

^ f. determination of 

----^ V absolute - error - 

integral criterion. 
Here the A-unit 

is an adder, the J-unit is an integrator, and the V-unit a full-wave rectifier, 
or absolute-value unit 

Figure 2 (right). Block diagram of basic servo studied in the paper. The 
linear form results if the nonlinear device is inoperative 


Amplifier MOTOR LOAD 


^alelc 

e ^ [ nonlinear 
DEVICE 


We are chiefly concerned with the case 
where B«N. The reference damping 
ratio is therefore chosen as 

N 

^~V2Ki 

The characteristic frequency is 


By choosing a new time scale we can 
normalize with respect to wo so that equa- 


the Lewis nonlinearly damped case 

e-\-2^'c-a\ e \c~\-c^r (7) 

The analogue computer setup for this 
case is shown in Figure 4, The error in¬ 
tegrals were computed as shown in the 
figure and used to aid in the comparison 
of transient responses. 

Results 


overshoot is an advantage found in many 
nonlinear servos, but the smaller time of 
recovery obtained for smaller input steps 
is a unique advantage of this servo. The 
phase plane plot of Figure 5(D) also indi¬ 
cates improvement in response of the 
nonlinear servo in this simple case, for, 
as shown by MacDonald, 2 the area under 
this curve is inversely proportional to re¬ 
covery time. 


tion 3 becomes 

[p2j^2^{l~\-a.)p-\-l]c=^r (6) 

where a=B/N. 

An analogue computer setup for solu¬ 
tion of this second-order linear case is 
shown in Figure 3. A limiter has been 
added to limit the maximum motor 
torque. One or more lags, such as the 
one shown dotted in Figure 3, may be 
added if a higher order servo is to be in¬ 
vestigated. 

The type of nonlinear damping found to 
be most effective in this study was the 
kind in which a term proportional to the 
product of absolute error and output veloc¬ 
ity \e\ c, was subtracted from the tach¬ 
ometer damping term.^ This results in a 
total damping term (if B/N«l) of 
2^c •^a\e\c. The block diagram of Fig¬ 
ure 2 indicates how this damping may be 
applied in a servo. In practice, a recti¬ 
fier might be used to obtain \e\, which 
might then be applied to the field of the 
tachometer to produce the a\e\c term. 
Thus normalized equation 6 becomes, for 


Step Input Signals 

The peculiar advantages of the non¬ 
linear servo of Figure 2 result from the 
fact that the nonlinear term not only re¬ 
duces the damping when error is large but 
may actually make it negative if the proper 
magnitude relationship exists in equa¬ 
tion 7. The constants were so adjusted 
that the damping did become negative for 
all but small initial errors. Thus, not 
only is the response to a step function bet¬ 
ter than the linear case, as shown in Fig¬ 
ure 5(A), but the initial reduction in er¬ 
ror is even faster than for the linear case 
with zero damping, as shown in Figure 
5(B). The absolute-error-integral I is 
4.0 units for the linear case and 2.8 units 
for the nonlinear case. The results of 
Figure 5 are for a servo of second order, 
with viscous damping B equal to zero, and 
with no torque limiting. 

This servo, as shown in 5(0), gives 
much the same form of response for a 
wide range of input amplitudes, and in no 
case does overshoot occur. Reduction of 


Figure 5 also shows the effect of torque 
limiting in this servo. Torque limitation 
was set at a value equal to the maximum 
torque attained by the linear system. 
This limitation had little effect on the 
time of response of the nonlinear system. 
The output torque is shown for the linear 
case in Figure 5(E) and for the 
corresponding nonlinear case in Figure 
5(F). Note that in the latter case the 
torque tends to switch between values of 
+ and until the error is nearly 

reduced to zero. Thus, for this torque- 
limited case the operation of the nonlinear 
system is essentially the same as that of 
the optimum relay servo. 

Figure 6 shows a comparison of the 
phase-plane trajectories for the optimum 
relay servo and the continuously damped 
torque-limited Lewis servo. Thus the 
torque-limited condition of this servo- 
makes the best possible use of the maxi¬ 
mum available torque. 

Double-Step Input Signals 

If, in the nonlinear system, the error is. 



allowed to overshoot zero, the system may 
become unstable. Such a case is shown 
in the phase-plane plot of Figure 7(A), 
where stability is marginal, and the error 
is reduced to zero in only one out of three* 
cases. This instability is the result of a 
change in the sign of the restoring torque 
which occurs when the nonlinear damping 
term a\e\c becomes too large. At the 
critical point the torque sign reversal 
causes the error to increase rather diaii 
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For the simple step inpttt the parame¬ 
ters may easily be adjusted' to- eliminate* 
the possibility of overslioot.. However, 
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ire 4. Computer setup used in solution of the nonlinear form of the servo in Figure 2; the 

Mu-unit is a multiplier 


This tendency towards instability can 
be reduced by limiting the magnitude of 
the nonlinear term a\e\c to some experi¬ 
mentally determined maximum value. 
Using this type of limiting, it was found 
that a considerable improvement in sta¬ 
bility could be obtained without substan¬ 
tially increasing the transient response 
time. This limiting treatment was also 
particularly effective in improving the 
servo response to sinusoidal input func¬ 
tions. Another very promising scheme, 
which has not yet been investigated, uses 
the a\e\ c term only if the product ec is 
positive. This would always give full 
linear damping in the first and third 
phase-plane quadrants where c and e 
have opposite signs. 


input pulse, or a double-step input 
Lsisting of a positive step followed by 
unequal negative step, can easily 
Lse unstable action of the nonlinear 
tern. This occurs when the input is 
[denly reduced before the error caused 
the original step is fully corrected, 
is may result in a change to a negative 


error while the velocity h is in the direction 
to correct a positive error. If the new 
negative error reduces the damping to 
zero, instability may result. The error 
will tend , to increase without limit in 
either the first or third quadrant of the 
phase plane, much as in the case shown in 
Figure 7(A). 


Sinusoidal and Saw-tooth Inputs 

For a linear system, if either the tran¬ 
sient or the frequency response is known 
then the other is completely determined. 
For the nonlinear system this is not the 
case. Thus it is necessary to extend the 
investigation of the nonlinear system 
beyond the study of transient response to 



Figure 5 (left). Comparison of a nonlinearly damped servo with a 
linear second-order servo 

A. Upper curve is the error for a step input to a linear servo (^ = 0.65) 
and the lower curve is the error for a step input to the Lewis servo 

(r-2.2,a=0.7) 

B. Nonlinear servo error for an input step compared to that for the 

linear case with zero damping 

C. Nonlinear servo error for three values of input step 

D. Phase-plane plots for equal input steps; upper curve for the linear 

case, lower curve for the nonlinear case 

E. Torque in the linear case (scale = 5 volts per large division) 

F. Torque in the nonlinear case^ with torque limited to the peak value 
found in the corresponding linear case, shown in D (scale —10 volts per 

large division) 

Figure 6 (below). Comparison of the phase-plane trajectories for an input 
step to the Lewis nonlinear and to the optimum relay servo 

ERROR - UNITS 
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Instabnity in a nonlinearly damped servo 

Response of a linear second-order servo (^==0.65) to a sine wave/ 
(f—1«57 cycles per second, input shown dotted) 

The torque-limited Lewis nonlinear servo response to the sine 
wave of B 

Frequency dividins (by five times) in a nonlinear servo (f = 4.92 
cycles per second) 


A. Optimized linear case, servo A of Figure 8, Ta = 0.6, ^ = 0.87, 

1=4.3 

B. Nonlinear case, servo A, Ta = 0.6/ ^* = 2.2, a = 0.7,1 = 3.9 

C. Optimized linear case, servo B of Figure 8, Tb = 0.6/ ^ = 0.9, i==4.5 

D. Nonlinear case, servo B, Tb= 0.6/ f = 3.7, 1=3.3 (upper trace), 

f = 2.2, I =5.6 (lower trace) 


various step-function inputs. The com¬ 
puter setup used for the transient study 
is quite satisfactory for sinusoidal inputs. 
An audio oscillator was used as a sine- 
wave source since for this high-speed com¬ 
puter 382 cycles per second is equivalent 
to 1 cycle per second in real time. 

The first noticeable effect of the nonlin¬ 


ear system is distortion of the output 
wave. This of course is to be expected, 
since the behavior of a nonlinear system 
is a function of amplitude. For the 
higher frequencies the nonlinear system 


does give an improvement in response 
as shown by a comparison of Figures 
7(B) and (C). This improvement is in 
the form of increased output amplitude. 
At the higher frequencies larger torques 


Figure 8 (below). Servo block diagram showing locations of added lags 
Figure 10 (right) 

A. Optimized linear case, servo C of Figure 8, Tc = 0.3, ^ = 0.65, 

l = 3.4 

B. Nonlinear case, servo C, Tc=0.3, Tm~ =±=20, 1 = 4.15 

C. Nonlinear case, servo C, Tc = 0.3, Tin=^ =^10,1 = 3.0 

D. Torque for case C above 
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are required for the output to follow the 
input. These increased torques can be 
supplied by the nonlinear system. The 
improvement of the phase of the output 
relative to the input is negligible. A lead 
network is more effective for the reduc¬ 
tion of the phase lag. 

Figure 7(D) shows a pathological effect 
caused by the nonlinear damping. This 
frequency division occurs for certain com¬ 
binations of input amplitude and fre¬ 
quency. For magnitudes above or below 
the critical values the system will retiurn 
to normal operation. This frequency 
division results when the a\e\c term is too 
large, so that a torque condition results 
which is similar to that discussed for the 
double-step case. Limiting the magni¬ 
tude of a\e\c will return the system to 
normal operation. Varying degrees of 
limiting were found to be effective de¬ 
pending on the input amplitude and fre¬ 
quency. However, even with substan¬ 
tial limiting sufficient to remove all fre¬ 
quency-dividing effects, the high-fre¬ 
quency response of the nonlinear system is 
better than that of the linear. 

Triangular input waves were also used, 
but gave no more infonnation than the 
siiie-wave inputs. 

Step Inputs for Higher Order Servos 

Although an unlimited number of 
higher order systems is possible, this study 
was limited to three cases corresponding 
to the addition of one or two simple lags 
in each of tliree positions in the system. 
The three locations of the inserted lags 
are shown by the broken-line blocks in 
Figure 8. The response of the nonlinear 
system is quite different in each case. 
Relatively large time-constant lags were 
used in an effort to emphasize the effect of 
lag. For smaller time constants, re¬ 
sponses will differ from the second-order 
case by correspondingly smaller amounts. 

For servo A, the nonlinear system tran¬ 
sient response had a smaller error integral 
than the linear system, but had a rather 
large overshoot. The linear and non¬ 
linear responses are shown in Figures 
9(A) and (B). Thus for this servo the 
linear system may be preferred to the 


nonlinear if small overshoot is desirable. 

With additional lags inserted, as in 
servos B and C, the transient responses of 
the linear and nonlinear systems are each 
similar in shape to their second-order 
counterparts. Figures 9(C) and (D) show 
the linear and nonlinear responses re¬ 
sulting for servo B, The two traces of 
Figure 9(D) result from use of the opti¬ 
mum damping ratio ^—3.7, and the damp¬ 
ing ratio ^ = 2.2 used in the second-order 
system. This new optimum adjustment 
of f is of course necessary to fit the new 
system resulting because of the insertion 
of the lags. 

For servo C, the linear and nonlinear 
responses are shown in Figures 10(A) and 
(B). The response of the nonlinear sys^ 
tern is far from desirable. The unusual 
increase of the error in the positive direc¬ 
tion is the result of excessive reverse 
torque brought about by the lagging c 
term. This condition may be corrected 
by another nonlinearity, such as the 
torque limiting which is present in any 
servo motor. This results in the non¬ 
linear transient response shown in Figirre 
10(C), with the corresponding torque as 
in Figure 10(D). 

Noise 

The operation of the nonlinear servo 
was studied for the case where random 
noise was added to various input signals. 
Noise peaks, if large enough, were found 
to give rise to the same instability prob¬ 
lems found with double-step inputs. 
Smaller noise voltages gave effects which 
were much the same as those observed for 
the linear servo. 

Conclusions 

The nonlinearly damped servo de¬ 
scribed here has been shown by computer 
studies to have significant advantages 
over the corresponding linear servo, as 
well as over a number of other nonlinear 
servos. These studies have also shown 
that the responses to the various types of 
input signals must be carefully examined. 
Thus in the Lewis servo the nonlinear 
term a\e\ c, which is used to modify the 

-♦- 


damping, must in turn be modified to pre¬ 
vent undesirable responses or actual in¬ 
stability from occurring in the case of 
other than simple step input signals. 
In the computer studies made at the 
University of Wisconsin, a limiting of the 
a\e\c term was found to be helpful. It 
appears that servo performance may also 
be improved by reducing a\e\c to zero 
when the product ec is negative. 

The complexities of even this relatively 
simple nonlinear servo are such that when 
the lime constants and other constants 
are known for a practical case, it should 
probably be studied on a computer for the 
various input signals which might be 
encountered before the design is crystal¬ 
lized. It is hoped, however, that the 
study reported here will provide some 
kind of a guide in such design work, and 
act as an aid to future investigation. 
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Discussion 

Thomas M. Stout (University of Washing¬ 
ton, Seattle, Wash.): I would like to offer a 
simplification of equation 2 of the paper and 
describe a related experimental procedure 
for determining the integrated absolute or 
squared error. This equation may be 
simplified by observing that 


and 

cos 0 = 1* 

With these substitutions, the second and 
third terms reduce to 

cr sin 0-{-cos 0 = 21* (2) 

It is also convenient to write the equation 
in terms of an angle 0i, such that 


and 


0i = 7r —0 (4) 

where 7r/2 < 0i < ti\ This angle is a direct 
measure of the time required by the system 
to first reach zero error, which is 


ti — 


01 

cooVi-r^ 


(5) 


sin 9 = 


(1) tan 01 = — tan 0 


(3) Making this change, the equation for the 
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Table I. Integrated Absolute Error for a 
Second-Order Servomechanism Subject to a 
Step Input of Magnitude P 


Icoo 

Ip' 


0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.65 
0.7 
0.8 
0.9 
1.0 . 


.6.384 

.3.341 

.2.364 

.1.924 

.1.712 

.1.618 

.1.606 

.1.608 

1.631 

1.804 

2.000 


integrated absolute error of a second-order 
system subjected to a step input becomes 





( 6 ) 


This form of the equation is particularly 


useful when ^ approaches unity, where the 
other equation leads to an indeterminate 
form. For ^ = 1, equation 6 of the discus¬ 
sion gives directly 


which ^ can also be obtained by direct in¬ 
tegration of the error for the critically 
damped case._ For i‘> 1, the integrated 
absolute error is the same as the integrated 
error and can be found ^ by adding the time 
constants of the closed-loop transfer func¬ 
tion. 

For purposes of comparison and to save 
future workers some labor, values computed 
from equation 6 are given in Table I of the 
discussion. 

In some experimental studies similar to 
those described in the paper, we have been 
using a slightly different method for deter¬ 
mining the integral of the error. In our 
case,^ a voltage proportional to the error was 
applied to an integrating amplifier in 
which the usual input resistor had been re¬ 


placed by a diode rectifier. With this 
arrangement, only errors of one sign are 
integrated; the diode characteristics deter¬ 
mine whether the absolute or squared error 
or some intermediate power of the error is 
used. Part of the integral is found by 
application of a positive signal to the input 
of the simulated servomechanism, and the 
remainder is found by applying an equal 
negative input, which simply means re¬ 
moving the previous signal. 

This technique, although less elegant 
than the procedure described in the paper, 
is useful when the time constants in the 
computer simulation are fairly large, and it 
eliminates the need for an absolute value 
unit. 
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wish to thank Mr. Stout for pointing out 
the simplifications possible in equation 2 
of the paper. 


Diesel-EIcctric Locomotive Ground 

Relays 


G. R. McDonald 

ASSOCIATE MEMBER AIEE 


Synopsis: The following paper lists and 
describes the various protective functions 
ot the ground relay as used on diesel-electric 
locomotives. The connections are de¬ 
scribed, and comments are made on the con¬ 
trol features initiated by the operation of 
the relay. 

General Punctions 

T he use of ground relays started in 
the early 1920’s in automatic substa¬ 
tions. These relays were primarily for 
the purpose of limiting the damage caused 
by armature breakdown. Prompt opera¬ 
tion of an instantaneous-type relay lim¬ 
ited damage to conductors and armature 
stockings. The relay also furnished 
similar protection for commutator flash- 
overs. 

The first use of a ground relay on a 
diesel-electric locomotive was about 1930. 
The first relays installed for this purpose 
were low-resistance high-current devices. 
In fact, some of these early relays did not 
have enough resistance to be self-protect¬ 
ing on the high currents imposed by 
flashovers, and as a consequence the re¬ 
lays were severely damaged by a flash- 
over. Higher resistance, higher voltage 
relays were, therefore, in order. Along 


with the tendency in this direction, 
other miscellaneous functions were en- 
tTListed to the ground relay until now the 
list of protective features which it pro¬ 
vides is quite imposing. Any discussion 
of this relay, therefore, involves having a 
clear concept of these various functions 
and their interrelations. 

The following list covers most of the 
protective functions now perfonned by 
the ground relay, 


generator or in the traction motors, 

^ power circuit grounds: 

(a) On the positive power circuits. 

(b) On the power cables which s 
one-half of the generator voltage c 
series-parallel operation. 

(c) On the negative power circuits 

3. High resistance creepage grounds 
as those caused by moisture and dirt: ’ 

(a) On the positive circuits. 

(b) On the half-voltage circuits. 
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(c) On the negative circuits. 

(d) On the armatures of generator or 
motors. 

4. Flashover protection ; 

(a) Generator armature. 

(b) Motor armature with motors oper¬ 
ating in parallel. 

(c) Motor armature on the positive side 
when operating in series parallel. 

(d) Motor armature on the negative side 
when operating in series parallel. 

(e) Positive side contactor flashover, 

(f) Negative side contactor flashover. 

(g) Series contactor flashover (one-half 
generator voltage). 

5. Protection during dynamic braking: 

(a) Motor flashover. 

(b) Ground in braking resistor, 

(c) Leakage or moisture ground. 

(d) Resistor blower motor ground or 
flashover. 

6. Ground protection during engine start¬ 
ing. 

A short discussion of each of the pre¬ 
ceding points will help to clarify the func¬ 
tions of this relay. This discussion is 
based on an Alco-GE road locomotive. 
The ground relay considered has a pickup 



Figure 1 . Ground relay connected on nes«- 
tive side of generator 
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Figure 2. Ground relay pickup with genera¬ 
tor armature grounded 


of 38 volts with a coil current of 0.056 
ampere. The coil resistance is 680 ohms. 
This relay is connected as shown in Figure 

1 . 

Armature Ground 

Consider a ground at one point on a 
generator armature. As the annattue 
rotates this ground will travel from one 
polarity to the other. A relay connected 
as shown by Figure 1 will have applied to 
it an undulating voltage practically the 
equivalent of a completely displaced a-c 
wave. The relay pickup when operating 
on this voltage will be as shown by Figure 
2. With this connection of the relay the 
drop through the generator commutating 
field will modify the actual voltage re¬ 
quired by a small amount resulting from 
the drop through this field. 

Operation in detecting an annature 
ground for a parallel connected motor is 
identical with that described for a genera¬ 
tor, except for the slight modification 
caused by the commutating field drop. 
If the annature ground were on a series- 
parallel connected motor operating on 
the positive side of the line, the voltage 
applied to the relay would be equal to one- 
half of the generator voltage plus the un¬ 
dulating voltage from this annature. The 
relay would pick up at a slightly lower 
voltage than indicated by Figure 2 be¬ 
cause of the larger d-c component. If the 


be the same as for a generator armature 
except that this relay would be subjected 
to the voltage of this negative annattue. 
This would be one-half of the generator 
voltage, and therefore, the pickup of the 
relay with respect to generator voltage 
would be double that shown by Figtue 2. 

These comments on armature grounds 
presupposed a zero resistance ground in an 
annature. If the armature ground actu¬ 
ally has appreciable resistance as com¬ 
pared to the relay, then the voltage re¬ 
quired to operate the relay will be cor¬ 
respondingly increased. 

Accidental Power Circuit Grounds 

(a) If a ground takes place on the 
positive side of the power system, genera¬ 
tor voltage would be applied directly to 
the ground relay. If this ground were of 
zero resistance, the relay would operate 
when the generator voltage reached 38 
volts. If the ground had appreciable re¬ 
sistance, the operating voltage would be 
correspondingly increased. 

(b) If the ground took place in the 
connection between positive and negative 
motors when operating in the series-par¬ 
allel connection, the same comments would 
apply except that the relay pickup in 
terms of generator voltage would be 
doubled. 

(c) If a ground took place on the neg¬ 
ative of a system it would appear, at 
first thought, that the ground relay coil 
would be short-circuited. Figure 3 il¬ 
lustrates this circuit. If the ground took 
place on the lead B, the coil of the ground 
relay would be short-circuited. If, how¬ 
ever, the ground took place on leads C or 
D, the series field would be intermediate 
between the ground location and the cir¬ 
cuit through the ground relay. Ordinary 
steady-state voltages developed across 
the series field would not be sufficient to 
operate the relay; however, any fluctua¬ 
tions in current would create enough in¬ 
ductive voltage across the series field to 
provide operation if the ground were on 


transient inductive voltages of both the 
generator commutating field and the 
motor series field are effective for produc¬ 
ing relay operation with grounds on either 
C or D, and the generator commutating 
field inductive voltage is available for 
producing operation with a ground on B. 

Moisture or Creepage Grounds 

One place where the ground relay does, 
if anything, too good a job is in con¬ 
nection with moisture or creepage 
grounds. These are always a matter of 
degree and most types of ground relays 
overprotect, causing unnecessary inter¬ 
ference with locomotive operation. How¬ 
ever, this matter is, somewhat involved, 
particularly from the standpoint that all 
of the leakage current does not necessarily 
pass through the relay coil. 

(a) If leakage is taking place from the 
positive cable terminations and connec¬ 
tions of the system, then conditions are 
identical with item (a) in the preceding 
section. Taking into account the equiva¬ 
lent resistance of the leakage path, the 
generator voltage with respect to relay 
pickup may readily be calculated. 

(b) The same comments apply for 
leakage taking place on the cable ter¬ 
minations and connections between two 
or more series connected motors. 

(c) Similar leakage from the negative 
does not tend to cause relay operation for 
the same reason as discussed under item 
(c) in the preceding section. The change 
in relay connections already mentioned 
would improve this situation, but the 
leakage resistance from the negative alone 
would have to be of a low value before 
relay operation could be expected. 

(d) Leakage may be experienced from 
annatures because of the collection of 
dirt and moisture. This would usually 
be expected to occur at the commutator 
string bands or at the ends of the arma¬ 
ture coils. If distributed leakage of this 
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ARMATURE RESISTANCE TO GROUND-OHMS 


Figure 5 (left). Ground relay pickup 
with distributed armature leakage 


Figure 6 (lower left). Equivalent circuits 
for distributed cable leakage, parallel 
connected motors 



Figure 7 (right). Total leakage 
current at ground relay operation 



type takes place, the voltage applied to 
the leakage paths varies between brushes 
or polarities around the armature. The 
leakage is in all directions even from one 
segment to the next, as shown by Figure 
4. The relay sees only a small part of 
this total leakage current. Tests indicate 
that with uniform leakage around an 
armature, relay operation may be ex¬ 
pected as shown by the curve of Figure 5. 
The armature insulation resistances used 
in plotting this curve are, of course, resist¬ 
ances taken at standstill. The annature 
insulation resistance values shown are 
surprisingly low, yet tests did not indicate 
any tracking or damage to the annatures 
as a result of these creepage grounds. 
This point is mentioned because ordi¬ 
narily annature resistance to ground meas¬ 
urements might be expected to be on the 
order of megohms. Obviously an arma¬ 
ture having low leakage resistance is 
badly in need of maintenance. The im¬ 
plication is that in emergency cases motive 
power having low armature resistance to 
ground could be dispatched without ex¬ 
pecting damage to the armature. 

(e) Generalized moisttue leakage con¬ 
ditions: In the preceding text, moisture 
leakage from various parts of the locomo¬ 
tive circuits has been considered on an in¬ 
dividual basis. Usually such extreme 
leakage conditions would be expected to 
occur uniformly throughout a locomotive. 
On this basis the exposure on the negative 
side, with parallel connected motors, 
might be three times that of the positive 
side of the system, as indicated by Figure 
3. Equivalent circuits, neglecting the 
possibility of armature leakage and with 
motors operating in the parallel connec¬ 


tion, would be as indicated by Figure 6. 
Total leakage current supplied by the 
generator, as plotted against generator 
voltage at the point where ground relay 
operation is produced would be as shown 
in Figure 7. Similar plots could be made 
for the series-parallel connection. The 
point illustrated is that the total leakage 
current which is causing damage to the 
equipment may be very many times the 
actual current that goes through the 
ground relay. 

Flashover Protection 

One of the main duties of the ground 
relay is to detect generator or motor arma¬ 
ture liashovers. A point which can be 
made in connection with the equipment 
under discussion is that an annature 
flashover always involves ground in the 
circuit. 

(a) Consider a generator annature 
flashover involving ground, as indicated 
by Figure 8. From the positive of the 
annature there is an anode drop, an arc 
stream drop, and a cathode drop where 
the connection is made to ground. From 
ground back to the negative of the arma¬ 
ture there are corresponding anode, arc 
stream, and cathode drops. It may be 
presmned, therefore, that ground poten¬ 
tial assumes a position approximately 
midway between the positive and nega¬ 
tive of the armature. Oscillographic 
tests show that this assumption is sub¬ 
stantially correct. It must be appreci¬ 
ated that during a flashover, arcing con¬ 
ditions vary continuously and ground po¬ 
tential may, therefore, fluctuate consider¬ 
ably with respect to potential at one side 
of the armature. The ground relay in 


this case received half of the annature 
voltage. Experience has shown that with 
the tyi'ie of relay here discussed, and the 
connections shown in Figture 1 or modified 
as suggested in Figure 3, the ground relay 
always received vsullicient voltage to re¬ 
liably detect a generator flashover. 

(b) The operation of the ground relay 
in detecting a parallel connected motor 
flashover is identical with that of de¬ 
tecting a generator flashover. The cur¬ 
rent in a flashover of this type will be 
partly generator current-—^which serves 
as exciting current for the motor by re¬ 
turning to the generator via the motor 
field—and partly cun*ent generated by 
the motor annature because tbe motor 
is being driven by train movement. A 
motor flashover will very frequently re¬ 
sult in a generator flashover. 

(c) If the motors are operating in the 
series-parallel connections and a positive 



McDonald—Diesel-Electric Locomotive Ground Relays 


172 


July 1953 





connected motor flashes over the voltage 
across this motor will tend to collapse. 
The voltage across the negative motor 
connected in series will be increased as a 
result of the increase in generator cur¬ 
rent. The voltage available for oper¬ 
ating the ground relay will be the sum of 
the voltage across tlie negative connected 
motor and half the voltage across the 
positive connected motor, see Figure 9. 

(d) If in the series-parallel connection 
a negative connected motor flashes over, 
the relay will be operated by one-half of 
the voltage across this armature as indi¬ 
cated by Figure 10. In this case the 
inductance of the motor field may also be 
considered as contributing toward operat¬ 
ing the relay and the net result is that 
reliable indication of negative connected 
motors flashing while operating in the 
series-parallel connections is obtained. 

(e) Positive side contactors flashover: 
A commonly used locomotive power cir¬ 
cuit for a typical 4-motor locomotive us¬ 
ing series-parallel and parallel connections 
is shown in Fig 11(A). 

The restricted space available on a lo¬ 
comotive makes it impossible to supply 
completely adequate arc distance for 
taking care of circuit interruptions of un¬ 
usual severity on the main line contac¬ 
tors. Contactor flashover to ground al- 
tliough rare is always a possibility. A 
well-designed contactor tends to build up 
a fixed voltage across its contacts during 
circuit interruption and maintains this 
voltage imtil the arc is extinguished. 
This type of operation is indicated by 
Figure 11(B). Normally a contactor 
will maintain about 150 per cent of the 
circuit voltage across its contacts during 
circuit opening. If the contactor arc 
goes to ground it would be expected that 
the ground voltage would be midway be¬ 
tween the voltages across the contactor 
tips. For a flashover of contactor PI 
operation of the ground relay may be es¬ 
timated from the assumed vector relation¬ 
ship of Figure 11(C). 

(f) Negative side contactor flash- 
over: An analysis of the ability of the 


ground relay to detect a flashover of the 
P2 contactor, which is on the negative 
side of the system, may also be made from 
Figure 11(B). Because of the inductive 
voltages involved, it will be observed 
that no difficulty should be experienced 
with the operation of the ground relay 
on this type of flashover. 

(g) Series contactor flashover: A 
similar diagram may be drawn for a flash- 
over of the series contactor SI . 

Ground Protection During Dynamic 

Breaking 

A dynamic braking circuit is shown in 
Figure 12. The motor armatures and 
braking resistors are located to illustrate 
the direction of their voltage departure 
from the positive of the generator. The 
actual voltage developed by the generator 
during dynamic braking is quite small as 
compared to motor armature voltage. It 
will be noted that during dynamic brak¬ 
ing all of the features previously dis¬ 
cussed—annature grounds, creepage 
grounds, and flashovers—produce action 
of the ground relay. Hence it affords full 
protection during this type of locomotive 
operation. 

Engine Starting 

While the generator is being used as a 
motor to start the diesel engine, the power 


circuits of the locomotive are connected to 
the control battery. The ground relay 
then responds to any ground that might 
exist on the control battery. If the 
ground relay is connected to the point E of 
Figure 3, it will be noted that when voltage 
is first applied to the generator, the arma¬ 
ture drop is quite small consequently the 
ground relay will, in effect, be connected 
to the positive side of the batter}\ Most 
of the voltage will be across the generator 
starting field. As the generator comes up 
to speed the armature develops back 
electromotive force, the current decreases 
and the ground relay, in effect, becomes 
connected to the negative side of the bat¬ 
tery. The relay is thus responsive to a 
ground at any location along the length 
of the control battery and circuits. 

Relay Connections 

A ground relay connected as in Figure 
1 has provided very good protection on a 
large number of equipments. As dis¬ 
cussed in connection with Figure 3, it is 
considered better to change the connec¬ 
tions from point A to point E of Figure 3 in 
order to minimize the possibility of mak¬ 
ing the relay inoperative by having a 
ground on a negative lead. 

A resistance bridge connection has 
sometimes been used in order to provide 


Figure 11. Dia¬ 
grams relating to 
power contactor 
Hashovers 

A. Simplified 
schematic of cir¬ 
cuits 

B. Voltage and 
current during 
contactor open¬ 
ing 

C. Vector dia¬ 
gram for flashover 

of PI 

D. Vector dia¬ 
gram for flashover 

of P2 
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mid-point grounding of the generator 
voltage as indicated by Figure 13. 
Referring to the preceding headings, it 
would appear that this type of connection 
will detect armature grounds of either 
generators or motors. A relay so con¬ 
nected would recognize power circuit 
grounds except those during series-paral¬ 
lel operation which might occur on the 
cables operating at potential between the 
positive and negative motors. A bridge- 
connected relay should provide successful 
protection in the case of a creep age 
ground on either the positive or negative 
of the power circuits. It would not how¬ 
ever respond to this type of ground on the 
cables connected between the positive and 
negative motors during series-parallel 
operation. Neither would it tend to de¬ 
tect generalized armature leakage since 
such leakage would produce a ground 
potential midway between the terminals 
of the generator or motor on which it ex¬ 
isted. For generalized leakage conditions 
from the power cables the bridge-con¬ 
nected relay could give good operation 
on the basis that there would be more 
leakage from the negative of the system 
than from the positive. Theoretically 
this type of relay would not be able to 
detect a generator or motor flashover if 
the motors are operating in the parallel 


midwa}^ of the system. Actually there 
are fluctuations in this voltage and these 
might produce operation of such a relay. 
The bridge-type relay should provide pro¬ 
tection for a motor flashover if the motors 
are being operated in the series-parallel 
connection and only one armature flashes 
over. For contactor flashovers it might 
be expected that this type relay would 
supply adequate protection. 

There has been some thought that the 
bridge-connected relay relieves voltage 
stress on the equipment by grounding the 
mid-point of the system. Actually ma¬ 
chine designers are mostly concerned with 
providing sufficient insulation and creep- 
age distances in series windings such as 
commutating flelds and series fields, A 
negative connected ground relay will 
normally keep all of these field windings 
at or near ground potential except in 
series parallel operation when some of the 
motor fields are raised to 50 per cent of 
system voltage above ground. 

The functions performed by tlie ground 
relay should not interfere with emergency 
plugging of a locomotive. 

The ground relay is normally arranged 
to control a generator field contactor. 
Particularly in case of a flashover it is 
necessary that the ground relay be fast in 
operation and that it control circuits 
which wdll promptly remove the excitation 
from the generator. The equipment here 


single shunt field winding. The ground 
relay operates a field contactor which in¬ 
serts a field killing resistance in the field 
circuit having approximately 16 times the 
resistance of the field. The voltage of the 
generator is thus quickly reduced below 
the point which will sustain a flashover. 

With all ground relay systems it is 
customary to provide a cutout switch in 
series with the relay coil. This may be 
opened to permit emergency operation of 
the locomotive with a ground on the 
power circuit. Making the ground relay 
inoperative will, of course, eliminate its 
protective functions and such things as a 
flashover or a double ground on the sys¬ 
tem might cause considerable damage. 
The ground relay function should be re¬ 
tained during any load test since there is 
ordinarily no other way provided to clear 
a flashover. 

The foregoing discussion illustrates the 
point that the ground relay has a large 
number of functions to perform. In 
most cases the exact operating current or 
voltage of the relay is not too critical; 
however, any changes made in the relay 
operating characteristics should be care¬ 
fully considered with respect to all of the 
functions. 

Considerable work is being done in con¬ 
nection with moisture grounds which, it 
is believed, will result in further improve¬ 
ments in locomotive operation. 


Discussion 

W. M. Hutchison (Westinghouse Electric 
Corporation, East Pittsburgh, Pa,); The 
importance of a ground relay to the pro¬ 
tection of the electric equipment of a diesel- 
electric locomotive is well illustrated in Mr. 
McDonald’s thorough paper on this inter¬ 
esting subject. 

Our experience with several types of 
ground relay and with various ways of 
connecting them leads us to the following 
comments. 


- 4 - 

Mr. McDonald suggests that a ground on 
the negative system, by short-circuiting 
the relay coil, does not necessarily nullify 
the relay. He suggests that if the acci¬ 
dental ground occurs between the motor 
and the series field, fluctuations in current 
would create enough inductive voltage to 
operate the relay. Actually there is much 
more of the circuit at a potential which, if 
grounded, would short-circuit the relay coil 
(potential 5, Figure 3) than there is between 
the motor armature and field (potential C 
or D, Figure 3). Therefore, the probability 
of a ground which would nullify the relay is 


correspondingly great. Even if the ground 
occurs between the armature and field, only 
a violent change in generator or motor arma¬ 
ture current, such as a motor flashover to 
ground, will cause it to operate. These are 
the greatest objections to this type of ground 
protection. 

Tests with a certain relay with one side 
grounded showed no response to a single 
armature ground and erratic response to 
flashover. 

Several years ago ground relays connected 
equivalent to one side grounded were used. 
So many accidental grounds to the con- 
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ductor directly connected to the line side of 
the relay resulted in making the relay in¬ 
operative that it was necessary to reconnect 
the relay to another point which was not 
used in the locomotive wiring and which 
was at sufficient difference in potential to 
all the locomotive circuits that any ground 
would be depended upon to trip the relay. 

Since the protection offered by the relay 
depends on its operation on an induced 


voltage supplied by either the generator 
commutating field or a motor series field, 
both of which have only a few turns, it 
appears that more data should be offered on 
the current surge required through these 
fields to develop the 38 volts required to 
operate the relay. It appears unlikely that 
such voltages can be developed in normal 
operation. 

The resistance bridge connection has 


been found to be much more reliable. It is 
our practice, in our permanent series-paral¬ 
lel connection, to put the main fields all on 
the negative side and to use the resistance 
bridge ground relay. 

Biasing the bridge-connected ground 
relay from a separate power supply with a 
suitable relay should give the best over-all 
response to grounds anywhere on the 
system from all causes. 


Hydraulic Servos Incorporatins 
a High-Speed Hydraulic-Amplifier 
Actuated Valve 

ROBERT L. SCRAFFORD 

ASSOCIATE MEMBER AIEE 


E LECTROHYDRAULIC systems 

have certain advantages over pure 
electromechanical systems, which make 
them particularly suitable as an adjunct 
to electronic control for high-power level 
actuation. The main factor which has 
limited the application of hydraulic 
actuators until recently has been the 
awkardness of the control systems re¬ 
quired. However, developments in the 
technique of controlling hydraulic flow 
electrically noV permit the flexibility of 
electronic control to be applied to the 
linear operation of hydraulic valves at 
high speeds. 

^The advantages of hydraulic systems 
stem mainly from their ability to provide 
large amounts of power from a “hydraulic 
battery” (accumulator) with minimum 
of apparatus and storage volume, and 
with a small time constant. One-shot 
hydraulic systems have many applica¬ 
tions in guided missiles, where high-power 
output to operate control surfaces is re¬ 
quired for short period of flight. Another 
advantage of hydraulic systems is the 
ease of obtaining either linear or rotational 
motion. 

Applications requiring continuous op- 


Paper 53-103, recommended by the AIEE Feed¬ 
back Control Systems Committee and approved 
by the AIEE Committee on Technical Operations 
for presentation at the AIEE Winter General 
Meeting, New York, N. Y., January 19-23, 1963. 
Manuscript submitted September 29, 1952; made 
available for printing December 19, 1952. 

Robert L, Scrafford is with the Cornell Aero¬ 
nautical Laboratory, Inc., Buffalo, N. Y. 

The d-c transfer valve described in this paper 
was developed in the Cornell Aeronautical Labora¬ 
tory Hydraulic Laboratory under the direction of 
W. C. Moog. 


eration may also benefit from the mini¬ 
mum apparatus-to-horsepower ratio by 
providing a recharging system in a less 
restricted location than the actuator, and 
conveniently connected to it by copper 
tubing. 

It is the purpose of this paper to de¬ 
scribe a d-c transfer valve developed at 
Cornell Aeronautical Laboratory, Inc., 
and to call to the attention of servo en¬ 
gineers, especially in industrial positions, 
the progress that has been made in the 
field of hydraulic control, which may be 
familiar to engineers associated with the 
aircraft industry. 

This valve, operating in conjunction 
with a hydraulic strut or piston, has a 
combination of gain, power output, and 
torque-to-inertia ratio which is difficult 
to obtain in an electrical actuator. How¬ 
ever, ratings are particularly difficult to 
apply to hydraulic systems because of the 
inherent nonlinear relationships. It is 
desirable, for the sake of simplicity, to 
make a comparison on the basis of closed 
servo loops. These analyses indicate 


Figure 1. Servo 
block diagram 


superiority over other servo systems 
operating at power levels of 1 to 10 horse¬ 
power, even when used in a control loop 
which does not fully realize the potentiali¬ 
ties of the device. 

Typical Hydraulic Control Systems 

A typical control system is shown in 
block diagram form in Figure 1. In the 
case of a hydraulic system, the power 
source consists of a source of hydraulic 
fluid under pressure, and the power ampli¬ 
fier is a transfer or control valve. The 
actuator may be either of the linear or 
rotational-motion variety. 

The General Servo Problem 

We may divide all servomechanisms 
into two parts: 

1. Intelligence section, which includes 
voltage-amplifying and phase-compensating 
functions; 

2. Power output and driver stages 

The first part contains devices which 
perform the various signaling and com¬ 
puting functions. These are shown as 
dotted lines in Figure 1. They provide no 
power to the load and may accomplish 
intelligence transmission by means of 
any of the systems used by communica¬ 
tions and telemetering engineers. The 
second pari contains the power-converting 
devices, in which power from some energy 
source is transferred to the load, in re¬ 
sponse to a signal from the intelligence 
portion of the loop. 



SIGNAL SECTIONS 
POWER SECTIONS 
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Figure 2 (above). Nyquist plot and computation of Kv for d-c valves 

Figure 3 (below). Schematic of Cornell Aeronautical Laboratory's d-c noztie-drive transfer 

valve 


All mechanical servos are required to 
accomplish some motion at the output in 
response to a variable at the input. THs 
motion will be opposed, as are all mechani- 
cal movements, by the three roots of 
force, namely, the act of doing work, ac¬ 
celeration of the structure, and mechani¬ 
cal friction. The frequency response of 
the servo is determined mainly by the 
second of these, which is brought about 
by the mass of the structure This mass 
is dictated by factors of allowable deflec¬ 
tion for a given load and safety factor. 

Often, in electric-positioning servos, 
the designer will find that the inertia of 
the load is a small fraction of the total 
inertia, which includes that of the actua¬ 
tor. This is aggravated by the fact that 
motors are essentially high-speed devices 
usually geared down to the load. At the 
motor end of this gear train, then, we 
have the situation of a large inertia which 
must accelerate very rapidly. This situa¬ 
tion may be circumvented to some extent 
by the use of a constant-speed motor in 
conjunction with an electric clutch. How¬ 
ever, this is a rather inefficient combina¬ 
tion. 

In the hydraulic servo, the picture is 
entirely different. The actuator may con¬ 
veniently be designed for a wide range of 
speeds or for linear or rotational motion; 
hence, the need for a gear train is elimi¬ 
nated. Furthermore, the inertia of the 
hydraulic actuator plus hydraulic fluid is 
not high, resulting in a substantial advan¬ 
tage in high-frequency performance. 



176 


Scrafford—Hydraulic Servos Incorporating Actuated Valve 


July 1953 





FLOW AT 2000 PSiG FLOW AT 2000 PSIG FLOW AT 2000 PSIG control characteris- 

. . ..... Il l S I S I I I I I I .. I I I I I I I 1 I 'I-I tics (output flow vcr- 


A proportional hydraulic servo requires 
a device which will control the flow of 
fluid to an actuator in response to a sig¬ 
nal. This device is known as a transfer 
valve, and one having extremely fast 
operating characteristics is described in 
the following paragraphs. 


> 

E 




(aN003S UBd S3H0NI 01900) N\01d 


The Cornell Aeronautical Laboratory 
Transfer Valve 

The ideal transfer valve is a device 
which controls the flow of hydraulic fluid, 
under pressure, to some actuating device 
in response to a low-level electric signal. 
Hence, it is a power amplifier as well as a 
transducer. The input to the valve is 
usually supplied from an electronic am¬ 
plifier, which is fed by the signal portion 
of the servo. The Cornell Aeronautical 
Laboratory’s (C.A.L.) d-c transfer valve 
can be driven to full-output flow rates of 
30 cubic inches per second, at pressures of 
1,500 to 2,000 pounds per square inch, 
with an electric signal on the order of 20 
milliwatts into one side of its center- 
tapped input impedance of 6,000 ohms. 

The time constant of this valve is of 
the order of 3 milliseconds. Since the 
electric signal portions of the system 
have negligible time constants with re¬ 
spect to this valve, the system transfer 
function becomes 

_L_i 

e \pil+prU 

In a hydraulic motor or piston as in an 
electric motor, integration is obtained. 
This is evident from the following 

Q 

and 

where 

X = distance of piston travel 
Q 5= oil flow 
A “area of piston 
V = velocity of piston 

Using a time constant of 3 milliseconds 
and the transfer function just indicated, 
a theoretical Kv of 667 is obtained for an 
Mp of 1.5, as shown in Figure 2. Actually 
with a loaded system, the Kv mentioned is 
not reached, because of the compressi¬ 
bility of the oil, which is a function of 
piping configuration. 

The reason for the large power gain of 
the C.A.L. valves (about 80,000) is the 
incorporation of a hydraulic amplifier. 
While consuming little hydraulic energy 
itself, this amplifier permits the control 
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Fisure 5. A-c valve 


Figure 6. D-c valve 




Figure 7. Open-loop transfer characteristics 

Inputy motor current/ output, spool-spring position 
0 D-c valve amplitude Q [>.c valve phase ansle 

□ A-c valve amplitude ^ A-c valve phase ansle 


of large hydraulic energy with a minimum 
of electric power. 

The C.A.L. transfer valve is shown 
schematically in Figure 3. Hydraulic 
pressure is applied at A. There is a 
very small amount of hydraulic flow past 
the orifice 0, into the chamber and 
out the nozzle N, Control of oil flow 
through the nozzle is by the flapper D, 
actuated by an electric device. Pressure 
drop along this path is shared between the 
orifice and the nozzle. Chamber pressure 
is applied to the valve spool, which controls 
the flow of oil to the actuated device. 
The resulting force is opposed by a spring 
Si. With no signal into the valve and a 
supply pressure of, say, 1,500 pounds per 
square inch, let us assume equal drops 
across the orifice and the nozzle. Cham¬ 
ber pressure is then 750 pounds per square 
inch and the centering spring may be 
adjusted to give zero output flow. 

Now, if a signal is applied to the coils 
of the electric actuator, the flapper will 
move in or out, either increasing or de¬ 
creasing the nozzle pressure drop and, 
hence, the chamber pressure. An in¬ 
crease in chamber pressure results in the 
valve spool being moved to the left 
against the spring, until a new force 
balance is obtained. A decrease in 
chamber pressure has the opposite effect. 

The resulting control characteristics 
for a typical valve are shown in Figure 4. 
It should be noted that oil which flows 
through the nozzle is retained inside the 
unit and returned to the drain lines. 

The salient features of the design can 
now be indicated. In the first place, the 
flapper does not move any appreciable 
amount in controlling oil flow from the 
nozzle. Secondly, there is a compara¬ 
tively large force, something on the order 
of 50 pounds, available for positioning the 
spool. Both of these factors contribute 


to the fast action and excellent frequency- 
response characteristics. These valves 
have been built in maximum flow rates 
up to 30 cubic inches per second, with no 
increase in signal power, and larger sizes 
have been built by scaling up driving re¬ 
quirements proportionately. 

Two models of the C.A.L. valves have 
been produced as shown in Figures 5 and 


6. The earlier design uses a 400-cycle 
servomotor operating with a blocked 
rotor as a flapper actuator. The later 
design uses a balanced armature d-c 
actuator. The d-c valve has superior 
characteristics, as shown by Table I. 

Frequency response data are shown in 
Figure 7 for both transfer valves, and 
data for a typical loop, using the a-c 
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Tabic I. Characteristics of A-C and D-C Servo Valves 


Alternating Current Direct Current 


low rate.^0 cubic inches per second. .30 cubic inches per second 

icnal power required for full output.15 watts.. .20 milliwatts 

lectrical input impedance.400 ohms.12,000 ohms (center tapped) 

ime constant (input current to spool position). .0.05 second.0.003 second 

..2 pounds.1.1 pounds 




Fisure 9. Llnear-pickoff devices 


valve, are shown in Figure 8. The d-c 
valve has never been tested in a loop 
having enough gain to realize its full capa¬ 
bilities. 

Testing Procedure 

The performance of the valve is meas¬ 
ured in the following manner: The input 
is considered to be the variable-phase 
voltage in the case of the a-c valve, and 


the motor-differential current in the case 
of the d-c valve. The valve output is 
considered to be spool position and is 
measured by means of strain gages on the 
backing spring. 

The strain-gage signal is amplified in a 
phase-calibrated Brush Development 
Company strain analyzer, and compared in 
phase with the input current or voltage 
signal, with a sinusoidal input signal. 
The relative phase shift is then obtained 


by either a phasemeter, or an oscillo¬ 
graphic method, and corrected for unequal 
shifts in the two channels. 

All data were taken with a level of 
signal sufficiently low to insure operation 
within the linear range. In the case of 
the open-loop data. Figure 7, this merely 
means that the valve was operated within 
its rating. In the tests which obtained 
the data shown in Figure 8, a piston was 
used with an autosyn pickoff. The 
follow-up signal was added to the driving 
signal in the driver-unit input transfor¬ 
mer. The driver unit consisted of a sim¬ 
ple twin-triode demodulator. In these 
tests the low-frequency piston motion 
was held to a value which prevented 
hydraulic flow-rate limiting for the par¬ 
ticular piston in use as the frequency was 
increased. 

No attempt was made to correlate 
the open- and closed-loop data. 

Signal Transmission and Pickoffs 

Although applications dealt with to 
date at the C.A.L. have been concerned 
with linear actuation, rotational motion 
equipment is available. 

Since linear-motion actuation is a little 
uncommon, a word on pickoff devices 
seems in order. Linear pickoff devices 
are either linear-motion potentiometers or 
linear differential transformers (see Figure 
9 for pictures of these components). The 
linear potentiometers have the same in¬ 
herent resolution problems found in the 
rotary variety and are somewhat special¬ 
ized for each application, in that the 
length must match the stroke of the linear 
actuator. Differential transformers cor¬ 
respond to the rotational microsyn device^ 
and are equally susceptible to harmonic 
and quadrature-component generation. 
Because of a scarcity of good linear-motion 
instruments, it has been common practice 
in the past to use rotational devices con¬ 
nected by a crank arm. 

Conclusions 

The development of the servo valve has 
opened a new field for automatic control 
in those applications requiring high¬ 
speed operation at high-power levels. ^ In 
addition, linear motion may be obtained 
simply, without gearing systems. It 
seems likely that there would be many 
industrial-control applications for such a 
system. 
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Discussion 


D. G. O’Brien and S. J. Jatras (Midwestern 
Geophysical Laboratory, Tulsa, Oklahoma): 
Mr. Scrafford’s comments concerning the 
aesirability of using hydraulic-control ele¬ 
ments in certain servo applications are very 
much in order. Considerable research and 
development have been devoted to the task 
of obtaining suitable hydraulic elements, 
ro date there appears to be two basic types 
of hydraulic valves—the single-stage valve 
xn which the electromechanical transducer 
(torque motor) directly strokes the power 
piston, and the 2-stage valve in which the 
electromechanical transducer strokes the 
power piston through an intermediate am¬ 
plifier stage. The valve described by Mr. 
Scrafford is of the second class, since it 
uses a hydraulic amplifier. Other valves of 
the first class which are now in production 
seem to have better frequency response than 
that indicated in Figures 7 and 8 of the 
paper. A direct comparison is not possible, 
however, since all the operating conditions 
are not specified in connection with Figures 
7 and 8. 

One of the disadvantages of the valve de¬ 
scribed by Mr. Scrafford is the dependence 
of the zero current (or null) position of the 
valve piston upon supply pressure. Later 
versions of this valve use two sets of orifices, 
one controlling each end of the piston. The 
single-stage valves now available are not 
susceptible to this difficulty. In fact, 
through the use of proper design techniques,* 
the static gain of a single-stage valve has 
also been made insensitive to variations in 
pressure drop across the valve. 

We should like to take exception to the 
open-loop transfer function given in the 
paper. It is not clear whether the output 
displacement referred to is that of the valve 
piston or the load ram. If the piston dis¬ 


placement is meant, then the integration 
does not belong in the denominator of this 
function. If the ram displacement is in¬ 
tended, the given function neglects some 
important load-circuit d 3 nnamics. 

It is likely that Mr. Scrafford meant the 
load-ram displacement. The authors have 
found that the following transfer function is 
much closer to the actual situation, and is 
very useful in the preliminary analysis of a 
servo application problem 




+—s+i 




where 


:\;=the displacement of ram 
^"1 = forward path electronic gain, milli- 
amperes per volt 

Kji == the hydraulic gain of valve, cubic 
inches per second per milliampere 
Ar —the load ram effective area, square 
inches 

03n = the natural frequency of the load circ uit 



I—the damping ratio of load circuit 
L 

2aA V ) 

.S=the bulk modulus of oil 
F=the total volume of oil under com¬ 
pression 

Af=the load mass 
L = the leakage coefficient 


We feel that Mr. Scrafford's comments 
concerning translational pickoffs need quali¬ 
fications. In the first place, to our knowl¬ 
edge, ^ translational-motion actuation ap¬ 
plications are not uncommon by any means. 
There are a very large number of such 


applications in existence, Secondly, trans 
lational pickoffs of high quality are com* 
mercially available. For instance, tran * 
lational potentiometers utilizing deposited' 
carbon resistance elements have been higriv 
developed and are available in a wide ran J 
of resistance and power ratings. This tyn 
of potentiometer has excellent resolution 
characteristics and a long life expectancy 
Differential transformers with very good 
quadrature and harmonic characteristics 
(less than 0.1 per cent of full output) are 
also available, provided that the excitation 
frequency is specified when purchasing them 


Robert L. Scrafford: It is certainly true 
that today hydraulic valves are available 
which equal or surpass the equipment de^ 
scribed in the paper. This work was done 
before 1950, and the not uncommon delay 
in publication has been accompanied by 
great advances in the art. This period has 
witnessed the development and wider ac¬ 
ceptance of linear-motion transducers as 
well. The author believes, however, that 
the fact that advances have been *made 
since the writing should not deter the pub¬ 
lishing of articles. As stated in the paper, 
the purpose was to acquaint electrical engi¬ 
neers not working in this field with some of 
the advatitages of hydraulic apparatus, and 
not to write a technical treatise on the sub¬ 
ject. 

The author must take exception, how¬ 
ever, to the statement made in the discussion 
that the zero of the hydraulic-amplifier type 
valve will shift with supply pressure. In 
this ^ particular valve it has been found 
possible, by proper choice of spring con¬ 
stants, to hold the chamber pressure essen¬ 
tially constant over a variation of supply 
pressure of several hundred pounds. This 
action may be likened to the constant-cur¬ 
rent characteristics of a pentode amplifier. 
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Synopsis: Limiting effects exist in feed- 
hac± control systems because of the re¬ 
stricted range of operation of components 
or because of purposeful limiting introduced 
for ^ the protection of equipment. Such 
limiting effects increase the difficulties 
associated with the analysis and synthesis 
of systems because of the nonlinear mathe¬ 
matical relations which result. As such 
effects can markedly modify system per¬ 
formance, there is a practical need for a 
simplified method for taking them into 
account. The effect of limiting on system 
performance is studied here in terms of the 
frequency response of the system. It is 
found that limiting of the most elementary 
form—^simple limiting—^improves system 
stability, except in those systems which are 
conditionally stable or have a conditional 
degree of stability. In such instances, pre¬ 
cautions are suggested to prevent the limit¬ 
ing action from adversely affecting system 


performance. It is found that the velocity 
limiting of a servomotor introduces the 
effect of phase lead and hence can be used 
to improve system stabHity. On the other 
hand, the limiting of . servomotor accelera¬ 
tion directly or indirectly (as by means of 
current or pressure limiting) is found to 
mtroduce a phase-lag effect which can be 
detrtaental to system performance. Elec¬ 
tronic analogue computer techniques were 
employed to obtain much of the data pre¬ 
sented here. 


T he conventional linear treatment ap¬ 
plied to feedback control systems does 
not account for the fact that all of the 
physical elements involved have specific 
ranges of operation beyond which they 
cannot or are not permitted to operate. 


Electronic ainplifiei's have practical ranges 
of input voltage. liydraulic and pneu¬ 
matic servomotors often have specific 
ranges of safe operating pressures and 
are limited by pressure-relief valves. 
Generators used as amplifying elements 
have limits imposed by the effects of 
magnetic saturation. The hydraulic 
equivalent of such generators (variable* 
displacement pumps) have their output 
Hows limited by the ma.ximum obtain¬ 
able pump displacement. 

In addition to the natural limits in¬ 
herent in each control system component, 
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additional limits may be artificially in¬ 
troduced for protective purposes or to 
improve the system performance. As 
will be shown, velocity limiting of a 
servomotor can be used to improve the 
response damping (degree of stability) 
following the application of large disturb¬ 
ances. The torque or acceleration of 
a servomotor, or some related quantity 
such as armature current or hydraulic 
pressure, may be limited to protect the 
equipment. Artificially introduced limit¬ 
ing is often accomplished by the introduc¬ 
tion of an auxiliary discontinuous nega¬ 
tive-feedback path. Figure 1 illustrates 
the application of this method to velocity 
limiting. More direct mechanical meth¬ 
ods might also be employed, such as the 
application of a centrifugally-actuated 
brake mechanism. Regardless of the 
mechanization employed, the same quali¬ 
tative effects on system performance 
generally result. The remainder of this 
paper does not treat the methods for 
accomplishing the limiting action but 
rather deals with the effect of the limiting, 
once achieved, upon control system per¬ 
formance. 

Figure 2 is a plot showing typical rela¬ 
tionships between the input and output 
quantities of a limited control system 
element under steady-state conditions. 
Curve a shows the abrupt type of limiting 
sometimes encountered, particularly when 
negative-feedback limiting is employed. 
Curve h represents less abrupt limiting 
action as might be caused by saturation 
effects. In the quantitative treatments 
given here, it will be assumed that the 
limiting is abrupt, as in curve a. The 
conclusions thus reached can be qualita¬ 
tively applied as well to the less abrupt 
forms of limiting. 

In this discussion and the studies to 
follow, it will be shown that there will be 
instances when the limiting is beneficial 
to the performance of the feedback con¬ 
trol system, and other instances when it is 
detrimental. While the mathematical 
method employed is approximate, its ap¬ 
plication should permit the designer to 
evaluate the effects of limiting in a given 
practical application and to select ac¬ 
cordingly any modifications that might 
be necessary to improve performance. 

Sinusoidal Response Method of 
Analysis and S3rnthesis 

The analysis and synthesis of linear 
feedback control systems can be more 
expeditiously achieved by means of the 
now well-known sinusoidal response ap¬ 
proach. The advantages of this method 
over the direct transient response ap- 




Figure 1. A feedback method of tachymefrk limiting applied to a servomotor 

(A) Block diagram illustrating feedback limiting 

(B) Characteristic of limiting feedback path 

(C) Method for obtaining feedback limiting 


proacli become particularly apparent 
when the system being studied contains a 
large number of energy-storage elements. 
When nonlinear phenomena, such as 
limiting, are encountered, the sinusoidal 
response method cannot be directly em¬ 
ployed with mathematical exactness. An 
approximate method has been generally 
proposed^ which preserves the advantages 
of the sinusoidal response approach. 
This method was further developed and 
applied to contactor servomechanisms by 
two independent contributors, Goldfarb^ 
in Russia and the author* in this country. 
The method expresses the response of the 
nonlinear element in terms of a describ¬ 
ing function. This describing function 
representation is based upon the assump¬ 
tion that a sinusoidal input signal is ap¬ 
plied to the nonlinear element. The 
resulting output signal is, of course, non- 
sinusoidal because of nonlinear distortion. 
However, if only the fundamental har¬ 
monic component of this output signal is 
considered, it then becomes possible to 
describe the relation between input and 
output in terms of an amplitude ratio 
and a phase shift. This can be described 
in terms of a complex ratio between input 
and output signals; it is this latter com¬ 
plex ratio which is called the describing 
function. 


The describing function thus obtained 
is similar to the transfer function used 
to describe the response characteristics 
of linear control elements, except for the 
fact that the describing function of a 
nonlinear element will depend upon signal 
amplitude as well as frequency. In cer¬ 
tain instances, the nonlinear element in¬ 
volves no energy storage and the describ¬ 
ing function then depends upon ampli¬ 
tude only. This is often the case when 
contactor servomechanisms are considered 
or when simple limiting is encountered, 
as will be described later. In such in¬ 
stances, a simple graphical procedure be¬ 
comes possible wherein a frequency-de¬ 
pendent locus representing the transfer 
function of the linear portion of the sys¬ 
tem and an amplitude-dependent locus 
representing the nonlinear describing 
function are superposed.® By means of 
elementary graphical constructions, con¬ 
clusions can be reached regarding the 
system’s degree of stability and speed of 
response and system modifications neces¬ 
sary to improve performance may be 
selected. This superposition method will 
be employed later in this paper. 

There are other instances when the 
feedback element does involve energy 
storage. In this case, the describing 
function depends on both amplitude and 
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Figure 2 (left). 
Abrupt and satu¬ 
ration types of 
limiting charac¬ 
teristics 

(a) Abrupt lim¬ 
iting 

(b) Saturation 
type of limiting 





frequency. As suggested by Johnson/ 
this requires that the describing function 
be shown as a family of frequency-variant 
loci, one locus being drawn for each 
operating amplitude. This latter, more 
complicated, situation will be encountered 
here in discussions of velocity and accel¬ 
eration limiting of servomotors. 

The sinusoidal response method de¬ 
scribed in the preceding is approximate 
because the higher harmonic components 
of the output signal are neglected.* The 
major engineering justification for this 
approximation is the low-pass filter char¬ 
acteristics exhibited by most control- 
system components. It has been found 
that contactor control systems can be 
successfully designed with the aid of this 
method of analysis and synthesis. Inas¬ 



can be handled. In some instances the 
conditions of cutoff or of grid-current 
flow establish the limiting action; in 
other instances high-vacuum diodes or 
other forms of rectifiers may be employed 
to restrict the range of input signal to 
prescribed limits. There are many other 
examples of such limiting in both elec¬ 
trical and mechanical components em¬ 
ployed in feedback control systems. 
Limiting of this type is called simple 
limiting since no energy storage elements 
are directly affected by the limiting 


action. Simple limiting exists if a plot 
of output versus input, such as in Figure 2, 
can be used to describe the action of the 
limited component for transient as well 
as steady-state operation. The describ¬ 
ing function of a component subject to 
simple limiting is not frequency depend¬ 
ent. 

Figure 3 shows the effect of simple 
limiting when a sinusoidal input signal is 
applied to the limited component. It is 
assumed in the case shown that the limit¬ 
ing is abrupt and that it is symmetrical 


Nomenclature 


much as the nonlinear distortion en¬ 
countered with limiting is less severe than 
that arising from the abrupt action of 
contactor devices, it would be expected 
that the neglected higher-harmonic com¬ 
ponents would be even less significant in 
the case of limiting. It would therefore 
appear that the describing function ap¬ 
proach proposed here would, in general, 
be a better approximation for the purpose 
of studying the effects of limiting than it 
proved to be when applied to contactor 
servomechanisms. 

Simple Limiting in Feedback 
Control Systems 

There are many instances of limiting 
where the limited component does not 
involve significant energy storage ele¬ 
ments. An example is the limiting which 
occurs in a conventional electronic ampli¬ 
fier. Here the limiting arises because of 
the restricted range of input signal which 


* Johnson^ has developed a method for taking these 
neglected higher harmonics into account. His 
method requires considerably more computational 
labor than is encountered with the cruder approach 
where these harmonics simply are neglected. 
Johnson's method provides a valuable means for 
checking the accuracy of this cruder approach for 
specific control problems. It was not considered 
applicable for deriving the general conclusions 
discussed in this paper. 


rii —maximum acceleration magnitude as 
imposed by acceleration limiting 
c —controlled variable (output); instantane¬ 
ous value at a given rime 
C=value of capacitance (farads) represent¬ 
ing inertia in the electric analogue of 
a servomotor 

e = instantaneous value of the actuating 
signal (error) applied to the feed¬ 
forward portion of a feedback control 
system 

JS = complex representation indicating am¬ 
plitude and phase angle of e when e 
is a sinusoidal function of time 
go == voltage representing wo in the electric 
analogue of a servomotor 
= voltage representing in the electric 
analogue of a servomotor 
G = general symbol for a feed-forward trans¬ 
fer function in a control system 
G'j!)i = general symbol for the describing 
function, representing a nonlinear 
element 

general symbol for a feedback transfer 
function in a control system 
^—instantaneous value of the input signal 
applied to a limited element 
7=magnitude of i when i is a sinusoidal 
function of time 

L = general symbol for the maximum output 
magnitude imposed by limiting 
Jkfp — peak value of the output-input ampli¬ 
tude ratio describing the control sys- 
temresponse to sinusoidal input signals 
Wo —actuating signal applied to a servo¬ 


motor and expressed in terms of 
corresponding steady-state output 
velocity; instantaneous value at a 
given time 

iVo = amplitude of a sinusoidal variation of 
Wo (or of fundamental harmonic com¬ 
ponent of Wo when Wo is periodic but 
nonsinusoidal) 

wi = instantaneous output velocity of a 
servomotor 

iVi = amplitude of a sinusoidal variation of 
m (or of fundamental harmonic com¬ 
ponent of Wi when wi is periodic but 
nonsinusoidal) 

JV‘l = maximum magnitude of Wi as imposed 
by velocity limiting 

0 = instantaneous value of the output signal 
of a limited element 
magnitude of o when o is a sinusoidal 
function of time (or of the funda¬ 
mental harmonic component of o 
when o is periodic but nonsinusoidal) 
reference input signal applied to a con¬ 
trol system; instantaneous value 
amplitude of r when r is sinusoidal 
function of time 

-Rs —electrical resistances in the 
equivalent electric analogue repre¬ 
sentation of a servomotor 

5 = Laplace transform operator 

/ = elapsed time 

(p =s general symbol for phase shift in angular 
degrees 

r==time constant associated with the dy¬ 
namic response of a servomotor 

0 ) = angular frequency = 2 tt times frequency 
in cycles per second 
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Figure 4 (left), Dc- 
scribins function for 
simple limiting 
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MINIMUM INPUT AMPLITUDE 
L _ NECESSARY TO CAUSE LIMITING 
I ““ ACTUAL INPUT AMPLITUDE 


Figure 6 (above). Typi¬ 
cal passive phase lag 
(undercompensated pro¬ 
portional plus integral) 
controller network 


the limited magnitudes are the 
same for positive and negative signals. 
The result of this fonn of limiting is 
simply a flattening of the top of the sinus¬ 
oidal wave form. The input signal is 
assumed to be expressed by 

i(t)—I cos 0)1 (1) 

where I is the input signal magnitude. 
The output without limiting would be 

(2) 

when KjL (no limiting action), where L 
the limited amplitude. 

\Anien I>L, limiting occurs, and the 
output is given by 

o{t) = I cos cot (2A) 

whenever —L/I< cos co/<L/J, and by 
o{t)^L ’(2B) 

whenever cos <j 2 i>L/I^ and by 
o{t)^-L (2C) 


INVERSE TRANSFER 
LOCUS (GH)"‘ 

\ p. 

^.■^^'oTiNCRT^ 


whenever cos ooK—L/L 

The fundamental harmonic component 
of the output signal oi(t) is, by Fourier 
analysis 

oi(^) = 0i cos coi 

where ci, the magnitude of the fundamen¬ 
tal component, is mathematically ex¬ 
pressed by 




The describing function for the limiting 
action is therefore 




whenever limiting occurs, that is, when 
1>L, 

When no limiting occurs (/<L), the 
describing function is simply unity. 


(GHJlOCUS 


-6o,LOCUS 

INCH. SIGNAL 
AMPLITUDE 


-6,, LOCUS 


Figure 5. Superposition of loci to show effect of simple limiting on servomechanism performance 


(A) Effect on a stable control system 

(B) Effect on an unstable control system 


There is no phase shift introduced by 
this form of limiting and the describing 
function, which may in general be a 
complex number, is in this instance a real 
number indicating the output-to-input 
amplitude ratio. Figure 4 is a plot of 
this describing function as obtained from 
equation 5. 

It may be seen that simple limiting 
results merely in a decrease in the gain 
of the limited component and hence a 
decrease in the magnitude of the control 
system’s transfer function. The effect 
of this change of gain upon system perfor¬ 
mance can be described by a variation of 
the well-known Nyquist diagram.®-® This 
variation, illustrated in Figure 5, is ob¬ 
tained by plotting the inverse of the sys¬ 
tem’s transfer function, that is, the locus 
{GH) "“h For linear systems, the system 
performance can then be evaluated by 
observing the orientation of this inverse 
locus with the point — l+jO. In the 
case of nonlinear systems, the same con¬ 
siderations which apply to the point 
— l+jO now apply to the superposed locus 
representing the negative of the ampli¬ 
tude-variant describing function, that is, 
the function — In other words, the 
negative describing function locus can 
be considered as though it were the locus 
of the point -l+jO as the effective gain 
is varied because of the nonlinear action. 
The mathematical basis for employing 
superposed loci has been treated else¬ 
where® and will not be elaborated further. 

The describing function locus for the 
case of simple limiting is shown in Figure 
5. Since the limiting action introduces no 
phase shift, this locus lies entirely on the 
negative real axis. For low-amplitude 
disturbances which do not result in limit¬ 
ing, the operating point on this locus is 
the original —l+jO point, that is, point 
<2®. As the amplitude of the signals 
applied to the limited element increases, 
the quantity decreases and the operat¬ 
ing point on the describing function locus 
moves to the right, say to point Q?,. This 
effective motion of critical point Q (cor¬ 
responding to the — IH-jO point in linear 
systems) is equivalent to changing the 
scale of the inverse transfer locus in ac¬ 
cordance with the gain change caused by 
limiting. 

Once the superposed loci are con- 
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MODIFIED 
LOCUS FOR LARGE 
DISTURBANCES 

Fisure 7. Effect of simple limitlns on performance of conditionally stable systems 

(A) Effect on a conditionally stable system 

(B) Effect on a system bavins a conditional degree of stability 


structed, it is then possible to investigate 
the stability and speed of response for 
various signal amplitudes. Point Q on the 
describing ftmetion locus for the particular 
signal amplitude involved is first deter¬ 
mined. The question then must be 
answered as to whether point Q lies in a 
stable or unstable region. If the control 
system is stable under open-loop condi¬ 
tions, the test for this is fairly simple. If 
point Q lies to left of the inverse-transfer 
locus, as the latter is traversed in the 
direction of increasing frequency (in 
the direction of the arrows in Figure 5), 
then Q lies in a stable region; if Q lies to 
the right of the inverse-transfer locus it is 
in an -unstable region. In Figure 5(A), 
points Qa and Qj, represent stable operat¬ 
ing regions. In Figure 5(B), point Qa is 
in the unstable region while point Qb is 
stable. A somewhat more complicated 
test for stability must be applied when 
the control system is unstable under open- 
loop conditions. The method for deter¬ 
mining stability under these conditions 


response damping; values in excess of 1.3 
indicate insufiicient damping. When 
point P occurs at the origin, excessive 
damping and, consequently, a slow re¬ 
sponse may be expected. The frequency 
corresponding to the location of P on the 
inverse-transfer locus is an indication of 
the speed of response; higher frequencies 
indicate faster transient responses. The 
rules of thumb just described are not 
mathematically exact and precautions 
must be observed in their application. 
These precautions have already been dis¬ 
cussed in texts dealing with linear feed¬ 
back control systems.®’^ 

The inverse transfer locus shown in 
Figure 5(A) represents a system which is 
stable and adequately damped without 
limiting. Until limiting occurs, point Q 
is at Qa. The value of is 1.3, and ade¬ 
quate but not excessive response damping 
might be expected. As the signal ampli¬ 
tude increases because of the application 
of large disturbances, point Q moves to, 


say, Qb- The criteria just described 
would indicate that the damping would 
become excessive and the speed of re¬ 
sponse slow when high-amplitude dis¬ 
turbances caused limiting to occur. 

Figure 5(B) illustrates a somewhat dif- 
ferent situation where the control system 
is unstable before limiting is introduced. 
Point Qa, corresponding to no limiting, is 
in the unstable region, and oscillations of 
increasing amplitude would result follow¬ 
ing any small disturbance. However, an 
increase in signal amplitude and the intro¬ 
duction of limiting would move the criti¬ 
cal point to, say, Qb, which is in the stable 
region. Oscillations at an amplitude cor¬ 
responding to this latter point would be 
damped. Equilibrium will be reached 
when steady-state oscillations occur at an 
amplitude and frequency corresponding 
to the intersection of the two loci, that is, 
at point X. In Figure 5(B), A is a con¬ 
vergent equilibrimn point representing a 
condition of sustained oscillations. 

It may be seen from the discussion so 
far that when limiting is applied to an 
already adequately damped system an 
increase in response damping and a de¬ 
crease in speed of response results. These 
effects are evident only in the early part 
of the correction process following large 
disturbances; once the signal level is 
small enough to no longer cause limiting, 
the system damping returns to the 
original value. On the other hand, limit¬ 
ing applied to an unstable system results 
in the systems exhibiting self-sustained 
oscillations of a definite amplitude. 

An intermediate situation may exist 
where the response of the unlimited sys¬ 
tem is stable but inadequately damped. 
The introduction of limiting will then im- 
proye the response damping for larger 
disturbances. Such an application of 
limiting can be of practical value in that 


has been described®'^ for linear systems 
and can be applied to nonlinear systems, 
since point Q is equivalent to the point 
-l+yO. 

If a given point Q is foimd to lie in a 
stable region, the response damping (de¬ 
gree of stability) and speed of response 
can be approximately determined by the 


Fl 3 ure 8. Effect of 
feedback means of 
phase lag compensa¬ 
tion In system sub¬ 
jected to simple 
limiting 



following method. Point P on the in¬ 
verse-transfer locus is fotuid which is . . QQco) ^_ / 14-j^r2 \ 

nearest to <2- The ratio of distance OQ to n genera 


distance QP is then determined, where 
point 0 represents the origin. This ratio 
corresponds to the quantity frequently 
referred to as Mp, that is, the maximum 
ratio of output to input amplitude as the 
frequency is varied over the entire range 
of interest. Values of Mp between unity 
and 1.3 generally represent satisfactory 


Quantity in parentheses indicates phase lag controller effect 

a, the attenuation constant of the phase lag controller = 1 -|-KGdi — 

rz 

For small signals (no limiting) Gdi = 1 and a = indicating considerable phase-bg 

T2 

controller action 

For large signals (with limiting) Gdi“^ 0 and indicating negligible phase-lag controller 

action 
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lost control systems can tolerate a higher 
ercentage transient overshoot in re- 
ponse to small disturbances than can be 
olerated following the application of 
irger disturbances. 

The conclusions which were derived 
previously by the describing function 
oncept merely serve to correlate obvious 
onclusions which could be reached by 
[ualitative physical reasoning. The in- 
tances were presented to bridge the gap 
>etween these simpler cases and the more 
omplicated situations which are now to 
)e discussed. 

Simple Limiting with Conditionally 
Stable Systems 

The conclusions indicated could have 
Deen reached without the sophistication 
if the sinusoidal response approach. The 
effect of limiting upon a conditionally 
stable control system is somewhat more 
subtle and can best be described in terms 
of this approach. 

Conditionally stable systems are those 
which are stable for some specified range 
of feedback loop gain but which become 
unstable if the gain is sufficiently reduced 
or increased. The systems having trans¬ 
fer loci as indicated in Figure 5 became 
unstable only when the gain is suffi¬ 
ciently increased. Conditionally stable 
systems are encountered when: 

1. The control system employs a highly 
effective phase-lag controller network (some¬ 
times called an undercompensated propor- 
tional-plus-integral controller) for the pur¬ 
pose of permitting a higher velocity con¬ 
stant. Figure 6 shows one form of passive 
electric coupling network which performs 
this function; one or more of these net¬ 
works may be placed in cascade. Pneu¬ 
matic and hydraulic equivalents of such a 
network are found in process control sys¬ 
tems. The result of this form of compen¬ 
sation is a reduction in the error resulting 
from slowly varying disturbances (such as 
ship roll in a gun-stabilization system), or 
from static disturbances such as coulomb 
friction. 

2. The open-loop transfer function is un¬ 


stable, that is, the control system contains 
either an unstable component or an un¬ 
stable minor loop. This frequently occurs 
in missile guidance systems and less fre¬ 
quently in the control of conventional 
aircraft. 

The solid-line curve of Figure 7(A) is a 
typical inverse transfer-function locus for 
a system which is conditionally stable 
because of the inclusion of a phase-lag 
controller. The locus of —Gmt corre¬ 
sponding to simple limiting, is superposed 
on this plot, and the loci intersect at 
points Xi and ^' 2 . In the case of small 
disturbances of an amplitude insufficient 
to cause limiting, operation is at point Qa 
on the describing-function locus: stable 
operation will then result. The intersec¬ 
tion point Xi represents a divergent 
equilibrium condition; it therefore repre¬ 
sents a boundary on the describing func¬ 
tion locus. Large amplitude disturb¬ 
ances, which cause limiting sufficient to 
move the operating point beyond Zi, will 
initiate unstable operation. The resulting 
oscillations of increasing amplitude will 
then move the operating point still 
farther to the right, until the convergent 
equilibrium point X^ is reached. The 
final steady-state result will therefore be 
self-sustained oscillations of a relatively 
large amplitude and low frequency, as 
determined by the location of the intersec¬ 
tion point Z 2 on the two loci. 

In the situation just described, simple 
limiting makes the system capable of self- 
sustained oscillations provided these 
oscillations are first initiated by a disturb¬ 
ance of sufficient magnitude. There are 
other instances of conditional stability, 
particularly those resulting when the 
open-loop transfer function is itself un¬ 
stable (item 2 just described) where there 
is no second convergent intersection point 
Z 2 . In this latter instance, disturbances 
of sufficient magnitude would result in 
truly unstable operation. 

Another instance where simple limiting 
can have an adverse effect upon perform¬ 
ance exists in the case of systems having 
a conditional degree of stability. Such 


systems can also result from the applica¬ 
tion of phase-lag type compensating net¬ 
works. They represent a less extreme 
case than do conditionally stable systems 
in that, while a reduction of gain will not 
cause instability, it can result in a higher 
value of the quantity M^, and hence in a 
lower degree of stability, that is, less re¬ 
sponse damping. The solid-line curve of 
Figure 7(B) is a typical inverse transfer 
function locus for such a system. As be¬ 
fore, small disturbances insufficient to 
cause limiting correspond to operation at 
point Qay where the value Mp obtained in 
the manner previously described is 1.3. 
Adequate response damping is therefore 
indicated following such small disturb¬ 
ances* Larger disturbances causing limit¬ 
ing result in the operating point moving 
to, say, point Here the value of Mp 
is 3 and poor response damping can be 
expected; furtheniiore the speed of re¬ 
sponse, as indicated by point on the 
transfer locus, is considerably reduced. 
These results correlate with the following 
observations concerning the transient 
response of such a system: The response 
to small disturbances is adequately 
damped. The response to larger dis¬ 
turbances exhibits a slow initial speed of 
response and excessive overshoots of the 
response at the beginning of the correction 
process; the final part of the response be¬ 
comes adequately damped as the limiting 
becomes less effective. 

The above considerations indicate that 
limiting can have a particularly adverse 
effect when applied to conditionally- 
stable systems. These results are particu¬ 
larly significant when phase-lag compen¬ 
sating networks, that is, undercompen¬ 
sated proportional-plus-integral control¬ 
lers, are employed. A scheme for avoid¬ 
ing these adverse effects is discussed next. 

Phase-Lag Compensation Methods 
in Limited Systems 

The preceding discussion, illustrated by 
Figure 7, showed the adverse effects that 
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RESPONSE OF SERVOMOTOR VELOCITY TO ACTUATING SIGNAL 




limiting can have upon a system employ¬ 
ing phase-lag compensation, particularly 
if a passive network, such as the type 
shown in Figure 6, is used to achieve this 
compensation. The most direct way of 
eliminating these effects is by making the 
phase-lag compensation effective only 
when low-signal amplitudes are involved. 
In other words, the inverse transfer 
function locus may have the conditionally 
stable forms shown by the solid-line 
curves of Figure 7 when small disturbances 
are involved, provided the locus is modi¬ 
fied to the form shown by the broken-line 
curves of Figure 7 when large disturb¬ 
ances are applied of an amplitude suffi¬ 
cient to cause limiting. The broken-line 
curves do not respresent conditional 


stability. They represent the removal 
of most of the phase-lag compensation. 

The block diagram of Figure 8 indi¬ 
cates how this can be accomplished if a 
feedback rather than passive method is 
used for obtaining the phase-lag type of 
compensation. The important require¬ 
ment is that the minor loop involving the 
feedback path include the element being 
limited. (The same problem exists in 
contactor servomechanisms and phase- 
lag compensation is often best applied to 
such contactor systems by means of a 
minor feedback loop which includes the 
contactor element.) When this is not 
physically practical, the amplifying ele¬ 
ment in the forward portion of the feed¬ 
back path should be artificially limited in 


a manner which corresponds to the limit¬ 
ing action being applied to the Ihnited 
element itself. Figure 8 includes the 
mathematical relations which explain 
how this nonlinear form of compensation 
is accomplished. The describing function 
method is used. Actually, one of the 
major justifications for this method—the 
low-pass filter characteristic of the control 
loop under consideration—does not apply 
in this case because of the phase-lead type 
of feedback network employed. Conse¬ 
quently the conclusions shown in Figure 8 
should be considered as being of only 
qualitative value. 

Velocity Limiting of Servomotors 

The simple foim of limiting described 
before did not directly affect an energy 
storage element and the describing func¬ 
tion representing this limiting merely 
accounted for a change in gain but had no 
effect upon the phase-shift characteristics 
of the .system transfer function. When 
the speed of a servomotor, or the analogue 
of speed in some other control system 
element, is subject to limitations imposed 
on its anaximum pemissible magnitude, 
it generally will be found that this velocity 
form of limiting introduces a phase-lead 
effect and, furthermore, that the describ¬ 
ing function for the limiting action is de¬ 
pendent upon frequency as well as ampli¬ 
tude. 

The phase lead caused by velocity 
limiting exists in both the dynamically 
simple forms of servomotors, involving 
but one significant energy-storage effect, 
and in more complicated forms which 
may involve a multiplicity of such effects. 
This treatment will be concerned with the 
simpler case where only one energy stor¬ 
age effect, output inertia, need be taken 
into account in describing the servo¬ 
motor’s dynamics. Examples of such 
servomotors are 

1. Shunt-type d~c servomotors with fixed 
field excitation and variable armature sup¬ 
ply voltage. This type actually has a 
second energy storage element because of 
the armature circuit inductance. It is 
found, however, that in many applications 
the inductance can be neglected and that 
the combined inertia of the rotor, gearing, 
and load represents the only energy storage 
effect which need be considered. 

2. The familiar 2-phase a-c servomotor 
employing fixed excitation on one phase 
winding and a variable control excitation 
on the other. 

3. Hydraulic servomotors of the speed- 
gear type involving a variable displacement 
pump and a fixed displacement motor. The 
analogue of inductance in this application is 
the compressibility of the hydraulic fluid, 
including the elasticity of the housings 
transmitting and containing the fluid. If 
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these are negligible, and if the speed varia¬ 
tions of the pump's drive motor can be 
neglected (as it can when an effective fly¬ 
wheel is used), then the output shaft in¬ 
ertia is the only energy storage element 
which need be considered. 

4. Hydraulic servomotors of the linear 
actuator type where the pressure differen¬ 
tial across the actuator piston is controlled 
by a pilot valve. Here again, the only 
energy storage element which need be con¬ 
sidered is the output load inertia, provided 
that the fluid compressibility may be neg¬ 
lected and that the piston is not spring- 
loaded. Pneumatic servomotors of the 
linear actuator type do not fall into this 
simple category because of the compressible 
fluid used. 

All of the types described are single 
energy storage devices only if there is 
negligible resilience in the coupling be¬ 
tween the servomotor and its output load. 
All of the types except possibly the first 
type described are highly nonlinear, even 
apart from any limiting effects which 
might be involved. These nonlinear 
effects could be handled by the describing 
function method. This, however, is not 
the subject of this paper, and the servo 
elements considered here will be assumed 
to be linear except for the limiting action 
itself. 

All the types can be represented by the 
equivalent electric network of Figure .9. 
The voltage source eo corresponds to the 
input signal controlling the servomotor. 
For electric servomotors, it would corre¬ 
spond to the equivalent source voltage 
applied by the amplifier (electronic or 
electrojnagnetic) which excites the servo¬ 
motor. In a hydraulic speed gear, it 
would correspond to the pump displace¬ 
ment rate, as expressed in terms of equiva¬ 
lent output revolutions per minute. In a 
hydraulic linear actuator controlled by a 
pilot valve, it would correspond to the 
pilot valve position. 

The series resistance Ri contributes 
damping to the servomotor; the lower 
i^i, the greater the damping. This corre¬ 
sponds to the effective armature circuit 
resistance in electric servomotors and to 
the effects of leakage and hydraulic flow 
resistance in hydraulic servomotors of 
both the speed gear and linear actuator 
type. Resistance R 2 represents mechani¬ 
cal output damping of the viscous type; 
the greater the damping, the lower will be 
R^. The value of shunt capacitance C 
varies directly with the output inertia. 
Voltage ei across capacitance C corre¬ 
sponds to the actual output speed of the 
servomotor. 

If linear operation is assumed, the R's 
are constant, and the system dynamics 
can be described in terms of a single time 
constant 


The steady-state response to a sinusoidal 
input signal Bq would then be of the 
familiar form shown plotted versus fre¬ 
quency in the curve marked “no limiting” 
in Figure 10; that is, the servomotor’s 
transfer function would be 
gl(J^) _ R2 I 
eoijeo ) i?i “h 1 r 

Velocity limiting is represented in the 


equivalent circuit of Figure 9 by a second 
additional damping resistance Rz, which 
is connected so that it is effectively in 
shunt with the resistance R 2 whenever the 
voltage ei, representing servomotor out¬ 
put speed, exceeds the critical limited 
value in output magnitude. For effective 
limiting, &«&; for flat limiting, where 
the speed is never permitted to even 
minutely exceed the limited value, Rz~^ 
zero. Truly flat limiting cannot ,be 
physically achieved although it can be 
closely approached; the analyses to fol- 



Figur« 11 (above). Effect 
of velocity limitins on a 
simple servomotor subjected 
to a sinusoidal aefuatins 
sisnal 

Conditions of plot: 
oj — l/r 

Nl^O (curve b) 

Nl = 1/2 No (curve c) 


Fisure 12 (right). Effect 
of yeiocity limiting on the 
transfer function of an ele¬ 
mentary servomechanism 

Values of points on loci 
represent values of <a 
Curve a: Nl=^ 800 de¬ 
grees/second 

Curve b; Nl“ 200 de¬ 
grees/second 

Without limiting, G(jw) = 
200 

joo(1 

r —servomotor time con¬ 
stant—0.1 second 
R —input amplitude —10 
degrees 
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ELAPSED TIME (SECONDS) 


RESPONSE TO A SUDDENLY APPLIED (STEP) INPUT CHANGE 
OF 10 DEGREES 


Fi 3 ure 13. Effect of velocity limiting on a servomechanism 


low assume that the limiting can be 
approximated by the fiat type« 

The circuit of Figure 9 applies regard¬ 
less of whether the limiting is directly 
applied, as by a centrifugally actuated 
brake, or by a negative feedback means, 
as was illustrated in Figure 1. The effect 
of the limiting action is a reduction in the 
effective value of as averaged over a 
correction cycle, and, from equation (6), 
it would be expected that the effective 
time constant r of the servomotor would 
be made lower. Therefore, for a given 
frequency of sinusoidal disturbance, less 
phase lag could be expected with velocity 
limiting than would have resulted before 
the limiting effect was introduced. This 
effect could be stated in other words by 
describing the limiting action as providing 
additional damping to the servomotor for 
large disturbances. 

In order to apply the describing function 
method to a study of velocity limiting, 
sinusoidal variations of the input signal are 
assumed as shown by curve a in Figure 11. 
The amplitude of this input signal is 
measured in terms of the amplitude iVo of 
output velocity that would result tmder 
conditions of no limiting, if no dynamic 
lags were present (r=zero) or if the fre¬ 
quency oj of the signal was so small that 
the dynamic lag was negligible. The 
actual output velocity ni would, for con¬ 
ditions of no limiting, be a sinusoidal 
function of time. If is assumed to be a 
cosine function, that is, if 


where 


N, 

y - = 

'V' l-f-(cOT)^ 
cp = — tan“^ cor 


(9A) 

(9B) 


The response of the output speed m to 
such a suinusoidal input signal is plotted 
versus time in Figure 11; curve h applies 
to the condition of no limiting just dis¬ 
cussed. Figime 11 is plotted for the case 
where the frequency is aj = l/r. In 
Figure 10, the curves marked “no limit¬ 
ing” are directly obtained from equations 
9(^)and (F). 

Curve c of Figure 11 shows the effect of 
velocity limiting on the wave shape of the 
output speed ui. This plot represents the 
case where the limited value of speed 
Nl is one-half the actuating signal ampli¬ 
tude iVo. Limiting will start when the 
magnitude of n\ becomes N^. Limiting 
ceases when the speed representation of 
the input signal tiq again falls below the 
limited value Nj,, During limiting, the 
plot of fix is flat, since flat limiting has 
been assumed. Between the limiting 
intervals the speed m follows a transient 
time relationship which can be derived by 
operational methods of transient analysis. 
In any event, it should be noted that the 
speed response resulting from velocity 
limiting is not the simple clipped sinus¬ 
oidal form shown for the case of simple 
limiting in Figure 3. The significant 


effect of the limiting action is that the 
response with limiting, cirrve c, tends to 
lead in phase the response which would 
have resulted, curve h, if limiting were 
absent. 

The describing function of a servo¬ 
motor subject to such limiting could be 
determined by straightforward computa¬ 
tional methods. The major steps to be 
pursued would be a determination of the 
time response, such as shown in Figure 11, 
for each condition of operation and then 
the determination of the fundamental 
harmonic component of this periodic time 
function. This respresents a straight¬ 
forward, but nevertheless laborious, com¬ 
putational process. For this reason, an 
analogue computer representation of a 
velocity limited servomotor was con¬ 
structed. The transfer function of this 
device was measured as a function of fre¬ 
quency for various conditions of limiting. 
The experimental means used to deter¬ 
mine the transfer function had the prop¬ 
erty of being able to ignore all except the 
fundamental haimonic component of the 
output signal. 

The transfer function of a velocity 
limited servomotor is shown plotted in 
Figure 10, as derived experimentally in 
the manner just mentioned. A family of 
curves is shown for various input ampli¬ 
tudes, represented by the ratio Nq/Ni. 
As would be expected in any form of 
limiting, the limiting action results in a 
reduction of output amplitude. More 
interesting than this is the effect upon the 
phase shift. The servomotor phase lag is 
less with limiting than it would have been 
before the limiting was introduced. In 
other words, the limiting action can be 
described as having produced a phase lead 
effect. This experimentally derived con¬ 
clusion is in agreement with the qualita¬ 
tive discussion of velocity limiting based 
upon the equivalent circuit of Figure 9. 

Effect of Velocity Limiting on 
Control System Performance 

Under most circumstances, the gain re¬ 
duction and phase lead introduced by 
velocity limiting can be expected to have 
a beneficial effect upon system stability. 
Exceptions might exist with conditionally 
stable systems, as discussed previously. 
Excluding such conditionally stable sys¬ 
tems, velocity limiting ordinarily would 
improve the response damping for large 


no = Vo cos £0^ (8) 

then the actual servomotor output speed, 
without limiting, would be 

m —Vi cos (w/+^) (9) 


Figure 14. Example of 
an unstable servomech¬ 
anism 

^Transfer function 
shown is for no limiting 
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Figure 15. Describing function of simple servomotor subjected to acceleration limiting 


disturbances. If the limiting is excessive, 
considerable overdamping could, of 
course, result, with a consequent slowing 
down of the speed of response of the sys¬ 
tem. 

The effect of velocity limiting on the 
performance of a simple feedback control 
system is illustrated in terms of the fre¬ 
quency response in Figure 12. The sys¬ 
tem represented here could, for example, 
be a simple servomechanism having the 
following simple form of transfer function 
under nonlimited conditions 

r(‘ 

(for no output limiting) (10) 

where 

G = transfer function in the feed-forward 
part of the control loop 
transfer function in the feedback part 
of the loop, assumed to be unity 
(direct output feedback) 
c — output variable being controlled—^in this 
case, output angle 
the actuating (error) signal 
r=reference input (desired value of the 
output variable) 

r = time constant associated with the servo¬ 
motor response lag—in this case, 
equal to 0.1 second 

c«j = angular frequency (27r times the fre¬ 
quency in cycles per second) of the 
assumed sinusoidal test signal, ra^ 
dians per second 

The quantities c, e, and r would all be 
in the same consistent measure of output 
units. In this particular servomecha¬ 
nism, the velocity constant used to 
indicate system gain would be 

j^p = 200 (seconds)""^ = 

steady -state rate of output correction dc/dt 
actuating signal e 

In this particular instance, such a velocity 
constant would result in a stable but 
poorly damped system response unless 
some suitable form of limiting was intro¬ 
duced. 

In Figure 12, the transfer locus of this 
system is shown plotted in logarithmic 
form; that is, the magnitude of G(jo)) is 
expressed in decibels on the vertical scale 
and the phase angle is expressed in de¬ 
grees on the horizontal scale.® The M 
contours are mapped on this plot, where 
Mf the magnitude of the system’s output- 
input response ratio, c(ja))/r(ja)), is indi¬ 
cated in decibels. Attention is first called 
to the locus corresponding to no limiting, 
that is, that derived from equation 10. 
It may be noted that a high response peak 
is indicated at the frequency co=45 
radians per second {/=7.1 cycles per 
second). This peak, corresponding to an 
M of about 13 decibels, indicates a very 
poorly damped transient response. 


This transfer function may be modified 
to show the effects of velocity limiting 
(limiting of n = dc/dt) by using the data 
plotted in Figure 11. In this case the 
quantity no, the actuating signal apjdied 
to the servomotor (expressed in terms {>f 
the equivalent steady-state output veloc¬ 
ity), would be simply 

Wo = k^e == 200e degrees per second (11) 

and, for a sinusoidal error signal e == If sin 
the amplitude of no or No would 
be 

NQ — kt,E — 200E degrees per second (12) 

Figure 11 shows the effect of limiting 
expressed in terms of the ratio No/N^, 
where AT is the maximum limited value 
of the output velocity. This ratio now 
becomes simply 


— =3 200 ~ (limiting ratio) (13) 

Nh Nl 

for this particular system. Limiting may 
be taken into account by recDmt>uting tlie 
transfer function given in equation 10 and 
substituting the transfer function data 
plotted in Figure 11 for that portion of the 
relation represented by the exprcssioti 

_ 

1 “fiwr 

representing the dynamic response lag of 
the servomotor, 

It is more convenient to show transfer 
loci for constant values of the reference 
input amplitude R than in tenns of the 
error amplitude IL This can be done by 
straight-forward computational means. 
Such loci are shown for two conditions of 
limiting in Figure 12. It may be seen that 
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Figure 16. 


Transient response of a simple servomechanism subject to acceleration limiting 


these transfer loci coincide with the locus 
for the nonlimited case at veiy low fre¬ 
quencies, where the system’s dynamic 
error is too small to cause limiting, and 
coincide with it again at high frequencies, 
where the servomotor’s amplitude re¬ 
sponse is too small. In the middle range 
of frequencies where limiting is effective, 
the loci are caused to bend backward and 
avoid the region corresponding to poor 
response damping. In Figure 12, the 
locus corresponding to the higher limit 
of 800 degrees per second still indicates a 
peak M of about 7 decibels, corresponding 
to relatively poor response damping. At 
the amplitude assumed, this amount of 
limiting is apparently not sufl&cient to im¬ 
prove the degree of stability. Locus &, 
corresponding to the lower limit of 200 
degrees per second, indicates a peak M of 
about 1.5 decibels, representing adequate 
response damping. 

The loci of Figure 12 represent various 
values of the limited velocity i\T for a 
specified input signal amplitude R, In 
general, one such locus can be drawn for 
a given ratio R/Nl, If the velocity limit 
Nl were specified, one locus would then 
apply for each value of input signal ampli¬ 
tude i?. 

In the case of linear control systems, it 
is possible to predict the nature of the 
transient response from frequency re¬ 
sponse data. Usually an approximate 
rule-of-thumb procedure is used,® but 
there is also a more exact (but more 
laborious) procedme available which was 
developed by Dr. George Floyd, described 
in chapter 11 of reference 6. 

In the case of a nonlinear system such 
as the type considered here, such a pre¬ 
diction of the transient response from fre¬ 
quency response data becomes more diffi¬ 


cult. In the absence of further develop¬ 
ments toward the solution of this prob¬ 
lem, the frequency response can be used 
in only a qualitative or semiquantitative 
sense for the purpose of predicting tran¬ 
sient response. For examp le, the case illus¬ 
trated by Figure 12 involved an input sig¬ 
nal amplitude of 10 degrees. For this 
input, limiting appears to improve the 
degree of stability once the limited veloc¬ 
ity is reduced to 200 degrees per second 
or less. On this basis, it might be esti¬ 
mated that, for a sudden step-function 
type of input change of 10 degrees, the 
same amount of limiting would be neces¬ 
sary to provide adequate response damp¬ 
ing and particularly to reduce the tran¬ 
sient overshoot to a reasonable value. 

Figure 13 is a plot of the transient re¬ 
sponse of the same control system previ¬ 
ously considered in Figure 12. Initial 
conditions of rest are assumed and a 
sudden (step-function) input signal r is 
considered as being applied at time ^=0. 
It may be noted that the velocity limit 
must be reduced to at least 200 degrees 
per second before a significant improve¬ 
ment in response damping takes place, 
and that optimum response for this mag¬ 
nitude of signal input occurs when the 
velocity limit is still lower, that is, in the 
range of 40 to 80 degrees per second. 

For a specified percentage overshoot, 
the velocity limit would have to be 
adjusted linearly, with the magnitude of 
the input disturbance anticipated. This 
would not be practical ordinarily in a 
physical system. In practice, the velocity 
limit ordinarily would be fixed at a value 
where it would serve to reduce the per¬ 
centage overshoot resulting from large 
disturbances; it would then not be effec¬ 
tive for smaller disturbances of a magni¬ 


tude not sufficient to catuse limiting 
action. 

The transient response of this simple 
system could be determined easily by 
exact methods. In the many more com¬ 
plicated systems used in practice, such an 
exact determination would be difficult, 
and it would be far easier for the system 
designer to predict the effects of limiting 
by studying the frequency response and 
to then use these results to make approxi¬ 
mate predictions concerning the transient 
performance. This procedure is more 
amenable to the synthesis of systems be¬ 
cause the frequency response technique 
gives definite indications of how loci 
should be reshaped by compensating net¬ 
works so that perfonnance might be im¬ 
proved. 


Experimental Verification of Method 


The effect of velocity limiting upon an 
unstable servomechanism was considered 
in order to check the data of Figure 10 
and the describing function method in 
general. The servomechanism is shown 
in Figure 14. Without limiting, the sys¬ 
tem is unstable for the velocity constant 
(67 degrees per second per degree) indi¬ 
cated. 

The effect of a velocity limit of ±10 
degrees per second (iVi = 10) is then con¬ 
sidered and the condition of steady-state 
oscillations are determined by the de¬ 
scribing function method. The method 
for determining the nature of these oscilla¬ 
tions is not explicit and a graphicaFsolu¬ 
tion is necessary. For the operating con^ 
ditions given, the following steady-state 
conditions are found to prevail, assuming 
no input signal is being applied 


1. The frequency of oscillation will be 
£0 = 12.6 radians per second (/=2 cycles per 
second). 

2. The output amplitude will be 0.96 de¬ 
gree, that is 

C=0.96/0 degree 

3. Since the input is zero (i^ = 0), the error 
signal will be 

jE = — C = 0.96/ —180 degrees 


4. For this frequency, the transfer func¬ 
tion of the control element is 


M 

E 

5. 


^^ Q 02 / — 52 d egrees 
l-l-il.26 ■ - 

So that the manipulated variable 


is 


M=0.60/—232 degrees 

6. Since the velocity constant is 67 (sec¬ 
onds) "b the actuating signal applied to the 
servomotor is 


iV^o^67ikr=40 /-232 degrees 
7. The ratio Nq/Nj^ — 4, 
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8 . From Figure 10, using the values wt = 
1.26 and Nq/Nl = ^. the transfer function of 
the servomotor is —10.4 decibels at a phase 
angle of —38 degrees, or 

6 ^ 1)1 =^Q-30 2/-38 degrees 

9. And the servomotor velocity is 
iV = gDiiVo = 12.l /-270 degrees 

10. The output variable is 

=n Qfi/-360 ==0.9 6/0 degrees 
jca ‘ 

as initially stated 

Actual analogue computer tests of this 
system demonstrated the same frequency 
of oscillation as predicted above, that is, 

2 cycles per second (measured to within 
±2 per cent). The actual output signal 
was, of course, nonsinusoidal with a peak 
value of 0.92 degree or 4 per cent less than 
the equivalent sinusoidal amplitude pre¬ 
dicted by the describing function method. 

In addition to providing the experi¬ 
mental check just described, this study 
also demonstrates the general principle 
that, while velocity limiting cannot pre¬ 
vent an otherwise unstable system from 
oscillating, it will limit the amplitude of 
oscillation to some specific value. For 
some feedback control applications, such 
self-sustained oscillations might be per¬ 
missible. 

Acceleration Limiting of Servomotors 

In some instances the acceleration itself 
of a servomotor is artificially limited to 
protect various mechanical elements. 
More frequently, some other variable de- 
tennining acceleration is limited instead, 
such as the current supplied to an electric 
servomotor or the pressure supplied to a 
hydraulic servomotor. When the output 
load is primarily characterized by the 
effect of inertia, this is equivalent to 
acceleration limiting. 

If the discussion is confined to simple 
servomotors of the type represented by 
the equivalent circuit of Figure 9, the 
effect of acceleration limiting can be 
treated in a manner similar to the previ¬ 
ous treatment of velocity limiting. The 
conclusions reached will apply as well in a 
qualitative sense to servo elements having 
more complicated transfer functions. 

In Figure 9, the velocity limiting action 
was shown to be equivalent to a decrease 
in the resistance, designated as i? 2 , repre¬ 
senting output viscous damping. This 
corresponded to an increase in effective 
damping action; a phase lead effect con¬ 
sequently resulted from velocity limiting. 
On the other hand, acceleration limiting 
action is equivalent to increasing the 
inertia of the system, that is, increasing 
the equivalent capacitance C. This cor¬ 


responds to an increase in the system’s 
dynamic lag, and a phase-lag effect con¬ 
sequently results with acceleration limit¬ 
ing. 

The effect of acceleration limiting on 
the transfer function of a simple servo¬ 
motor having but one energy storage ele¬ 
ment, and having negligible viscous out¬ 
put damping, is shown by the frequency 
response plot of Figure 15. These data 
were obtained by analogue computer 
Studies of such a servomotor, where only 
the fundamental harmonic component of 
the output signal was considered. The 
symbol is used to represent the magni¬ 
tude of the acceleration limit imposed. 
The transfer function is plotted as a 
family of curves, one curve applying for 
each value of the ratio (Nq/tAl), where 
r and No have been previously defined. 

It may be seen from Figure 15 that 
acceleration limiting introduces a pro¬ 
nounced phase-lag effect, and when this 
form of limiting is operative, an adverse 
effect on the stability of the control sys¬ 
tem may often be expected. This effect 
was also considered from the transient 
response standpoint for one example of a 
simple servomechanism having the follow¬ 
ing transfer function whenever limiting 
action is not operative 

• > 

s(l+0.1j) 

Unity feedback transfer function, 
h(s) = l, is assumed. With no limiting, 
the response of such a system would be 
reasonably well damped (one-half of 
critical damping). The transient re¬ 
sponse to a 10-degree step ftmetion change 
in input r appears as shown in curve a of 
Figure 16. A 16-per-cent overshoot is 
observed and the correction time (arbi¬ 
trarily defined as the time required for the 
error to be reduced to, and stay within the 
range ±2 per cent) is about 0.60 second. 
Curve B of Figure 16 shows the effect of an 
acceleration limit of 250 degrees per 
second-squared. The response damping 
shows a very slight improvement, but the 
correction time has been extended to 
about 0.68 second. Curve C of Figure 16 
shows the effect of a lower acceleration 
limit of 125 degrees per second-squared. 
Now the response damping is obviously 
poorer in that the peak of the first over¬ 
shoot has been increased from 16 per cent 
to 26 per cent. Furthermore, the correc¬ 
tion time has been extended to about 1,15 
seconds. 

The application of even lower accelera¬ 
tion limits would tend to make the system 
still more poorly damped. It may be 
noted that, in Figure 16, the periods dur¬ 
ing which limiting is effective are indi¬ 


cated by broken-line portions of the re¬ 
sponse curves. In case h the limiting was 
effective only during the acceleration por¬ 
tion of the response, and a slight improve¬ 
ment in response damping resulted. 
From a frequency response standpoint, 
this might be explained as follows Refer- 
ence to Figure 15 shows the limiting action 
causes a reduction in gain, usually tending 
to improve response damping, and an 
increased phase lag, tending to reduce 
the response damping. In case &, cor¬ 
responding to a relatively high accelera¬ 
tion limit, the former effect of gain reduc¬ 
tion predominated and some improvement 
in damping was noted. In case c the 
limiting was also effective during the 
deceleration portion of the response, and 
the response damping was decreased. 
From a frequency response standpoint 
this might be explained by stating that 
the detrimental effect of phase lag was 
predominant. In general it will be found 
that, whenever a marked reduction in the 
permissible acceleration of a servomotor 
is caused by limiting action, a reduction in 
response damping and in speed of re¬ 
sponse can be expected. 

Conclusions 

The effect of limiting on the perform¬ 
ance of feedback control systems can be 
studied in terms of the frequency re¬ 
sponse of thesystem if the describing func¬ 
tion method is employed. Data obtained 
using this method can then be shown 
graphically by means of transfer loci; 
unlike linear systems, such transfer loci 
will depend on amplitude as well as fre¬ 
quency and hence must be plotted as a 
family of curves. 

From such frequency response data, 
predictions can be made concerning the 
nature of the system’s transient response. 
It is possible to predict the general effect 
of various types of limiting on the re¬ 
sponse of the system and also to select 
means of compensation which are adapted 
to the improvement of such limited sys¬ 
tems. The correlation between transient 
and frequency responses is qualitative as 
it is presented in this paper, and there is 
need for further work in this field so that 
a more quantitative method of correlation 
might be established. 

Limiting is described as simple when no 
energy storage elements are directly 
affected by the limiting action. Such 
limiting action is equivalent to a simple 
reduction in system gain and hence pre¬ 
sents stability difficulties only in those 
systems described as being conditionally 
stable. Conditionally stable systems 
often result from the application of phase- 
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lag type of compensating networks and, 
in this instance, it is suggested that sta¬ 
bility difficulties be avoided by using feed¬ 
back means to achieve such compensation 
with the limited element included in the 
minor loop associated with such a feed¬ 
back path. 

More complicated forms of limiting are 
discussed, such as the velocity or accelera¬ 
tion limiting of servomotors. The former 
type of limiting is found to be generally 
beneficial as far as system stability is con¬ 
cerned; however, an excessive amount of 
such limiting can lead to an imduly slow 
response. The improvement in response 
damping associated with velocity limiting 
can be explained in terms of the phase 
lead effect such limiting introduces. 

Forms of limiting which tend to restrict 
the acceleration of a servomotor, such as 
current limiting of electric servomotors 


and pressure limiting of hydraulic servo¬ 
motors, cause an increased phase lag as 
far as the frequency response of the servo¬ 
motor is concerned. Hence it is found 
that the damping associated with the 
transient response is adversely affected 
when such limiting action is applied. 

Most of the data presented here were 
obtained from electronic analogue com¬ 
puter studies. It is felt that the combina¬ 
tion of analogue computer studies with 
analysis and synthesis techniques based 
upon the describing function method con¬ 
stitutes the most effective engineering 
approach to the design of such nonlinear 
control systems. 
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Discussion 

Emile S. Sherrard (Naval Research Labo¬ 
ratory, Washington 25, D. C.): In this 
paper. Dr. Kochenburger has achieved an 
excellent survey of the effect of limiting in 
feedback control systems. This is a re¬ 
markable achievement if it is recognized 
that significant treatments of the surveyed 
subjects are rare or nonexistent. 

The effect of limiting upon the stability 
of conditionally stable systems has been 
known to engineers for some time. Bode^ 
in 1945 stated that amplifier saturation 
may cause conditionally stable systems to 
execute large amplitude oscillations. E. H. 
Bennett and H. Chestnut arrived at the 
same conclusion in 1949 in unpublished 
work. Bode*s statement seems to be based 
on experience; Bennett and Chestnut per¬ 
formed transient calculations on typical 
servomechanisms. In this paper, the same 
conclusion is reached. However, the em¬ 
ployment of the describing function method 
of analysis shortens the work, clearly ex¬ 
hibits the assumptions of the analysis, and 
suggests methods of compensating for the 
effects of limiting. 

The author states that limiting applied to 
an “already adequately damped system” 
will result in “an increase in response 
damping and a decrease in speed of re¬ 
sponse.” E. Levinson^ has obtained con¬ 
trary results. Levinson discusses the case 
of amplifier limiting in the feedback circuit 
of a tachometer-through-high-pass-filter sta¬ 
bilized servomechanism. As shown in 
Figures 5(A) and (B) of Levinson’s paper, 
such feedback path limiting results in less 
response damping and an increase in speed 
of response. In the light of Levinson’s 
work, it would seem that the statement of 
this paper holds, at most, for the case of 
series stabilization with a lag type or low- 
pass filter. 

Nonlinearities other than the velocity 
limiting discussed in this paper may be 
deliberately introduced into a control sys¬ 
tem to compensate for unavoidable non- 
linearities. Although individual systems 


may vary greatly, this writer believes the 
most profitable place for the insertion of 
non-linearities is generally in the system’s 
stabilizing filter. The use of such simple 
limiting circuits as biased diodes, thyrite, 
or perhaps rectifiers with a high forward 
resistance for low voltages will not add 
appreciable size or weight to the system. 
Nor does the introduction of such non- 
linearities add moving parts or complicate 
the mechanical design of the system. 

A previous paper® has discussed the appli¬ 
cation of a simple limiting circuit to the lag 
network of Figure 6 when such a network 
is used for the series stabilization of a con¬ 
ditionally stable servomechanism. This 
paper shows that if a limiting circuit is not 
used, the system describes large amplitude 
oscillations as a result of saturation of one 
of its amplifiers. If a limiting circuit h used 
to prevent the magnitude of the capacitor’s 
voltage from exceeding a certain value, the 
system will be stable for both large and 
small signal operation. In this writer’s 
opinion, the same simple technique may be 
used to prevent large amplitude oscillations 
in a conditionally stable system stabilized 
by tachometer feedback through a 1- or 
2-section lead network. A limiting circuit 
across one of the capacitors of the lead net¬ 
work might be used to prevent the large 
amplitude oscillations that could result 
from amplifier saturation in the system. 
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Howard Hamer (Electronic Associates, 
Long Branch, N. J.): Dr. Kochenburger 
is to be commended for his continued in¬ 
terest in nonlinear feedback control systems. 
His introduction of the describing function 
concept presented a most powerful tool to 
the servo designer who is willing to admit 
the existence of nonlinear systems. 

I must, however, take issue with the 
author about certain aspects of his paper. 
An analysis using describing functions is, of 
necessity, only as good as are the functions 
used, and such a function, derived from an 
equivalent circuit or other analogue of the 
physical system, is only valid to the same 
degree as the analogue. To fully discuss 
this paper in this light would require, I fear, 
another paper. I will therefore discuss only 
the question of velocity limiting. 


R 
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Figure 1. Equivalent circuit oF servomotor with input limitinj 
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The equivalent circuit shown by the au- 
hor as Figure 9 seems to me to be a rather 
aive picture of the behavior of a servo 
ystem. It is true that the author calls it 
he servomotor equivalent, but a motor 
Livorced from its driving system is some- 
vrhat useless. In most practical systems, 
nvolving physical servos and not their 
malogues, the maximum velocity obtain- 
Lble from the motor is well in excess of the 
ystem requirements, if one assumes infinite 
Lriving power and infinite rating on the 
notor. (An exception is the 2-phase a-c 
notor, but even in this instance synchro- 
lous speed is seldom reached.) 

The designer then introduces limiting 
ihead of the servomotor, either deliberatdy 
:o protect the motor or as a result of limits 
3 n such things as size of components or 
ivailable supply power. The end result is 
:hat limiting occurs at the input to the 
motor rather than at the output. If we 
accept the author's approximate analogue 
For the motor alone (removing the output 
limit since it will not be reached) and include 
a limit on the driver, the equivalent circuit 
shown in figure 1 of the discussion is ob¬ 
tained. In this circuit, the resistor Rg and 
the diodes represent the fact that the driv¬ 
ing power (and therefore the force or torque) 
is limited. The box marked "coupling” is 
used to indicate that limiting of driving 
power does not affect the output damping. 
It is a unilateral, zero-output-impedance, 
unity ratio device, which, on a computer, 
would be an isolating amplifier. The R 
and C represent motor parameters. 

Application of a voltage eo large enough 
to saturate the driver will result in a driving 
function of approximately square wave 
shape at the input to the servomotor. The 
amplitude of the square wave will be held 
at the limit, although the input to the 
limiter may increase. The gain through 
the limiter will then fall off at 6 decibels 
for each 6-decibel rise of the voltage Cq, 
This variation in gain with input ampli¬ 
tude will be independent of frequency.^ The 
phase of the voltage will be zero if the 
miscellaneous reactances such as motor 
inductance are neglected. 


The voltage appearing at the output of 
the equivalent circuit, and the output ve¬ 
locity of the servomotor, will be independ¬ 
ent, in amplitude and phase, of the ampli¬ 
tude of eo, so long as the amplitude of eo is 
sufficient to saturate the limiter. The volt¬ 
age Ci is given by 

i ) 1 

( 1 ) 

where 

^;„=the limited value 

r^RC^J/F 

"ir 

The (linearized) phase angle of this func¬ 
tion can be determined from the zero-axis 
crossing as 

180, 2 , 

^ = — In-- degrees (2 ) 

a l + € 

and the peak magnitude, which occurs at 
/ = 0 is 


Cm 


(3) 


These functions are easier to use than 
Fourier components, and are sufficiently 
accurate a representation of the amplitude 
and phase for stability studies. 

The output velocity phase function is 
shown in Figure 2 of the discussion as the 
curve marked H.H.; those marked RJK 
are taken from Figures 10 and 15 of the 
paper for No — S. There is a similar differ¬ 
ence between the amplitude ratios for the 
two equivalent circuits. 

The equivalent circuit shown in Figure 1 
of the discussion has been verified by sta¬ 
bility studies on actual servos. Analogue 
computer studies using this equivalent 
circuit should give parallel results. 


Ralph J. Kochenburger: The author appre¬ 
ciates the comments made by the discussers 


and the number of interesting suggestions 
they have made. 

Mr. Sherrard calls attention to a state¬ 
ment made in the paper which the author 
should have expressed in more specific 
terms. Simple limiting, when applied in the 
feed-forward portion of an already ade¬ 
quately damped system, will result in an 
increase in response damping and a de¬ 
crease in the speed of response. The ex¬ 
ample mentioned in Levinson's paper repre¬ 
sents a different situation where the limiting 
is applied to the feedback path associated 
with a minor loop. 

The scope of the paper did not include 
the introduction of nonlinear effects in 
stabilizing filters for the purpose of im¬ 
proving response. It is, however, believed 
that the describing function method could 
be used to study such effects. 

The paper discussed one possible means 
for avoiding the unstable or poorly damped 
response often associated with conditionally 
stable systems when large amplitude dis¬ 
turbances are applied. This was illustrated 
in block diagram form in Figure 8. Mr, 
Sherrard’s paper (his reference 3)^ proposes 
an alternative scheme for accomplishing the 
same purpose. There are a number of 
different methods available to the designer 
and the selection of the most appropriate 
will, of course, depend upon which method 
proves most convenient for the specific 
application involved. Mr. Sherrard has 
presented a significant treatment of this 
problem. 

One issue questioned by Mr. Hamer was 
in regard to the use of equivalent circuit 
representations—or analogue computer rep¬ 
resentations—of actual system components. 
Such representations were employed in this 
paper so that general conclusions could be 
reached applicable to a class of control com¬ 
ponents . The process of generalizing always 
introduces errors. In any specific applica¬ 
tion it is obviously desirable, when possible, 
that the analysis be applied to the corn- 
ponent itself rather than to some approxi¬ 
mate equivalent. 

The equivalent circuit of a servomotor, 
shown in Figure 9, is an approximate 
representation which is used to describe the 
operation of many servomotors used in 
practice and which will provide sufficiently 
correct answers in many control design 
problems. As mentioned in the paper, 
there will be some instances where this 
representation is too oversimplified. The 
motor is not to be considered divorced from 
its driving system and the resistance desig¬ 
nated as Ri should include the driving im¬ 
pedance of the source supplying power to 
the motor. 

Mr. Hamer mentions that the designer 
would ordinarily limit servomotor speed 
indirectly, that is, by limiting the actuating 
signal applied to the servomotor. His 
Figure 1 is an equivalent circuit diagram 
corresponding to such a method. It is true 
that this is the method of speed limiting 
most frequently employed in practice. 
This method is an example of sirnple limit¬ 
ing as discussed in the first portion of the 
paper. Since the limiting action is isolated 
from the servomotor dynamics, the de¬ 
scribing function for this type of limiting 
introduces no phase change (see Figure 4 
of the paper). One of the purposes of the 
paper was to point out the advantages of 
output velocity limiting over the use of 
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simple limiting applied to the servomotor’s 
driving circuit. Limiting of the actual 
output velocity has two basic advantages; 
It provides a more definite speed limit when 
compared with input limiting and would 
limit speed even when the load itself was 
of a nature which might tend to drive the 
motor and cause overspeeding. Further¬ 


more, it introduces an effective phase lead 
which can be used to improve the degree 
of stability associated with the response to 
large disturbances. 

Mr. Hamer proceeds to analyze the re¬ 
sponse of the simple servomotor repre¬ 
sented in his Figure 1 for the case where the 
input signal is well in excess of the limited 


value. The steady-state output velocity is 
a repeated transient and its nature for the 
first half-cycle is described by his equation 1. 
Mr. Hamer then proposes, in effect, that 
this repeated transient form of output 
velocity be represented by a corresponding 
sinusoid having a phase characteristic of 
such a value that the sinusoid will pass 
through zero at the same time the actual 
velocity does. The sinusoid’s peak ampli¬ 
tude is to be the same as that of the actual 
velocity signal. 

This procedure is suggested by the dis¬ 
cusser as being preferred to the method 
proposed in the paper because of its inferred 
simplicity. When employing Mr. Hamer's 
method, it is necessary to derive the time 
relation for the repeated transient; his 
equation 1 does not appear too formidable 
because of the simple problem being con¬ 
sidered but, even here, considerable com¬ 
putational and analytic labor is necessary. 
When employing the method proposed by 
the author, it is merely necessary to multi¬ 
ply the square-wave amplitude by 1.27 
(or 4/x) to obtain the equivalent sinusoid 
upon which the describing function method 
is based. From this point on, the analysis 
is carried out on the basis of the conven¬ 
tional linear steady-state sinusoidal analysis. 

Figure 3 of the discussion compares the 
two methods for the case where the limited 
rectangular-wave signal of frequency 1 
cycle per second is applied to a servomotor 
of 1-second time constant. The difference 
in accuracy obtained by the two methods 
is particularly evident in the plot shown in 
part e of this diagram where the servo¬ 
motor’s predicted angular positions are 
compared with the actual values. In the 
case where the describing function method 
was employed, the curve corresponding to 
the predicted value is almost indistinguish¬ 
able from the true curve. The maximum 
amplitude predicted by Mr. Hamer’s 
method is 24 per cent greater than the true 
value. 

The author wishes to thank Mr. Sherrard 
and Mr. Hamer for their interest in this 
paper and for the significant points of dis¬ 
cussion they have raised. 
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D -C MOTORS are used almost 
universally on rubber calenders to 
obtain a wide speed range, good speed 
regulation, maximum braking under 
emergency conditions, suitable matching 
of speeds of the auxiliaries with the calen¬ 
der, and on the modem drives, electrical 
tension regulation of the fabric. The 
majority of the calenders in operation are 
driven by adjustable speed d-c motors 


with conventional armature resistor start¬ 
ing and with rheostat control of the motor 
field for speed regulation. The more 
modem installations are equipped with 
adjustable voltage systems to obtain 
greater flexibility of operation, bettei 
synchronization with auxiliary machines, 
more suitable power for the constant 
torque requirements of calender loads, 
and improved electrical braldng under 


emergency conditions. 

To obtain maximum production of a 
high-quality ply stock from a calender 
train, it is necessary that the line be 
capable of operating at the highest speed 
that it is possible to properly coat the 
cord with rubber, and that proper ten¬ 
sion be maintained at all points in the line 
However, the safety of the personnel is 
always placed above the production re¬ 
quirements both by the rubber industry 
and the governmental bodies which have 
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an interest in the safety of the working 
men. With careful selection, design and 
application of electric equipment it is 
possible to meet and better the code re¬ 
quirements for safe operation and stop¬ 
ping. R. S. Ferguson states in an un¬ 
published paper presented at the 1950 
AIEE Conference on Electrical Engi¬ 
neering Problems in the Rubber and 
Plastics Industries, “The proper time to 
obtain a good safety stop is before plac¬ 
ing orders for equipment and not after 
the drive has been installed.” 

Motors 

There are four choices of type of d-c 
motor for the main calender drive: 

1. 40-degree-centigrade rise self-venti¬ 
lated. 

2. 60-degree-centigrade rise self-venti¬ 
lated. 

3. 40-degree-centigrade rise separately 
ventilated. 

4. 60-degree-centigrade rise separately 
ventilated. 

The 60-degree-centigrade separately 
ventilated motor gives the lowest possible 
inertia and quickest stopping. A self- 
ventilated motor usually has greater 
inertia than the separately ventilated 
motor for two reasons. The first is that 
there is practically no restriction except 
shaft strength in ratio of armature core 
length to armature diameter in the sepa¬ 
rately ventilated motor. Thus a sepa¬ 
rately ventilated motor may have a core 
length of 130 to 150 per cent of the core 
diameter, whereas a self-ventilated motor 
is restricted to a ratio of 80 to 100 per cent 
for core length to core diameter, because 
of the pressure required to force the cool¬ 
ing air through the motor. The same 
comments apply to the comparison of 
self- or separately ventilated 40 or 60- 
degree-centigrade drive motors. 

The second reason for the higher 
inertia of self-ventilated compared to 
separately ventilated motors is the neces¬ 
sity of keeping within 15 degrees centi¬ 
grade additional rise for operation with 
full rated armature current at minimum 
continuous speed, which is usually less 
than 30 yards per minute. At this cor¬ 
responding motor speed the attached fan 
must have a peripheral speed of about 
1,700 to 1,800 feet per minute at the fan 
tip for a 40 ''degree-centigrade motor and 
and about 1,500 feet per minute for a 
60-degree-centigrade motor. 

The choice between 40-degree-centi¬ 
grade or 60 -degree-centigrade rise motor 
therefore is based on expected insulation 
life, knowledge of power requirement, and 


importance of emergency stopping dis¬ 
tance. 

A comparison of the inertia {WK^) 
values of these four types of motor for a 
typical drive will illustrate the problem 
involved in making the motor choice. 
Take a calender with 28-inch-diameter 
rolls for 100 yards per minute fabric 
speed. This gives 41 rpm speed of 
calender roll. Since a direct drive motor 
will not be economically practical, a 
single reduction gear can be obtained up 
to about 11-to-l ratio, which would give 
a motor speed of 451 rpm for 100 yards 
per minute. The power required wiE be 
such that a 400-horsepower motor is 
ample. 

From calculations in appendix I, it is 
found that for 100 yards per minute and 
300-per-cent current peak during de¬ 
celeration: 

1. A 40-degree-centigrade separately venti¬ 
lated motor has 11.6 inches stopping dis¬ 
tance, or 0.33 per cent of travel per minute. 

2. A 40-degree-centigrade self-ventilated 
motor has 21.2 inches stopping distance, or 
0.59 per cent of travel per minute. 

3. A 60-degree-centigrade separately venti¬ 
lated motor has 10.9 inches stopping dis¬ 
tance, or 0.31 per cent of travel per minute. 

4. A 60-degree-centigrade self-ventilated 
motor has 14.9 inches stopping distance, or 
0.42 per cent of travel per minute. 

Control 

A simple d-c drive for a calender motor 
operating from a constant voltage bus 
requires only conventional line con¬ 
tactors, accelerators, field relays, and a 
rheostat for field adjustment to obtain 
a 3/1 or 4/1 range of speed adjustment. 
If a wider speed range is desired a 
115/230-volt bus may be used, A 
separate adjustable voltage system for 
the auxiliaries is about the only practical 
way of co-ordinating electrically driven 
auxiliaries with a 2-voltage main drive. 
If a line shaft is used, tensioning must be 
accomplished by mechanical means such 
as air cylinders or weighted festoons with 
concurrent difficulties in compensating 
for coil build-up and build-down. All 
auxiliary machines depend on the calender 
motor for their power and cannot be 
operated or regulated separately. 

Although this type of equipment may 
be very satisfactory for general purpose 
calenders, the mass production of auto¬ 
mobile tires requires that the major por¬ 
tion of the ply stock be produced on 
calender trains which will produce a uni¬ 
form grade of stock at high speed. As a 
result adjustable voltage drives, such as 
illustrated in Figure 1 are used on a line 


of this type. Tension regulators main¬ 
tain tension at at least five points in the 
line; at the letoff, ahead of the calender, 
after the calender, at the windup, and at 
the liner. Storage is provided between 
the ietofi and drying drums, and between 
the cooHng drums and windup, so that 
the calender may remain in continuous 
operation while a spHce is being made 
in the cord fabric whenever a new roll is 
started. 

A regulator is provided for the main 
drive motor with a feedback from a 
tachometer coupled to that motor to pro¬ 
vide a constant operating speed as 
selected by the calender operator. The 
result is maximum production and the 
quality of the ply stock is uniform. The 
operators can set the tension at the five 
points requiring tension in the line merely 
by adjusting potentiometers at the 
operators panels. The auxiliary motors 
may be individually jogged forward or 
reverse whenever the line is not running. 
Threading the line is simplified by 
providing for group operation of the 
motors on those machines ahead of or 
after the calender. With the arrange¬ 
ment illustrated in Figure 1, it is possible 
to start, thread the line, accelerate, oper¬ 
ate at a maximum speed, decelerate, and 
stop the line either normally or under 
emergency conditions without unduly 
stretching the fabric or allowing it to 
loosen at any point in the line. 

Electrical Braking 

Maximum braking torque requires 
maximtun motor flux and sustained maxi¬ 
mum armature current throughout the 
braking cycle. Designing the motor 
with low per horsepower, small 

field time constant and good commutation 
will all aid materially in effective braking. 
Three types of electrical braking are used 
on d-c calender drives; dynamic, un- 
controfied regenerative, and controEed 
regenerative. Dynamic braking allows 
the energy in the drive to dissipate in a 
resistor connected across the motor arma¬ 
ture in two or more successive steps. 
Each step of braking is limited by the 
ability of the motor to commutate the 
peak current. On adjustable speed 
motors, the first step must aEow for re¬ 
versal of the flux in the interpoles. The 
succeeding steps may be set for higher 
peak currents. Since dynamic braking 
may be applied to either constant or ad¬ 
justable voltage drives, it is used more 
universally than regenerative. Even on 
adjustable voltage drives, motors wiE 
generally commutate more braking cur¬ 
rent than the supporting generators. 
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Regenerative braking has the following 
advantages: 

L Small contactors operate to initiate the 
braking. 

2. Average current is high for given 
peak currents. 

3. Appreciable braking effort is available 
at low speeds. 

4. Motors may be used which have a 
narrow speed range and low enough field 
time constant to provide sufficient flux for 
best braking. 

The simplest form of uncontrolled re¬ 
generative braking involves the use of a 
generator with a time constant in the 
field such that on discharge of the field 
the flux, and thereby the voltage of the 
generator, will decay at a rate which will 
tend to maintajin the annature current at 
a value which the generator and motor 
will commutate. A refinement of the 
simple regenerative braking scheme is the 
use of a nonlinear resistor in the discharge 
circuit of tlie generator field. Hence 
when the generator field discharge voltage 
is high the effective discharge resistance 
is low and the energy in the field slowly 
dissipates limiting peak currents. The 
effective reSjistance in the discharge path 
increases with decrease in voltage to re¬ 
duce the time constant of the circuit and 
cause more armature current to flow at 
low speeds. Thus the current in the 
annature is maintained more nearly con¬ 
stant throughout the braking cycle. 
This resistor may be a rectifier, a thyrite 
resistor, or similar nonlinear resistance 
device. 

On a controlled regenerative braking 
scheme, such as w-e are illustrating with 
the test data presented in this paper, a 
regulator is used to control the rate at 
which the generator discharges to main¬ 
tain armature current at the maximum 
value commensurate with the commutat¬ 
ing ability of the machine throughout 
the braking cycle. For equivalent peak 
currents the braking power will exceed 
that available from dynamic braking and 


uncontrolled regenerative braking be¬ 
cause of higher average current. The 
generator is usually the limiting machine 
since its speed is maintained, whereas the 
calender motor speed is decreasing as the 
voltage decreases. However, the de¬ 
creasing generator voltage allows higher 
currents than would be permissible if the 
voltage were maintained. 

Since the rotating regulator allows the 
reversal of current through its armature it 
is well suited to regenerative braking 
applications. For speed regulation the 
reference field is supplied from a constant 
direct voltage source and a tachometer on 
the calender motor feeds a signal back to 
another field on the regulator for mag¬ 
netic comparison with this reference. 
During braking, the fields of the regula¬ 
tor are reconnected to obtain maximum 
forcing of the generator field in the re¬ 
verse direction until the current in the 
loop reaches its limiting value. At 
this point the current limit field of the 
regulator must take over and allow the 
generator voltage to decay at a rate which 
will maintain the armature current. 

Since stopping distance is of prime im¬ 
portance on calenders used in the rubber 
industry, the need is evident for compre¬ 
hensive data on an operating installation. 
The balance of this paper will describe 
the tests conducted on an adjustable 
voltage drive installed within the past 2 
years and analyze the data obtained in 
these tests. The calender train corre¬ 
sponds to the layout illustrated by Figure 
1 and the ratings of the motor and gen¬ 
erators are as marked in that figure. 
The 2-horsepower letoff motors and the 
5-horsepower windup motors are low- 
inertia separately ventilated machines 
with a 4.2/1 speed range. All other 
motors are of conventional self-ventilated 
design. The 600-horsepower 550-volt 
d-c calender motor has a speed range of 
300/450 rpm and a field rated 115 volts. 
The field is reconnected to the 250-volt 
exciter bus during braking to obtain 


maximum flux. The 500-kw 600-volt 
supporting generator is of standard de¬ 
sign and has the customary pole face 
windings. The commutation is excep¬ 
tionally good up to 300-per-cent load and 
at 400 per cent there is no progressive 
damage to brushes or commutator on 
emergency stops. The field is rated 40 
volts. 

The rotating regulator supplying ex¬ 
citation to the generator is a 5-kw 167- 
volt Regulex exciter. The voltage drop 
across the combined interpole field of the 
motor and generator is used as the cur¬ 
rent signal to limit the loop current by 
controlling the Regulex exciter. This 
voltage drop is compared with the arma¬ 
ture voltage of a small, heavily com¬ 
pounded d-c exciter and the difference 
between the two signals is fed into the 
current-limiting field of the regulator. 
The series field on the reference exciter 
compensates for the ohmic losses in the 
current-limiting circuit by reducing its 
terminal volts as the loop current in¬ 
creases. An additional field is wound 
on the interpoles of the main generator 
in a direction opposite the main winding, 
and connected in series with the signal 
leads, to reduce the inductive effect of the 
d-c transient through the interpole field. 
This additional winding on the main 
generator precludes the necessity of using 
a high-wattage resistor in the main power 
circuit. 

When a safety switch is tripped all 
fields on the Regulex exciter are discon¬ 
nected except the feedback from the 
tachometer and the current limit. As 
rapidly as practicable tlie reference field 
is reconnected in suicide across the 600- 
volt main generator armature even though 
the continuous rating of this field is only 
30 volts. The relay initiating the emer¬ 
gency stop is provided with a low-induct¬ 
ance coil and with a nonmagnetic spacer 
between the armature and the core so 
that it opens extremely fast when the cir¬ 
cuit is interrupted. 



Figure 2. Oscillogram of electrical data on regenerative braking stop 
from 100 yards per minute with 430-per-ccnt braking current 
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Figure 3. Oscillogram of electrical data for regenerative braking stop 
from 30 yards per minute with same constants as Figure 2 
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Testing Procedure and Results 

On a d-c calender drive the variables 
affecting stopping distance are operating 
time of relays, time constant of the regu¬ 
lator, time constant of the main gen¬ 
erator, time constant of the armatirre 
loop, armature current, and motor field 
strength. For a thorough analysis of 
these variables in the regeneration cycle, 
the following traces were recorded: 

1. Calender revolutions. 

2. Motor armature volts. 

3. Motor armature current. 

4. Generator field current. 

5. Regulex exciter voltage. 

6. Current-limit field current. 

7. Tripping impulse. 

8. Timing wave. 

A 6-element oscillograph was used to 
record these variables so that it was 
necessary to repeat certain runs to ob¬ 
tain the eight traces. An a-c 6-pole 
tachometer generator signal was recorded 
to serve a twofold purpose. First, the 
magnitude of the voltage wave gave a 
good instantaneous calender speed indi¬ 
cation and, second, a count of the total 
cycles between any two points gave a 
very accurate indication of the total strip 
travel during a particular period of time. 
For each given set of operating conditions 
eight sets of data were taken by initiating 
stops from operating speeds of 20, 30, 
50, 60, 70, 80, 90, and 100 yards per 
minute. 

Figure 2 is the oscillogram of a re¬ 
generative braking stop made from 100 
yards per minute without destructive 
sparking of the generator brushes. The 
3,650 amperes is 430 per cent of full-load 
rated current. By counting the cycles of 
the a-c tachometer and multiplying by a 
suitable factor to account for gearing 
and calender roll diameter, a stopping 
distance of 19.8 inches was ascertained. 
The additional oscillations on this trace 
were oscillations of the armature after 
it had stopped its forward rotation. The 


dashed line near the left of the oscillo¬ 
gram is drawn through the break in the 
stopping impulse line to show the point 
at which the safety switch was tripped, 
and the distance from that point to the 
point at which the Regulex voltage started 
to decrease is the time required to open 
the fields on the Regulex exciter. This is 
approximately 1 cycle. After about 4 
additional cycles there is a break in the 
Regulex exciter volts indicating that the 
suicide contacts have closed forcing the 
Regulex exciter volts down even, more 
rapidly. As the loop current increases, 
the current-limiting field forces the 
Regulex exciter to reduce its negative 
voltage and maintain the braking current 
as long as possible. As the tachometer 
and generator volts both decay to zero 
the Regulex volts return to zero. 

Figure 3 is a similar stop from 30 yards 
per minute and with the lower energy in 
the system the current in the loop reaches 
1,350 amperes. 

Since only six elements were available 
in the oscillograph, two stops were made 
from 100 yards per minute with the same 
operating conditions. Figures 4 and 5 
are the oscillograms of these stops. The 
current-limit reference was set slightly 
lower than the stop shown in Figure 2. 
These traces also illustrate the change in 
generator field current and the cmuent 
flowing in the current-limit field of the 
regulator. All data recorded in these 
two oscillograms have been plotted in 
Figure 6 as a function of the elapsed 
seconds from the time the safety switch 
is tripped. 

An analysis of these variables plotted 
as a function of time provides an insight 
into where the important distances are 
lost in the braking of a machine. Em¬ 
phasis should be placed on the point that 
most of the distance lost is at the high 
speed of the calender because even with 
low braking torque at low speed, the time 
is long in comparison with the inches 
traveled. At 100 yards per minute on 


this particular drive and a 60-cycle time 
base, approximately 1 inch of fabric per 
cycle travels tlirough the rolls. 

The time between the opening of the 
safety switch and the initiation of the 
braking cycle by the control on this 
application was only about 1 cycle or 
0.016 second. This time is about as 
short as it is practical to design. 

The next time delay is in the Regulex 
exciter. This machine with its laminated 
steel construction has an inherently fast 
response and curve 8 indicates that it 
changes voltage rapidly and satisfactorily. 
The Regulex exciter effectiveness is some¬ 
what reduced by its current-limit action 
as illustrated by ctuve 4. Curve 4 
shows that the current-limit signal leads 
the armature current, curve 7, indicating 
that the reverse turns from the interpole 
field were not sufficient to entirely buck 
out the transient effect of inductance in 
the interpole field of the main motor and 
generator. Flowever, this slight lead 
does check the negative rise of the Regu¬ 
lex voltage in time to prevent too large 
an overshoot and possible resulting oscil¬ 
lation. The initial in-rush of current in 
the current-limit field is due to the 
mutual inductance of the Regulex exciter 
fields when the suicide voltage is applied 
across the reference field. 

The next time constant to consider is 
the field of the main generator. With a 
40-volt field on this generator, curve 6 
indicates that the Regulex exciter is able 
to force it from full field to zero in less 
than 0.17 second. This is very satis¬ 
factory and about as low a time constant 
as is practical in a machine of this type. 
There is very little difference in results 
between supplying this field directly with 
the Regulex exciter with no series re¬ 
sistance and maximum forcing, and 
supplying it tlirough a ballast resistor 
which lowers the time constant but also 
lowers the effective forcing. 

Curve 2, a record of the terminal volts 
of the generator, indicates that the great- 



Ficfure 4. Oscillogram of electrical data for regenerative braking stop 
from 100 yards per minute with current limited to 400 per cent of full 

load 





Figure 5. Oscillogram of electrical data for regenerative braking stop 
with same conditions as Figure 4 
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Figure 6. Response of electric equipment as a function of elapsed 
time after tripping a safety switch. Stopping test of Z calender 
from 100 yards per minute 



Figure 7. Response of electric equipment as a function of speed at 
which calender is running and of elapsed time after tripping safety 
switch. Sixty-horsepower 550-voIt 300/450-rpm motor, 500-kw 
600-volt 900-rpm generator. Twenty-eighl-inch diameter rolls, 11.1 
gear motor WK^ —4,780 pound-feet squared. Calender WK^ = 
74,000 pound-feel squared. Stopping test of 2 calender from 100 
yards per minute. Curves 1,4, and 5 are topping from a series of ini¬ 
tial calender speeds from 20 to 100 yards per minute 


Curve 1. 
Curve 2. 
Curve 3. 
Curve 4. 
Curve 5. 
Curve 6. 
Curve 7. 
Curve 8, 


Effective generator field amperes 
Generator armature volts 
Generator kilowattage input 
Regulex current-limit Field 
Inches stopping distance 
Generator field amperes 
Generator armature amperes 
Regulex armature volts 


Curve 1. 
Curve 2. 
Curve 3. 
Curve 4, 
Curve 5. 
Curve 6. 
Curve 7. 
Curve 8. 


Stopping distance 
Generator armature volts 
Inches travel 

Peak armature amperes in per cent of full load 
Inches travel 

Average armature amperes In per cent of full load 
Regulex terminal volts 
Generator armature amperes 


est lime delay encountered in the entire 
braking is the failure of the generator 
voltage to follow its field current. Inas¬ 
much as there is no other winding on the 
main field poles, the fiux must be damped 
by some extraneous losses in the magnetic 
circuit such as eddy currents. Laminat¬ 
ing the entire field structure including 
both the poles and yoke is the only effec¬ 
tive way of overcoming this delay. Curve 
1 illustrates the shunt field current which 
would be required to provide the voltage 
illustrated in curve 2 if no extraneous 
losses were present. The deviation be¬ 
tween curves 1 and d, therefore, repre¬ 
sents the greatest loss in the entire system 
and the one which must be overcome if 
stopping distances are to be reduced 
fxurther than those obtained. 

The average armature current from the 
time that the regulator reference field 
was suicided on the main armature until 
the drive stopped, was 2,150 amperes. 
The braking would be much more effec¬ 
tive if curve 7 could be forced to a more 
nearly square shape, but this is impossible 
unless the flux damping can he eliminated. 

Curve 5 indicates that altliough 0.6 
second was used in stopping the drive, 
very little distance was sacrificed in the 
last 1/3 of this time. 

If the current could be forced to its 


maximum value sooner, curve 3, the 
kilowatt input to the generator, would 
rise more rapidly so that the appreciable 
effective braking would start at a higher 
speed with a resulting improvement in the 
stopping distance. 

The series of curves in Figure 7 are 
derived from the eight stops which were 
made with conditions illustrated by 
Figures 2 and 3. Curves 2, 3, 7, and 8 
are similar to the corresponding curves in 
Figure 6 except that the current limit 
was set for a slightly higher value allow¬ 
ing a somewhat higher peak current. 
The data plotted in these curves are 
derived from the oscillogram shown in 
Figure 2. 

Curve 6 of Figure 7 is a plot of the 
average armature amperes during brak¬ 
ing in per cent of full-load current versus 
the speed in yards per minute that the 
calender was traveling at the time of the 
braking stop. Likewise the peak arma¬ 
ture amperes during braking in per cent 
full-load current versus speed is plotted 
as curve 4. These currents are approxi¬ 
mately proportional to the increase in 
calender speed. However, from 70 to 
100 yards per minute the speed is in¬ 
creased by motor field weakening rather 
than increase in voltage so that the slope, 
particularly of the percentage peak cur¬ 


rent, increases in this range. 

Curve i is a plot of the stopping dis¬ 
tance as a percentage of the speed at 
which the calender is running versus the 
calender speed in yards per minute. It 
is interesting to note that the stopping 
distance illustrated by curve 5 is almost 
directly proportional to the speed that 
the calender is running and that the per¬ 
centage stopping distance illustrated by 
curve 1 does not change greatly for vari¬ 
ous initial speeds, with a specific calender 
and control set up. 

Another interesting point is that the 
ratio between average and peak currents 
is almost constant at 65 per cent. If it 
had been possible to force the generator 
current to higher values more rapidly and 
to eliminate the inductive effects of the 
current-limit circuit, the average current 
would have been a greater percentage of 
the peak current under higher speed con¬ 
ditions. 

No records were made of the motor 
field change during the braking cycle al¬ 
though the field was in all instances recon¬ 
nected for twice its rated voltage and un¬ 
doubtedly did have some effect on the 
braking. However, calculations of the 
increase in field flux and observations of 
the field current during the tests indicate 
that it could not change materially in the 
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0.6 second in which the calender was 
stopped. 

A discrepancy still exists between the 
measured to calculated horsepower sec¬ 
onds of 1.2 to 1 . The calculated values 
are based on a WK'^ of 4^780 pound- 
feet squared for the motor and 74,000 
pound-feet squared for the calender and 
gears. These values may not be ac¬ 
curate. It is possible to check the total 
by first taking running light tests 
to determine friction and windage and 
then observing speed at given intervals of 
time as the calender and drive coast to a 
stop without any braking. 

Conclusions 

The most outstanding conclusion to be 
drawn from the tests on this application 
is that a very satisfactory safety stop can 
be obtained by proper design and appli¬ 
cation of d-c motors and control on a 
rubber calender. Nineteen and eight- 
tenths inches is far below the code re¬ 
quirements set up by any state or federal 
safety commission and is well within the 
requirements usually specified by the 
rubber plants. The American Standards 
Association has set up rubber mill and 
calender safety codes for drives up 
through 250 feet per minute but has listed 
drives of higher speeds as special applica¬ 
tions with higher percentage stopping 
distances subject to the approval of the 
enforcing authority. However, their 
most stringent code listed is 1.75 per cent 
as the stopping distance in percentage of 
the surface speed of the rolls. The stops 
obtained on this calender were equal to 
0.55 per cent of the roll surface speed. 

The second conclusion to be drawn 
from these data is that d-c transients must 
be carefully considered in every aspect of 
electrical braking if safety stops of mini¬ 
mum roll travel are to be obtained. 

The design of the motor, control, 
calender, and gears must be carefully 
scrutinized if fast stops are to be realized 
when the equipment is installed and 
operating. 

All auxiliary equipment on the line 
must be capable of performing as well as 
the main drive if tmdesirable looping or 
stretching of the material is to be avoided. 
On this particular application with the 
low inertia motors at the letoff and wind¬ 
up, it is possible to stop the entire line 
with an emergency stop and the control 
and the storage festoons will change 
length by only a very few inches. Also, 
the braking of the auxiliary motors must 
be such that men working at the auxiliary 
machines axe as safe as the men working 
at the calender. 


Probably the most satisfactory drive 
from the standpoint of production, 
quality, and safety to personnel is the 
adjustable voltage drive since it provides 
individual control of tensioning, flexi¬ 
bility of machine operation, high operat¬ 
ing speeds, smooth acceleration and de¬ 
celeration, and minimum rotation on 
safety stops. ^ 

Appendix I. Deceleration 
Calculation for a 400-Horsepower 
Drive at 100 Yards Per Minute or 
450 RPM Motor Speed 


Nomenclature 


Da = armature core diameter, inches 
La = armature core length, inches 
P — number of main poles 

1) /=fan diameter, inches 

rpm=motor revolutions per minute 
hp—motor horsepower output at rated 
voltage 

WK^ = inertia, pounds-feet squared 
Di = inches traveled during initial period of 
deceleration cycle, at approximately 
initial speed 

2 ) 2 —inches traveled during deceleration of 

motor speed 

29/ = total inches traveled during complete 
decleration cycle 

t = seconds of travel during time P 2 


From design and test experience the out¬ 
put factor for a 40-degree-centigrade-rise 
motor in the type required for a calender is 
0.00011 horsepower per rpm per cubic inch 
of armature core volume so 


0.00011 


400 

450 X7r/4J9 a^La 

or Da^La = '^0,Z10 


( 1 ) 


where 

Da—armature diameter, inches 
La —armature core length, inches 

For a separately ventilated motor assume 
Ta “ 1*5 Da, so 


1 . 5 Da® = 10,310 or Da = 19 inches 

and Za=28.5 inches ( 2 ) 

For a self-ventilated motor the attached fan 
at 135 rpm (30 per cent of 450 rpm=30 
yards per minute should have a tip velocity 
of 1,750 feet per minute. 

„ 1,750X12 

Fan diameter D/=— 7 : - =49.6 

7rX135 

inches (3) 

The relation between maximum possible 
fan diameter and armature diameter for 
the usual range of motor size is approxi¬ 
mately 

Fan diameter D/=2.7 XDq®**®® (4) 

From equation 4 

D/=49.6 = 2.7Da®-"® or Da=28 inches 
From equation 2 


400 

0-0001 450 X7r/4X282XI.a 

or Za = 13 inches ( 5 ) 

A 60-degree-centigrade-rise motor will have 
an output factor of 0.00013, so for a sepa¬ 
rately ventilated motor 


0.00013 = 


400 

450 X7r/4 XI.5Da3 


or Da = 18 inches 


( 6 ) 


and 


Za = 1.5X18=27 inches 

For a 60-degree-centigrade self-ventilated 
motor 




1,500X12 
IT X135 


=42.5 inches 


( 7 ) 


From equation 4 

7),.=42.6=2.7j9o"-“'‘ or I?a = 24 inches ( 8 ) 
, 400 

Core length ^« = 45ox;74X24^X0.00013 

= 15.5 inches (9) 

An empirical rule for WK^ value of 
preceding armatures of this class is: 

WK^ in pound-feet squared 

«=Da''-”^0.0013 ^H-0.00019ia^ (10) 

where P = number of main poles in motor. 

Applying equation 10 to the preceding 
armature sizes, and using 6 -pole motors 
throughout 

6-19-28.5 armature = 592 pound-feet 

squared WK^ ( 11 ) 


6-28-13 armature = 2290 pound-feet 

squared ( 12 ) 

6-18-27 armature=460 pound-feet 

squared WK^ (13) 


6-24-15,5 armature = 1170 pound-feet 

squared WK'^ (14) 

where 6-19-28.6 represents 6 poles, 19 
inch armature core diameter and 28.5 inch 
core length. 

The calender, gears, and couplings for a 
typical 4 -roll arrangement have a WK'^ of 
72,000 which is 595 WIO at the motor shaft 
for 11 to 1 gear, so the total WK^ is 


40-degree-centigrade separately 

ventilated = 592+595 = 1187 

pound-feet squared (15) 

40-degree-centigrade self- 

ventilated = 2290+595 = 2885 

pound-feet squared (16) 

60-degree-centigrade separately 

ventilated = 460+595 = 1056 

pound-feet squared (17) 

60-degree-centigrade self- 

ventilated = 1170 +595 = 1765 

pound-feet squared (i 8 ) 

A distance Di inches is traveled before the 
generator armature current rises appreci¬ 
ably and this has been found to be a time 
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interval of 0.08 second, which represents 
4.8 inches of fabric travel at 100 yards per 
minute speed, or 0.133 per cent of travel per 
minute. 

The time to decelerate while reducing 
armature voltage to zero, with constant 
motor armature and field current is 


rpm^ XWK^ 
1.615X106Xhp 


(19) 


450^ XWK^ _ 

1.615X106X400X0.55X3.00 

= 0.000190 WK^ 


where rpm and hp are at full armature 
voltage. The distance Dz traveled in t 
seconds will be at an average speed close 
to one-half of the speed when ^ = 0 , so 


distance 


1)2 = ^X100X36 
60X2 


= 30 ^ inches = 0.0057 WIO inch 


( 20 ) 


The total distance Dt traveled during an 
emergency stop is D/=i)x 4 - A or in terms 
of per cent of travel per minute it is 


100(A+-C>2) 

net cent Z)/ =-— = U.U2/o 

^ r 100X36 


(Di+A) per cent ( 21 ) 


The final comparison is then 

40-degree-centigrade separately 

ventilated = 11.6 inches stop¬ 
ping or 0.33 per cent of per 

minute travel ( 22 ) 

40-degree-centigrade self- 

ventilated = 21.2 inches stop¬ 
ping or 0.59 per cent (23) 


60-degree-centigrade separately 

ventilated = 10.9 inches stop¬ 
ping or 0.31 per cent (24) 


60-degree-centigrade self- 

ventilated = 14.9 inches stop¬ 
ping or 0.42 per cent (25) 

These values are based on a peak stopping 
current of 300 per cent of rated, with the 
average being 55 per cent of this value after 
an initial 0,08-second period for the arma¬ 
ture current to build up appreciably. 
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Discussion 

Prancis A. Green (B. F. Goodrich Com¬ 
pany, Akron, Ohio): I wish to congratulate 
Mr. Sellers, Mr. Wheeler, and Mr. Halter 
for a painstaking and thorough study 
of the braking problem which has con¬ 
fronted our industry over the years. They 
have isolated and identified the important 
factors and have indicated the character¬ 
istics which may be improved. 

Safety is everybody’s business and it is 
heartening to see this concrete evidence of 
the interest taken by the equipment manu¬ 
facturers. A machine which will com¬ 
mutate 430-per-cent braking current is an 
achievement. The design of the Z-type 
calender coupled with mechanical feeding of 
rubber to the rolls and the described braking 
characteristics should considerably reduce 
the operator hazards. It is hoped that this 
degree of safety can be extended to the 
auxiliaries and the entire train. 

The points mentioned for adjustable 
voltage drives aud the inadequacy of 3/1 
and 4/1 adjustable speed motors, dual volt¬ 
age, and mechanically driven auxiliaries are 
being increasingly appreciated by the in¬ 
dustry and should be emphasized. 

The statement is made that a 400- 
horsepower motor is adequate for a Z 
calender with 28-inch rolls for 100 yards 
per minute. This may not be an alto¬ 
gether safe assumption as plasticity of 
stock, tension, length of rolls, width of 
stock, and other factors vary among the 
manufacturers. From a mainten ance stand¬ 
point it is also worth while to have a margin, 
of motor rating over load requirements. 

The braking tests have provided a re¬ 
markably complete picture of the reactions 
which take place in the equipment de¬ 
scribed. They also provoke speculation 
of what might have happened with slightly 
different conditions. Two questions arise 
which I should like to state. First, if a 
motor with full field, speed controlled only 
by voltage, had been used, could braking 
have been improved? Second, if a magnetic 
amplifier or electronic regulator instead of 
rotating regulation had been used, could a 
faster response be obtained increasing the 
average braking current? 

In conclusion I believe that it should be 
stated that the rubber industry owes a debt 
of gratitude to the authors, their principals, 
and the rubber manufacturer who provided 
the facilities. 


J, F. Sellers, B. G. Wheeler, and A. C. 
Halter: The authors wish to thank Mr. 
Green for his discussion particularly since 
his viewpoint is that of a user of the type of 
equipment described in this paper. Mr. 
Green has posed two questions on which we 


would like to comment as follows. 

First, what would be the stopping dis¬ 
tance if a single speed motor had been 
used instead of a field weakening motor, for 
driving the calender on which tests were 
made, that is, a 600-horsepower 450-rpni 
motor instead of 600-horsepower 300/450- 
rpm motor? The single-speed motor would 
have a WK^ value of 2,200 pound feet 
squared compared to 4,670 pound feet 
squared for the 300-n^m base speed motor. 
Using each total value of motor -f calender 
WIO in the deceleration equation shows 
that for the same armature current peak 
the stopping distance would be shortened by 
7 inches with the single-speed motor, for a 
total of about 14 inches. However, as dis¬ 
cussed in the paper it would not be possible 
to realize all this improvement because of 
the damping action in the solid generator 
frame, which will not allow much reduction 
in the time required to bring the generator 
voltage to zero. Pei'haps one-third^ of 
calculated gam could actually be obtained 
with the lower inertia motor, but with a 
laminated generator frame a much larger 
gain could be realized. 

Second, if a magnetic amplifier or an 
electronic regulator had been used, instead 
of rotating regulation, could a faster re¬ 
sponse be obtained increasing the average 
braking current? An analysis of the various 
times involved in the braking cycle as illus¬ 
trated in Figure 6 indicates that the time 
involved in bringing the regulator to its 
maximum voltage is a small part of the total 
total time required for stopping the drive. 
However, this loss of time is at the high 
speed and is therefore very important. It 
is difficult to estimate the de^ee to which 
the performance would be improved^ by 
changing to another type regulator since 
although some components such as tubes do 
not have appreciable time constant, practi¬ 
cally all circuits have some time constants 
involved in the other components. Also, 
some damping might have to be used to 
prevent the regulator from going into con¬ 
tinuous oscillation. In fact this particular 
rotating regulator was damped through a 
transformer connected to an auxiliary field 
so that it would retain its stability. With 
either electronic or magnetic amplifier tyi>e 
of regulator the forcing voltage could have 
been brought to its maximuni value faster, 
but we do not believe that this would have 
appreciably improved the braking distance 
since the other elements in the system have 
a much greater time lag. Agahist the fact 
that the figure of merit is better for the 
magnetic amplifier and electronic regulators, 
we must balance the complication necessary 
to regenerate power through the regulator 
since the rotating regulator performs equally 
well in either direction and the other two 
' types required duplicate units for current 
flow ill the reverse direction. 
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Multitransformer Welding Presses 

JACK OGDEN 

NONMEMBER AIEE 


Presswelding has several distinct advan. 
tages in liigli-production applications. 
Some major advantages of this sytem are 
the following: 

1. Permits accurate and uniform locations 
of spot welds. 


U SERS OF resistance welding equip¬ 
ment are finding “presswelding” to 
be ideally suited to many of their high- 
production applications. In its general 
concept, presswelding may be likened to 
present-day stamping-press practice; how¬ 
ever, instead of forming or trimming, the 
weld press produces from 16 to 160 spot 
welds practically simultaneously on a 
given assembly. The welding press also 
differs from the usual stamping press in 
that the ram or movable platen is gener¬ 
ally located in the lower part of the ma¬ 
chine. This arrangement facilitates the 
location of the welding units and usually 
favors loading of the parts to be welded. 
Figure 1 shows three typical press types. 
The 4-post machine is used for large 
assemblies while the 2-post or open press 
is used for smaller operations. 

The press platens are operated by 
motor-driven linkage systems or fluid- 
pressure cylinders. On large presses, the 
platen weight is usually counterbalanced 
with an air-cylinder system. 

The welding electrode units, see Figure 
2, correspond to the dies used in a stamp¬ 
ing press; the upper or stationary elec¬ 
trode usually consists of a framework sup¬ 
porting the electrode pressure units, the 
welding transformers, the cooling and pres¬ 
sure medium manifolds. The lower elec¬ 
trode assembly support the backup elec¬ 
trodes and part locators. 

In some more complicated units, the 
electrode pressure cylinders and welding 
transformers may be located both in the 
upper and lower electrode assemblies. 
To fully utilize the advantages of the press 
system, the electrode assemblies should be 
designed to permit easy removal and re¬ 
placement of the entire electrode unit. 
This makes it practical to utilize a given 
press line for several different operations. 

In early forms of the presswelder, com¬ 
paratively large transformers were at¬ 
tached to the crown or base of the press 
and connected to the electrodes by long 
secondary cables. The advent of the 


Paper 53-180, recommended by the AIEE Electric 
Welding Committee and approved by the AIEE 
Committee on Technical Operations for presentation 
at the AIEE Southern District Meeting, Louisville, 
Ky., April 22-24, 1953. Manuscript submitted 
November 28, 1950; made available for printing 
March 12, 1953. 

Jack Ogden is with the General Motors Corpora¬ 
tion, Detroit, Mich. 


small package transformer permitted 
locating the transformers on the elec¬ 
trode assembly, thus greatly facilitating 
electrode changes and reducing primary 
current demands. 


Figure 1. Typical press types 

A. Four post, cam type 

B. Four post, crank type 

C Two post, hydraulic type 
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Figure 2, Weld¬ 
ing press showing 
electrode in¬ 
stallation 


2. The welding of a large number of as¬ 
semblies on one liigh-production fixture 
rather than on a number of like^ lower- 
production fixtures eliminates a particularly 
vexing problem of fixture co-ordination. 

S. Permits the use of one or a group of 
presses for a number of different welding 
operations in the same manner that a stamp¬ 
ing press can be used for producing different 
parts by changing, dies. 

4. As individual electrodes produce only 
one or two welds per assembly, their life is 
increased and production shutdowns ^ for 
electrode dressing can be virtually elimi¬ 
nated. 

5. Lends itself exceedingly well to auto¬ 
matic part handling equipment, particu¬ 
larly in progressive operation setups. 

The successful employment of press¬ 
welding to improve quality and reduce 
production cost requires particular em¬ 
phasis on the following items: 

1. Loading and unloading of parts and 
assemblies. 

2. Development of simple, accurate part 
locators. 


3. Design and maintenance of equipment 
to reduce production 'Mown time.” This 
becomes extremely important on progressive 
operation installations where four or more 
presses may be synchronized in line. 

4. Proper maintenance of electrode tips 
and backups. 

Welding Equipment and Process 

Considerations 

The following discussion covers some 
of the equipment requirements and tech¬ 
niques which are applicable to multi- 
transformer presswelding. 

Secondary Voltage Control Methods 

The use of tap changing welding trans¬ 
formers permits the maximum voltage 
flexibility where accessibility and space 
considerations peimit their installation. 

Some systems employ one large auto¬ 
transformer per phase with multiple 
switching devices feeding groups of two 
or more welding transformers, see Figure 
3. Economy and space considerations 
make it impractical to individually adjust 
welding transformer voltages by this 
method. However, fixed ratio welding 


transformers may be more compact in 
design for the same secondary current 
outputs. 

Although not as widely used as the 
first two methods, the variation of second¬ 
ary output by means of phase shift heat 
control has many interesting possibilities. 

It provides stepless heat control with 
minimum space requirements and com¬ 
pares quite favorably costwise with the 
other methods if transformers are grouped 
as in the autotransformer system. 

Welding Transformers 

This subject has been thoroughly 
covered in another paper,^ but it will prob¬ 
ably not be amiss to emphasize that the 
welding transformer should be as compact 
as possible and extremely rugged as it 
usually is mounted in exposed locations. 
It will probably be subject to more severe 
water and oil exposure than the average 
transformer. Particular attention should 
be given to secondary terminal bracing 
and location. Mounting must be con¬ 
venient and flexible. Polarity indication 
should be obvious in view of its importance 
in this type of welding. 

In practice, most transformers of this 
type fail either for mechanical reasons or 
because of moisture breakdown of the 
insulation. 

Secondary Circuit Arrangements 

(Figure 4) 

Series Method, From a machine design 
standpoint, this is an ideal arrangement 
and consequently is very widely used. 
Series-welding has been a large factor in 
the widespread adoption of presswelding. 
The number of secondary circuits re¬ 
quired for direct welding are reduced by 
half due to the fact that feed and return 
path are both on the same side of the 
part. The secondary impedance can be 
kept to a minimum and consequently pri¬ 
mary current requirements may be re- 
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Figure 3, Voltage control by autotransformer 
method 
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Figure 4. Typical secondary circuit arrangements 
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COME 
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LARGE 

RADIUS 



RELIEVED BACK-UP 


INSERT BACK-UP 


Figure 5 (left). Typical welding gun 
Figure 6 (above). Typical welding electrodes and backups 


duced. Inherently this cirenit tends to 
produce very little indentation on the 
backup side of the part and rather deep 
indentation on the ^‘hot” electrode side 
due to the tendency of the stock adjacent 


to the hot electrode to shunt part of the 
current from the weld. The metal on 
this side is usually less than 0.050 in 
thickness. 

Direct Method. As shown in Figure 4, 


this differs from the usual spot-welding 
secondary circuit only in the fact that 
there is no permanent connection between 
the transformer and the backup electrode. 
The use of a contact pad or wiping con- 



Figure 7. Elfecl of backup b« 
size on secondary current m 
series welding 


July 1953 


204 


Ogden—MuUitransformer Welding Presses 












I.G X 10-3 


TO COMTACTOR 



- --- TO PRlMARJFfi 

MSlSL 



OF OTHER 


jum) 

TRANSFORMERS 

.0000 J 




DIRECT WELD5N6 


TO CONTACTOR 



TO PRIMARIES 
OF OTHER 
TRANSFORMERS 
)KJ PARALLEL 


SERIES WELDING 


TO CONTACTOR 




Umi 




\ 


TO PRIMARIES 


Flfl FIB flB 
Ulta) Io)iji3 isM 

i 


wm 


rwiRri 


wm 


/ 


OPPOSED WELDING 


Figure 8. Polarity requirements 
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DISTANCE, IN INCHES BETWEEN CENTER LINES OF 
PARALLEL CABLES 

Fioure 9. Impedance effect of adjacent secondary cables 


tact simplifies the mechanical machine 
design and improves the loading condi¬ 
tions. The direct welding circuit is 
frequently used for stock thicknesses of 
over 0.050 where the welds are close to 
the edge of the assembly. 

Opposed Secondary Method, Again re¬ 
ferring to Figure 4, we see that tliis method 
combines the series- and direct-welding 
principles. Although it requires the 
same number of secondary circuits as 
used in direct welding, it does greatly 
reduce the impedance when producing 
welds near the center of a large assembly. 
This process does not have the stock thick¬ 
ness limitations characteristic of series 
welding. When the same contour elec¬ 
trodes are used on both sides of the assem¬ 
bly, the leakage of current during the weld 
may be considered negligible for prac¬ 
tical spot spacings. In practice, due to 
alignment considerations, it is usually 
necessary to use a 6/8-inch diameter flat 
electrode on one side; this does increase 
leakage somewhat on the flat electrode 
side but it is not sufficient to interfere 
with the practical application of this 
process. 

Polarity Considerations, When pro¬ 


ducing multiple spot welds simultaneously 
it is essential that proper polarity rela¬ 
tions exist between adjacent electrodes. 
In general it may be stated that adjacent 
electrodes connected to separate trans¬ 
former secondaries shall be of the same 
polarity if on the same side of the assem¬ 
bly. The application of this rule to series, 
direct, and opposed secondary circuits is 
illustrated in Figure 8. When multi¬ 
phase connections are used on a machine, 
the welding guns on a given phase should 
be grouped separately from those on 
another phase. Failure to observe polar¬ 
ity requirements will produce considera¬ 
ble difference between adjacent welds 
under production-operating conditions. 

Secondary Impedance Characteristics, 
In the interest of reducing primary cur¬ 
rent requirements and welding trans¬ 
former size, the secondary impedance 
should be kept to a practical minimum. 
In order to maintain weld uniformity, 
secondary circuits controlled by a com¬ 
mon voltage regulator should be of ap¬ 
proximately the same impedance. 

The effect of current flowing in adja¬ 
cent conductors is shown in Figure 9. 
When current flow in adjacent conductors 
is in the same direction, it tends to reduce 


welding current flow; and when in the 
opposite direction, it tends to increase the 
current flow. In practice, “opposite 
polarity” cables are tied together and 
“like polarity” cables separated to obtain 
the most favorable conditions. These 
induced voltages are additive or subtrac¬ 
tive vectorially at 90 degrees to the cur¬ 
rent vector. 

Typical series-weld secondary-circuit 
impedances vary from 350 microohms 
with 78-per-cent power factor when using 
18-incli long 750,000-circular-mil cables 
at 4-inch spot spacing to 250 microohms 
with over 95-per-cent power factor when 
using 8-inch long 600,000-circular-mil 
cables and 2-inch spot spacing (welding 
0.035 cold rolled steel). 

One of the most significant factors in 
the impedance of series-weld secondary 
circuits is the sheet metal and its asso¬ 
ciated contact resistance. In view of this 
fact, particular attention should be given 
to the effect of the sheet metal when mak¬ 
ing welding current measurements. In 
many spot-welding shops it has been 
common practice to take primary current 
readings without steel between the weld¬ 
ing electrodes and then calculate the 
secondary current using a correction 
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Fisure 10 (on pasc 206). Wcldins perform¬ 
ance curves 


factor of 10 to 15 per cent to compensate 
for the welded, metal. The following 
example illustrates the possible error 
that might occur if this method were to 
be used in a typical series-welding appli¬ 
cation : 

Welding transformer—96-to-l ratio. Two 
secondaries in parallel. 


Primary resistance.0.22 ohm 

Primary reactance.0.26 ohm 

Line voltage.440 volts 


Secondary circuit—8-inch long 600,000-cir¬ 
cular-mil cables—electrode spacing 2 inches 
0.035 to 0.035 being welded. 

With Without 

Sheet Metal Sheet Metal 

Primary 

current. 302 amperes. . 603 amperes 

Current per 

secondary. . . . 14,500 amperes, .29,000 amperes 


It is therefore recommended that all 
current readings on presswelders be taken 
while stock is being welded. 

Utilizing experimental data obtained 
on typical circuits, Figure 10 illustrates 
a chart prepared as a ready reference for 
the welding machine designer for selecting 
equipment and making his electrode lay¬ 
out. 

PRESStJRE Heads 

Although spring or air cylinder loaded 
devices are sometimes used, oil actuated 
cylinders are generally preferred as they 
are compact, independent of electrode 
wear, may be retracted easily for part 
clearance, and do not load the platen 
while in motion. Figure 5 illustrates a 
typical construction with attached elec¬ 
trode holder. The hydraulic power sys¬ 
tem for cylinder operation should have 
rapid follow-up characteristics to pre¬ 
vent loss of pressure during the weld. 

Welding Electrodes 

Conventional class no. 2 alloy water- 
cooled tips are generally used in either 
1/2-mch or 5/8-inch diameter. Typical 
tip contours are shown in Figure 6. Our 
experience has shown that a UA-inch 
radius produces the best welding results 
on mild steel in the 0.030 to 0.090 thick¬ 
ness range. In view of the relative 
inaccessibility of many tip locations, a 
nonlocking taper (6- or 8-degree including 
angle) is frequently used in place of the 
usual Morse taper on the holder end. 

In the design of the stationary or backup 
electrodes, either inserts or lands are 
used at the weld location. Solid backups 
following the contours of the panel are 
very satisfactory when new, but present 



Fiaure 11. Effect of spot spaemg on scries welds 


an excessive “tuning problem” when 
localized wear occurs. If short inserts 
are used, they may be indirectly cooled 
by the water passages in the holder. 
While investigating the effects of series 
welding backup electrode geometiy, some 
very interesting observations were made. 
Figure 7 illustrates the effect of varying 
the width, length, and thickness of the 
backup electrode when using a single 
pair of electrodes at 2-inch center dis¬ 
tances. Although this effect is intriguing 
from a theoretical point of view, we 
have not yet been able to take full advan¬ 
tage of this phenomenon in practical de¬ 
signs. 

Stock Thickness Limitations 

Wlien direct or opposed secondary cir¬ 
cuits are used, the presswelding of mild 
steel in thicknesses up to 0.100 inch is 
quite practical. Although greater thick¬ 
nesses may be series-welded under ideal 
conditions, in practice considerable trou¬ 
ble is frequently encountered when thick¬ 
nesses over 0.050 inch are exceeded on 
the hot electrode side. Although re¬ 
sults may be improved by increasing 
weld spacing, the maintenance of good 
part fftup becomes a major problem. 
The stock on the backup electrode side 
may be two to four times the thickness 
of the thinner sheet. 

Weld Spacing 

When using direct or opposed second¬ 
ary welding methods, the spacing in a 
series of welds is usually determined by the 
electrode holder and pressure cylinder 


construction. One and one-half inch 
centers are a common practical minimum. 

Wlien series-welding, the shunt cur¬ 
rent effect detemiines the practical mini¬ 
mum spacing. Figure 11 gives an indica¬ 
tion of the effect of weld spacing on use¬ 
ful weld current for various metal thick¬ 
nesses. A sx)acmg of 1 Va to 2 inches is a 
good practical minimum. 

Electrode Force 

To avoid excessive current requirements 
and excessive indentations, serie.s x>ress- 
welds are usually made with approxi¬ 
mately one-half the electrode force recom¬ 
mended by American Welding Society 
(A.W.S.) for direct welding. 

A.W.S. foi'ce recommendations are 
well suited to direct f>r of)posed secondary 
presswelds. When conditions permit in¬ 
creasing weld time, somewhat lower forces 
may be used with lower cim'ents. 

Welding Current 

Series welds require apjiroximately 
110 per cent of A.W.S. reconmiended cur¬ 
rent values (for direct welding) when 
using 50 per cent of force and 100 to 125 
per cent of weld time recommendations. 
Although series-weld currents may exceed 
direct weld current values by 10 or 15 per 
cent, each circuit produces two welds; 
thus actual primary current per weld may 
be only 55 or 60 per cent of the direct 
weld requirements. 

Weld Time 

Using electrode force and weld currents 
previously described, the most consistent 
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series welds are produced when relatively 
long weld times are used. From 100 to 
125 per cent of A.W.S. direct weld stand¬ 
ards appears to be quite satisfactory. 
When making direct or opposed second¬ 
ary presswelds, A.W.S. standard times 
are satisfactoiy. 


To the best knowledge of the author 
there has been very little published in¬ 
formation on presswelding practices. 
Undoubtedly, there will be many who will 
not agree completely with the context 
of this paper; but it is hoped that it will 
serve as a springboard for some lively 


discussions and profitable investigations 
of the subject. 
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F or efficient parallel operation 
of alternators it is necessaiy that 
both real and reactive load be distributed 
equally among the alternators. A 400- 
cycle a-c aircraft electric system presently 
in use employs both reactive and real 
power equalizers which are interconnec¬ 
tions of the respective voltage and speed 
regulating systems of the paralleled al¬ 
ternators, giving an automatic correction 
for load unbalance while maintaining best 
system voltage and frequency regulation. 

Reactive Power Equalizer 

To achieve equal division of reactive 
load, a single current transformer is 
placed on corresponding phase leads of 
each of the alternators and is connected to 
the primary winding of the mutual reactor 
in the associated alternator’s voltage regu¬ 
lator as shown in Fig. 1. The current 
transfonners and mutual reactors are in¬ 
terconnected to form the equalizer loop of 
Fig. 2. Wlien each alternator is delivering 
its share of current, the same current 
flows through all of the current trans¬ 
formers and zero current flows in the 
equalizer coils (mutual reactors). 

The design of the voltage regulator 
used is such that when reactive current 
flows in the secondary winding of the 
mutual reactor, a voltage is superim¬ 
posed on the normal voltage input to the 
regulator. The nonnal input is propor¬ 
tional to the tenninal voltage of the al¬ 
ternator which is, when the alternator is 
on the bus, system voltage. Thus, when 
reactive current flows in the mutual reac¬ 
tor, the regulator will act to change excita¬ 
tion in a direction to reduce the super¬ 
imposed voltage to zero. In this way the 
generated voltages of the machines on the 
system will be adjusted to that necessary 
for equal load sharing while rated system 
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voltage is maintained. The relationship 
in the voltage regulator can be stated 

(l7ol-ly|)=S|j„lsm9 (1) 

where 

V\ = magnitude of terminal voltage 
Vo\ = magnitude of reference voltage 
Im!\ —magnitude of mutual reactor current 
0 = angle by which the mutual reactor cur¬ 
rent lags terminal voltage 
B—q. proportionality factor which is con¬ 
stant in the operating range of the 
regulator 

Next, an expression for \lm\ in terms of 
load currents is to be obtained. 

Referring to Fig. 2, if the currents in 
each of the n machines are Ji, J2, .. 
and the current transformer ratios are all 
c, then (l/c)Ji, (l/d)J2, . - .{l/c)In are the 
currents in the current transformers. If 
machine 1 has its load increased for any 
reason, Ji will be different from the other 
(In) currents. Thus 

If the currents are summed at points A 
and N in Fig. 2, two expressions are ob- 


tained 



(2) 

c 


" 

c 

(3) 


Subtracting equation 3 from equation 2 
gives 

(4) 

c 

The sum of the voltages around the loop 
containing the primaries of the n mutual 
reactors, if the impedance of the inter¬ 
connecting leads is negligible, is expressed 
by 

= 0 (5) 

or if Zi=Z2= ... this reduces to 

( 6 ) 

since ^2='f3= • •. =4. Substituting for 
ii in equation 4 yields 

cn 

Substituting equation 7 in equation 6 

( 8 ) 

cn 


Equations 7 and 8 express the mutual 
reactor currents as functions of the dif¬ 
ference current (Ii—In)^ which is in 
general a vector with both real and reac¬ 
tive components. Under normal condi¬ 
tions only the reactive component of this 
difference affects the voltage regulator. 
The difference of the reactive components 
is 

[ill sin ei-\ln\ sin dn (^) 

Making use of equations 1, 7, 8, and 9, 
the terminal voltage of alternator 1 is ex¬ 
pressed by 

\V\^\Voi\-K~ — ~(\li\ sin0i —|jft| sm0„) 
n 

( 10 ) 

and that of the other alternators is ex¬ 
pressed by 

j F] — } Vonin-(|-7i|skl 01 — \ln\ sin 6n) (H) 

n 

where 

reference voltage of alternator 1 
-reference voltage for other alterna¬ 
tors 

K—B/CyS. constant of proportionality which 
is a measure of the over-all effect of 
the equalizer 

The value of K can be obtained by test 
using a single alternator and a load of low 
power factor. If the current transformer 
of the alternator under test is not con¬ 
nected to any other current transformers 
and is not short-circuited, current propor¬ 
tional to load current will flow in the 
mutual reactor. From a plot of terminal 
voltage as a function of reactive load cur¬ 
rent obtained under these conditions, the 
value of K, the negative of the slope of the 
line, can be read. 

Equations 10 and 11 are useful in pre¬ 
dicting system behavior during error or 
malfunction of a voltage regulator or ex¬ 
citer. 

Reduction in System Capacity 

Wlien an equalizer system is used, a 
loss of available system capacity due to 
current unbalance can be caused by errors 
in the voltage regulator setting. These 
errors may be due to inaccuracy in original 
setting or to variation in the characteris¬ 
tics of the components during operation. 
The total available capacity of a system in 
which paralleled alternators do not share 
load equally is less than the sum of the 
capacities of the individual machines, 
since one or more alternators will be over¬ 
loaded before full system capacity is 
reached. 

Suppose that in a system of n alterna¬ 
tors operating in parallel, the regulator 
of one alternator is in error by 2.5 per 
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cent and the regulators of the other alter¬ 
nators are at their proper setting. For 
this condition, the capacity of the system 
can be determined by calculating the total 
system load at the time that any alter¬ 
nator reaches its rated capacity. 

Since the terminal voltages of the two 
machines must be equal when paralleled 
and if equation 11 is subtracted from equa¬ 
tion 10 there results 

0 = 1 Foil -1 Fo„l sin 0,-1 Jn| sin 

or 

I III sin - |/nl sin 0„ = ^ (I Foil - \ Von \) 

( 12 ) 

To compute the available capacity 
when the setting of one regulator is set or 
drifts to 2.5 per cent below normal, equa¬ 
tion 12 becomes, using per-unit notation 

|ji| sin 01—|Jral sill 0ft = -- (—0.026) 

K. 

Using a typical value oiK— 0.106 per unit 
obtained from test, and the fact that at 
the point just prior to overloading any 
machine [j«| = 1.00 per unitor \ln\ sin On 
at rated power factor (0.75) is equal to 
0.661, equation 12 gives 

|/i| sin 01 = 0.425 per unit 

The total quadrature current supplied to 
the load is 

\Il\ sin 0L = |Ji| sin di-jr(n — l)\ln\ sin 0„ 

For a 4-machine system (^^=4) 

\Il\ sin 0 j:, = O.425+(3)(O.661)=2.41 per unit 

Assuming that the alternators share real 
load equally, the in-phase component of 
load current is 

|Jl| cos 0i —(4)(1.00)(0.76)=3.00per unit 
Neglecting the change in system voltage 


which is 0.6 per cent, the total load vector 
power in per unit is 

5^=3.00+72.41=3.85/3^° per unit 

and the per cent of installed kva capacity 
which is available is 

3 85 

— X100 = 96.2 per cent 
4.00 

If the regulator setting is 2.5-per-cent 
low, the reduction in system capacity 
with the value of K used is small (7 per 
cent for n = 2) and decreases as the num¬ 
ber of machines on the system increases. 
However, if the error in regulator setting 
is high, the reduction in system capacity 
increases, approaching 14 per cent as a 
limit, as the number of alternators on the 
bus becomes very large. An increase in 
the value of K decreases the reduction in 
system capacity resulting from errors in 
reference voltage. Flowever, an increase 
in K could lead to hunting of the voltage 
regulating system due to transient un¬ 
balanced currents. Thus a value of K 
must be selected which is sufficiently large 
to insure adequate available system ca¬ 


pacity in the presence of inherent error in 
regulator setting while maintaining volt¬ 
age regulator stability. 

System Performance During 

Abnormal Excitation 

Another use of the equalizer analysis is 
to predict system voltage and the amount 
of circulating reactive current during ab¬ 
normal excitation of one of several alter¬ 
nators operating in parallel. Such in¬ 
formation may be of value in a study of 
protective devices for a system or in the 
choice of circuit parameters. 

The two extremes of abnormal field ex¬ 
citation are when the field excitation goes 
to maximum value, as due to regulator 
failure, and complete loss of field excita¬ 
tion, as due to an open field winding. 
Overexcitation, if sustained, would cause 
alternator and exciter to overheat. Loss 
of excitation causes the faulty alternator 
to draw excessive reactive power from the 
system and limits that machine’s real 
power output to 25 per cent of its rated 
value or less, beyond which the machine 
would pull out of synchronism.^ 

The method of analysis which follows 
was checked by tests on a system consist¬ 
ing of two 40-kva alternators and 
standard associated components. Calcu¬ 
lated values of system voltage and reac¬ 
tive power delivered by each machine 
during abnormal excitation of one alter¬ 
nator were compared with measured 
values obtained from oscillograph records 
and found to be in reasonable agreement.^ 

Overexcitation 

When the excitation of one alternator 
goes to its ceiling value, that alternator de¬ 
livers more than its share of reactive 
power. The reactive power equalizer 
circuit indicates a deficiency of reactive 
power output from the other alternators, 
causing the exciters of these machines to 
increase excitation. Since the alternator 
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Fig. 3. Voltage 
characteristics of 
load and normal 
machine 


witli the defective regulator is incapable 
of reducing its excitation, bus voltage is 
■sustained at a value above nomiaL 
To examine an n alternator system in 
which one alternator has abnormal exci¬ 
tation, three volt-ampere characteristics 
are required. These are the characteris¬ 
tics of 

1. The load Zi. 

■2. Alternators with voltage regulator and 
reactive equalizer control. 

•3. The faulty alternator. 

Expressed in the terms used in this analy¬ 
sis, these characteristics are, for the load 

(13) 

and for the regulated alternators equation 
1 i can be rewritten as follows because the 
in-phase components are equal (real 
power equalizer operating) 

\v\ = \Vm\+j^{Ii-In) (14) 


See Figure 3. 

In an alternator on which the voltage 
regulator is not effective and the excita¬ 
tion goes to ceiling value, the relationship 
between the alternator tenninal voltage 
and its annature current is determined by 
the ceiling voltage and the saturated syn¬ 
chronous reactance of the alternator. 
Neglecting saliency and annature re¬ 
sistance, the voltage equation for the 
alternator is then written as follows: 

(IS) 

where 

V ~ terminal voltage 
= internal voltage 

direct axis reactance (saturated) 

Ji — armature current of alternator 1 


Equations 13, 14 and 15 yield the 
following expression for the bus voltage 

.l-Eil 


7= 


\Ei\ ^ , |7.1(f^-l). , 

cos 8i+- - — - hj — sin 8i 

Xdi _ K _ Xdi 

1 w — 1 , sin 01 , , . cos 6 l 


K 


w|Zz,r n\ZL\ 

^\V\(l+jO) (16) 


The angle is the torque angle by 
which the internal voltage of alternator 1 
leads the terminal voltage. The vertical 
bars signify magnitude. 

Both the numerator and the denomina¬ 
tor of equation 16 are complex numbers. 
Since the bus voltage was assumed to lie 
along the real axis, the quotient of the 
two complex numbers must be real, which 
means V is given by the quotient of either 
the reals or the imaginaries. For the al¬ 
ternator which has gone to ceiling excita¬ 
tion, the angle 5i is small (about 7 de¬ 
grees), which means cos 5i may be as¬ 
sumed equal to unity with negligible 
error. Therefore, tlie quotient of reals 
can be approximated as 

l-Eil \Vc\ («-l) 

2 ^ - - - (17) 

1 n—l smOi 

Xay K 


Equations for real and reactive power 
may be derived. The real power supplied 
by each of the n machines is given by 
the following 




I V\^ cos ei 
«|Zl1 


(18) 


The expressions for the reactive power 
from the machine which has gone to 
ceiling excitation and from each of the 
other machines on the system are 





\V\ sin di 
nlZil 


■ (>t-l)(|F|-|F,|)~ | 

+ if J 

(19) 




Real and reactive components of cur¬ 
rent can be calculated, if desired, by 
dividing the expressions for P and Q by 7 
and changing the sign of the reactive 
components. 

The expressions derived are arranged 
for convenient substitution of parameters, 
that is, the effect of load, number of ma¬ 
chines on the system, etc. 


An alternator operating in parallel with 
others maylose excitation due to an open- 
alternator or exciter field circuit. The 
resulting conditions can be analyzed in a 
manner similar to the overexcitation case 
described previously within limitations de¬ 
pendent upon the real power load on the 
system. At some value of real power load, 
depending on the characteristics of the 
generator and generator controls, an al¬ 
ternator with loss of field cannot convert 
its mechanical power input to electric 
power. Under this condition the alter¬ 
nator accelerates, pulls out of step with 
the system, and operates above syn¬ 
chronous speed. During loss of synchro¬ 
nism, the large fluctuations of power and 
bus voltage which occur, and the induced 
rotor currents in the alternator with open 
field, introduce complexities which hinder 
analytical treatment. The analysis which 
is developed is applicable for determining 
the voltage, current, and power for the 
condition where the alternator, due to 
saliency, is capable of carrying its share of 
the real power load which is on the system 
at the time of loss of excitation. 

Since the excitation is zero during loss 
of alternator field, equation 15 must be 
modified to meet the new condition. Ei 
now is zero, and the reactance of the 
machine is no longer the saturated syn¬ 
chronous reactance, but is somewhat less 
than the unsaturated synchronous react¬ 
ance. A reasonable approximation for 
the machine reactance for this condition 
is to let Z=(Xd«+Xs)/2 where 

Xrfw^unsaturated direct-axis synchronous 
reactance 

Zg=uiisaturated quadrature-axis synchro¬ 
nous reactance 

This approximation is based on the fact 
that, during loss of field, the amount of 
magnetic saturation is small and the 
torque angle 5i approaches 45 degrees as 



I 

Fig. 4. Volt-ampcrc characteristic of faulty 
alternator during regulator failure 
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Fig. 5. Schematic diagram ol^ alternator, drive, and associated equipment 


the real power load approaches the mag¬ 
nitude at which synchronism is lost. 

Equation 17 then is reduced to 

\Vo\{n-l) 

|7l=- — -:- (21) 

2 ra-1 sin ex, ^ 

K '^n\ZL\ 

Expressions for real and reactive power 
and current can be obtained as before. 

Theoretically, a modification of equa¬ 
tion 21 should make it possible to deter¬ 
mine the upper and lower limits of bus 
voltage during its oscillations when syn¬ 
chronism is lost. When the alternator 
with the open field is driven above syn¬ 
chronous speed, the armature magnetomo¬ 
tive force acts alternately along the di¬ 
rect axis and along the quadrature axis of 
the field poles. Hence, for the maximum 
value of I F| , the value of Xau should be 
used, and to obtain the minimum value 
Xq should be substituted for {Xau-\-X^/2. 

Real Power Equalizer 

Close frequency control of aircraft al¬ 
ternators depends on governing of their 
speeds. The alternator is driven by a 


variable ratio constant-speed drive, ^ the 
output speed of which is maintained at 
6,000 rpm for input speeds between 2,800 
and 9,000 rpm. Governing is effected by 
movement of a variable position wobble 
plate which changes the drive gear ratio. 
The pistons which fix wobble plate posi¬ 
tion are controlled by a solenoid operated 
sleeve valve. Fig. 6 shows the governing 
system in use today in operating aircraft, 
though in the last few years a system 
which eliminates the tachometer and con¬ 
trol circuit has been devised. This newer 
system includes a flyball-type governor 
and trimmer load division circuits some¬ 
what similar to the present droop circuit. 
The manufacturer states that closer fre¬ 
quency limits can be held with the new 
system, but vibration difficulties in adapt¬ 
ing it to existing drives have caused the 
new governor to remain in the develop¬ 
mental stage with respect to operating 
aircraft. 

The detailed view of Fig. 5 shows that 
the control coil is energized by a fre¬ 
quency reference voltage source. This 
voltage is the d-c output of a 3-phase 
bridge-type rectifier fed by a tachometer 
generator geared to the output shaft of the 


drive; thus the control coil voltage is pro¬ 
portional to drive output speed. 

The droop coil voltage, provided by the 
droop circuit output, is proportional to the 
real power load on the alternator. The 
control coil alone gives constant fre¬ 
quency operation but the droop circuit 
acts as a trimmer on this reference fre¬ 
quency and introduces speed or fre¬ 
quency droop with load, which is neces¬ 
sary if paralleled alternators are to share 
load equally. 

Fig. 6 shows the interconnection of the 
droop circuit outputs and droop coils of 
an ^z-machine system to form the real load 
equalizer. When all of the alternators 
carry the same real load, each droop 
circuit has the same output voltage and 
there is no current flow in any of the 
branches. If one of the alternators should 
pick up an increment of real load and each 
of the other machines still carries the same 
load, current will flow in the branches in 
such a direction as to correct the un¬ 
balance and restoration of equal load 
division by the action of all drive gover¬ 
nors will occur. 

The following development will he 
aimed at finding an expression for bus 
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Fig. 6 (left). Schematic 
diagram of real load 
equalizer 



frequency as a function of unbalance in 
power component of current (component 
in-phase with reference voltage) among 
the n machines. 

If alternator 1 is carrying a current h 
and each of the other alternators carries 
the same current then, since the droop 
circuits are sensitive only to in-phase com¬ 
ponent of current, the direct voltages Eo\ 
and Eon ^re given by 

Eoi^M\li\ cos 01 (22) 

Eon-^M\ln\ cos 0„ (23) 

where 

Eoi and JSott==the outputs of the droop cir¬ 
cuits of the first and nth. machines 
(£ o 2 = Eoz =. . . = Eon ) 

droop circuit constant of proportion¬ 
ality 

|Ii| and \In\ ==the magnitudes of the currents 
Ii and 

01 and On =the angles by which h and In 
lag the line to neutral reference volt¬ 
age 


quency must satisfy the frequency equa¬ 
tion of each machine with each droop coil 
current substituted for ^ and each setting 
substituted for /o. For the first machine 

f=foi-NkRa (27) 

(l/i| cos 01 -\ln.\ cos On) 
n 

(28) 

If a new constant is defined by 
K'--MN (29) 

then 

/=/rt = ir' ^”~-h |/l| cos cos 0«) 

n 

(30) 

The expression for the nth machine is 

f-fon^E’ - {\li\ cos ei—\ln\ COS dn) (31) 
n 

since for machine n 


Fig. 6 can be reduced to the simple circuit 
of Fig. 7, which yields 

^ {n —1) {Eo\ Eon) i (24) 

n Rd 

where 

=resistance of each solenoid droop coil 
Further 

^^(|li| cos 01 -llnlcos Bn) (25) 
Rd n 

Tests on a single machine indicate that 
the frequency is approximately a linear, 
decreasing function of the droop coil 
voltage when the machine is delivering 
load. This is expressed by 

Vd=h-EiRd ( 26 ) 

/=frequency 

/o=reference frequency setting (frequency at 
no-load where tachometer setting 
alone determines drive speed) 
iV'= positive constant 

= direct voltage across the droop coil 
current in the droop coil 

For the (^-machine system, the bus fre- 


The constant can be determined by 
loading a single machine and plotting fre¬ 
quency against load current. K' will be 
the negative of the slope of this line. A 
typical value for K' is 0.05 per unit or 20 
cycles droop at a value of 1.0 per-unit 
current (power factor = 1.0). 

The value of the constant K' can be 
changed by varying a droop adjusting 
resistor, shown in Fig. 5, which changes 
the value of the voltage Eg, fed to the 
equalizer system. When this resistance 
is set for maximum droop, jSC' is approxi¬ 
mately 0.16 per unit, while the K' for 
minimum droop setting is about 0,04 per 
unit. Also, if frequency were to be 
plotted against in-phase component of 
current for a single machine with its 
droop circuit open, there would be a 
slight amount of droop inherent in the 
drive and alternator, showing that 
energizing only the control coil does not 
furnish a constant speed with load 
characteristic. This droop, however, 


amounts to only a few cycles in 400 for an 
in-phase current of 1.00 per unit, so a 
value of IC = 0 for an open droop circuit 
is not significantly in error. 

The equations for bus frequency, 30 
and 31, are analogous to the equations for 
bus voltage, equations 10 and 11, so one 
would expect their ranges of application 
to be similar, but it will be shown that 
this is not so in every case. 

Reduction in System Capacity 

The frequency equations can be used to 
determine the loss of capacity due to error 
in setting as was done for the reactive 
equalizer. For example, in a 2-machine 
system, if the reference frequency of one 
machine is set 2.5 per cent above the 
normal no-load setting, and the other 
machine is assumed to carry rated load at 
rated power factor, then the available 
system kva capacity is only 83 per cent of 
the installed capacity (A'=0.05 per unit). 

Abnormal Speed Condition 

Further applications of the frequency 
expressions are somewhat limited since 
the speed-regulating system is not com¬ 
pletely analogous to the voltage-regulat¬ 
ing system. The reason for this can be 
readily seen by examination of a failure 
which appears to offer application of the 
correspondence between the two systems. 
The failure in the frequency regulating 
system which is the analogue of the pre¬ 
viously described voltage regulator failure 
is the loss of speed sense, where the wobble 
plate of one drive moves to the full over¬ 
drive position due to a loss of control coil 
voltage. In the absence of overspeed 
protection, if one alternator overspeeds, 
carrying its alternator with it, the second 
alternator will freewheel ahead of its 
drive due to the presence of the over¬ 
running clutch. The system frequency 
is not then determined by the drive speeds 
of both machines but will be determined 
by the output speed of the failed drive. 
If the input speed of the first drive had 
been 9,000 rpm at the time of the failure 
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and the two machines were each carrying 
1.00-per unit real load, then during the 
failure the output drive speed of the first 
machine will be about 19,000 while the 
output speed of the second drive will be 
about 6,300 rpm; the system frequency 
will be about 1,200 cycles per second. 
The equalizer causes the first machine to 
decrease its output speed by 300 rpm from 
the 19,300 rpm (maximum drive gear 
ratio X 9,000); meanwhile, the second 
speed is increased from the normal 6,000 
rpm. A modification of the frequency 
equations to represent the separate drive 
speeds must be made if the equations are 


to be applied at all to this failure. Thus 
the bus frequency, which appears to be 
the analogue of the bus voltage, does not 
have the characteristic that it is deter¬ 
mined by both machines during the loss in 
speed sense as was the voltage in the 
regulator failure. 

Summary 

It is possible to obtain analytical 
expressions for the voltage and frequency 
in the 400 cycle, a-c aircraft electric sys¬ 
tem where real and reactive load division 
are accomplished by equalizer systems. 


Using these expressions puts the problem 
of predicting the regulated quantities 
during unbalanced condition on a more 
quantitative basis than had been done 
previously in the literature or in practice. 
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Discussion 

S. C. Caldwell (General Electric Company, 
Schenectady, N. Y.): The authors have 
made a useful and timely contribution in 
developing a general analysis for these sys¬ 
tems, which is in general agreement with 
tests which I have witnessed. However, 
under some conditions, disagreements be¬ 
tween test and analytical data were ob¬ 
served and it is the purpose of this discussion 
to explain these discrepancies in terms of 
limitations on the assumptions used in the 
analysis. 

If equation 1 of the paper is to be valid 
or all conditions, the following assumption 
must be made: a machine with a normal 
regulator may be represented as an infinite 
•sink or source whose terminal voltage is 
•determined only by the signals applied to 
the input of its regulator. 

With present excitation systems, the 
maximum reactive current that a machine 
can absorb at rated terminal voltage, at no 
real load, is the magnetizing current required 
for the machine at this voltage. This cur¬ 
rent will approximate the terminal voltage 
divided by synchronous reactance. Hence, 
once the excitation of a machine with a 
normal regulator is reduced to zero, the 
machine can absorb no more reactive power 
and is therefore no longer an infinite sink. 
It becomes simply a reactance across the 
bus equal to the synchronous reactance of 
the machine. It is evident then that, what¬ 
ever the bus voltage is, the analyses based 
upon equation 1 do not hold, once the excita¬ 
tion of the normal machine has been reduced 
to the minimum obtainable from the excita¬ 
tion system. In practice, residual flux in 
the exciter, together with some conduction 
through the carbon pile at its limit of travel, 
results in a minimum possible excitation of 
about 0.10 to 0.30 per unit. (These figures 
may vary considerably with different ma¬ 
chines and excitation systems.) The next 
question is whether this condition can occur 
in practice. 

Aircraft machines in the larger sizes are 
characterized by high synchronous react¬ 
ances which may be as large as 2.6 per unit. 
It is seen from the preceding reasoning 
that, with terminal voltage anywhere in 
the neighborhood of rated value, this value 
of reactance would permit absorption of 
less than 0.4 per unit reactive current. 
Beyond this, the regulator is at its limit of 


operation and terminal voltage will rise' 
faster than would be indicated by equation 
17. (This equation holds since the power 
angle is small at small loads.) 

To test this, two machines were operated 
in parallel at no load. The load division 
circuit was connected but separate excita¬ 
tion was used on one machine to represent 
faulty regulator action. As this excitation 
was varied, readings of excitation on the 
voltage regulated machine were recorded 
and the curve shown in Fig. 1 of the dis¬ 
cussion was obtained. Machines used 
were variable-speed machines rated at 30 
kva, 0.85 power factor at 400 cycles, 120/208 
volts. Their synchronous impedances were 
1.66 per unit. The constant K in the re¬ 
active division circuit was set to 0.1. As 
noted on the curve, the regulation of the 
normal machine became nonlinear at about 
2.0 per unit excitation on the separately 
excited machine: normal machine excita¬ 
tion remained constant for abnormal excita¬ 
tion greater than this value, and bus voltage 
was seen to rise more sharply. It was 
noted that, just beyond this point, the 
armature of the regulator fell suddenly into 
the magnet with an audible cli-k, which 
signified that maximum travel had been 
obtained. Calculations of terminal voltage 



EXCITATION OF SEPARATELY EXCITED 
MACHINE-PER UNIT 


Fig. 1. Excitafion characteristics on a paral¬ 
leled system at no load 


from equation 17 are in good agreement 
with test results up to the aforementioned 
point but, at an excitation of 2.67 per unit 
on the overexcited machine, equation 17 
predicts bus voltage equal to 1.08 per unit; 
the observed value was 1.21 per unit. 

It should be noted that in the machines 
tested the saturation characteristics were 
such that no appreciable saturation existed 
in the regulated machine for any of the 
points on the curve. It is possible, perhaps, 
that machines with sharp saturation char¬ 
acteristics above rated voltage may not 
exhibit this effect, in that bus voltage may 
rise so slowly that ilic difference between 
the overvoltage signal and the differential 
reactive signal never becomes great enough 
to drive the regulator of the normal machine 
to maximum travel. However, since this 
characteristic varies considerably with differ¬ 
ent machines, the regulator limitations must 
be recognized and the analysis must be 
confined to the range over which the regu¬ 
lator can operate linearly. 

In the paper, the authors refer to the 
effect of the differential reactive signal into 
the regulator as follows: “When the excita¬ 
tion of one alternator goes to its ceiling 
value, that alternator delivers more than its 
share of reactive power. The reactive power 
equalizer circuit indicates a deficiency of 
reactive power output from the other alter¬ 
nators, causing the exciters of these ma¬ 
chines to increase excitation.” 

This is somewhat misleading since, with 
most aircraft systems at normal loads,^ the 
bus overvoltage signal under this condition 
will be larger than the reverse reactive power 
signal into the normal machines, and the 
regulator will therefore operate to reduce 
excitation in the normal machines. What 
is probably meant is that this reverse re¬ 
active power signal will tend to increase 
excitation in the normal machines over 
what it would be without the reactive power 
equalizer circuit. Actually, in the test de¬ 
scribed in this discussion, excitation in the 
normal machines was reduced to its mini* 
mum value long before ceiling excitation 
had been reached on the abnormal machine. 
It can be shown that, at no load, with un¬ 
saturated machines (and within the regu¬ 
lator range) 


AEi — A jS2 


K-Z 

{n-l)Z^K 


where 
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Si— change in excitation of normal ma¬ 
chines 

Sa —change in excitation of abnormal 
machine 

= the proportionality constant used in 
the paper 

— direct-axis reactance of the machine 
= total number of machines in parallel 

From this equation it is apparent that, 
the proportionality constant is less than 
le direct-axis reactance of the machines, 
3 rmal machine excitation will be reduced 
/ an increase in excitation of the abnormal 
lachine. Again it is conceivable that with 
larp saturation characteristics, bus voltage 
se may not be sufficient with some raa- 
lines to prevent the reactive power 
qualizer signal from overriding the bus 
vervoltage signal and cause excitation in 
ae normal machines to increase when very 
urge excitation is applied to the abnormal 
lachine. In addition, if the load is suffi- 
iently large, bus voltage rise may be small 
nough to permit the equalizer signal to 
verride and cause normal machine excita- 
ion to rise. However, in the systems 
xamined so far, this load appears to be 
auch greater than rated system load. 

Caution is necessary also in using the 
actor K. On some modern regulators, the 
qualizing reactor has been made nonlinear 
o limit bus voltage droop if the equalizing 
OOP is opened. Hence K may be a function 
the current flowing in the reactor, and 
nay not be a constant for large values of 
his current. 


Smil S. Sherrard (Naval Research Labora- 
ory, Washington, D. C.): The analyses in 
his paper show that the steady-state opera- 
don of equalizer circuits may be described 
simply whether the equalizer circuit is used 
XL conjunction with a complex electro¬ 
mechanical voltage regulator or an even 
more complex electrohydraulic speed gov¬ 
ernor. This simplification is of great value 
to the systems engineer who must analyze 
the behavior of such components in a system 
and who may have neither the time nor the 
background to consider the detailed opera¬ 
tion of a voltage regulator or speed governor. 

The reader might profit from a clear ex¬ 
planation of the phrase '‘magnitude of 
reference voltage” used to define the symbol 
|Fol of equation 1. Equation 1 implies 
that this quantity is a voltage measured 
either at the machine terminals or at the 
bus. However, the authors do not state 
whether it is a particular phase voltage or 
an average phase voltage, a no-load or a 
rated-load voltage, a voltage in a single 
generator or a multiple-generator system. 

This analysis of reactive load unbalance 
assumes that, except for one generator, all 
generator currents are equal. Such an 
assumption is correct for a 2-generator 
system, but it may not be a realistic assump¬ 
tion for a multiple-generator system. An 
equation relating the reactive equalizer 
circuit sensitivity and the worst reactive 
unbalance has been derived without the 
use of this assumption. In per unit quan¬ 
tities, this equation may be written 

SiXi-Xa)=Vao-Vio W 

where 

5' = the sensitivity of the reactive load divi¬ 
sion circuit 


subscript a denotes the average for all the 
parallel generators 

subscript 1 denotes the generator carrying 
the largest reactive current 
X =reactive generator current in the parallel 
system 

Fo = the average of the regulated phase 
voltages for a generator delivering 
rated current to the bus with a short- 
circuited equalizer 

It is my impression that in the section of 
the paper entitled “Reduction in System 
Capacity” the calculations are applicable 
to large multiengine and multigenerator air¬ 
craft whose crews contain one or more flight 
engineers rather than to smaller aircraft 
containing only two generators which must 
operate satisfactorily in parallel with little 
or no attention from the flight crew or pilot. 

In the paper, the authors have assumed a 
sensitivity of 0.106 per unit, and calculated 
that one machine of the system supplies 
0.425 per unit reactive current to the bus. 
For a 2-generator system, the second ma¬ 
chine might be able to deliver its rated re¬ 
active current of 0.661 per unit to the bus. 
Therefore, for a 2-generator system, the 
reactive current supplied to the bus or the 
available reactive capacity, as we shall 
term it, is 1.086 per unit, which is 1.086/2 X 
0.661 =82.1 per cent of the installed or total 
generator reactive capacity. 

A calculation of the ratio of installed to 
total generator reactive capacity will be 
made for the case of an aircraft containing 
a 2-generator system which is required to 
operate satisfactorily without any manual 
adjustment of reactive load balance. In 
order that this ratio may be compared with 
the value of 82 per cent just given, S will 
be taken equal to 0.106, and the rated re¬ 
active current of a generator assumed to be 
0.661 per unit. 

Present specifications require the average 
regulated phase voltage to be within a 5-volt 
band about a nominal value. Therefore, one 
generator could exhibit a rise in regulated 
voltage between no load and full load, and 
the other generator’s regulated voltage could 
decrease between no load and full load. In 
an extreme case, the no-load voltages of the 
two generators could be equal and their full¬ 
load voltages could differ by 0.05 per unit, 
or approximately 5 volts. If flight crew 
attention is required to be at a minimum, 
the generator voltages might be adjusted to 
the nominal value at no load, at different 
times, or under different warm-up condi¬ 
tions. Such an adjustment procedure might 
easily cause the no-load voltage of one ma¬ 
chine to be 1 per cent, or 0.01 per unit, 
higher than the nominal value, while the 
no-load voltage of the other machine could 
be 1 per cent lower than the nominal value. 
This difference of 0.02 per unit in no-load 
voltages, together with the 0.05 per unit 
difference in the regulation of the two ma¬ 
chines, causes the regulated voltages of the 
two machines at full load and before paral¬ 
leling to differ by 0.07 per unit. The term 
Pjo in equation 1 of the discussion will 
be half this difference, or 0.035 per unit. 
Therefore, for 5=0.106, and Xi = 0.661 per 
unit, Xa, calculated from equation 1 of this 
discussion is 0.331 per unit.^ The reactive 
component of bus current is twice Xa or 
0.662, and the ratio of available to installed 
capacity is 0.662/2X0.661=50.1 per cent. 
This 50-per-cent ratio differs appreciably 


from the 82-per-cent ratio calculated from 
values given in the paper. 

If a 90-per-cent value for the ratio or 
available to installed reactive capacity is to 
be obtained, then the sensitivity of the 
equalizer circuit 5, calculated from equa¬ 
tion 1 of this discussion for Fao—l^ioequal 
to 0.035 per unit, is found to be 0.53 per 
unit. This value of sensitivity contra^s 
with the t 5 rpical value of 0.11 used in the 
paper. 

These calculations, in my opinion, show 
that there may be no single value of sensi¬ 
tivity that is usable or typical for all parallel 
generator aircraft electric systems. The 
desirable or necessary values of sensitivity 
required to insure satisfactory reactive load 
division may differ from one system to 
another. Before the minimum equalizer 
sensitivity required for a particular system 
may be determined, it seems to me that at 
least the following must be determined: 

1. The number of generators in parallel 
on the bus. 

2. Whether or not flight persotmel are 
available for monitoring and trimming of 
reactive current unbalance, 

3. Whether present voltage regndators 
meet, do not meet, or exceed specified per¬ 
formance. 

4. Whether or not the sensitivity of the 
reactive load division circuit is to be chosen 
equal to the minimum sensitivity necessary 
for acceptable steady-state reactive load 
division or equal to some higher value which 
will result in improved transient perform¬ 
ance without sustained oscillation. 


Russell W. Stineman (Boeing Airplane 
Company, Seattle, Wash.): The operation 
of the reactive power equalizing loop may 
be more fully understood if the case of un¬ 
restricted alternator currents is considered. 
An analysis may be made using the notation 
of Fig. 2 of the paper. Beginning with 
equation 5 of the paper and assuming 
.. . ^Zn gives 


iiZ-^i2Z-\-i!iZ-{- . . . -\-i7iZ = 0 

(5A) 

or 



(SB) 

but 


1 

1 

1 

(SC) 

Letting i=I/c and substituting equations 
5C and 5D in 5B gives 

^ jj-j-Jg+jfa-i- . . .-{-In 
n 

(SE) 

and 


. h-I 

'll- 

(SF) 


c 


It may be noted from the foregoing 
analysis that I is the average current of the 
n alternators; hence, ii is proportional to 
the difference between the current in alter¬ 
nator 1 and the average current of the n 
alternators. 

The differential current i\ is applied to 
the primary of the mutual reactor. This 
mutual reactor is essentially a transformer 
with a high reluctance core and a high 
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For small values of Ii or Q 



Fig. 2. Power sensing circuit 


impedance secondary load, so that the pri¬ 
mary current is almost entirely magnetizing 
current. However, due to hysteresis and 
and eddy current effects, the voltage in¬ 
duced in the secondary does not lead the 
primary current by a full 90 degrees. Tests 
conducted by me indicated that the phase 
shift is actually about 75 or 80 degrees in a 
typical circuit. Consequently, equation 1 
is only an approximation, sufficiently ac¬ 
curate for most purposes. 

For small values of mutual reactor pri¬ 
mary current, the proportionality constant 
B is approximately related to the mutual 
reactance of the reactor Xm by 



a relation that may be easily derived from 
the geometry of the vector diagram, after 
recognizing that the voltage regulator re¬ 
sponds to the average of the three line-to- 
line voltages applied to its terminals. For 
larger signals, equation lA becomes in¬ 
accurate and B is no longer a constant. 

The real power-equalizing circuit shown 
in Fig. 5(A) of the paper may also be ana¬ 
lyzed for the more general case of un¬ 
restricted alternator currents. Letting E 
be the voltage at the point Fi, and summing 
the currents into Yi 

EqI E Eo 2 E Egs —E 

Rd Ra 

Bon —B 

— =0 (24A) 

whence 

Bo\-\-Bo2~{-Boz'i- . . . -i-Bon _ 

-— (24B) 

n ^ ' 

and 




Bpi —E 
Rd 


(24C) 


As with the equalizing loop, the current 
ii is proportional to the difference between 
the signal voltage Eoi and the average signal 
voltage of the n alternators. 

The signal voltage Eoi is derived from a 
circuit of the basic type shown in Fig. 2 of 
this discussion, where 


Eoi~\B2\ — [Sal (24D) 

Analysis of the circuit gives a solution of 
the form 


Box - \Bi+KIx\- \Ei-XIx\ (24E) 


Boi^2KIi cos B (24F) 

where 0 = angle between Ei and Ji. 

For this case the proportionality constant 
M is approximately 2K, For larger values 
of /i and 6, equation 24F is inaccurate and 
M is not a constant, although in all cases 
Foi = 0 where 0 = 90 degrees. 

It is thus evident that the equalizing 
circuits are not perfectly selective; that is, 
the reactive power equalizer has a small 
sensitivity to real power unbalance, while 
the real power equalizer may respond to 
reactive currents. However, these features 
do not ordinarily have a qualitative effect 
on the circuits, and the quantitative effect 
becomes negligible if the unbalances are 
small. 

In determining the effect of unbalance on 
system capacity, the authors selected rated 
alternator armature current as a criterion 
of full load. This criterion is questionable, 
since the greatest temperature rise occurs in 
the alternator field winding. A more 
realistic criterion would be the value of 
alternator field current at rated load. As¬ 
suming a constant power factor load, the 
critical alternator during a reactive power 
unbalance would be supplying current at a 
low power factor, more field current would 
be required, and the system capacity based 
on the field current criterion would be less 
than the capacity based on rated armature 
current. On the other hand, the critical 
alternator during a real power unbalance 
would be supplying current at a high power 
factor, so that more than rated armature 
current could be safely delivered, subject 
to the limitations of the alternator drive. 


John A. Granath and Albert K. Hawkes: 
The authors are grateful for the interest 
shown in thetr work as evidenced by the 
constructive comments presented. 

S. C. Caldwell’s comments on the ehar- 
acteristics of newer alternators and regu¬ 
lators, as these affect the reactive equalizer 
analysis, are significant. Most general and 
important is the fact that a regulated ma¬ 
chine, operating in parallel with a machine 
which is at ceiling excitation, is not an 
infinite sink. In the general case this is 
quite true. Quantitative pi'ediction of 
system conditions should then perhaps be 
made in two steps, to consider each of the 
two approximately linear regions. It may 
be of interest to note, however, that the 
reactance of the paralleled machines and 
the magnitude of maximum generated 
voltage possible (ceiling) in a given type of 
machine may lie in a range of values such 
that one machine cannot deliver more re¬ 
active power than any other machine is 
capable of absorbing. This was the case 
with the particular equipment tested to 
verify the analysis. The no-load terminal 
voltage at ceiling excitation of one machine, 
determined by exciter characteristics and 
minimum regulator carbon stack resistance, 
was measured 1.3 per unit. The worst case 
for a given type alternator with associated 
exciter and regulator is a 2-machme system 
with no load, since one machine must ab¬ 
sorb all the excess reactive power from the 
faulty machine. The second, or regulated, 
machine tested was capable of absorbing 
the full reactive output of the first. How¬ 
ever, as Mr. Caldwell points out, a high 


level of excitation or large synclironous le- 
actance values can (and does, on newer 
alternator designs) produce voltage droti 
in the regulated machine sufficiently great 
that the regulated machine would have to 
adjust excitation to produce negative volt- 
age to maintain 1.00 per unit voltage at the 
bus. As a consequence, the regulated ma- 
chine may be driven to minimum excitation 
after which it offers a fixed impedance to 
the system. The two conditions, regulating 
and fixed impedance, make the two seg¬ 
ments of the curve shown in Fig. 1 of the 
discussion. 

The wording of the statement about the 
effect of the differential reactive signal 
should have been clarified. The sequence 
of events, as Mr. Caldwell surmised, was 
meant in the paper to be as follows: 

1. One alternator goes to ceiling (regu¬ 
lator failure). 

2. Other paralleled alternators have a 
voltage signal to regulator to reduce excita¬ 
tion to maintain 1.00 per unit bus voltage. 

3. Other paralleled alternators have a 
current signal to regulator to increase ex¬ 
citation to maintain equal load sharing. 

4. Net result is an equilibrium condition 
with bus voltage slightly elevated, and sub¬ 
stantial circulating currents. 

Both R. W. Stineman and E. S. Sherrard 
suggest that a more general approach to the 
n machine system would be to use the 
average current of the n — 1 generators as a 
reference in discussing current unbalance. 
The assumption of ecpial currents among 
the n — \ machines was used instead, in 
order to bring out the relationships involved, 
with the possibility of using superposition 
for the more realistic cases where current 
from each machine is different, should it be 
desirable to analyze this case. 

The quantity |Vo| represents, in general, 
the desired voltage at the bus, regardless 
of the method by which this is achieved. 
In the particular regulator described, | Fo| is 
the relationship between the characteristics 
of a spring and a solenoid which are matched 
over a range such that the resultant force 
is zero for predetermined combinations of 
spring travel and solenoid magnetic air gap. 
This representation of the reference voltage 
is compared, in this regulator, with the 
average of three line-to-linc voltages such 
that the average voltage will be maintained 
at a constant value at the point of regula¬ 
tion over the no-load to rated-load range, 
in a single or multiple generator system. 

The example of calculation of reduction 
in system capacity was given to show how 
the analysis can be used in a practical 
problem. The figures cited were not in¬ 
tended to indicate the worst possible case. 
Using the same method, with the assump¬ 
tion of greater errors in regulator perform¬ 
ance owing to one regulator being set 
high and another set low, regulation or 
droop permitted by specification, errors in 
reading the meter used to set the adjust¬ 
ment of the regulators, phase unbalances 
on the system, and random errors, quite 
different numerical results may be obtained. 
Justification of such assumptions is difficult 
but important, and is felt by the authors to 
be another problem beyond the scope of 
this paper. Along this same line, the 
"typical,” ascribed to the value of equalizer 
constant K, was meant to indicate the value 
of this constant as measured in specific 
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items of equipment which are in use, and 
which is implied in the United States Air 
Force Specification MIL-R-5292A for the 
type LA regulator. The analysis in this 
paper is not sufficiently extensive to draw 
conclusions as to the optimum or most de¬ 
sirable value of constant K. The word 
'Typical’’ should not be construed as mean¬ 
ing desirable but rather as existing or in use. 
Before conclusions can be drawn as to an 
optimum, there is a need for further work, 
particularly on transient considerations 
such as Mr. Sherrard mentioned. We are 
in full agreement that additional work is 
needed to determine desirable power equal¬ 
izer characteristics for particular applica¬ 


tions, considering aircraft operating condi¬ 
tions as well as power system conditions. 

Mr. Stineman has pointed out that an 
approximation is used in the representation 
of the reactive and real power sensing cir¬ 
cuits. The fact that these circuits may be 
treated as having outputs proportional to 
reactive and real power flowing from the 
machine in question is not unreasonable. 

For the real power sensing circuit, referred 
to by Mr. Stineman, the error in absolute 
value of the difference in the phasor quan¬ 
tities JSa and Ez is only about 6 per cent 
when the in-phase component of current is 
1.00 per unit, and the quadrature com¬ 
ponent of current is 1.00 per unit. Thus, as 


he finally concludes, there is very little error 
involved in assuming that the output of 
this droop circuit is independent of quad¬ 
rature current. Similarly, it has been found 
that little error exists in the reactive power 
sensing circuit because of the in-phase 
component of current. 

The authors regret the error of oversight 
in not defining the Z terms first used in 
equation 5. These 2’s denote the imped¬ 
ance of the n mutual reactors. 

Reference 

1. Analysis and Redesign of a Carbon Pile 
Voltage Regulator for Aircraft Generators, 
W. B. Kouwenhoveii, G. J. Thaler, AIEE Trans¬ 
actions, vol. 67, pt. II, 1948, pp. 1197—1203. 


A-C Versus D-C Power for Undersround 

Mines 


mention of voltage at all, and three allow¬ 
ing voltages over 300 volts under cer¬ 
tain circumstances. 

Effect of Line-Voltage Regulation on 
Motors 


J. Z. LINSENMEYER A. G. OWEN 

MEMBER AIEE NONMEMBER AIEE 


I N THIS paper a comparison will be 
made of a-c and d-c systems and 
motor characteristics, the merits of 
power-factor coixection will be discussed, 
the possibilities and effects of a good 
choice of conductors will be examined 
and the solutions to simple a-c distribu¬ 
tion problems will be offered. 

The provision of electric power to 
underground-mining machinery is a 
highly specialized problem requiring more 
rigid restrictions of installation than any 
other industry. This fact is particularly 
true in underground coal mining. 

General Comparison of A-C and D-C 
Systems 

Until recent years, d-c power trans¬ 
portation was the chief demand for elec¬ 
tric power; and, as a result, not too much 
effort was required or expected in the di¬ 
rection of good voltage regulation or an 
adequate supply of power. Today the 
needs of good voltage regulation and ade¬ 
quate supply of power are greater than 
ever, yet 275-volt power commonly winds 
up as 160 volts at the machinery load. 
Wliile such extremes in regulation can be 
lived with on d-c systems, even though 
highly undesirable, such conditions can¬ 
not be tolerated in an a-c powered sys¬ 
tem. 

The distribution problem will divide 
into two parts: first, the primary trans¬ 
mission of power from the point of entry 
to the load centers; and second, the dis¬ 
tribution at utilization voltages to the 


mining machinery and transportation 
equipment. 

The primary transmission will invari¬ 
ably be a-c in either an a-c or a d-c sys¬ 
tem, and the identical nature of the prob¬ 
lems involved therefore deletes any neces¬ 
sity of a comparison. However, basic 
design considerations will be discussed 
later. The primary distribution will ter¬ 
minate in a-c substations or d-c conver¬ 
sion units, the location of which will be 
chiefly a function of fire hazard, accessi¬ 
bility, and necessity for portability. The 
lack of restrictions on primary voltages 
will permit an optimum choice. 

In the discussion of power utilization, 
the assumption is made that generally 
speaking either a-c or d-c drives may be 
successfully applied to all equipment 
except haulage applications. 

State Mining Laws 

The utilization voltage chosen will be 
closely related to the regulation problem, 
but in many cases an optimum choice is 
prevented by state laws. As an example, 
a survey of the 18 states with a published 
code shows seven limiting the voltage at 
the face to 300 volts, eight making no 


iper 53-185, recommended by the AIEE Mining 
id Metal Industry Committee and approved by 
e AIEE Committee on Technical Operations for 
esentation at the AIEE Southern District Meet- 
g, Louisville, Ky., April 22-24, 1953. Manu- 
ript submitted June 2, 1952; made available for 
inting March 19, 1953. 

Z Linsenmeyer and A, G. Owen are with the 
'estinghouse Electric Corporation, East Pitts- 
irerh. Pa. 


In the comparison of a-c and d-c sys¬ 
tems, voltage regulation is an important 
factor. Both a-c motors and controls 
require much better regulation than their 
d-c counterparts. The added elements 
of power factor, line reactance, high 
motor-starting currents, and high con¬ 
tactor drop-out voltages tend to offset 
the greater voltage-compensating charac¬ 
teristics of the a-c system. The regula¬ 
tion of a d-c system is subject only to line 
resistance and relatively low motor-start¬ 
ing currents, and is not subject to the 
previously mentioned factors inherent in 
a-c systems. 

The greatest problem in a-c regulation 
occurs during the motor start-up, and as^ 
a result, the a-c conductor choice will be 
determined chiefly by the motor starting 
current and torque demand, and the a-c 
contactor drop-out ratings. 

For approximately equal torques of 
200-per-cent full-load ratings, the start¬ 
ing current for a-c motors will be approxi¬ 
mately 2 V 2 times that for d-c motors. 
The a-c motor will require a regulation 
half that for a d-c motor to meet these 
conditions. 

If cable impedance is assumed to be a 
direct function of cable cross-section, 
the a-c motor will require approximately 
4.62 times more copper at 220 volts than 
the d-c motor at 230 volts. At 440 volts, 
this figure would be reduced to 1.15. 
However, because of the effect of cable 
reactance and power factor, these latios 
are not actually true but rather will vary 
from a fraction of, to a larger figure than 
4.62. A proper selection of conductors 
will keep this ratio at a minimum, as will 
be described later. 
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"Fig. 1. Transmission distance versus regulation for 200 kw, using 4/0-circular-mil cable— 

1-inch spacing 


It should be noted here that for a fully- 
loaded motor, the copper required for a 
440-volt cable is approximately one 
fourth that for a 220-volt cable for equiva¬ 
lent regulation, while for a motor-starting 
load, the 440-volt cable may require as 
low as one eighth the copper of a 220- 
volt cable, for the same relation. Since 
it is obvious that the first case will be the 
limiting factor, the 440-volt cable can be 
but one fourth the size of a 220-volt 
cable for equivalent regulation; like¬ 
wise, the starting regulation at 440 volts 
may be half that at 220 volts. 

Effect of Power Factor and Voltage 
Regulation on Conductor Size 


distance possible for a given regulation. 

These comparisons graphically illus¬ 
trate the saving in copper, which is an 
item of tremendous importance; and 
from a safety angle, we have a line-to- 
ground voltage of only 256 in the 440- 
volt system, as compared with a voltage 
of 275 on a d-c system. In addition, a 
safer grounding system is possible with 
the a-c system than has yet been devised 
for the d-c system. 

Importance of Line Reactance to 
Voltage Regulation 

The minimum power factor always 
present during a motor start-up will cause 


the line reactance to take precedence 
over the line resistance in the determina¬ 
tion of voltage drop. Reduction of line 
reactance will be better accomplished by 
a minimum conductor spacing and the use 
of paralleled 3 -conductor cables, since 
reduction of conductor size in a cable pro¬ 
duces very little, if any, increase in react¬ 
ance. 

In the solution of the regulation prob¬ 
lem, two choices are available: either 
increase conductor sizes and numbers or 
use power-factor correction to minimize 
the effect of motor-starting currents, or 
line reactance, or both. 

Let us take a typical sample case and 
see what can be done. A continuous 
mining machine 1,000 feet from the low- 
voltage transformer, with one 50-horse¬ 
power-traction and two 70-horsepower 
cutter motors imposes a 25-per-cent 
traction-motor load, and a starting load 
for both cutter motors, which is the worst 
condition we would experience. Assum¬ 
ing a 35-per-cent and 85-per-cent power 
factor for the starting and running power 
factors, the line currents will be 1,800 
and 475 amperes respectively. 

Assuming unloaded starting for the 
cutter motors, we will choose a maximum 
regulation of 20 per cent as practical, 
from contactor drop-out considerations. 
Such a regulation will reduce the starting 
current to 1,440 amperes. 

A 1,500-000-circular-mil cable would 
give 24-per-cent regulation but would 
not achieve a 20 per cent regulation, since 
further increase in conductor size serves 
to produce a net increase in conductor 
spacing and reactance. Quite obviously 
too, such a cable is impractical from a 


Fig. 1 shows the relative distances that 
a load of 200 kw can be transmitted over 
a 4/0 cable at 220 volts alternating cur¬ 
rent and 440 volts alternating current 
for power factors ranging from 60 per cent 
up to 100 per cent, A line is drawn across 
the chart at the 10-per-cent regulation 
level, which has tentatively been set as 
the desired maximum. Note that the 
transmission distance at 440 volts is four 
times that for 220 volts; and that the 
lower the power factor of the load, the 
shorter the possible transmission distance 
for the same per-cent regulation. 

» Fig. 2 shows the transmission distances 
for the same considerations as before, 
except for a 500,000-circular-mil cable. 
Again a straight line drawn across the 
chart at the 10-per-cent level shows the, 
transmissiou distance at 440 volts to be 
four times that at 220 volts for the same 
regulation. As before, the lower power 
factors greatly reduce the transmission 



DISTANCE OF TRANSMISSION IN FEET 

Fig. 2. Transmission distance versus regulation for 200 kw, using 500,000-circular-mil cable— 

1-inch spacing 
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Fig, 3. Comparison of a-c and d-c motor spced-torquc characteristics 


The discussion of shunt capacitors 
thus far has assumed them as connectec 
continuously to the line. However, 
they may be installed at the motors in 
order to be switched from the line with 
the motors. The disadvantage of this 
method is the possibility of overvoltage 
from self-excitation, unless the capacitor 
size is limited to a kilovolt-ampere-rating 
approximately one fourth of the connected 
motor horsepower. The .maximum ca¬ 
pacity possible with the two 70-horsc- 
power motors would then be about do 
kva. Since the small benefit of the 95-kva 
capacitors has already been determined, 
it follows that this method would be un¬ 
satisfactory. 

The addition of capacitors will, how¬ 
ever, correct power factor and reduce 
voltage drop tliroughout the feeder sys¬ 
tem. It may be concluded, therefore, 
that some combination of capacitors and 
cable division will give the best answer 
♦in the problem of voltage regulation, but 
that shunt capacitors cannot do the jol) 
alone. 

Comparison A-C and D-C Motor 
Characteristics 


weight and handling standpoint. 

The use of two paralleled 3-conductor 
cables would permit 300,000-circular-mil 
conductors to give 20-per-cent regulation, 
or tliree paralleled 3-conductor cables 
with 2/0 conductors may be used. The 
important point here is the total copper 
cross section of the three 2/0 cables, 
which is less than one third of that of the 
1,500,000-circular-mil cables, is made pos¬ 
sible by closer spacing. Again, line react¬ 
ance is a most important factor in a-c 
voltage regulation. 

Power-Factor Correction Aids 
Voltage Regulation 


Since a capacitor will allow the two 
paralleled cables to be reduced from 
300,000-circular-mil to 4/O-circular-mil 
conductors for the same 20-per-cent regu¬ 
lation, while the three paralleled 2/0 
cables could not be reduced to 1/0conduc¬ 
tors, without increasing the regulation to 
21 per cent. It is interesting to note that 
only 95-kva capacitors, which would give a 
full-load power factor of 100 per cent 
would require 250,000 circular mils for 2 
cables, and the same 1/0 for 3 cables with 
22-per-cent regulation. In all these cases 
the full-load regulation is less than 11 
per cent. Reduction of line reactance is 
more beneficial than the addition of 
capacitors. 


Let us briefly compare the characteris¬ 
tics of a-c and d-c motors. Over the 
normal operating range of voltages, 
the d-c motors will maintain essentially 
the same peak value of torque, while 
reducing speed approximately in direct 
proportion to reduction in line voltage. 
The a-c motor starting and maximum- 
available torque will vary as the square of 
the line voltage, while maintaining an es¬ 
sentially constant speed. In addition, 
the starting current will be approximately 
five times normal running cuiTent, and the 
starting power factor will be very low. The 
d-c starting current will be in direct pro¬ 
portion to the torque required, and will 
be limited by a starting resistance. Loss 


Now let us explore power-factor cor¬ 
rection as a means of improving regula¬ 
tion. In order to avoid the necessity of 
additional kilovolt-ampere capacity in 
the system feeding the load under con¬ 
sideration, the total line current, with 
capacitors added, must be no greater than 
before. The capacitor will therefore be 
190 kva, and the full load-line power fac¬ 
tor will be 85-per-cent leading, instead of 
lagging. 


Fig. 4 (below, left). A-C 
feeder line (sec Appendix I 
for calculations) 
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-LAGGING--LEADING 


Fig, 6. Curves for determining the voltage drop in 3-phasc 60-cycle 
overhead lines—34-inch equivalent spacing 



of torque in the a-c motor may be com¬ 
pensated for to some degree by the use of a 
motor design approaching a National 
Electrical Manufacturers Association de¬ 
sign C, in order that the high starting 
torque will more closely approach the 
pullout-torque values; and also the low 
starting current will aid in keeping the 
line loss at a minimum. 

Considering the speed-torque curves 
for a d-c compound-wound motor and 
a low-slip, high-pullout and starting 
torque a-c squirrel-cage induction motor, 
as shown in Fig. 3, the stalled torque or 
zero-speed torque of the d-c motor is not 
shown, since this is not considered to be a 
safe operating point because the resultant 
liigh-armature current may cause a com¬ 
mutator fiasliover. 

While all but the smaller sizes of d-c 
motors are started in series with a cur¬ 
rent-limiting resistoi, a-c motors are 
usually started directly across the line. 
It is to be noted that while the a-c motor 
develops full starting torque at once, 
a voltage reduction to 80-per-cent normal 
reduces the starting torque to 64 per cent, 
while the d-c motor under the same con¬ 
ditions merely suffers a reduction in 
speed. In short, a serious reduction in 
line voltage may cause the a-c motor to 
fail to start, while causing only speed re¬ 
duction in the d-c motor. 

In this discussion the fact has been 
brought out that a-c systems involve 
several considerations not present in d-c 
systems, which tend to complicate the 
calculations of an a-c line. Two easy 


methods which are fairly accurate, in 
solving a-c distribution systems, at 
either primary or utilization voltages 
will be considered here. 

Method of Determining Size of A-C 
Feeders 

For an example, taking a small section 
of an a-c distribution system, as shown 
in Fig. 4 and calculated in Appendix I, 
the problem is to determine the conduc¬ 
tor size required to maintain a 5-per-cent 
voltage regulation and the best transmis¬ 


sion voltage. 

The first step is to determine the total 
load and combined power factor appear¬ 
ing at the low-voltage substation. Add¬ 
ing the kilowatt loads directly, the total 
is found to be 900 kw. Using Fig. 5 to 
determine the reactive kilovolt-amperes 
of each load, the, total is found to be 525 
kilovars for the 900-kw load, and again, 
from Fig. 5 it is seen that this represents 
a power factor of 8G-per-cent lagging. 
We are now ready to choose a conductor 
size. 

Fig. 6 shows the conductor sizes as a 
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function of power factor and KWD for 
1-per-cent voltage regulation. The term 
KWD is the product of kilowatts load 
and feeder length in thousands of feet, 
for a nominal mean conductor spacing of 
34 inches. The 900-kw load for a dis¬ 
tance of 9,000 feet at 5-per-cent regula¬ 
tion, then, represents, 1620 KWD, Check¬ 
ing for a transmission voltage of 2,300 
volts, at 86-per-cent power factor, 
we find no conductor curve, which elimi¬ 
nates this voltage as unsatisfactory. 
Checking a voltage of 4,000 volts, a 
400,000-circular-mil conductor is found 
to be satisfactory. Should it be decided 
that this is too large, either a higher volt¬ 
age or a power-factor correction can be 
tried. 

Trying a higher voltage first, a voltage 
of 6,900 volts is checked and it is found 
that a no. 2 conductor will do. If 
power-factor correction is used, it is seen 
that a 4/0 conductor at 2,300 volts would 
require a leading power factor of 97 per 
cent, while at 4,000 volts it would require 
a lagging power factor of 95 per cent. 

Referring to Fig. 5 again, it is seen that 
a power factor of 95-per-cent lagging 
shows 300 kilovars for 900 kw, leaving 
225 kilovars to be compensated for by 
capacitors. By the same method we 
would find 750 kva of capacitors would be 
required for a 97-per-cent leading power 
factor. The capacitor cost may then be 
balanced against the cost of conductors 
and higher transmission voltages. 

Let us check the same problem, using a 
3-conductor cable. Referring to Fig. 7, 
which is a duplicate of Fig. 6 but is for 
cable spacings, it is found again that 2,300 
volts is not a suitable transmission volt¬ 
age, that 4,000 volts requires a 3/0 con¬ 
ductor, and that 6,900 volts requires a 
no. 2 conductor. Note here how the con¬ 
ductor size for the cable is smaller than 
for the pole line for each corresponding 
voltage. 

If we wish to improve the power factor, 
the same procedure would be followed as 
before, but a closer look at the slopes of 
the curves in Fig. 7 will show that little 
reduction in conductor size can be 
achieved. As an example, to reduce the 
conductor size from 3/0 to 2/0, the power 
factor must be improved from 85-per-cent 
lagging to 98-per-cent lagging and to re¬ 
duce to the next conductor size of I/O 
requires an improvement to 85-per-cent 
leading power factor. Here again is seen 
the importance of a small line reactance, 
and the small benefit derived from shunt 
capacitors, where cables are used. 

These curves may be used for voltages 
of 230 or 460 by taking the square of the 
voltage ratios as a multiplier. For ex¬ 


ample, 2,300 volts is 10 times 230 volts, 
and the square of this ratio is 100. 10 

KWD at 230 volts then is read as 100 
times or 1,000 KWD on the 2,300-volt 
scales. 

Lastly, the thermal capacity of the 
conductor sizes previously chosen must be 
checked. Referring to Fig. 8, it is found 
that at 4,000 volts and 85-per-cent lag¬ 
ging power factor, a no. 4 conductor is 
adequate for the pole line, and a no. 1 
conductor is adequate for the cable. 
Since these sizes are smaller than those 
chosen from Figs. 6 and 7, it is obvious 
that the condition of thermal capacity is 
satisfied. The curves used here are repro¬ 
duced from a Coal Division Committee 
Report.^ 

There are occasions where conductor 
spacings, other than those discussed so far, 
are required. For this reason an alter¬ 
nate method of a-c line calculation is sug¬ 
gested, which is also advantageous since 
it may be easily jotted down in a pocket 
memo or diary, and since the calculations 
involved are very simple. 

Appendix II shows the complete 
method, which is more accmrate than 
many short-cut methods. These formu¬ 
las may be worked in either direction, in 
that we may assume a conductor size, and 
all but any one of the other variables, and 
deteimine the last variable; or we may 
assume a load, and all but any one of the 
other variables, and determine the remain¬ 
ing variable. 

The term KWD, as before, represents 
the load in kilowatts per 1 -per-cent regula¬ 
tion per 1,000 feet of line one way. 
Should it be desired to use R and X as the 
resistance and reactance respectively per 
mile of line instead of per 1,000 feet, then 
the KWD will be per mile of line instead. 

If trigometric tables are not available 
to determine the term tan 6 from the 
power factor, it may be easily calculated 
from the power factor as shown. Lag¬ 
ging and leading power factors are taken 
into consideration by the sign between the 
R and X terms, being plus for a lagging 
power factor and minus for a leading power 
factor. Either 3-phase or single-phase 
lines may be calculated. The resultant 
kilowatts obtained from the formula is 
for a 3-phase line, and dividing this re¬ 
sult by 2 will give the kilowatts for a 
single-phase line of the same size, length, 
and so forth. 

This discussion may be concluded with 
the observation that both a-c and d-c 
motors and distribution systems have 
their limitations, which are further magni¬ 
fied by laws limiting utilization-voltage 
maximums, but the trend towards in¬ 
creased mechanization and the increased 


demand for electric power at points re¬ 
mote from the power sources may gradu¬ 
ally force a turning to a-c powered equip¬ 
ment, and a revision of mining laws to 
permit utilization voltages which are best 
suited to the needs of the industry, as 
well as the safety of the equipment- 
operating personnel. 


Appendix I. Calculation of an 
A-C Feeder Line: Circuit Constant 

1. Voltage at load = 4,000 or 6,900 volts. 

2. Kilowatts of the load = total of 900 kw. 

3. Power factor of load = 86 per cent, 

4. Voltage drop to the load = 5-per-cent 
load voltage. 

5. Conductor spacing of feeder=34 inches 
for aerial line; 10/64-inch conductor insula- 
tion for cable, 

6. Length of feeder=9,000 feet. 

7. Conductor size as determined from 
curves 

A. 300,000 circular mils at 4,000 volts; 
no power factor correction; with aerial line, 

B. No. 2 at 6,900 volts; no power factor 
correction; with aerial line. 

C. 4/0 at 4,000 volts; power factor cor¬ 
rected to 95 per cent lagging; with aerial 
line. 

D. No. 1 at 4,000 volts; power factor 
corrected to 97 per cent lead; with aerial 

line. . ^ 

E. 3/0 at 4,000 volts; no power-factor 
correction; with 3-conductor cable. 

F. No. 2 at 6,900 volts; no power-factor 
correction; with 3-conductor cable. 

Total kilovars of 900-kw load, at 86 per cent 
lagging power factor = 525 kilovars. 

4,000-volt aerial line, corrected to 95 per 
cent lagging power factor = 225-kva capaci¬ 
tor. 

4 000-volt aerial line, corrected to 97 per 
cent leading power factor = 750-kva capaci¬ 
tor. 


Appendix II. Short-Cut 
Method for Calculation of A-C 
Distribution Lines 


(KWD) = 


g(10~°) 

i?-l-X(tan B) 


tan 0 = " 


Vi-(pp? 

(PF) 


(k:wd)(%vr) 
(KW) = '-^- 


( 1 ) 

( 2 ) 

(3; 


where 

KWD = load in kilowatts per 1-per-cent 
regulation per 1,000 feet of line 
£ = voltage at the load 

R=resistance per 1,000 feet of oue conduc¬ 
tor 
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reactance per 1,000 feet of one conduc- 
tor, for spacing used 

tan 0 = trigometric tangent of angle, the 
cosine of which is the power factor 
of the load 

PF = power factor of the load 

KW=: power in kilowatts to be transmitted 

D = length of the feeder in thousands of feet 


Per cent VR= per-cent voltage regulation 
desired 

In equation 1, use R~i-X(tan d) for lagging 
power factors; use R—X{t2Lii d) for leading 
power factors. For 3-phase power, multi¬ 
ply KW hy 1; for single-phase power, di¬ 
vide iC TP by 2. 
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Open-Loop Frequency Response 
Method for Nonlinear Servomechanisms 


proach is necessary. If e and the output 
c are as expressed by equations 2 and 3 
respectively, the input signal r is 

r — e-{-c—eQ-\-ei sin 

Cq-\-Ci sin o)t-\-C 2 sin ( 2 coi+/? 2 )... (5) 


R. L. COSGRIFF 

ASSOCIATE MEMBER AIEE 


Synopsis: This paper develops a useful 
graphical representation similar to the com¬ 
mon Nyquist diagrams for the measured or 
calculated open-loop frequency response 
data of nonlinear systems. This 

representation indicates the frequency re¬ 
sponse characteristics and other phenom¬ 
ena such as limit cycles® and response 
hysteresis, or jump phenomenon,® of closed- 
loop systems. Likewise, this open-loop 
representation is convenient for the syn¬ 
thesis of linear filters, which can be inserted 
in the error amplifier to improve the closed- 
loop response of such nonlinear systems. 
In fact, the closed-loop frequency response 
of the nonlinear system with a linear filter 
in the error or forward section of the loop 
can be determined if both the transfer func¬ 
tion of the linear filter and the open-loop 
frequency response of the nonlinear servo 
without the filter are known. Many who 
have measured the response of servo sys¬ 
tems assumed to be linear have realized that 
the assumption of linearity is not always 
satisfactory. For very small input signals, 
backlash and coulomb friction cause non¬ 
linear distortion, as does saturation when 
the input signal is large.^ It is hoped that 
the method used in this paper will help the 
servo engineer improve the response of non¬ 
linear systems. 


Representation of Nonlinear 
Frequency Response 


Fig. 1, and directly exciting the input of 
block G. In this paper the error will 
be considered to consist of a constant 
and the fundamental term ei sin (a;/+(9). 
Notice that terms such as Ci, 
and ro, n, etc., are constants and that 
only the terms r, c and e are functions of 
the independent variable t Let 

e = ea-hei sin (coi+0) (2) 

In this case the output c will generally be 
c — co-hci sin col C 2 X 

sin (2coi-h/32) . . sin (ncoi+M (3) 

It is necessary when measuring the open- 
loop response of a system whose approxi¬ 
mate loop transfer function is of the form 
• 0 to allow the open-loop 
input e to have a small constant value eo; 
otherwise, because of unbalance and non¬ 
linearity of the system, the output c will 
contain a term of the form gt in addition 
to the terms indicated in equation 3. 
The term gt will distort the output and 
will make it difficult to measure the de¬ 
sired frequency components. 

For a linear system C 2 . . .and of equa¬ 
tion 3 are all 0 and it has been customary 
to represent the gain of block G in the 
complex form 


A BLOCK diagram of a typical servo¬ 
mechanism is shown in Fig. 1. The 
input Y to the servo causes the output c. 
The error signal e is defined by 

( 1 ) 

The open-loop frequency response is 
taken by opening the loop at point a, 



Q 

[_^ 



1 



J 



Fig. 1. Typical servo system 


The gain expressed by equation 4 has the 
same meaning for the fundamental com¬ 
ponents of e and c given in equations 2 
and 3 when the system is nonlinear. In 
fact, it has more, for one can then con¬ 
sider the ratio Ci /and 0 as functions of 
the frequency co and of ei or ci. 

It is desirable to plot the open-loop 
frequency response data on paper with 
real and imaginary axes. Often G(Jco) 
or the inverse is plotted directly, 

but in nonlinear systems a different ap- 


The representation of the open-loop fre¬ 
quency response data used in this paper 
is the fundamental component of the 
input signal r, equation 5, written in the 
complex form 

R(jco)=ei€^^-i-ct 

The information conveyed by this equa¬ 
tion is certainly the same as that conveyed 
by the complex gain given by equation 4. 
In addition, the representation of R(j(o} 
given by equation 6 indicates directly 
the fundamental input amplitude and its 
phase with respect to the fundamental 
output phasor cu (Notice that equation 
2 implies that the input contains har¬ 
monic terms as given by equation 5.) 

It is necessary that the open-loop fre¬ 
quency response data be taken in an 
orderly fashion so that the maximum in- 
fonnation will be conveyed by these data 
when plotted in the R(jco) plane. The 
following procedure is recommended in 
determining and plotting these open-loop 
frequency response data. First a set of 
angular frequencies co covering the fre¬ 
quency range of interest and a set of 
fundamental output amplitudes ci cover¬ 
ing the amplitude range of the system 
output are chosen. Then the error am¬ 
plitude and phase are determined experi¬ 
mentally or analytically, which will pro¬ 
duce each of the chosen fundamental 
output amplitudes at each of the chosen 
frequencies. (The phase of the error is 
determined with respect to the funda- 
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Fig. 2. Tabula¬ 
tion of phase 
and magnitude 
of error for vari¬ 
ous frequencies 
and fundamental 
output ampli¬ 
tudes 


mentel component of the output.) Each 
of tliese values of E{j(S)t both amplitude 
and phase, can then be recorded in a table 
of t-lie foim shown in Fig. 2. Each column 
of tliis table corresponds to one of the 
chosen frequencies, and each row to one 
of ‘the fundamental output amplitudes. 
After the open-loop response data have 
heen obtained, these data can be re¬ 
corded as points in the plane. A 

locus is then drawn through each set of 
points in the plot obtained for C\ 

constant. The set of loci so obtained is 
called the constant amplitude or Ci loci. 
A second set of loci can be drawn con¬ 
necting points in the R(jo)) plane deter¬ 
mined at each of the chosen frequencies. 
XHese loci are called the constant fre- 
<qtiency or co loci. 

The open-loop frequency response data 
of a small instrument servo employing 
a. 2-phase 400-cycle induction motor as an 
output device have been determined, and 
tlie Ci loci and the oj loci of this servo are 
sh-own in the R(J^) pl^-ue in Fig. 3. To 
illustrate the meaning of this R{jo)) plot, 
consider point P2 in Fig. 3. This point, 
lyring on the 1-cycle-per-second locus, has 
thie polar co-ordinates of 1.33 units radius 
and an angular displacement of 56 degrees, 
or 0.977 radian from the horizontal or real 
axis. This indicates that the funda- 
xtiental input signal represented by Ps 
is of the form 1.33 sin (6.28/+0.977). 
Tlie amplitude of the fundamental output 
is estimated as 1.34, since P2 lies between 
tlxe 1.25 and the 1.50 loci; and for this 
reason, the fundamental output is of the 
form 1.34 sin 6.2St. 

Use of Linear Filters to Improve 
the Response of Nonlinear 
Systems 


tion of linear filters in the forward loop or 
error amplifier section of the servo system. 
The same techniques can be used in the 
case of nonlinear servomechanisms. For 
example, consider the block diagram 
shown in Fig. 4. This system is similar 
to that shown in Fig. 1 except that a 
linear filter F is in the forward loop. Ob¬ 
serve that a set of values of P'O'w), the 
input signal to block G, which produces 


the desired set of fundamental outpu 
amplitudes at the chosen frequencies, is 
the open-loop frequency response data 
without filter P. The values of E(j^} 
which will produce the same set of output 
components as E'{joi) can be found by 
dividing the set of values of E'O*^) ^ 

gain of filter P. Each value of .E(>) 
for the table similar to that shown in Fig- 
2 can be obtained for the system^ with 
filter P by dividing the P(jw) term in the 
corresponding position of the table for 
the system without filter P by the gain 
of filter P. 

The PO’co) plot can also be modified in 
a like manner. To illustrate this process, 
consider the case where P, which has a 
gain of two, is inserted in a system whose 
original locus is as shown by the 

solid curve in Fig. 5. First observe that 
the input phasor from the origin to any 
point on the Ci=l locus is the sum of two 
phasors, namely the output Ci phasor along 
the real axis, and the error or eie^^ phasor 
extending .from the end of the ci phasor to 
the ci=l locus. Points on the new 1 
locus can therefore be determined by 
dividing the original error or phasors 


0.8 


Considerable material is available con¬ 
cerning methods for improving the re- 
s ponse of linear systems by the introduc- 
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Fig. 3. Complex representation of response of a typical servo system 
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Fig. 4. Nonlinear system with a linear filter 
F for improving the response 


by two and drawing the new a—l locus 
through the points so obtained, as is 
shown in Fig. 5. 

Stability 

Nyquist’s criterion can be used to deter¬ 
mine the system stability by observing 
the enclosures of the origin by a small a 
locus. For example, in Fig. 6 the ci = 0.25 
locus has been drawn (part of the locus is 
shown by the crosses). Notice that this 
locus encloses tlie origin twice, indicating 
that the system has an unstable equilib¬ 
rium point. This criterion can be 
justified only for nonlinear systems which 
have analytic equations of motion,® 
namely, systems which do not have back¬ 
lash or static and coulomb friction; but it 
appears that it can be used with systems 



Fig. 5. Modification of measured response 
after Inserting a linear filter F of gain two 


which do not have analytic equations of 
motion as well. 

Notice also that the ci = 1.155 and the 
0 )=! loci cross on the origin. This 
indicates that an output fundamental 
1.155 sin t can exist when the funda¬ 
mental input is 0. As the input 

signal contains harmonics, terms of the 
form r 2 sin (2co/+<?i), etc., this type of re¬ 
sponse is classified as a subharmonic re¬ 
sponse. Actually the system has a stable 
limit cycle, and the term 1.155 sin t veiy 
closely approximates the fundamental 
term of the output in both amplitude and 


frequency when the system is in this limit 
cycle state. A second set of loci, the 
1.635 and o) —0, lies on the origin. This 
second point corresponds to a second sin¬ 
gular point, as the frequency co is zero. 

Response Hysteresis (Jump 
Phenomenon) 

In testing the closed loop response of a 
servo using a 2-phase induction motor as 
the power output device, it has been ob¬ 
served that the amplitude response de¬ 
pends upon the past histoiy of the input 
signal. This phenomenon is very notice¬ 
able if the frequency is held constant and 
the input amplitude is varied. This 
characteristic of nonlinear systems can be 
best described with the aid of Fig. 7. if 
the fundamental input amplitude n is 
increased, the fundamental output am¬ 
plitude Cl increases until n reaches 
If n becomes larger than then q jumps 
to the lower curve. If n is initially larger 
than and then is decreased, it will be 
found tliat the jump between the two 
curves does not occur until n is less than 
This characteristic is often called 
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Fig. 6. Complex representation of data In Fig. 2 
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FiS- 7. Fundamental output amplitude as a 
function of the fundamental input amplitude for 
a system having response hysteresis 

jump plienomenon, because of the jump 
in the steady-state response. However, a 
definite and often a very gradual transi¬ 
tion occurs between the two states. For 
this reason this phenomenon is called 
response hysteresis by the author. 

The presence of this phenomenon can 
be detennined from the R(jcS) plot, Fig. 3. 
Consider an in^mt with a frequency of 1 
cycle per second whose magnitude is 
slowly increased until the state of the 
system is detennined by point Pi. There 
is no point near Pi on the 1-cycle-per- 
second locus corresponding to a radius 
greater than 1.33, the radius of Pi, except 
in the neighborhood of point Ps. For this 
reason the first jump of the hysteresis 
cycle occurs when the input amplitude 
becomes larger than 1.33. As the input 
magnitude is decreUvSed from above 1.33, 


a second transition occurs when the input 
amplitude becomes less than the radius 
to point Ps, as there is no point near P3 
with a radius less than that of P3. The 
operation of the system is then described 
by locating the point P 4 which has the 
same radius as P 3 on the 1 cycle-per- 
second locus. This completes the hys¬ 
teresis cycle. The points Pi and P 3 
occur wherever the frequency locus is 
tangent to circles of constant input mag¬ 
nitude. For this servo the most prom¬ 
inent characteristic of this hysteresis 
cycle is the change of phase of the output 
with respect to the input. 

Conclusion 

The following properties of the PC/co) 
representation of nonlinear servomech¬ 
anisms can be utilized when the error 
signal consists of only a fundamental 
component (the d-c term in the error 
signal is usually sufficiently small that it 
can be neglected): 

1. The closed-loop fundamental frequency 
response is indicated directly by the R(j<*i) 
plot. 

2. Stability can be determined by the en¬ 
circlements of the origin of the Rijo)) plane 
by the Cl loci. 

3. Presence of stable and unstable limit 
cycles are indicated by the Ci loci passing 
through the origin of the R(jo3) plane. 


4. The restriction on the harmonic com¬ 
ponents of the error signals justifies a syn¬ 
thesis procedure for compensating net¬ 
works, in that the open-loop frequency re¬ 
sponse can be determined from the open- 
loop frequency response of the servo with¬ 
out the filter and the transfer function of 
the filter. 

5. Presence of response hysteresis is indi¬ 
cated by circles about the origin of the 
R(jo)) plane becoming tangent to the con¬ 
stant frequency or co loci. 
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Controlling D-C Arcs 
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Synopsis: A method of controlling d-c 
power arcs is presented, with the emphasis 
on eliminating retrogressive motion of the 
arc. Stills from motion pictures of power 
arc interruptions in a normal atmosphere 
present the fundamental nature of^ arc 
retrogression. The various characteristics 
of an arc which cause such motion are de¬ 
tailed, and countered by simple design 
principles. Control of the arc reduces 
erosion of the metal parts, gives better pro¬ 
tection to tlie circuit, and reduces total 
arcing time, 

A fter nearly 60 years of intense 
study by learned and persistent 
scientists, the power arc in a gas is by no 
means completely understood. This is 
not to be wondered at in view of its 4,000 
to 8,000 K temperature; its chaotic 


swirl of photons, electrons, ions, and 
larger particles; its lightninglike dash- 
ings and twistings; and its varied funda¬ 
mental phenomena which occur in micro¬ 
scopic volumes during microseconds. 

For brief moments twice each cycle an 
a-c arc conveniently terminates its in^ 
tricate and mysterious performance, giv¬ 
ing an opportunity to interpose a dielec¬ 
tric between the electrodes. The d-c arc 
is not so obliging. It fights hard from its 
birth to its death, and hardest at death. 

The majority of d-c interrupters draw 
the arc in air and, by means of a magnetic 
field, force it into a refractory chamber or 
arc chute. Ordinarily the magnetic field 
is produced from a coil in series with the 
arc itself. Magnetic blowout is like the 


action of a series-wound electr c motor. 
The arc column is the conductor; it lies 
in a magnetic field of its own origin; and 
it experiences a force proportional to its 
length, its magnitude, and the field’s in¬ 
intensity. 

This paper is about such interrupters, 
where the current is from 50 to 20,000 am¬ 
peres at voltages from 100 to 1,000. It 
will present an aspect of d-c arcs not pre¬ 
viously published, requiring careful de¬ 
scription, but which must be understood 
if the arc is to be completely controlled. 

The general aspect is retrogression. In 
many respects it is like a restrike, except 
that it occurs before current zero. A ret¬ 
rogressing arc is one wh ch suddenly 
shortens, usually by establishing a parallel 
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Fig. 1. Poor arc control, 
indicated by oscillating 
arc voltage, current re¬ 
surges, and relatively long 
arcing time 


arc behind the main arc. Ordinarily the 
parallel arc is struck from the existing 
cathode melt to an anode melt recently 
vacated by the anode end of the arc. 
Since the shorter of the two parallel arcs 
offers the lower resistance, the outer arc 
rapidly subsides. At the very least, ret¬ 
rogressions produce excessive erosion of 
contacts, of arc runners, and of arc chutes 
by sweeping across still-molten surfaces. 
The melts are blasted clean by the ex¬ 
plosive action of the arc. On those arc 
chutes whose surfaces do not glaze, the 
erosion is by means of thermal shock. An 
improperly controlled arc can set up oscil¬ 
lating voltages which may feed a resonant 
part of the circuit which is external to the 
interrupter, and produce failtue there 
by voltage breakdown.* Note the oscil¬ 
lating voltages appearing in Fig. 1. Ex¬ 
cessive retrogression causes such frequent 
retracking along arc-running surfaces that 
the ability of these surfaces further to ab¬ 
sorb thermal energy is diminished. When 
their thermal reservoirs are filled, the 
melts become excessively large in area. 
These, in turn, produce a breakdown of 
the gaseous dielectric, provide high sta¬ 
bility of both arc termini, and a failure re¬ 
sults. Not all failures, unfortunately, are 
precipitated in such fashion. An inter¬ 
ruption where the retrogressions resulted 
in current resurges is recorded in Fig. 1. 
Resurges of such magnitude have long 
been observed on oscillographic records of 
arcs. J. D. Cobine^ describes a form of ret- 

*This possibility was brought to the writer’s atten¬ 
tion by F, H. Catlin, General Electric Company, 
Erie, Pa. 
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regression where the arc shortens by re¬ 
ignition across the shortest gap length. 

New Aspect of Retrogressions 

The particular retrogressions not identi¬ 
fied by published information and not 
generally recognized are those which do 
not result in a change in the existing rate 
of current decay. In many interruptions 


they precede those which do. If elim¬ 
inated by proper arc control, the more 
apparent and spectacular aberrations rep¬ 
resented by Fig. 1 usually will be pre¬ 
vented. In contrast to Fig. 1, Fig. 2 
records an interruption where the retro¬ 
gressions, if any, were not detected by the 
current-tracing element of the oscillo¬ 
graph. (An oscillographic, voltage-trac¬ 
ing element will record variations in volt- 



Fig. 2. Oood arc control, indicated by relatively constant arc voltage, no observable 
current resurges, and relatively short arcing time 
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Fig. 3- Stills from a high-speed movie of an arc interruption. The 
frames were taken at approximately 2,000 per second. The arc 
duration was 1/2 cycle. Time is measured from right to left. The 
right-hand surface is fixed, and was positive during this interruption. 
Ther diamond-shaped lattice is expanded steel used as a magnetic pole 
pice <3 on the camera side. The arc chute side on the camera side 
is a |3i^ec of ordinary window glass. In the last frame the arc length 
is '1 2 Inches. For this interruption the line voltage was 100, and the 
peak amperes 1,450 


Fig. 4. Stills from a high-speed movie of an arc interruption. The 
conditions for this interruption differ from those of Fig. 3 only in 
having the fixed, or right-hand, surface negative. The peak amperes 
were 1,386 

of the arc’s incandescent halo as it twists 
and thrashes about. 


age, cannot differentiate between 

notrmal changes in arc voltage and those 
resTJiltiixag from retrogressions.) One would 
say this arc was almost perfectly 

contix’olled. However, the oscillograms 
takiexi of the interruptions represented by 
Figs. 3 -tlirough Gf are, like those in Fig. 2, 
devoid of detectable retrogressions, yet 
all of -tbe photographs except Fig. 4 
clea.irly show them. Note Fig. 3, where 
the a-iro in frame 9 is in the process of 
stril^ixig toward the anode to provide a 
para^llGl arc. In frame 10 the outer arc 

fTlie diagrams above each frame show the 

shai> ^ of -fcije arc-running surfaces and the location of 
the TThe interrupter used in Figs. 3 through 6 

has ^ copper contact 3Vs inches long. Its 

outer* ejaci makes an interference fit against a bronze 
arc r*tmia.e:i-. The moving contact is 1 Vs inches long. 
Wtten full gap, its outer end is V 4 inch from a 

brass runner. The arcing chamber has a vol¬ 
ume -is cubic inches. The glass arc chute side 

was rxeti ^zed by interruptions up to and including 
the i^^S^raitude of that in Fig. 6. Beyond this level, 
the glass glazed or shattered, which of 
coirrsy ^Would not permit normal arc interruption. 
The l^^^^rupter used in Fig. 2 is the same device 
descjri eici except for the arc chute, the volume of 
whic^ y^rnained the same. The interrupter used in 
^ ^ different device, but has the same size of 

arc 


has collapsed and the shorter one is about 
one-seventh as long as the main arc was 
in frame 9. In spite of the decreased arc 
length, the interrupter maintained the 
current at essentially a constant rate of 
decay. Frame 4 of Fig. 5 portrays a 
similar retrogression. 

Often the frame showing a retrogressed 
arc will bear a remarkable resemblance to 
a previous frame. This is strikingly 
true in Fig. 5, where the arc is nearly 
identical in frames 2 and 4, and again in 
frames 7 and 10. In all frames in Fig. 5 
the cathode, or left-hand end, did not 
travel well. The cathode melt thus be¬ 
came a danger point. Even though the 
anode end travelled well, by its stepping 
nature it left anode melts in close proxim¬ 
ity to the cathode melt, thus afTording the 
arc an opportunity to retrogress. In 
studying Fig. 3 through 6 one should keep 
in mind that although they are titled 
high-speed movie, from the arc’s view¬ 
point they are strictly low-speed. They 
are but brief and widely separated glimpses 
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Arc Characteristics 

Before discussing retrogressions further, 
a listing of some arc characteristics is.iu 
order: 

1. On a continuous metal surface the 
cathode end of the arc moves readily and 
smoothly. This has been observed in 
various departments of the General Electric 
Company, and a paper on the subject 
appeared in 1949.^ 

2. On a continuous metal surface the anode 
end of the arc moves forward in steps. ^ 

3. Discontinuities in a metal surface affect 
the travel of arc ends. For the cathode end 
to cross a discontinuity it must pause until 
the arc column impinges on the path ahead 
and forms a new melt. When the new 
melt develops sufficient boil of metal vapor, 
the gaseous mixture adjacent to it ionizes 
sufficiently to maintain an arc. The cur¬ 
rent path then shifts from the old melt to 
the new one. The cathode end is then free 
to travel forward. Since the anode end 
naturally travels in steps, its progress is 
not greatly impeded by a discontinuity 
unless either or both of the following occur: 
1. Turbulence resulting from the change 
in patV'may prevent the arc column from 
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coming sufficiently close to the forward 
anode surface. A forward anode melt is 
formed when the electric gradient between 
the arc column and the anode surface is high 
enough to produce a discharge from the 
column to the surface. For a given inter¬ 
rupter at a given voltage, therefore, there 
exists a critical distance between the column 
and the surface, beyond which a discharge 
will not occur; 2. If the discontinuity is a 
gap in the anode surface, and this gap 
occurs where the new melt would have 
occurred, a pause will prevail until the 
column has traveled on to where it can dis¬ 
charge to an anode surface. 

The preceding statements are based 
on the nature of current conduction 
in metal and in gases, as presented by 
various authorities, and on the tracking 
records left by arcs on various kinds of 
surfaces. 

4. Uncooled melts, either cathode or anode, 
are hazards, particularly when there is little 
distance between melts of opposite charge. 
The ionization potential of metal atoms is 
about 8 electron volts. The ionization 
potential of atmospheric gas atoms is about 
14 electron volts. This means that a gase¬ 
ous region containing a high percentage of 
metal atoms will ionize much more readily 
than a normal atmospheric gas. 

5. The voltage drop in an arc occurs 
principally in the column, from which there¬ 
fore most of its energy must be dissipated. 


Authorities generally credit the cathode 
with a drop of about 20 volts, and less for 
the anode. Note the 33-volt drop in Fig. 2. 

6. Inductive voltages resulting from rapid 
cturent decay are additive to the supply 
voltage. This is a well-known phenomenon, 
which makes the interruption of highly in¬ 
ductive circuits difficult. 

Desirable Interrupter Performance 

A study of the foregoing characteristics 
indicates that to prevent retrogression 
the interrupter should accomplish the 
following: 1. Keep the melts small; 2. 
Keep oppositively charged melts widely 
separated; 3. Between close surfaces of 
opposite charge keep the gases free of 
ions; 4. To avoid breaking down the 
gaseous dielectric between uncooled melts 
of opposite charge, keep the positive in¬ 
ductive voltages low. 

To keep melts small, the arc ends 
should be moved continuously forward 
onto cool metal surfaces. For optimum 
motion of either end of the arc, the metal 
surfaces should be smooth and continu¬ 
ous, and the gas flow adjacent to them 
should be laminar. These ideal conditions 
are never attained in practical inter¬ 
rupters. At least one of the contacts 


must move. For mechanical reasons tlie 
moving contact must be relatively sh.oi't. 
Beyond its end an arc runner, or arcing 
horn, is usually provided. The gap be¬ 
tween these two members is a serious ob¬ 
stacle to forward travel of the cathode end 
of the arc, in particular, and slows travel 
of the anode end. The gap also intro¬ 
duces gas turbulence. Since the anode 
end of the arc is not as much impeded by 
gaps as is the cathode end, making the 
moving contact positive in the circuit is 
desirable. However, most circuits have 
ground at the negative potential, with the 
interlocks, coils, and other control de¬ 
vices, as differentiated from power, a ieyv 
volts above ground. Insulating the con¬ 
trol circuits from the moving parts of a 
power interrupter is therefore easier if 
those moving parts are at ground poten¬ 
tial. These practical factors nearly al¬ 
ways result in having the moving con¬ 
tact at negative, or cathodic, potential. 
Even though the fixed contact can readily 
be made long and continuous, seldom can 
it be made negative in the circuit and thus 
used to full advantage. 

The arc ends move better on some 
metals than on others. Fortunately, of 
the commercial metals, copper is the best 



Fig. 6. Stills from a high-speed movie of an arc interruption. The 
Fig. 5. Stills from a high-speed movie of an arc interruption. The conditions for this interruption differ from those of Fig. 3 only in line 

conditions for this interruption differ from those of Fig. 3 only in line voltage, which was 200, and in having the fixed, or right-hand, 

voltage, which was 150. The peak amperes were 2,220 surface negative. The peak amperes were 2,930 
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for good arc tracking. Its excellent tlier- 
xnal conductivity also aids in keeping 
nielts small. Brasses and bronzes are 
frequently used as arc runners. They are 
next best in tracking quality and have the 
advantage of greater strength and econ¬ 
omy. 

Keeping oppositely charged nielts 
widely separated requires that the contact 
gap be large and that the moving contact 
assembly does not bounce partially closed. 
Ordinarily, the moving assembly and its 
actuater will provide low initial velocity 
and high final velocity, while the reverse 
is required if the initial melts are to be 
kept small and closing bounces are to be 
eliminated. The greatest hazard, how¬ 
ever, is usually at the ends of the con¬ 
tacts, particularly when they are short. 
Although rigorous proof of this statement 
by photographic evidence is prevented by 
the arc’s halo and its extreme speed, yet 
most of the photographed retrogressions 
occurred in the region of the contact tips. 
Also, on power interrupters, erosion is gen¬ 
erally pronounced at the contact tips, in¬ 
dicating large melts. 

Since in the arc's travelling the first 
large melts occur at the contact tips, con¬ 
tacts should be so contoured that their 
surfaces diverge at a wide angle. The 
fixed contact should have at least twice 
the length of the moving contact, so that 
its end will be far from the opposite poten¬ 
tial. Both contacts should be provided 
with arc runners which will readily take 
transfer of the arc. For the fixed contact, 
butt joints are possible. For the moving 
contact the ideal arrangement would be 
for the runner to take the arc from the 
moving contact in a streamline gas flow 
at the instant the arc reaches its end. 
Unfortunately, the position of the moving 
contact at this instant is difficult to de¬ 
termine. If the horn projects far into the 
gas flow, turbulence may carry the arc 
behind the runner, and control is lost. A 
reasonable compromise must be made, 
depending upon contact opening velocity, 
armature rigidity, and contact contour. 

Keeping arc chute gases free of ions, 
where surfaces of opposite potential are 
near each other, requires a continuous 
flow of air. Because of space and in the 
interest of economy of materials, arc 
chutes usually incorporate arc splitters, 
arc baffles, arc-quenching grids, or rough¬ 
surfaced sides. These promote turbu¬ 
lence, which is desirable in dissipating arc 
energy. When the turbulence is exces¬ 
sive, however, volumes of ionized gas 
may be ejected backward. The explosive 
force of high-capacity interruptions will 
cause the arc to recoil, if there is insuf¬ 
ficient space for it to travel outward. 


Turbulence in the first third of the arc 
chute is undesirable because it produces 
erratic running of the arc ends. 

Interrupters which are enclosed except 
for their arc chute openings may contain 
insufficient air. If the interruption is pro¬ 
tracted, cooling of the gases within the 
main portion of the enclosure will result in 
a partial vacuum. The resulting inrush of 
air through the arc chute opening will 
cany ionized gases toward the contacts, 
and may have sufficient force to carry the 
arc there as well. 

Keeping positive inductive voltages low 
generally requires that the arc be elon¬ 
gated slowly. Arc splitters, arc baffles, arc¬ 
quenching grids, or arc chute sides when 
designed for sudden or extreme turbulence 
can provide too rapid cooling. Cooling 
results in deionization, which is a loss of 
conductivity and produces a drop in ciu- 
rent. The decay of the current reacts 
with the circuit inductance to produce 
positive voltages. Although the actual 
change in current may be negligible, if the 
rate of change is high, the induced voltage 
will be high. These voltages can easily be 
sufficient to produce breakdown of the 
gaseous dielectric between imcooled melts 
which are not widely separated. Larger 
voltages produce breakdown between 
uncooled cathode melts and cooled anode 
surfaces. 

Most interrupters produce large induc¬ 
tive voltages from too rapid ciurrent decay 
just prior to arc extinction. As the arc 
current approaches zero the arc suddenly 
loses its ionizing ability, and collapses. 
This collapse produces a rate of current 
decay greatly in excess of the prior rate. 
Where the circuit is inductive, large volt¬ 
ages are produced, enabling the arc with 
its dying gasp to reignite across hazard 
zones. To prevent this, just prior to its 
extinction the arc should not be elongated 
further. If also at this time the cathode 
and anode ends of the arc are stabilized 
upon large metal bosses at the ends of the 
arc runners, the resultant ionization will 
enable the arc to decay very slowly. 

Excessive magnetic blowout force will 
produce large inductive voltages. In the 
ignition region the force cannot be too 
high, because there it results only in arc 
movement, not in current decay. In Fig. 
2 note that for over one-third of the arc 
duration the current was increasing. The 
magnetic blowout field should taper off in 
the main body of the chute, and should be 
close to zero at the chute opening. To 
prevent high currents from producing 
forces proportional to the current squared, 
a portion of the steel magnetic circuit 
should saturate at a current value just 
above the interrupter’s continuous rating. 


This will provide maximum force on the 
arc when the device acts as a contactor or 
switch. There is little danger of retro¬ 
gression in such duty, and the contacts 
will be saved from excessive erosion. 
When overloads or short circuits must be 
interrupted, the saturated portion of the 
magnetic circuit will decrease the tend¬ 
ency for too rapid elongation. 

Design Details 

The causes of retrogression can now be 
summarized, together with mitigating de¬ 
sign feattues, bearing in mind that some 
of the arc’s characteristics are admittedly 
unknown, and that the interrupter dis¬ 
cussed is one which draws the arc in air 
and elongates it by means of magnetic 
force from a series coil. 

Short metal surfaces promote retro¬ 
gression by causing pauses in travel of the 
arc ends, particularly the cathode. To 
counteract, make the fixed contact quite 
long, and the entire tracking surface on 
the fixed side as continuous as possible. 
Make the moving contact as long as per¬ 
mitted by good mechanical design. 
Where possible, make the fixed contact 
negative in the circuit. Otherwise, locate 
the moving contact’s horn close to the 
moving contact for a quick and streamline 
transfer of the arc from the end of the 
moving contact to the horn. 

A slow separation of the moving con¬ 
tact from the fixed contact will delay 
initial motion of the arc. This will result 
in large melts, which are hazards, and ex¬ 
cessive contact erosion will follow. More¬ 
over, the interruption will be prolonged 
because of the copious metallic evapora¬ 
tion caused by the slow separation. An 
impact type of separation will provide 
high initial velocity. Triggering of ten¬ 
sion springs is a more complicated but 
more effective way to obtain high initial 
velocity. The moving contact support 
must receive the opening force at its 
center of percussion or between there and 
the line of contact, or it will rotate in a 
closing motion during the armature open¬ 
ing. 

A limber or a bouncing armature and 
contact assembly will result in a closing 
action of the moving contact. The as¬ 
sembly should be rigid in the plane of 
motion, and should have negligible 
bounce. 

Ferrous or aluminum arc runners do 
not provide good tracking surfaces. In no 
design should an arc runner be of mag¬ 
netic material, because of the short- 
circuiting effect on the magnetic blowout 
force. Copper and its alloys provide good 
tracking and small melts. 
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Parallel arcing surfaces result in too 
close proximity of melts of opposite 
charge. The contacts should diverge 
immediately beyond the ignition region. 
Beyond the contact ends an included 
angle of about 120 degrees is most desir¬ 
able. 

Barriers in the arc’s path which produce 
high turbulence or arc recoil will result in 
retrogression because of the ionizing of the 
gaseous dielectric between uncooled melts 
of opposite charge. They should be 
placed well toward the openings and 
should have sufficient space between them 
for the arc to escape. 

Arc quenchers, whether of metal or not, 
which suddenly dissipate large quantities 
of energy from the arc, will produce 


dangerous inductive voltages. The 
energy dissipation should be gradual. If, 
in addition, the quenchers act as barriers 
they may have some of the faults listed in 
the foregoing. 

Enclosed interrupters which have open¬ 
ings for ejection of arc gases will experi¬ 
ence retrogression if they have small air 
storage or require long periods of time for 
interruption. Louvred sides will permit 
replacement air to enter the enclosure, or 
the arc must be interrupted before the 
internal gas cools. 

Rapid decay of the arc current just 
prior to current zero will often induce ex¬ 
cessive voltage. Stabilization of the arc 
ends just prior to current zero, and cessa¬ 
tion of arc elongation will permit a grad- 

- ♦- 


ual collapse of current which will not in¬ 
duce voltage. 

In final and brief summary, the arc 
should be moved rapidly at first, slowly 
or not at all at the last, smoothly at all 
times, and its metal runners should be as 
continuous as possible. If handled in such 
fashion, it will retrogress infrequently, it 
will do minimiun damage to the inter¬ 
rupter, and its circuit will be given ex¬ 
cellent protection. 
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Discussion 

C. C* Whittaker (Westinghouse Electric 
Corporation, East Pittsburgh, Pa.): A 
paper on a subject like this can properly be 
written every few years because of its funda¬ 
mental nature. Some of the information 
given in previous articles must of necessity 
be repeated, but it seems that periodically 
there is additional knowledge obtained to 
make instructive reading, especially for 
many of the younger engineers. 

I would raise one question as to the pro¬ 
cedure of the tests shown in Figs. 3 to 6. 
Here the switch undergoing test had on one 
side a solid iron pole piece, and on the 
camera side, an expanded metal pole piece, 
through the interstices of which the photo¬ 
graphs were obtained. It would seem that 
the expanded metal would offer in the order 
of ten times the reluctance, so that the re¬ 
sulting arc-moving field would not be 
straight across the arc gap, which would 
thus cause the arc to be forced to one side of 
the arc box. 

If further tests are contemplated, we sug¬ 
gest the use of a switch having an air-core 
blowout coil. Such a switch is shown in 
Fig. 7 with its arc box removed. For a 
number of test shots, say 25 to 30, the arc 
box is not required. With the arc-moving 
flux passing straight through the two blow¬ 
out coils, as is the case with this switch de¬ 
sign, the arc is forced straight forward be¬ 
tween the coils. 

Within the switch capacity, the arc itself 
is always extinguished within the coil area 
although luminous gases will be expelled be¬ 
yond the coil boundary. Because the arc 
path is much more brilliant than the gases, 
these may be filtered out, leaving a definite 
arc path. Thus, instead of having to inter¬ 
pret a more or less blurred photograph, you 
would have a clear-cut arc path showing a 
definite arc shape from one arc terminal to 
the other. 
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R. L. Hurtle; Mr. Whittaker’s discussion 
has two salient points: 1. The pole-piece 
design distorted the magnetic blowout field, 
thus forcing the arc to one side of the chute; 
2. The arc better could be photographed if 



Fig. 7. Type UPC-525 unit switch with arc 
box removed 


the magnetic field were derived from air- 
core blowout coils around the arc chute. 

Because of fringing outward from the 
magnetomotive source, the magnetic field 
in an arc chute is always curved The field 
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is perpendicular to the chute tlirough only 
one plane of space. If the chute is symmet¬ 
rical on each side of its midplane, then the 
field will be perpendicular at that plane and 
distorted on each side. For practical pur¬ 
poses, then, the arc is always magnetically 
thrust toward one side or the other. The 
asymmetry of the arc chute used in the tests 
under discussion displaced the plane away 
from the glass side so that it lay at about 
the 0.6 point. The effect upon interruption 
characteristics was probably minor, but an 
understanding of such details is important. 
I appreciate Mr Whittaker’s presentation of 
the improvement in technique. 

The use of air-core blowout coils would 
permit clearer pictures. If the device being 
studied uses air-core coils around the arc 
chute as standard design, they should be 
used when interruptions are studied. How¬ 
ever, the field resulting from such coils dif¬ 
fers from that obtained from a steel-core coil 
in four important respects: 1. More turns 
are required for a given field intensity, re¬ 
sulting in greater inductive reactance; 2. 
External to the coils the field is reverse^ in 
contrast to that of a steel-core coil where 
the field is in the same direction tliroughout 
the arc chute, with some fringing beyond the 
arc chute; 3. Between two separated air- 
core coils the field is radially symmetrical 
about their common axis, whereas in an arc 
chute using a steel-core coil the field is. 
shaped as described above; 4. Within an 
air-core coil the density is uniform, in con¬ 
trast with a tapering density in the field 
from a steel-core coil. I contend that the- 
intensity should be high in the arc-ignition 
region, and should, taper to a low value in 
that region of the arc chute where extinction 
is effected. 

In summary, the principal reason for using* 
a steel-core coil and an expanded pole piece 
was that this resulted in the least change- 
from standard design which would permit, 
photographing the arc. 
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: When irn aircraft current- 

limit:^ element is subject to sufficient over- 
currerit:, heats and finally melts, thus 
interrTLt:P'^^^^^ circuit. The ohmic re- 
sista^nc^^ of limiters at the instant before 
meltxixg' liiive been measured in the labora¬ 
tory gLiad have been found to be about 6.2 
times resistance, for copper- 

elerneiat: limiters, and about 4.2 times the 
coldL x*eslstance for silver-element limiters. 
This irrorease in resistance results in an 
eqtXEtliziiiTLg effect in i)arallel-connected lim¬ 
iters. method is developed in this paper 

for ^^redictiiig the extent of such current- 
equ-alissettion; in addition, it was discovered 
that: t:lT.e i>rescnt method of predicting 

whelilxdr a limiter is damaged by a given 
current: transient appears conservative. 


I 3Sr ELBCTRIC POWER systems, cur¬ 
rent: limiters and fuses are used to pro¬ 
tect wires, generating equipment, and 
switclxing equipment from excessive cur¬ 
rents. They are also used to isolate 
fanlted feeders and busses in appro- 
pria-tely designed multiple-path circuits: 

i. lenses are commonly used in industrial 
and domestic electric-power systems; a fuse 
has its fusible element made from n low- 
melt in g-^pomt alloy, 

2. Cnrrent limiters are used in aircraft 
eleetrioa.1 installations where an attempt is 
mstde -to protect cable from overheating, 
gertemliy under fault conditions. An air- 
cra,ft limiter's fusible element is made from 
pure silver, copper, or copper alloy, all of 
wtrielx liavc high melting points. This high 
melting point gives the limiter greater in¬ 
sensitivity to ambient temperature. 

blowing-time versus current char¬ 
acteristics of aircraft limiters are well 
knoA?\nti,i—4 design procedure for co- 

or4^i^a.ting the limiter blowing-time versus 
ctrrr^nt curve with the damage cliarac- 
of aircraft wire and cable has been 
developed.^ These two subjects 
af ^ tiot within the scope of this paper. 

A* q-uestion which apparently had not 
Explored previously is this: What 
la^PP^i:is to the resistance of an aircraft 
between the instant when fault 
starts to flow, and tbe instant just 
the limiter melts and clears the 
As the fusible element of the 
heats, the resistance will obvi¬ 


ously ina'case; but the amount of re¬ 
sistance increase was not known. 

The next logical question is: Wliat is 
the quantitative effect of this change in 
resistance on practical aircraft circuits? 
In previous tests of a mocked-up 120-volt 
d-c aircraft-electric system, it was dis¬ 
covered that parallel-connected limiters 
displayed an equalizing effect during the 
blowing period. The limiter that was 
supposed to blow first because of its lower 
resistance path, diverted some of its cur¬ 
rent to the parallel path. j 

Description of Aircraft timiters 

There are two types of limiters that are 
commonly used in aircraft, see Fig. 1* 
One has its fusible element and terminals 
stamped out of a sheet of copper of ap¬ 
propriate thickness. A refractory case is 
then built around the fusible element. 
This type of limiter is used on 28-volt d-c 
aircraft circuits and is available in various 
sizes in the range of 35 to 500 amperes. 
It is mounted by bolting to a bus or stud. 

The other type of limiter has a fusible 
element fabricated from silver wire of ap¬ 
propriate diameter and length. The 
wire is welded to comparatively heavy 
terminals. The fusible element is sur¬ 
rounded with a glass tube, filled or coated 
on the inside with sand or glass cloth. 
The terminals are attached to the glass 
tube with a phenolic cap, which also 
serves as a grip and shield. This type of 
limiter is installed in clips. These silver- 
element limiters are used in 120 volt-to- 
grotmd circuits, and are available in 
various sizes in the current range of 5 to 
100 amperes. Melting points for the 
fusible elements of limiters are 960.5 de- 
grees centigrade for silver and 1,083 de¬ 
grees centigrade for copper. 

In studying limiters, one must keep in 

Paper 53-272, recommended by the AIEE Air 
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AIEE Committee on Technical Operations for 
presentation at the AIEE Summer General Meet¬ 
ing, Atlantic City, N. J., June 15-19, 1953. Manu¬ 
script submitted October 24, 1952: made available 
for printing April 20, 1963. 
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mind that limiter blowing is not a 
phenomenon, but rather a ^ statis^iie^^^ 
phenomenon. To illustrate, limiter, 
at present considered acceptable i t 
will blow within a 12-per-cent band on 
current-time characteristic. It naturail^^ 
follows that there is no exact value for 
resistance at the instant before meltiir^. 

Description of Laboratory Tests 

The increase in resistance of limit^^ 
elements, from the time of initiation 
current flow to the time of melting, 
measured in the laboratory. The initi-^l 
resistance was measured with a 
bridge, and the final resistance was 
puted from current and voltage traces 0:t:| 
oscillograms. 

CtUTcnt transients were recorded 
an oscillograph galvanometer, connect^eif^ 
directly to a suitable ammeter shunt, 
direct-coupled amplifier had to be iiit^:^_ 
posed between the limiter blades and 
voltage-recording galvanometer, to px-o-> 
tect the galvanometer from the opeii-ciir_ 
cuit voltage across the blown limiter. 

The amplifier showed signs of drift a.xxci 
nonlinearity. Nonlineaidty effects wex“e 
minimized by taking calibration oscillo-> 
grams at expected test voltages; but drif t 
could not be controlled. The error froxix 
these factors in some cases may have Ixeexx 
as high as 7 to 10 per cent. Howei.-eT', 
enough oscillogi'ams were taken to insxxre 
reasonably accm'ate results. Better a-xxi- 
plifiers capable of driving the higb-fTre- 
quency-response osdllograj)h galvanoxxx- 
eters have recently become available, 
further tests could undoubtedly procixiee 
more accurate restilts. 

Of the 28-volt copper-element limit 
100 were blown and 64 useful oseiH^" 
grams were obtained. Of the 208/ 
volt silver-element limiters, 106 
blown and 62 useful oscillograms 
obtained. In addition, 18 pairs of 
were blown in parallel to verify 
mentally the equalizing effect of pax 
limiters. 


Figs. 2 and 3 are typical oscillograxxx^^ 
the voltage and cun*ent in limiters 
blowing. Figs, 4 and 6 show the ratio^ 
premelting resistance to cold resistanir^ ^ 
copper- and silver-element limiters, ^ 
various blowing times. 

On the basis of these data, the ratic?^ 
premelting resistance to cold resistt^’^^£^ 
have been determined to be, 
mately: 

1. 6.2 for copper-element 28-volt 


2. 4,2 for silver-element 208/120^ 

limiters. 
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It will be observed that the test 



type FLL type FiL.- 

. COPPER ELEMENT SILVER ELEMENT 




Fig. 1 (left). Types of current 
limiters used in aircraft. Left, 
for 28-volt power circuits; 
right, for 208/120-volt power 
circuits 



produced a pattern of preblowing re¬ 
sistances, from which the values of 4.2 for 
silver-element limiters and 6.2 for copper- 
element limiters were picked. It must be 
kept in mind that these figures are not 
precise values, but rather, useful approxi¬ 
mations. Further research could estab¬ 
lish more precise values, and also could 
result in an understanding of the relation 
of this premelting resistance to blowing 
time. 

It was originally expected that this 
change in resistance of a limiter might 
cause appreciable change in the current 
flowing through a circuit. However, tests 
and analyses indicate that, in practically 
all overloads and faults, circuit compo¬ 
nents other than limiters will offer the 
major portion of resistance. For ex¬ 
ample, Table I shows the maximum sus¬ 
tained fault currents expected in two 
types of airplane electric systems. An 
actual airplane fault will, in all probabil¬ 
ity, involve much smaller limiter voltage 
drops. Consequently, all limiter compu¬ 
tations in this paper are based on constant 
total current. 

Analysis of Limiter Resistance 
During Blowing 

If a limiter blows in less than 0.1 second, 
the element does not lose any appreciable 
amount of heat through conduction, 
radiation, or convection.^ Therefore, all 
the heat generated by the passage of cur¬ 
rent through the resistance of the limiter 
element is converted into increased tem¬ 
perature, up to the point where fusion 
starts taking place. 

When the limiter element starts to 
melt, the metallic circuit is broken, an arc 
is formed, and relatively large amounts 


of power are released in the arc voltage 
drop. After that, the circuit is usually 
cleared in a relatively short time. In the 
analysis of blowing-time versus current 
characteristics of limiters, it has been 
found that any correction for the heat of 
fusion brings about less agreement be¬ 
tween theoretical and experimental re¬ 
sults.^ In any event, the change in re¬ 
sistance of a limiter after the metallic 
path is broken is not within the scope of 
this paper. 

If the blowing time is greater than 0,1 
second, then there may be appreciable 
heat dissipated from the limiter element. 
If the blowing time is long, say many 
seconds, then only a small part of the total 
heat generated will go toward heating the 
element to its melting temperature. 
Thus, it would be extremely difficult to 
make a general mathematical analysis of 
the resistance of a slow-blowing limiter. 
Fortunately, as will be seen, a parallel 
circuit that is safe from an equalization 
standpoint with fast-blowing limiters, 
will be even safer if the limiters blow 
slowly. 

Thus, the desired practical results can 
be accomplished by the use of an expres¬ 
sion which will give the value of limiter 
resistance as a function of time for the 
quick-blowing condition. In deriving 
such an expression, two assumptions are 
made: 

1. That the limiter blows in less than 0.1 
second; 

2. That constant current flows through the 
limiter. 

The expression for the temperature rise 
of copper is 

Temperature rise, 0.018 Xwatt-seconds 
degrees centigrade volume, cubic inches 
O.OlSPi^j; 
cubic inches 



Fig. 2. Oscillogram showing voltage drop 
across a 200-ampore 28-volt copper-element 
limiter during blowing. The blowing time 
was 0.99 second 


or 


^T=-pRt 

where 

AT = temperature rise, degrees centigrade 

, 0.01812 
p sss - 

cubic inches 

i?—resistance of element 
^ = time, seconds 

The expression for the resistance 
change in a conductor when it heats is 

i?=i?o[l + a(r-ro)] 

where 


resistance at temperature T 
resistance at initial temperature 
T =; final temperature 
Jo —initial temperature 
a—thermal resistance coefficient 

Revising 

= i?o “h Roc»: T—To 
Let & = and a— 
i? = a-}-5r 


In a given limiter having a constant cur¬ 
rent passing through it, the variables will 
be time, temperature, and resistance 

AT-=^pRAt 

Substituting 


AT=-pAt (a-i-bT) 



Fig. 3. Oscillogram showing voltage drop 
across a 40-ampere 208/120-volt silver- 
element limiter during blowing. The blowing 
time was 0.043 second 
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Fig. 4. Resist¬ 
ance at instant 
before melting o( 
28-volt copper- 
element limiters 
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Integrating 

1 

7 =pt-^ C 

o 

_ - = ^ 
At 

^==0, r=ro 




tJ/— Ro bRo 

^0 ^ .-j- — bRo^ Rq 


Substituting to 
integration 

R= -;- 


eliminate the constant of 


However 

R--a+bR 


Therefore 


R^a+b' 


b 




In conclusion 

where 

limiter resistance at time t 
7?o== initial resistance of limiter 
I — current which remains constant 


( 1 ) 

( 2 ) 
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Fig. 6. Change in 
limiter resistance 
during blowing time 
for various blowing 
times. All four 
limiters were rated 
40-ampere$ 208/ 
120-volt (silver ele¬ 
ment) 


t — timej seconds 

k — constant for a given limiter design 

The significance of this equation is that 
the resistance of a limiter will increase 
exponentially with time. 

It is interesting to note the correlation 
of this theoretical expression for limiter 
resistance with actual data. Fig. 6 shows 
the resistance of a silver-element limiter 
plotted against time for several blowing 
times. It will be noted that the resist¬ 
ances of fast-blowing limiters closely fol¬ 
low the theoretical curve. 

The value of k depends on the physical 
size of the limiter element and its thermal 
resistance coefficient 


, 0 . 0180 ! 

k =— -—;— for copper 

volume, cubic inches 


The value of k can also be computed if 
the resistance of a limiter just before 
melting is known 


^ _ jiRQin 

Ro 



=kRQlH 


log 


k^- 


Ro 


RoIH 


Table I. Maximum Fault Current Expected In 
Airplanes 


Maxi¬ 

mum 

Fault 

Cur- Size Limiter Voltage Drop 

rent. Limiter, Resist- -— 

Type Am- Am- ance. Limiter Limiter 

Circuit peres peres Ohms Cold Hot 


28voltd-c..6000...275...0.0002... 1 . 2 ... 6 24 
110 volt 

a-c.4000... 60.. .0.0006.. .2.4., .10.1 


For a given limiter, k can be determined 
by taking blowing time and current from 
reference 2 (copper-element limiters) or 
reference 4 (silver-element limiters). 
Equation 2 is applicable only when the 
limiter blows so fast that heat losses are 
negligible, so for computing k the current 
at a very short blowing time should be 
used. 

Values of k for silver-element limiters 
are given in Table II, and for copper-ele¬ 
ment limiters in Table III. 

Effect of Limiter Heating on 
Distribution of Current Between 
Parallel Limiters Having 
Unequal Resistance Paths 

One of the principal objectives of this 
research was the development of a prac¬ 
ticable method of predicting how much 
equalizing effect will take place in parallel 
circuits as a result of limiter heating dur¬ 
ing blowing. 

Fortunately, in the case of parallel 
limiters having unequal resistance paths, 
it can be shown by analysis that the 
equalizing effect is greater at blowing 
times of less than 0.1 second than at 
longer blowing times. This fact has been 
confirmed in the laboratory by blowing 
parallel limiters with various series re¬ 
sistances. 

In this analysis of parallel circuits, two 
assumptions are made: 

1. That the total current through the 
combination of limiters remains constant; 

2. That the limiter blows in less than 0.1 
second. 

The following symbols will be used, 
see Fig. 7. 


Table II. Values of k for Sliver-Element 
Limiters 


Limiter 

Rating, I, 

Amperes Amperes 

Seconds 

Ro, 

Ohms 

k 

10 .... 

. 330... 

. .0.01.. . 

. .0.0052... 

..0.253 

SO.... 

. 800... 

..0.01... 

. .0.0013... 

..0.1725 

40.... 

.1070... 

..0.01... 

. .0.0010... 

..0.125 

60.... 

.1600... 

. .0.01. . 

. .0.0006... 

..0.0934 


Table 111, 

Values of k for Copper 
Limiters 

•Element 

Limiter 

Rating, I, 

Amperes Amperes 

Seconds 

Ro, 

Ohms 

k 

100.... 

3150.. 

..0.01... 

0.00054... 

.0.0307 

130.... 

3800.. 

. .0.01... 

0.00043... 

.0.0266 

200. 

5700.. 

..0.01... 

0.00032... 

.0.0158 

275. 

9000.. 

..0.01... 

0.00020... 

.0.0102 

400. 

13800.. 

..0.01... 

0.00013... 

,0.00667 


= total current 
Ri — o. non varying resistance 
i? 3 =a non varying resistance 
i? 2 =limiter intended to blow first 
i? 4 = limiter not intended to blow first 
Ji= current through R>i 
J 2 = current through 
ri — 

Ji==/l+l2 

Any attempt to derive an exact expres¬ 
sion for the currents or limiter resistances 
in Fig. 7 will lead to a nonlinear differen¬ 
tial equation. Such an equation could 
be solved by approximations, but it would 
be so unwieldy that it would have little 
practical value in airplane design. 

Therefore, the problem of parallel limit¬ 
ers was divided into two categories, 
namely: 1. to detennine the worst pos¬ 
sible equalization conditions; 2. to pro¬ 
vide point-by-point method of approxi¬ 
mating what will actually happen in a 
specific circuit as the limiters heat. 

The worst possible equalization condi¬ 
tions will exist if does not increase its 
resistance at all. Thus, as gets hotter 
and hotter, it will divert more and more 
of its current into R^. The limiting con¬ 
dition will usually occur when R^ reaches 
4.2 (silver) or 5.2 (copper) times its cold 
resistance, and melts. 

In a parallel circuit 

T 

^ n+Vi 

R| R 2 h 

-(/\A>— 

Jl. 

fa 

■ . . .. -* 

R3 R4 u 

Fig. 7, Parallel circuit with limiters 
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Fi 9 . 8. Maximum current-divcrtins effect of copper-element limiters 
at instant before melting. It is assumed that It/ Ri/ Ra# and R 4 remain 
constant, and that R 2 increases to 5.2 times its cold resistance before 

melting 


Fig. 9. Maximum current-diverting effect of silver-element limiters at 
instant before melting. It is assumed that It, Ri, Rs, and Ri remain 
constant, and that Rj increases to 4.2 times its cold resistance before 

melting 


In Fig. 7 

It{R,+R,) 

Just before blows 

where 


x=s4:.2 for silver 
= 5.2 for copper 

The percentage of initial ctirreiil Ii that 
will be diverted into R 4 is 


D = 100 


/ 1-/1 


n r 


wliei'e /J = per-cent cuiTciil diverted. 


P = 100 



(R,-^R,)It y 

7^ j ”-h ‘^^2 +Rs “f* R 4 

Ri-^R 2 +Rn+RA ^' 
4(7^3 + 7 ^ 4 ) ). 



1~ 


R 1 -j- Ri R n -j- R i "1 

Ri"\-xR>i-jr 72!;i-f'7?4 J 


9, which give the per cent of current Ii 
that is diverted into Rs and R 4 under the 
most unfavorable conditions. If, even 
though current is diverted, R 2 blows well 
ahead of i? 4 , then the circuit may be con¬ 
sidered safe from an equalization stand¬ 
point. 


Ji = 0.95X400 = 380 amperes 

/2 = 205H-(0.05X400)=225 amperes 

Obviously, R 2 will blow before Ri, so this 
problem is solved. 

If tlie foregoing check leaves a question 
about i ?2 clearing first, then a more com¬ 
plete analysis will have to be made. 


Example 1: 

Ro and R 4 are 3U-ampere silver-element 
limiters 

i?i =0.026 ohm 
=0.052 ohm 

From Fig. 9 

i ?2 = i ?4 = 0.0013 ohm 
i?i,=207^2) Rs-j-Ri^^iRz 

Diverted current=5 per cent. 

Assume that initially 


7i = 400 amperes 

(gi±g2)_^ 400(20+l) 

+ 40+1 


205 amperes 


After diversion 


Example 2: 

Two 30-ampere silver-element limiters, 
as in Fig. 7, with the following constants 

=.0.0013 

i?i = 3.467?2 = 0.0045 ohm 
i?g = 5.0jR2 = 0.0065 ohm 

From Fig. 9, diversion of /i =25 per cent. 
Assume 

Jj = 400 amperes at start 

12=4007^^-^^1=296 amperes 
(Rs-j-Ri) 

After diversion 

Jj = 0.75X400 = 300 amperes 

/2 = 296+(0.25X400)=396 amperes 

On the basis of Fig. 9, there is reason to 


By using various ratios for A 1 /A 2 and 
(Rs+RiJ/R'i, the data for Figs. 8 and 9 
were calculated. 

Most parallel limiter equalizing prob¬ 
lems can be solved quickly with Fig. 8 or 

Table IV. Step-by-Step Computation of 
Resistances of Parallel Limiters 


Current 

at 

Beginning, 
Branch Amperes c 

2.24(V,100/ 

R at 
End of 
Period, 
Per TJnit 

t at 
End of 
Period, 
Seconds 

1. 

....400_ 

.1.431... 

. ..1.431.. 

...0.01 

2. 

_296.... 

,1 218... 

. . .1.218.. 

...0.01 

1. 

....391_ 

.1.409... 

. . .2.02 .. 

...0.02 

2. 


.1.234... 

. . .1.50 .. 

...0.02 

1. 

_378. 

.1.378... 

. ..2.78 .. 

...0.03 

2. 

_318... . 

. 1.253... 

...1.88 .. 

...0.03 

1. 

....305_ 

.1.348... 

. . .3.74 .. 

...0.04 

2. 

_331 ... 

. 1.279... 

...2.40 .. 

...0.04 

1., 

... 353 .. 

. 1.325... 

...4.96 ,, 

...0.05 

2 .. 

,...343.... 

.1.303... 

...3.13 .. 

...0.05 


Fig. 10. Time-resistance plot 
of parallel 30-ampere 208/ 
120-volt silver-element limit¬ 
ers. Total current is 696 am¬ 
peres 

Curve A contains no correc¬ 
tion for current diversion 
Curve B shows currents cor¬ 
rected every 0,01 second 
Curve C shows currents cor¬ 
rected every 0.005 second 
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Fig. 11. Current division between parallel limiters with unequal 

resistance paths^ as shown in Fig, 10. Currents are based on curve C Fig. 12. Accumulated heat in parallel limiters having unequal 


resistances 

question wliicli limiter will blow first. 

The following method, based on point- 
by-point approximations, will provide 
a reasonably accurate picture of current 
distribution in a parallel circuit, where 
the equalization effect is in question. This 
analytical approach has been verified by 
laboratory tests where limiters in parallel 
were instrumented and blown. 

As long as the limiters will blow in less 
than 0.1 second, the resistance of each 
limiter will be 

( 2 ) 

With a current that will blow the 
limiter in 0.04 second, the resistance 
is tabulated against time. The current 
in each branch is corrected each 0.01 
second. From the resulting data, the ac¬ 
cumulated heat energy in each limiter can 
be computed from the formula 

JaPRdt 

Limiter will blow after its resistance 
reaches 4.2 (silver element) or 5.2 (copper 
element) times its cold resistance. If the 
energy in Rj^ at this time is less than 52 
per cent of the energy in R^, then it may 
be concluded that R^ was not damaged.® 
This criterion of damage is now believed 
to be conservative. 

In the preceding example 

^ = 0.1725 (from Table II) 

=i?0 ”26^0^2^ _ 24^ (iio) “ 

At 400-amperes constant current, R% 

Table V. Accumulated Heat in Limiter R 2 

Time Accumu- 

Period, Ii, Ra, H, lated 

Seconds Amperes Per Unit isRt H 

0-0.01.395.1.2 .... S3S. 838 

0.01-0.02.385.1.75. .. .1160 .. . . 1998 

0.02-0.03.373.2.37_1480.3478 

0,03-0.04.361.. ..3.22.... 1880. ...5358 

0.04-0.05.353._3.97_1111.6469 


resistance paths^ as : 

H = l<|2t. Solid lines 
from 

would blow in 0.04 second. 

Calculating R^ and i ?4 in a step-by-step 
manner produces the data in Table IV. 
For convenience, resistance is computed 
on a per-unit basis. Curves B in Fig. 

10 shows the Table IV resistances Rt and 
i ?4 plotted against time; curves C show 
the same resistances, calculated with cor¬ 
rections in current made every 0.005 
second instead of every 0.01 second. Fig. 

11 shows the current /i and plotted 
against time, based on curve C resistances. 
From Figs. 10 and 11, the accumulated 
heat energy in each limiter can be com¬ 
puted. The values for R^ are given in 
Table V. 

The solid lines in Fig. 12 show the 
accumulated energy in each limiter. Ap¬ 
parently Rz will blow first, but i? 4 , having 
absorbed 56 per cent of its blowing heat 
energy, would be considered damaged by 
present standards.® This step-by-step 
procedure is applicable to circuits having 
more than two limiters in parallel. It is 
also applicable to circuits having hetero¬ 
geneous limiters. 

Conclusions 

In general, the laboratory test results of 
tliis research project seem to concur with 
the mathematical analysis. It would 
seem that only under extremely rare con¬ 
ditions would there be danger of the 
wrong limiter blowing first, as the result of 
current equalization in a circuit with 
limiters in parallel. Example 2 repre¬ 
sents a limiter and about 6 feet of wire in 
one branch; and a limiter and 5 feet of 
wire in the other branch. This is about 
the worst condition that could be expected 
in actual practice. Longer wires, with 
reasonable differences in length, will re¬ 
duce the equalizing effect. Nevertheless, 
the blowing time of a limiter can be ap¬ 
preciably delayed by its current being 


shown In Fig. 10. Dotted lines are based oi> 
1 are based on H — using curve C resistances 
Fig. 10 and currents from Fig. 11 

diverted to another path. In some cases, 
this delay may influence the limiter co¬ 
ordination of a system. 

A new concept of limiter damage was a 
by-product of this limiter research proj¬ 
ect. The traditional method of deter¬ 
mining heat content, and hence proximity 
to melting temperature, is to assume that 
the limiter resistance is constant. The 
energy content of a fast-blowing limiter 
will then be proportional to IH. This 
method appears conservative and tends 
to indicate that the damage in unblown 
limiters is greater than actually is the 
case. A more realistic approach would be 
to go back to the original formula 

Heat = watt-seconds =PRt 

The resistance of a limiter that blows in 
less than 0.1 second under constant-cur- 
rent conditions is 

R^Roe^^oin (2) 

Just before melting, the resistance of a 
limiter is 4.2 (silver-element) or 5.2 (cop¬ 
per-element) times its cold resistance. 
Thus the limiter will be absorbing energy 
4,2 times or 5.2 times faster just before 
melting than it was at the beginning of 
the transient. Fig. 12 illustrates this 
point. In this case, both limiters have 
variable current, and the airrent was cor¬ 
rected every 0.005 second in the equa¬ 
tion. Limiter R 2 blows at 0.045 second. 
On the basis of an IH analysis, Ra has ab¬ 
sorbed 13.5 watt-seconds. Actual energy 
absorption of Ra was only 10.4 watt- 
seconds. 

The application of this philosophy to 
slow-blowing limiters, and hence limiters 
in general, would be justified only after 
more thorough analysis. Such analysis is 
beyond the scope of this paper. In this 
connection, a number of limiters which 
had been subject to near-blowing transi¬ 
ents were tested. These “used” limiters 
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iid not seem to have been seriously 
damaged by previous transients, for their 
blowing times were nearly normal. 

Only a limited amount of time was 
spent on the limiter damage problem, 
Inasmuch as it was not a major objective 
of this limiter research project, How¬ 
ever, further research might be war¬ 
ranted on the subject of what constitutes 
[imiter damage. 
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Discussion 

J. C. Lebens (Bussmann Manufacturing 
Company, Saint Louis, Mo.): The author 
is to be complimented upon his analysis and 
solution of the fundamental question con¬ 
cerning the effect of change in aircraft 
limiter resistance with load on aircraft cir¬ 
cuits. Actually the problem is not unique 
to aircraft circuits but is of vital importance 
wherever limiters or fuses are used in par¬ 
allel. 

A superficial study of the problem leads 
to the conclusion that the change in resist¬ 
ance of the fuse or limiter tends to maintain 
an even distribution of current when 
operated in parallel. However, the degree 
of the correction afforded by the change in 
fuse resistance with change of current in the 
two or more parallel paths has not been in¬ 
vestigated fully. Mr. Oman does an ex¬ 
cellent job in analyzing this problem and 
establishing the effect of the variables in¬ 
volved. 

It might be of interest to report that fur¬ 
ther development has been made on the 28- 
volt d-c aircraft limiter since the paper was 
originally submitted. Electrically the new 
limiter is interchangeable with the one 
tested by Mr. Oman and is available in 
various sizes in the range from 35 to 500 
amperes. The time-current characteristic 
of the new limiter is the same as that of the 
old one, except that greater accuracy can be 
maintained with the new limiter because 
positive spacing is maintained between the 
reduced section of the link and the housing 
of the limiter. This assures that the cool¬ 
ing effect of the housing will be the same on 
all samples. Hence, on low overloads 
where the time of opening is long enough for 
thermal conduction, greater accuracy is ob¬ 
tained. 

The primary reason for the development 
of the new aircraft limiter was to increase 
the mechanical strength of the housing and 
to improve its performance under heavy 
short-circuit conditions. The fusible ele¬ 
ment and terminals are stamped out of a 
sheet of copper of appropriate thickness but 
the terminals extend into the case to obtain 
a superior keying action. The glass in the 
window is replaced with mica and the re¬ 
fractory case is replaced with laminated 
melamine sheet sections which are riveted 
together to complete the assembly. The 
rivets extend through the terminal exten¬ 
sions to lock the terminals to the housing. 

Even though the new limiter has greater 
mechanical strength and superior short-cir¬ 
cuit performance, its time-current charac¬ 
teristic is substantially the same as that of 
the limiter tested by Mr. Oman. Hence, 


--♦-- 

his results could apply equally well to the 
new type. 

The author also touched on another very 
important question affecting the application 
of fuses and limiters. This is the question of 
limiter damage which affects the selection of 
the limiter rating used in a co-ordinated 
system. Unfortunately Mr. Oman did not 
have sufficient time to pursue this avenue 
further inasmuch as it was not a major ob¬ 
jective of his project. However, I agree 
with him that the subject of “what con¬ 
stitutes limiter damage?” is one that justi¬ 
fies further research. 


I. Matthysse (Burndy Engineering Com¬ 
pany, Norwalk, Conn.): Mr. Oman has 
presented a very thorough analysis of the 
effect of the increase in the resistance of the 
fusible element of a limiter as it approaches 
its melting point. He indicates in his con¬ 
clusion that the current equalization in 
parallel paths, caused by the increase of 
limiter resistance, may influence the limiter 
co-ordination of a system. 

It is assumed that both limiters in the 
parallel circuit of Fig. 7 are carrying the 
fault or overload current. If the paths have 
equal resistance the circuit will be cleared by 
the blowing of both limiters simultaneously, 
and the clearing time (neglecting arcing 
time) will be found from the time-cun-ent 
characteristic curve using the current 
through one limiter (half the total current) 
and finding the time from the curve. How¬ 
ever, if the parallel paths are of unequal re¬ 
sistance, one limiter will blow first, at which 
time its current will transfer to the second 
limiter, causing the second one to blow very 
rapidly thereafter. The total clearing time 
is the time to clear both limiters. Compar¬ 
ing this total clearing time with the clearing 
time if the paths had been of equal resist¬ 
ance shows the effect on co-ordination of the 
paths being of unequal resistance. 

The total clearing time may be determined 
for paths of unequal resistance using the 
step-by-step procedure developed by Mr. 
Oman. Using this procedure the blowing 
time for the first limiter would be deter¬ 
mined, and then the additional time to blow 
the second limiter carrying the total current 
would be found. 

The increase in the resistance of the 
limiter as it approaches the blowing point 
greatly complicates the general mathemati¬ 
cal solution for parallel paths, as Mr. Oman 
points out- However, it is instructive to 
analyze the problem on the asumption that 
the current is unchanged by the increase of 
limiter resistance. For fast blowing (less 
than 0.1 second) the total value of IH up to 
blowing is a constant for a given limiter 


size. Let this constant be k. Then, re¬ 
ferring to Fig. 7, if path 1 has the lower re¬ 
sistance the time h to blow the limiter in 
this path is given by 

or 




1 


In this time the IH generated in the limiter 
in path 2 is equal to hHi. After the first 
limiter blows the current in the second 
limiter is I 1 +I 2 . Therefore, the additional 
IH generated, after an additional time tz has 
elapsed up to the blowing of the second 
limiter, is 


iIl+h)H2 

The total IH in the second limiter must 
also equal k, thus 

{hd-hYk ~ k 

Substituting the value of ti given pre¬ 
viously 

Ir 

Therefore 

/1V1+I2) 

The total clearing time It is 

k 2/1 _ 2fe 


If we let I be the average current in the 
two paths 



(for unequal paths) 


If the resistances of both paths were 
equal, then h would be equal to J, so that 


(for equal paths) 

P 


Therefore 


It I 
T“7i 

or 
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Thus, the total clearing time is less when 
the resistances are unequal than when they 
are equal, by the factor of the ratio of the 
equal current to the larger of the unequal 
curi'ents. In the second case cited by Mr. 
Oman the greater current was 400 amperes, 
whereas if the paths had been equal it 
would have been 348 amperes. 

Therefore 


The total clearing time for the unequal 
paths is 87 per cent of the time if both paths 
were equal. 

Thus, the effect on co-ordination of paral¬ 
lel paths of unequal resistance is to clear the 
limiters a little sooner than if the paths were 
of equal resistance. The question now is, 
how does the increasing resistance of the 


limiter influence this effect. As the author 
pointed out, the increasing resistance has a 
current equalizing effect. This results in 
the cm rents in each path differing less from 
each other than they would if the resistances 
remained constant. Therefore the de¬ 
crease in the total clearing time due to the 
paths being of unequal resitance should not 
be as great as if the resistances remained 
constant. Thus, in the example cited, the 
total clearing time would be somewhere be¬ 
tween the clearing time if the paths were of 
equal resistance and 87 per cent of this 
time. This small change in blowing time 
will probably have a negligible effect on co¬ 
ordination, and, in addition, Mr. Oman 
points out that this example is about the 
worst condition that could be expected in 
actual practice. 

Mr. Oman discovered that the IH criterion 
for damage of an unblown limiter is con¬ 


servative on the basis of the actua heat 
energy absorbed by the limiter. In addi¬ 
tion, tests conducted by other researchers 
confirm his tests, indicating that much 
greater energy absorption leaves the limiters 
undamaged. Further research would be 
warranted on this subject. 


Henry Oman: The interest shown by the 
discussers is very much appreciated. 

Mr, Lebens’ description of the improved 
limiter is a valuable supplement to the 
paper; and it would appear that the new de¬ 
sign should result in more uniform limiter 
performance. 

The conclusion derived by Mr. Matthysse 
relative to the blowing time of parallel limit¬ 
ers is very interesting. The reasoning cer¬ 
tainly seems valid, and the discussion is 
welcomed as a useful addition to the paper 
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A DISCUSSION OF transformer de¬ 
sign and characteristics would have 
been a rather controversial subject 15 
years ago, as in those days the name¬ 
plate kilovolt-ampere rating of the trans¬ 
former meant little other than that it 
was printed in English. Oftentimes in 
the early years, if the power companies 
limited the maximum connected kilo¬ 
volt-amperes for a particular installation, 
a machine was supplied with this name¬ 
plate kilovolt-ampere rating, regardless 
of the actual load drawn by the machine. 
It was rather common practice to use 
excessive amounts of copper in the second¬ 
aries, and a very small amount of pri¬ 
mary copper. There was no logical 
reason for this except perhaps that the 
secondaries could be seen, while the pri¬ 
maries were covered. In general, con¬ 
fusion existed, no standard ratings were 
used, and it was extremely difficult for 
power companies or users to determine 
actual ratings and demand figures. Of 
course, this condition could not continue, 
and several years ago the AIEE and the 
Resistance Welder Manufacturers’ Asso¬ 
ciation (RWMA) drew up specifications 
for the standardization of welding-trans* 
fonner ratings. 

No attempt will be made in this paper 
to discuss design procedures such as 
specific current densities, flux densities, 
etc., but rather to discuss the basis of 


transfonner ratings, and factors affect¬ 
ing the design as well as factors which 
should be of primary interest to power 
companies and users of welding equip¬ 
ment. 

Factors to be discussed are as follows 
(but not necessarily in the order of their 
importance): 

1. Basis of transformer ratings. 

2. Construction, 

3. Transformer impedance. 

4. Transformer efficiency. 

5. Excitation and core loss. 

6. Types of secondaries. 

7. Insulating materials. 

Basis of Transfonner Ratings 

The operation of a welding transformer 
differs from that of a conventional power 
transformer, in that the load on the power 
transformer is of a continuous nature, 
whereas the load on a welding trans¬ 
former is a rapidly recurring one, usually 
approaching short-circuit values. In 
order to obtain a closer agreement be- 
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Welding Committee and approved by the AIEE 
Committee on Technical Operations for presenta¬ 
tion at the AIEE Summer General Meeting 
Atlantic City, N. J., June 15-19, 1953. Manu¬ 
script submitted November 28, 1950; made 
available for printing April 29, 1963. 
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tween the actual instantaneous kilovolt¬ 
ampere demand and its kilovolt-ampere 
rating, it was decided to use a 50-per¬ 
cent duty-cycle rating, rather than the 
nonnal 100-per-cent duty-cycle rating 
used for most other transformers. The 
50-per-cent duty-cycle rating, maximum 
temperatures, and conditions and meth¬ 
ods of making temperatiue tests were 
established by the AIEE and adopted by 
RWMA as standards. 

These standards have eliminated much 
of the confusion that fonnerly existed, 
in that they definitely give a meaning to 
the name-plate rating. All resistance- 
welding Iransfoniiers manufactured today 
by members of the RWMA have a stand¬ 
ard rating. The definition is: “The 
Standard Rating shall be the periodic rat¬ 
ing based on a 50 per cent duty cycle and 
a one-minute integrating period.” The 
name-plate rating does not necessarily 
indicate the maximuin demand of the 
machine, but definitely does give the 
thennal limitations of the transfonner. 

Some confUvSion still exists in interpret¬ 
ing the ambient temperature to be used 
in transformer tests. Because the trans¬ 
formers as a rule are water-cooled devices, 
it is generally agreed that the ambient 
temperature should be determined by the 
inlet water temperature. This is now 
being considered by members of the 
RWMA and the standards will be revised 
in this respect. 

Construction 

The shell-type core with interleaved 
pancake windings is generally considered 
the most suitable type of construction for 
a low-voltage high-current transfonner. 
The most economical disposition of ma¬ 
terial is possible, and the problems of 
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(a) 


(b) 



(C) 


Fig, 1. Forces between flat primary and secondary coils 


Fig. 2 (right). Re¬ 
lationship between 
transformer imped¬ 
ance and total im¬ 
pedance 

Transformer Zs = 30 
micromhos 

Power factor— 80 

per cent 


A, Electrical centers in line 

B. Electrical centers out of line 

C Electrical centers in line, but coil of different dimensions 


bracing tbe coils to withstand the mechan¬ 
ical stress is more esaily accomplished. 

The primaries are usually pancake- 
wound with fully annealed rounded-edge 
copper strip, varying in width and thick¬ 
ness depending upon the rating. The 
secondaries are single-turn pancake coils 
of cast rolled-copper or copper tubing. 
Tbe coils are assembled in a shell core 
with interlacing of the primary and 
secondaries. 

A welding transformer must be able to 
withstand repeated overloads up to six 
times its rated capacity at reduced duty 
cycles. The mechanical stresses which 
are developed in the windings of the 
transformer under these conditions are 
many times higher than would be ex¬ 
pected if the unit was operated at rated 
load. A problem is involved in bracing of 
the coils to prevent their injury under these 
operating conditions. 

When the primary and secondary coils 
of a transformer winding are assembled, 
tbe currents in these two elements are 
opposite in direction. Due to the mag¬ 
netic field present, a force is set up which 
tends to separate the coils. For fiat 
primary and secondary coils, having the 
same overall dimensions and identical 
electrical centers, the forces act in 
the direction shown in Fig. 1(A). The 
repelling forces are all at right angles 
to the plane of the coils. When the elec¬ 
trical centers are separated, however, as 
shown in Fig. 1(B), there is a component 
of force parallel to the planes of the coils 
as well as at right angles to them. This 
component may be quite large, and suffi¬ 
cient to damage the coils by driving them 
apart. If tbe coils are concentric with 
reference to one another, but one having 
smaller dimensions that the other, the 
forces acting between the coils are shown 
in Fig. 1(C). In addition to repelling 
forces at right angles to the plane of the 


coils, there are components parallel to 
these planes which tend to force the sides 
of the smaller coils inward and the sides 
of the larger coils outward. 

These forces may be sufficient to 
damage the coils and, for this reason, the 
coils should be made to conform as nearly 
as possible to the arrangement shown in 
Fig. 1(A). The force acting between 
coils may be a few pounds, or several 
hundred, depending upon size of trans¬ 
former. The parts of the coils within 
the transformer are held so that movement 
cannot take place, while the ends outside 
the the core are braced by plates forced 
against the coils by means of tie bolts or 
pressure screws in tbe core frames. 

Impregnation of the coils is accom¬ 
plished several ways by different manu¬ 
facturers. Some impregnate tbe pri¬ 
mary coils before assembly, and do not 
dip the entire transformer. Others do 
not dip and bake the primaries before 
assembly, but assemble the transformer 
and impregnate as a unit. The others 
dip and bake tbe primaries before as¬ 
sembly, assemble, then impregnate the 
entire transformer. The transformer 
should be dipped and baked as a unit. 
Wliether the primary coils are impreg¬ 
nated before assembly depends on the pene¬ 
tration obtained at all points during the 
impregnation of the unit as a whole. 
Dipping and baking the entire transformer 
increases its oil and water resistance and 
also increases the efficiency of heat trans¬ 
fer by filling the voids present. 

Transformer Impedance 

Impedance rating of transformers is 
defined by RWMA standards as: “The 
per cent impedance of the transformer 
shall be expressed in terms of per cent 
primary voltage required to force rated 
primary current tliru tlie combined resist¬ 



ance and reactance of the transformer 
proper. For this purpose the secondary 
windings shall be considered to consist 
of only that portion of the winding which 
is covered by the primary coils,’' In the 
past few years, considerable effort has 
been expended to reduce trausfomier im¬ 
pedance as much as possible without in¬ 
creasing the cost of construction. From 
the formula for inductance of fat pan¬ 
cake-type primary and secondary coils 

i=3.2rx^^(5+^^)xio- 

where 

I, = inductance, henrys 
Ti == turns in primary coil 
il^r=mean turn, inches 

height of primary coil, inches 
5 -distancebetween primary and secondary 
coil, inches 

£?i=width of primary coil, inches 
width of secondary coil, inches 

it can be seen that the following factors 
affect tlie transformer impedance: 

1. Thickness of primary and secondary 
coils. 

2. Space between primary and secondary 
coils. 

3. Number of turns in the primary. 

4. Mean length of turn. 

5. Number of primary and secondary coils. 

Present-day welding transformers gener¬ 
ally use relatively more primary and 
secondary coils of thinner section and 
thinner insulation between coils, resulting 
in closer coupling between the primary 
and secondaries. The secondary of a 
welding transformer is inherently a 1- 
or 2-turn coil, hence the number of turns 
in the primary is a direct function of the 
secondary voltage required. 

Little improvement can be made in the 
mean turn, since the mean turn depends 
greatly on the cross-sectional area of 
core iron. Because the device is in¬ 
herently a single-turn secondary trans¬ 
former, the volts per turn is dependent 
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entirely on the secondary voltage required 
therefore the section of core iron is fixed. 

What effect does transformer im¬ 
pedance have on the total impedance of 
the welder? Fig. 2 shows the relation¬ 
ship between transformer impedance and 
total impedance, for various loop or 
throat areas, when a transformer of 30- 
microhms total impedance (referred to 
the secondary) is connected to various 
loops. The curve is not a straight line, 
because, the power factor of the loop 
changes as the throat area increases, 
while the transformer power factor re¬ 
mains the same. It is apparent that the 
effect of the transformer impedance on the 
overall impedance becomes decreasingly 
less as the throat area increases. 

In comparing per-cent impedance of 
transformers with the same kilovolt¬ 
ampere rating, it is necessary that the 
turn ratio be considered, when consider¬ 
ing their effect on over-all welder im¬ 
pedance. Although the per-cent im¬ 
pedance may be the same, the trans¬ 
former impedance in ohms, referred to 
the secondary, will be different if the 
turn-ratios are not the same. 

The following example illustrates two 
transformers with the same kilovolt-am¬ 
pere rating and per-cent impedance, but 
with slightly different secondary volt¬ 
ages and turn-ratio. The impedance 
referred to the secondary in one case is 
94.6 microhms, while in the other it is 
only 79.2 microhms. If these trans¬ 
formers are connected to the same second¬ 
ary loop, the maximum secondary cur¬ 
rent will be approximately the same, 
despite the fact that one secondary volt¬ 
age is lower than the other. 

Example : Relationship Between Per- 

Cent Impedance and Turn-Ratio 

(Assume both transformers connected to 
the same loop area and configuration) 

Loop Values 

Impedance = 0.0001 ohm 
Power factor=40 per cent 


Fig. 3 (left). Change 
in total impedance with 
varying transformer 
power factors 

100 air-operated press 
type 18 inches; Zs“ 
constant loop only 
Transformer per cent Z 
=constant = 10 percent 
Loop Z = 180 microhms 



Fig. 4. Comparison of the saturation curves for the special cores and 
high-grade silicon-steel laminations 


Resistance = 0.00004 ohm 
Reactance = 0.0000916 ohm 

Transformer No, 1 

KVA = 50 (name plate) 

Per-cent impedance = 10 per cent 
Primary impedance = 0.388 ohm 
Power factor = 70 per cent 
Turn-ratio = 64 

Secondary impedance = 0.0000945 ohm 
Secondary resistance = 0.0000662 ohm 
Secondary reactance = 0.0000676 ohm 
Rs (total loop and transformer) =0,0001062 
ohm 

Xs (total loop and transformer) = 0.000159 
ohm 

Zs (total loop and transformer) = 0.000191 
ohms 

Maximum secondary current = 35,900 am¬ 
peres 

Kilovolt-amperes = 247 

Transformer No, 2 

KVA —50 (name plate) 

Per-cent impedance =10 per cent 
Primary impedance = 0.388 ohm 
Power factor = 70 per cent 
Turn-ratio =70 

Secondary impedance = 0.0000792 ohm 
Secondary resistance = 0.0000555 ohm 
Secondary reactance = 0,0000566 ohm 
Rs (total loop and transformer) =0.0000955 
ohm 

Xs (total loop and transformer) = 0.000148 
ohm 

Zs (total loop and transformer) = 0.000176 
ohm 

Maximum secondary current = 35,700 am¬ 
peres 

Kilovolt-amperes = 224 

The transformer impedance is very 
important with low-load impedance, 
while it assumes less importance as the 
load impedance increases. However, this 
does not mean that the per-cent imped¬ 
ance of the transformer should not be 
kept at a minimum regardless of the load 
impedance for which it is designed. Usu¬ 
ally, in welding machines the transformer 
is designed for a given secondary-loop 


or load impedance. In any kilovolt¬ 
ampere size, the maximum secondaiy 
voltage (turn-ratio) is changed for appre¬ 
ciable differences in throat depth or 
configuration. The intent is to maintain 
approximately the same maximum kilo¬ 
volt-ampere demand regardless of the load 
impedance. Under these conditions a 
change in per-cent impedance of a trans¬ 
former designed for a high load imped¬ 
ance will cause the same percentage 
change in output as an equal change in 
per-cent impedance of a transformer de¬ 
signed for low load impedance. 

Another factor that infiuences the 
effect of transfonner impedance on the 
total impedance is the power factor of the 
transformer. Although the per-cent im¬ 
pedance may be the same, if the power 
factor or ratio of R and X in the trans¬ 
former changes, the effect on the over-all 
impedance will change. 

Fig. 3 is a curve showing the change in 
total impedance with varying trans¬ 
former power factors, using constant loop 
impedance and constant per-cent trans¬ 
former impedance. 

Transformer Efficiency 

Distribution transformers are designed 
for a very high light-load efficiency, be¬ 
cause they are permanently connected 
to the power lines. On the other hand, 
welding transformers are energized only 
a small fraction of the time. If a ma¬ 
chine operates on a duty cycle of 5 per 
cent for 8 hours a day, 6 days a week, it is 
only on the line 2 hours per week, as 
compared to 168 hours for a distribution 
transformer. Losses, therefore, in a 
welding transformer assume minor im¬ 
portance, while impedance, space, weight, 
cost, and mechanical construction assume 


'40 


Kniglit—Design of Transformers for Resistance Welding Machines 


September 1953 



































major importance. It is not intended to 
infer that efficiency is not to be con¬ 
sidered; however, these other factors 
are more important, and high efficiency 
must not be secured at their expense. 

More important to the welder user and 
power company as a welder efficiency 
which could be defined as: the ratio of 
secondary ampere output to kilovolt¬ 
ampere input. In other words, welding 
amperes per kilovolt-ampere input. 
Welding, with its high intermittent load, 
often presents difficult power supply 
problems; therefore, any design change 
that increases the welder efficiency simpli¬ 
fies the power problem, and results in a 
more economical installation. As shown 
previously, proper transformer design 
can increase the welder efficiency. 

Excitation and Core Loss 

Distribution transformers are per¬ 
manently connected to the power-com¬ 
pany lines, and it is important that excita¬ 
tion current and no load losses be kept to 
a minimum. Since welding transformers 
never are operated at no load under nor¬ 
mal condition^ the excitation current 
and no load losses are of no consideration, 
except as they affect the normal load cui- 
rent, performance, and over-all power 
factor. 

With the importance of compactness 
and weight, the tendency is to work the 
core iron at higher densities than would 
be used for distribution transformers. 
The RWMA Standards have specified 
that the maximum exciting current is 
not to exceed 10 per cent for transformers 
up to 100 kva, and not to exceed 5 per 
cent for all transformers 100 kva and 
over. These values would not be toler¬ 
ated in a distribution transformer, but 
they represent practical limitations for 


current. Although it is not necessary to 
keep the excitation current to a low value, 
as is required in power or distribution 
transformers, the excitation current must 
be low enough so that it does not seriously 
affect the normal load current, perform¬ 
ance, and overall power factor. The 
standards set up by the RWMA do meet 
this requirement. In order to keep the 
core section to a minimum, the designer 
requires a core material with as high a 
permeability as possible at high induction. 
Where space is not too important a con¬ 
sideration, the choice of electrical sheet 
is a matter of economics. The designer 
must balance the cost of the core ma¬ 
terial against increased size and weight 
of the transformer, to determine the most 
economical construction. 

In the past few years a considerable 
number of welding transformers have 
been built using special types of core ma¬ 
terial. Special cores are made from high- 
quality cold-rolled silicon steel having pre¬ 
ferred crystal orientation. This pre¬ 
ferred orientation results in very low 
losses and low excitation current in the 
direction of rolling. With the preferred 
orientation of the crystals, the knee of the 
saturation cruve is raised, so that the 
core can be operated at least at 30 per cent 
higher ffux density, with the same magnet¬ 
izing force or excitation current. A 
comparison of the saturation curves for 
the special cores and high-grade silicon 
steel laminations is shown in Fig. 4. The 
increased flux densities result in trans¬ 
formers smaller in over-all size and weight. 
It is this factor, and this factor alone, 
that has to date chiefly determined the 
use of special core iron for welding trans- 
fonners. Figs. 5 and 6 show welding 
transformers manufactured with these 
cores. 


Fig. 5 shows a 3o-kva 2-secondary unit 
used in multitransformer welders where 
space is limited. Without the use of 
special core iron with high permeability 
at high induction, it would be impossible 
to obtain a transformer of this rating in 
the space allowed. Fig. 6 shows a stand¬ 
ard 100-kva 50 per-cent duty cycle trans¬ 
former for a pedestal type welder. The 
cubic space occupied by this unit is ap¬ 
proximately 75 per cent of that necessary 
if standard high-grade electrical lamina¬ 
tions were used. 

The question may be raised why all 
welding transformers are not made with 
special high-permeability high-induction 
cores. Here again, it is a matter of 
economics. The cost per pound of the 
core material is considerably higher, and 
the designer must balance this cost against 
the saving in all material due to the de¬ 
creased size and weight, and the labor 
saving involved in shearing and stacking 
standard laminations. 

Types of Secondaries 

The secondary of a welding trans¬ 
former is a high-current low-voltage 
winding carrying instantaneous currents 
sometimes in excess of 200,000 amperes. 
Except in the very small sizes, the high 
currents make it necessary to have large 
cross sectional areas of copper. To re¬ 
duce their size, by working at higher cm- 
rent densities, they are usually water 
cooled. At the same time, the primaries, 
are cooled by conduction of the heat to 
the secondaries. Numerous types of 
secondaries have been used in welding 
transformers. For the purpose of this 
paper, we will discuss the fom major 
types used today, as shown schematically 
in Fig. 7. 


welding transfonners. 

In general, shell type cores are used, 
except in the smaller kilovolt-ampere 
sizes. Using the shell type core, ade- 
c[uate bracing to withstand the mechani¬ 
cal stresses involved during the momen¬ 
tary overloads are easier and more eco¬ 
nomically accomplished. 

What type of electrical steel is best for 
welding transformers? The important Fig. 5 (left). 35-kva 2-second- 
limitation for core design is not core ary special-core iron welding 
losses, but is the excitation or no-load transformer 



Fig. 6 (right). 
Standard 100- 
kva special-core 
welding trans¬ 
former with 
rolled - copper 
secondaries 
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Fig. 7. Types of secondaries used in welding 
transformers 

A. Cast copper, water cooling internal 

B. Cast copper, water-cooling tube brazed 

C. Fabricated secondary 

D. Copper tubing 


Fig. 7(A) sliows a cast-copper secondary 
with cast-in water cooling tubes. This 
type is the one most commonly used 
today. The cost of construction is low, 
and efficient cooling is obtained with the 
cast-in water cooling tubes. One dis¬ 
tinct advantage of this type is the ability 
to obtain difficult secondary snout or 
terminal connecting pads without in¬ 
creasing the cost appreciably. In order 
to cast in water cooling tubes of sufficient 
area, the minimum width of the secondary 
is limited to approximately 5/8 inch. 
This is a disadvantage where transformer 
impedance is important. Another dis¬ 
advantage is the relatively low conduc¬ 
tivity of the cast copper and the inability 
to obtain uniform conductivity unless 
tiie foundiy practice is very closely con¬ 
trolled. 

Fig,^ i (B) shows a cast-copper second- 
ary with brazed-on water cooling tubes. 
This type of construction allows the use 
of thinner secondary sections, making it 
possible to decrease the impedance of the 
transformer. It also eliminates the poros¬ 


ity sometimes experienced in casting 
internal water-cooling tubes. The cool¬ 
ing tubes sometimes collapse during the 
casting operation, resulting in a defective 
casting. However, tests indicate that 
the cooling is usually not as efficient as 
that which is obtained with cast-in cool¬ 
ing tubes. 

Fig. 7(C) shows a secondary fabricated 
from rolled-copper plate, with water¬ 
cooling tubes brazed to the fabricated 
assembly. Electrolytic rolled copper, 
having a greater conductivity than cast 
copper, permits higher current densities 
to be used, resulting in reduced copper 
cross section and size. The smoothet 
surface of the rolled-copper secondary 
results in a lower thermal gradient be¬ 
tween the primary and secondary wind¬ 
ings. The higher allowable current densi¬ 
ties decrease the over-all size of the trans¬ 
former. This type of construction also 
allows the designer to use thinner sec¬ 
tions for reduced transformer impedance. 
The most serious disadvantage is the in¬ 
creased cost of construction. 

Fig. 7 (D) shows a secondary fabricated 
from copper tubing. Round copper tub¬ 
ing is bent and formed to a rectangular 
section by a special process. The effi¬ 
ciency of cooling is superior to any of the 
other types and permits the use of much 
higher current densities. This type of 
construction is difficult to manufacture. 
Minimum radii must be maintained at the 
bends, resulting in definite limitations to 
the designer. Because of the much higher 
current densities used and the smaller 
section of copper, the unit has relatively 
low thermal inertia. In other words, the 
transformer would reach dangerously 
high operating temperatures in a much 
shorter time if the cooling water is lost 
momentarily. 

To definitely state which secondary 
construction is best would be extremely 
difficult and would lead to an endless 
argument. All have their advantages and 
disadvantages; which is used depends on 
the application, cost, preferences of the 
individual designer, and available manu¬ 
facturing facilities. 

Insulating Materials 

In welding transformers the insulating 
problems are similar to those found in 
other low-voltage types. The primary 
and secondaries must be adequately 
insulated from each other and both insu¬ 
lated from the core. In general the prac¬ 
tice today is to use class B insulation 
throughout, except, in some cases, a 
small amount of class A insulation 
is used for mechanical purposes. The 


insulating materials should be oil and 
water, resistant at the operating tem¬ 
peratures used. One of the problems 
confronting the designer is water conden¬ 
sation. In high humid weather, if the 
machine is operated at a reduced capacity, 
considerable condensation may occur on 
the secondaries. If this condition exists 
over prolonged periods, failure may occur 
if the insulating materials do not have 
good water-resistant characteristics. 
Even then, under prolonged periods of 
condensation, it is difficult to prevent 
insulating failures. The transformers 
are often used on hydraulic machines and, 
despite all precautions, leaks will occur. 
Therefore the insulating material should 
also be oil-resistant. 

In large welding transfonners, the 
volts per turn seldom exceed 30 volts, 
thus presenting no difficult insulating 
problem. Usually mica plate or var¬ 
nished glass cloth is used. Sometimes 
the insulating material used is cut slightly 
wider than the width of the primary 
copper. However, this has a disadvan¬ 
tage, in that the efficiency of heal transfer 
between primary and secondary coils is 
reduced. 

The ideal barrier material between pri¬ 
mary and secondaries would be one with 
high dielectric strength, high mechanical 
strength, and high themial conductivity. 
Unfortunately, insulating materials with 
high dielectric strength have relatively 
low thennal conductivity. Laminated 
phenolic material or varnished glass 
cloth are most widely used as a bairier. 

In the past few years some work has 
been done with silicone insulating ma¬ 
terials. These materials can be operated 
at much higher temperatures than can be 
safely used with other materials. Experi¬ 
mental units have been built and operated 
at temperatures exceeding 360 degi*ees 
Fahrenheit. The material offers much 
promise for the future, but at present it is 
difficult to justify the high cost, unless 
unusual operating conditions are en¬ 
countered. 


Conclusions 

1. AIEE—RWMA standards for trans¬ 
former ratings have gone a long way to¬ 
wards eliminating the confusion that existed 
before the standards were adopted. 

2. The importance of transformer im¬ 
pedance becomes decreasingly less as the 
throat area (or load impedance) increases. 

3. Losses in a welding transformer assume 
minor importance, as other factors are more 
important and high efficiency must not be 
secured at their expense. More important 
is welder efficiency (secondary amperes 
versus kilovolt-amperes input). 
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4. The excitation current is of no con¬ 
sideration, except as it affects the normal 
load current, performance, and overall 
power factor. 

5. Major improvements have been made 
in the performance of welding transformers 
in the past 20 years, and reliable information 
on operating characteristics is now available. 
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Describing Function Method of 
Servomechanism Analysis Applied 
to Most Commonly Encountered 
Nonlinearities 

H. D. GREIF 

ASSOCIATE MEMBER AIEE 

M ost of the literature dealing with anisms has been developed in recent years. 

the analysis and synthesis of servo- This technique is based on the assumption 
mechanisms confines itself to treating that if a sinusoidal signal is applied to a 
only linear systems in which all relation- nonlinear element the resulting output of 
ships can be expressed mathematically in the element can be represented by its 
the form of ordinary differential equa- fundamental Fourier component. This 
tions. However, in actual practice many method of handling the analysis and syn- 
systems are encountered containing ele- thesis of nonlinear feedback-control sys- 
ments which exhibit marked nonlineari- terns has been, referred to as either the 


and that the linear elements of the system 
sharply attenuate all higher harmonics. 
Fortunately, most servomechanisms con¬ 
tain elements which act as low-pass filters 
and thus attenuate all higher harmonics. 
In general the filtering action tends to im¬ 
prove with the complexity of the system, 
thus making this method particularly 
valuable in cases of complicated systems. 

Dr. Kochenburger’s paper^ includes a 
set of curves of the contactor-describing 
function for various typical contactor 
characteristics. These curves facilitate 
the analysis and synthesis of a contactor 
servomechanism considerably. It is the 
primary purpose of this paper to present 
curves of describing functions for other 
commonly encountered nonlinearities in 
feedback-control systems. Specifically, 
curves will be presented for hysteresis, 
dead space, negative deficiency, satura¬ 
tion, and variable-gain elements. 

Theory of Describing-Function 
Method 


lies. The principal reason for ignoring 
such nonlinearities in much of the analysis 
and design of feedback-control systems is 
mathematical expediency. There is no 
simple mathematical method available 
to cope with nonlinear systems. There 
are certain types of nonlinear differential 
equations which are solvable, and tech¬ 
niques such as step-by-step solutions exist 
for more general nonlinear differential 
equations. Even to use these, however, 
involves so much tedious labor that the 
effort is rarely justifiable.^ 

A relatively simple technique for treat¬ 
ing some types of nonlinear servomech- 

Paper 53-254, recommended by the AIEE Feedback 
Control Systems Committee and approved by the 
AIEE Committee on Technical Operations for 
presentation at the AIEE Summer General Meet¬ 
ing, Atlantic City, N. J., June 15-19, 1953. Manu¬ 
script submitted Feb. 24, 1953; made available for 
printing May 1, 1953. 

H. D. Greif is with the Hughes Aircraft Company, 
Culver City, Calif. 

The material presented in this paper is based 
largely upon results obtained as part of a Master of 
Science thesis research program conducted by the 
author at the University of California at Los 
Angeles. The author wishes to acknowledge with 
sincere gratitude the many helpful suggestions 
offered during the course of the research by Pro- 
fessons T. A. Rogers and J. R. Moore of the College 
of Engineering. 


describing-function method or the fre¬ 
quency-response method. 

A detailed discussion of the frequency- 
response method, as applied to contactor 
servomechanisms or discontinuous con¬ 
trollers, is contained in a paper by R. J. 
Kochenburger.^ Another paper, written 
by E. C. Johnson,^ deals primarily with a 
rigorous derivation showing the valid¬ 
ity of applying the frequency-response 
method to nonlinear servomechanisms 
and the inaccuracies that can be expected 
in employing this method. 

The describing-function method can be 
employed for treating any nonlinear sys¬ 
tem meeting the requirements that the 
output of the nonlinear element in re¬ 
sponse to a sinusoidal input is dominated 
by the first harmonic of a Fourier series, 


In reviewing the theory of the describ¬ 
ing-function method, for purposes of con¬ 
creteness it will be assumed that the 
physical manifestation of a typical non¬ 
linear servomechanism can be represented 
by the block diagram of Fig. 1. Although 
the block diagram appears to represent a 
very simple system, methods for network 
transformations make it possible to reduce 
most practical systems to such a simple 
form.^ 

The following symbols will be em¬ 
ployed (refer to Fig. l): 

—transfer function of the series con¬ 
troller 

6^(5)«r=transfer function of the linear un¬ 
alterable elements 

6^(^)c& = transfer function of all linear feed¬ 
back elements 


Fig. 1. Block 
diagram of a typ¬ 
ical nonlinear 
servomechanism 
system 
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Fis- 2(A) (left), input-output relation for hysteresis type nonlinear element. (B) (right). 
Describing function for hysteresis-type nonlinear element 


the Nyquist stability criterion and the 
root-locus technique will be explained in. 
greater detail in an example further on in 
this paper. 

In discussing the various types of non- 
linearities in this paper, two assumptions 
are always made. First, the nonlinearity 
must be symmetrical about the zero point. 
For simplicity the equations were all set 
up on this basis, and hence the values of 
the describing function are correct only if 
this assumption applies. Second, the 
gain of the nonlinear element must be 
unity. Although this second assumption 
frequently does not apply to a nonlinear 
element, it is a simple matter to break up 
the element into two separate units; one 
becomes a constant gain unit that can be 
lumped in with the linear elements, and 
the other becomes the nonlinear element 
with the required unity gain. 


Gd — equivalent transfer function of the non¬ 
linear element, referred to as the 
describing function 

The describing-function method is based 
on the assumption that the input or driv¬ 
ing force m impressed on the nonlinear 
element is sinusoidal, and that the result¬ 
ing response of the element n can be rep¬ 
resented satisfactorily, as far as the 
overall system performance is concerned, 
by its fundamental Fourier component. 
The describing function Ga is therefore 
simply the amplitude and phase of the 
fundamental component of the response, 
relative to the assumed driving sinusoid. 
The derivation of equations for deter¬ 
mining Gd for various types of nonlineari¬ 
ties is given in the Appendix. 

Treating Gd just like any ordinary 
transfer function, the overall sinusoidal 
response characteristic of the system 
shown in Fig. 1 can be expressed as 

£_ G{s)ernG{s')ncGd . , 

r t-\-G{s)emG{s)ncG{s)cl}Gd 

Consideration of equation 1 shows that 
the system will become unstable when 

= 0 ( 2 ) 

or 

G{s)emG{s)ncG{s)cl~ ( 3 ) 

Gd 

If G{s) is now defined as the product of all 
the linear transfer functions around the 
closed loop, 

G{s)^{s) em G(s) ncG(s)ifc (4) 

then equation 3 may be rewritten as 

= (S) 


bility is concerned where the nonlinearity 
occurs, either in the forward or the feed¬ 
back part of the loop. 

The describing-function method can be 
used in conjunction with either the fa¬ 
miliar Nyquist stability criterion^ or the 
root-locus technique/ depending on the 
exact nature of the problem. If the 
Nyquist criterion is used, only two curves 
in the complex plane must be plotted. 
One is the locus of the negative reciprocal 
of the describing function — l/Ga and the 
other is the locus of the product of the 
linear transfer functions around the loop 
G(s). The application of the root-locus 
technique is quite simple in those cases 
where the nonlinearity introduces no 
phase shift; however, in the more general 
case where there is a phase shift due to the 
nonlinear element, the application of the 
root-locus method requires the construc¬ 
tion of a family of root loci for various 
angles of G(s). The application of both 


Describing Functions for Typical 
ISTonlinearities 

Hysteresis, backlash, or free play are 
frequently encountered nonlinearities in 
elements of servomechanisms. Some 
good examples are hysteresis in magnetic 
elements (although this is idealized here in 
assuming sharp breaks in the hysteresis 
loop and no saturation), backlash in gear 
trains, or free play in mechanical linkages. 
In any of the above examples output fol¬ 
lows input after sufficient change, but al¬ 
ways remains behind a certain fixed 
amount. Upon reversal of the input, the 
output remains constant until the input 
has proceeded by this fixed amount in the 
reverse direction. Since hysteresis, back¬ 
lash, and free play are essentially similar 
in nature, they may all be treated to¬ 
gether. Whenever the term hysteresis is 
used in a statement it may be considered 




Equation 5 brings out the interesting Fjg, 3(A) (left). Input-output relation for dead-space-type nonlinear element. (B) (right), 
point that it is immaterial as far as sta- Describing function for dead-space-type nonlinear element 
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Illustrative Example 

In order to give a clearer picture of the 
application of the describing-function 
method, in conjunction with either the 
Nyquist stability criterion or the root- 
locus method, a typical simple example 
of a nonlinear system will now be con¬ 
sidered. Let the linear transfer function 
of all the elements around the loop be 
given by 


Fig. 4(A) (left). Input-output relation for negative-deficiency-type nonlinear element. (B) 
(right). Describing function for negative-deficiency-type nonlinear element 


Furthermore, let the system include a 
hysteresis-type nonlinear element such 
that 


equally applicable to backlash or free 
play. 

As mentioned earlier, let it be assumed 
that the hysteresis is S5niimetrical and the 
gain of the element is unity. Since an 
equation relating input and output of a 
hysteresis element cannot be written eas¬ 
ily, it is simpler to describe the relation¬ 
ship geometrically as shown in Fig. 2(A). 
The symbol H is used for the width of the 
hysteresis loop, and must obviously be 
expressed in the same units as the input 
m. The amplitude and phase of the fun¬ 
damental Fourier component of the re¬ 
sponse relative to the assumed driving 
sinusoid is derived in the Appendix, and 
is shown graphically in Fig. 2(B) for a 
hysteresis type element. The symbol M 
is used to denote the peak amplitude of 
the input, that is, m = M sin w/, as ex¬ 
plained in the Appendix. 

Dead space is another commonly en¬ 
countered nonlinearity in various ele¬ 
ments of servomechanisms. Dead space 
is also sometimes referred to as positive 
deficiency or inert zone. One good ex¬ 
ample of dead space is a fluid pilot valve 
with “underlapped'’ ports. The input- 
output relation for a dead-space type ele¬ 
ment is shown in Fig. 3(A), and the cor¬ 
responding describing function in Fig. 
3 (B). The S 3 rmbol D is used to denote the 
total dead space, and must also be ex¬ 
pressed in the same units as the input m. 

Negative deficiency, superfluency, over¬ 
lap, or click-over are the tenns generally 
used to describe the nonlinearity that is 
just the reverse of dead space. A good ex¬ 
ample of an element in which negative de¬ 
ficiency is often present is a vane type 
torquer. The input-output relation for a 
negative-deficiency element is shown in 
Fig. 4(A), and the corresponding describ¬ 
ing function in Fig. 4(B). The symbol E 
is used to denote the total deficiency, and 
is expressed in the same units as the input 


Saturation or limiting is another type of 
nonlinearity frequently encountered in 
elements of servomechanisms. Good ex¬ 
amples are motion stops, valve limits, 
magnetic saturation, or any other kind of 
inherent or artificially imposed limit. 
Fig. 5(A) shows the input-output relation 
for a saturation element, and Fig. 5(B) 
shows the corresponding describing func¬ 
tion. The symbol B is used to denote the 
input at which saturation starts. 

The last element included here is one 
having variable gain. A good example of 
an element displaying this characteristic 
is an ordinary fiuid-flow-measuring device, 
where the output is proportional to the 
square of the flow. The input-output re¬ 
lation for a variable gain element can be 
expressed very simply as 

w where y> —2 (6) 

The describing function of a variable gain 
element is shown in Fig. 6. 


H-0.5 (8) 

Thus, knowing the value of H, the de¬ 
scribing function Ga can be readily ascer¬ 
tained from Fig. 2(B) as a function of the 
amplitude of the input to the nonlinear 
element M, 

If the Nyquist criterion is employed, 
the next step is to compute the locus of 
G{s) by substituting various values of yw 
for s in equation 7. The loci of G{s) 
and — 1/Gd are then plotted in the com¬ 
plex plane. Fig. 7 shows such a plot for 
this example for values of X=8.0, 4.95, 
and 4.0, respectively. The locus oi—l/Ga 
can be thought of as the locus of the 
critical point corresponding to the (—1, 
yO) point in conventional servomechanism 
theory. Wh en the critical point lies to the 
right of the G{s) locus, the poles have 
positive real roots and the system tends 
to be unstable. As can be seen readily 
from Fig. 7, when the gain A^==4.0, the 
system is completely stable. When the 
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Fig. 5(A) (left). Input-output relation for saturation-type nonlinear element. (B) (right). 
Describing function for saturation-type nonlinear element 
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gain is increased to iT—4.95, tlie G(s) 
locus is just tangent to the ~1/Gd locus, 
and hence this is the maximum gain for 
which the system is stable. (It might be 
noted at this point that this same system 
without hysteresis would be stable up to a 
gain J^=12.0.) When the gain is in¬ 
creased further, as for the case of K — 8.0, 
shown in Fig. 7, the G(s) and the — l/Gd 
loci intersect. Suppose the system is 
initially operating at a point correspond- 



(A) . —l/Gd For H-Va 

(B) . CO, and (D). G(s) = ^^^^Q^^'^^;^- ^forK=4.0,4.95,and8.0 


ing to the intersection of the two loci, 
that is, a frequency co^3.5 cycles per 
second, and an amplitude of the input into 
the nonlinear element, M=1.S. If the 
amplitude M is decreased slightly for any 
reason whatsoever, the critical point will 
shift to the right of the G{s) locus. Since 
the poles of the system now have positive 
real parts, the amplitude of the oscilla¬ 
tions will increase. This increase in am¬ 
plitude will tend to increase M and thus 
to bring the system back to the original 
operating point. Similarly, if the am¬ 
plitude is increased slightly originally, the 
critical point shifts to the left of the G(s) 
locus. In this case the poles of the sys¬ 
tem have negative real parts and the am¬ 
plitude of the oscillations will decrease, 
thus tending to again bring the system 
back to its original operating point. 
Thus, at a gain K — 8.0 the system has a 
stable operating point at a frequency 

= 3.5 cycles per second and an amplitude 

1 . 8 . 

As mentioned earlier, the application of 
the root-locus technique is quite simple 
in those cases where the nonlinearity in¬ 
troduces no phase shift. However, in 
this particular example involving a hys¬ 
teresis element, the application of the 
root-locus method requires the construc¬ 

^46 


tion of a family of root loci for various 
angles of G{s)y since Gd introduces a phase 
shift. Fig. 8 shows the phase angle loci 
ofG(^)for-180°, -170^ -160°, -150^ 
—140°, and —130°. Since the loci above 
and below the real axis are symmetrical, 
only the loci in the upper half-plane are 
shown. Another set of loci satisfying both 
the magnitude and phase requirements of 
equation 5 are shown superimposed on 
Fig. 8. This second set of loci is plotted 
with the aid of the describing function. 
For example, to determine the point on 
the —140° phase-angle locus correspond¬ 
ing to a gain iiC^d-.O: 

1. From equation 5, the sum of the phase 
angles must be —180®, hence <^=—180°+ 
140°=-40°. 

2. From Fig. 2(B), at 0= —40°, the mag¬ 
nitude of 6^rf = 0.46. 

3. Hence the over-all gain is (2)(10)(4.0) 
(0.46) =36.8. 



4. The points on the —140 ° locus satisfy¬ 
ing equation 5 occur where the product of 
all the vectors is 36.8. These points are 
located by trial and error. 

In order to verify the validity of the de- 
scribing-function method, the above ex- 
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where H — V 2 






ample was set up on a GAP/R high-speed 
all-electronic analog computer. By this 
method it was found that the system 
would be stable up to a gain K= 5.2 
rather than the value of iC = 4.95 arrived 
at on the basis of the describing-function 
curves. This difference of about 5 per 
cent is to be expected, considering both 
the simplifying assumption upon which 
the describing function is based and also 
the accuracy of the computor. 

Conclusions 

A few simple graphs have been plotted 
which make it relatively easy to predict 
the behavior of a servomechanism con¬ 
taining a component whose character¬ 
istics include either hysteresis, dead space, 
negative deficiency, saturation, or vari¬ 
able gain. In most cases, the outlined 
method of treating nonlinear elements is 
accurate to within 5 to 10 per cent, which 
is sufficiently good for most engineering- 
design calculations. In general, in the 
case of the Nyquist stability criterion, the 
greatest accuracy can be expected when 
the intersection between the G^s) locus 
and the — 1 /Ga locus is perpendicular, 
while the least accuracy can be expected 
when the two loci approach each other 
almost tangentially. 

The describing function curves are not 
only valuable tools in predicting the 
stability of a servomechanism containing 
a nonlinear element, but also in finding 
the proper network to possibly improve 
the performance of such a system. They 
are also useful in some cases where the 
perfonnance of a linear system may be 
improved by purposely introducing a non¬ 
linearity in one of the components. For 
example, if small sustained oscillations are 
permissible, it is sometimes possible to 
increase the gain of a system quite con¬ 
siderably by designing either saturation 
or the proper type of variable gain into 
one of the components. 


Appendix 

The output n of any nonlinear element in 
response to a sinusoidal input m, where 

m^M sin co/ (5^) 

can be expressed as a Fourier series 

cos cat-i-bi sin cos 2 o)tA‘ 

2 


where 

n(t) cos u»)td(o}t) (11) 
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.if’. 


and 

2 

h — - I n{t) sin iu>td{oit) 


f\ 


( 12 ) 


h 

M 


■^^r^+sin-- 

f 7rL2 


M-H 


Equation 10 may also be written in the form 


/ M-H \ 
\ M ) 


yi-H 

21 


(21) 


w = -+Ci sin 


where 

Ci=Vai‘+h^ 

and 

ai 


From equations 20 and 21 the describing 
function for a hysteresis-type nonlinear ele¬ 
ment is readily computed. 

^ I s ! /ia\ In the case of dead space, it can be seen 

c,sm(2<o«+^.)+... (13) from Fig. 3(A) that 


(14) 


D 

n^m -- 

2 


( 22 ) 


D D 

for sin-^ t— sin”^—: 
2M 22i 


<fji— tan" 


bi 


(15) Inasmuch as the fundamental of the output 

is in phase with the input in the case of sym- 
Since the describing function method is metrical dead space, it can be seen that 
based on the assumption that all harmonics 
except the fundamental are negligible, the 
describing function is 


M 


(16) 


In the case of hysteresis, it can be seen 
from Fig. 2(A) that 


n=^M—- for - ^x—sin“^—- 

2 2 2t 


ai-0 (23) 

Substituting equation 22 in equation 12 
■D 

TT— Sin~l—- . . 

m j)\ 

( Af sin ^ 

sin Mi (at) (24) 

Carrying out the indicated integration, sub¬ 
stituting limits and collecting terms 


9. /-Tr-si] 
6.="- / 


(17A) 


V 


3x 

w = —forx— sm“^ — ^(at^-r 

2 Af 2 


bi 2 , D 

— = 1—sm 1——cossm 
M X 2Ar xilif 2M 


(25) 


(17B) From equation 25, the describing function 
j for a dead-space type nonlinear element is 
Substituting equation 17 in equations 11 and j-^adily comimted. 

In the case of negative deficiency, it can 
m-h be seen from Fig. 4(A) that 


12 


2 

X 


- 2 

cos catdicat)-^ 

“ir— sin"!-TT- 


w—m-1-- for 

2 t 

Substituting equation 26 in 11 and 12 


cos catd{(at) 


2 ^x+ sin 

/ 

sin 1 . 


(18) 


x+ sin ^ , N 

( jlf sill w/-h” j X 

cos (atd{o3t) (27) 


B 


2 V/ £ 

= - / (Arsinco/+- X 

am I “ 


&1=- 


M — H 

•1 - 

M 


bi 


r 

- 2 

^Af —sin catdicot) -j- 

3x 

“ sin~^ —TT— 


2 M 


sin <aid((at) (28) 


Carrying out the indicated integrations, 
substituting limits, and collecting terms 


sin (atdicat) 


hi sin 2a)/-}-... (10) 


X 


(19) 


at” 

--f-Y 

Am) 

(29) 

M X 

/ 2E , E \ 

b+^cossm j 

(30) 


Carrying out the indicated integrations, 
substituting limits, and collecting terms 


From equations 29 and 30, the describing 
function for a negative-deficiency type non¬ 
linear element is readily computed. 

In the case of saturation, it can be seen 
from Fig. 5(A) 


xAf\Af / 

■Servotnechanisfn Analysis Applied to Nonlinearities 


m" 


B . -ij 

(20) for sin"*^ — sin (31 A) 
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w—wforTT— sin”i —sin“i — 

M M 

(31B) 

In as much as the fundamental of the output 
is in phase with the input in the case of 
saturation, it can be readily seen that 


ai = 0 


(32) 


Substituting equation 31 in equation 12 



li 

Jr 

B sin oit d(o)t)-\~ 



{M sin cot) sin cotd(o)f) 


(33) 


readily seen that 

ai = 0 (^^) 

Substituting equation 6 in equation 12 


IT 



(il4r sin cot)^ sin oidicot) 



(sin cot)^ ^'^d(cjot) 


(36) 


Let 

Then 


IT 



(sin coifd(cot) 


(SS) 


Performing the indicated integration, sub¬ 
stituting limits, and collecting terms 


h 

M 



B B 

“+ — cos sin 
M M 


B" 


(34) 


From equation 34, the describing function 
for a saturation-type nonlinear element is 
readily computed. 

In the case of variable gain, since the out¬ 
put is in phase with the input, it can be 


^=-jif"- 

TT 


’y/irT 


z_±l 

2 





(39) 


Then, with the aid of a table of Gamma 
functions, the describing function for a 
variable gain nonlinear element is readily 
computed from equation 39. 
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Synopsis: The transport aircraft is in¬ 

herently provided nearly complete thunder¬ 
storm-discharge protection by the metal 
fuselage, which forms a safe path for dis¬ 
charge currents that the aircraft may inter¬ 
cept. External elements such as movable 
surfaces and antennas can be protected. 
Airline experiences have shown that anten¬ 
nas frequently intercept discharges; a cur¬ 
rent surge conducted along the antenna 
lead-in frequently damages radio equipment 
and, in some cases, has resulted in fires. 
An effective antenna-protection unit was 
consequently developed, which besides pro¬ 
tecting the ratio equipment, also records the 
bypassed current and charge magnitudes. 
Analysis of the sphere-gap pitting indicates 
the total-charge transfer, and small mag¬ 
netic links indicate the peak currents by 
their magnetization. Because of the re¬ 
search importance of the data, these 
experimental units have been made avail¬ 
able to airlines interested in cooperating 
with the Lightning and Transients Research 
Institute's program of protection researches. 
The discharge-current records and supple¬ 
mentary information from questionnaires 
are providing data for improved protection, 
and also help resolve statistically such ques¬ 


tions as discharge-probability variations to 
be expected with various operating factors 
of geographical location, altitude, tem¬ 
perature, and size and speed of the aircraft. 

A ircraft flying under thunder¬ 
storm conditions may intercept 
electrical discharges. These discharges 
may be between different cloud-charge 
areas, or in a channel progressing towards 
and terminating at ground; they differ 
from familiar concepts of lightning only 
to the degree that they are most generally 
in lower-current regions of lightning chan¬ 
nels. However, a low-flying aircraft 
may intercept a main discharge channel, 
and therefore discharge protection must 
also be adequate for the higher current 
intensities encountered in lightning 
strokes to ground. 

Both theory and experience prove that 
the metal surface of the aircraft inherently 
forms a safe discharge-current-diverting 
path around occupants and equipment 


in the interior. However, it has been 
detennined that certain external elements 
such as movable control surfaces, plastic 
sections, and outside antennas require 
protection. 

Development of aircraft protective 
methods has been continuing at the 
Lightning and Transients Research Lab¬ 
oratory, in co-operation with several air¬ 
lines and under research programs spon¬ 
sored by the Oflice of Naval Research 
and the Navy Department’s Bureau of 
Aeronautics and, more recently, by the 
Air Force’s Wright Air Development 
Center. 

Consequent progress in protective meth¬ 
ods was presented and discussed with 
aircraft manufacturer’s and airline partic¬ 
ipation in a Symposium under the Navy’s 
Bureau of Aeronautics sponsored program 
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at the Lightning and Transients Research 
Institute.^ 

The greatest need of improved protec¬ 
tion for transport aircraft proved to he in 
relation to discharges to external antennas 
entering inside the aircraft, damaging 
equipment, and occasionally starting 
fires. A protective scheme, developed 
under our Office of Naval Research pro¬ 
gram, as presented in the Symposium pro¬ 
ceedings,^ was since used successfully on 
an experimental basis by American Air- 


Fig. 1 (above). 
Schematic diagram 
and illustrative 
sketch of protec¬ 
tive and current¬ 
recording arrester 
for discharges to an¬ 
tenna 



Fig. 2. Aircraft antenna-protective unit and typical gap cartridges 


lines, and is presented in this paper. 

Protection from Discharges to 
Antennas 

From records of airline experiences, it is 
seen that antennas frequently intercept 
discharges. A current surge conducted 
along the antenna lead-in frequently 
damages radio equipment and, in some 
cases, has resulted in fires. Simple by¬ 
pass gaps which have been in use at the 
antenna post are ineffective for many dis¬ 
charge-current wave shapes, as indicated 
by airline experiences, and vividly illus¬ 
trated by the following excerpt from a 
pilot’s report: 

“Checked ship for damage, found wires 
leading in from top antenna burned to a 
powder. Both transmitter and receiver 
on high frequency burned out. Flight engi¬ 
neer’s hat sitting in radio rack was full of 
small holes.” 


A. Aircraft antenna protective recorder 

B. Gap cartridge which intercepted a discharge to the antenna of 
about 25,000 amperes/ 10- to 20-microsecond duration. Mag¬ 
netic strips record crest current values, and character of sputtering 

indicates types of discharge 

C. Melting of gap sphere by intercepted long-duration discharge to 
the ait'craft antenna of about 100 coulombs, though crest current did not 
exceed 5,000 amperes. Most of the gap records were of this long 

duration type 


An effective antenna-protection unit, The operation of this protective method 

shown in Figs. 1 and 2, was consequently is as follows: A capacitor C, as shown in 

developed which, besides protecting the Fig. 1, having approximately ten times 

radio equipment, also records the by- the capacity of the antenna, is placed in 

passed lightning-current and charge mag- series with the antenna lead-in wire, and 

nitudes. The principal merit of the as close to the feed-through insulator as 

method described is that it provides pro- possible. A spark gap G to ground is 

tection against all types of discharge- provided from the antenna side of the 

current surges, regardless of wave shape, capacitor, to divert the discharge cur- 

with a minimum of energy transfer into rent to the structure of the airplane. The 

the radio equipment. setting of the spark gap should be such 
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Seconds 


Fig. 3(A). Low- 
current rate-of-rise 
thuncierstorm dis¬ 
charge current in¬ 
dicated by flight re¬ 
turned gaps. (B) 
Lead-in circuit to 
antenna tuner with 
usually provided gap 
intended for pro¬ 
tection 



that transmitter voltages will not cause it 
to arc over. The capacitor should have a 
breakdown voltage higher than that of the 
spark gap, with adequate safety margin. 
When discharges strike the antenna, the 
capacitor will charge to the spark-gap 
breakdown voltage, and the discharge cur¬ 
rent will be diverted across the gap to the 
aircraft structure. Thus the maximum 


per second = 50 volts 

which is considerably less than that re¬ 
quired to hash the protective gap, which 
must be set higher than possible trans¬ 
mitter voltages of 5,000 to 10,000 volts. 
The charge transfer for this current wave 
would be the integral of the current wave¬ 
shape, and therefore would be approxi¬ 
mately 


(0.01 second)(2,500 amperes) 

= 25 coulombs 

a charge transfer not uncommon for a 
lightning stroke to ground. This charge 
transfer, in a period of 0.01 second is suffi¬ 
cient to damage an antenna-tuning coil, 
but would not, as shown, flash a protective 

gap- 

With a series capacitor in this circuit, 
the charge transfer would be limited to 
the charge through the capacitor before 
the gap breaks down and therefore would 
be, in this case 

1(10"9 farads)(5,000 volts) 

5 X10 coulombs 

which is negligible compared to the 25 
coulombs without the capacitor. 

Recording features are simply incor¬ 
porated by mounting steel strips, as seen 
in Figs. 1 and 2, so located as to indicate 
crest-current values by the degree of their 
magnetization. Analysis of the sphere- 
gap pitting, after a discharge has been 
passed, indicate the total charge transfer. 

New types of protection units are being 
developed for very-high-frequency stub 
antennas, and for high altitude opera¬ 
tions as shown in Figs. 4(A) and 4(B). 
The unit for very-high-frequency stub 
antennas is being designed with coaxial 
fittings so that the unit will merely be 
inserted at the point where the trans¬ 


surge energy that can go to the radio 
equipment is the charging energy for the 
series capacitor, which is relatively negli¬ 
gible. For a typical case of a gap set for 
10,000 volts and a 1,000-micromicrofarad 
protection capacitor, the energy transfer 
would be 

= i(10^9farad)(10^ volts)2 = 0.05 joule 
2 2 

The purpose of the resistor R is to bleed 
stray charge off the antenna, which might 
otherwise cause corona and associated 
radio interference. 

The need for the series capacitor, in 
addition to the gap used heretofore, is 



illustrated by the following considera¬ 
tions: Many strokes to aircraft involve 
relatively low-current rates of rise, as 
indicated in later paragraphs on flight 
researches. A typical discharge of this 
type is shown in Fig. 3(A). Such a dis¬ 
charge would not necessarily flash a sim¬ 
ple gap, as may be shown by reference to 
the circuit of Fig. 3(B). This input cir¬ 
cuit, with simple gap protection at the 
feed-through point, consists essentially 
of an antenna-tuning inductance of about 
50 microhenries between the lead-in and 
the aircraft skin. With the current wave 
of Fig. 3, the maximum voltage across the 
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AIRCRAFT QUESTIONNAIRE ON Copy to L & T RESEARCH INSTITUTE 

Discharges and Atmospherics Effects 2809 Foshay Tower 

Minneapolis 2, Minnesota 

A report is requested for each occurrence of discharges to or near the aircraft, or, whenever serious atmospheric radio 
interference is encountered. This data will be correlated with other aircraft reports and summarized for evaluation of pro¬ 
tective measures. 


c4merican a4i%Unei 

(Operating Organization) 


Aircraft. Type 


Geographic location: _ 

Altitude-1» 

Sky was, clear_ 


20 


WEST 


(Miles) 

_, Ind. Air Speed 

__ broken.,X_ 


. fr -AT.T.EKtTOVTO, PA. 

(City and State) 

110 ° 


_mph, Heading„ 
_, overcast- 


DC-6 


Time4:25^ n.. . 7-13-50 

_, Air Temperature_°F _*0 

_, Freezing level 14, OOP -ft 


Discharges observed in the vicinity? 


Yes 

No 


X 


Position of aircraft in relation to local clouds and approxi¬ 
mate distances: 


Cloud to ground 
Cloud to cloud 
Cloud to free space 


Occasional Frequent 




X DIS 

FANT 




Type of precipitation and intensity: 

rnin X _ , sleet__ snow-- hail. 

light X __ medium-- heavy— 


Strokes to Aircraft 

Effects on personnel: 

Visual -- 

Acoustic ---—- 

Concussion - SLJLQH T - 

Effects on Aircraft Instruments: 

NONE 


Discharge Protective Equipment, if any: 


IN OPEN SPACE, 5 TO 10 MILES 


Turbulence conditions: 

None__ light_^ . med-heavy. 


Atmospheric Radio Interference 

Light Med. Heavy 

Atmospherics Static 
Precipitation Static 
St. Elmo's Fire 

St. Elmo's Fire or corona streamer location 


Frequency and type of radio equipment on which inter¬ 
ference was observed: 

_ HIGH FREQUENCY 



_ STANDARD DC-6 - 

Damage recorded (continue on separate sheet ii neces¬ 
sary, photographs desirable—note ports of aircralt struck 
on reverse side) 


HIGH FREQUENCY ANTENNA - 

BURNED IN TWO. S LIGHT _ 

RTTRN ot^rudder tab, hol e- 

'BURNED in'right ELEVATOR TAB. 


BURN ON T.EFT SIDE O F_ 
FIN. 


Anti-Precipitation Static Equipment, if any 

STANDARD 

Was trailing antenna used, and if so, how long?. 


Ilomments: -—----—---- 

A RAT.T. OF VTB-F. ARGITT THE ST7.E_ 

OF A CANTELOUPE SEEMED TO _ 

HIT ON THE RIGHT SIDE OF THE _ 

NOSE.___ 


Submitted by_ 


L. P. HUDSON 


CAPTAIN 8-5-50 


(Please Print) 


(Name) 


(Position) 


F„. 5. T,pl„l . dl.cW .. .h. .nW. II- 


mission line connects to the antenna mast. 
The entire unit would be replaced, in 
event of a discharge, by unscrewing the 
connectors and replacing with a new unit. 
The size of this unit can be varied to meet 
the power requirements of the particular 
equipment: for low-power very-high- 
frequency equipment the unit should be 
no larger than a few cable diameters. 
The unit shown in Fig. 4(B) would replace 
the present protection units where high- 
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altitude operation required greater leak¬ 
age distance. 

Through the initiative and co-operation 
of American Airlines, fifty of the experi¬ 
mental protective and recording units 
were placed in operation over a 2-year 
period. Whenever the antenna was 
struck, the protective gap cartridge was 
replaced by a spare and the original gap 
sent to the Lightning and Transients 
Research Institute for analysis. The gap 

BryanU Newman, Robb— Aircraft Protection 


shown enlarged in Fig. 2(C) is typical of 
about 90 per cent of the returns. In all 
cases, the protective unit provided pro¬ 
tection to the equipment and, at the same 
time, also contributed new data. It was 
thus determined that most of the inter¬ 
cepted discharges were of low current 
magnitudes (of the order of 5,000 am¬ 
peres) but of relatively long duration and 
high-charge (of the order of 100 coulombs) 
transfer. Related data on the discharge 
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Indicate Points of Discharge Pitting or Observed Corona 



Fig. 6 (left). Re¬ 
verse side of typical 
questionnaire^ indicat¬ 
ing location of dis¬ 
charge points on the air¬ 
craft and weather con¬ 
ditions 


Fig. 7. (below) Com¬ 
posite artificial-thunder¬ 
storm discharge-current 
generator combining 
initial high-voltage 
gradientand consequent 
multiple short- and long- 
duration current charac¬ 
teristics 


tor (1,500,000-volt d-c or 3,000,000-volt 
surge) and a high current generator 
(200,000 amperes, 5 to 10-microsecond 
wave-shape) for producing the standard 
short-duralion AIEE test waves, are 
much less extensive than those observed 
on flight-returned protective gaps. As a 
result, construction of facilities to produce 
this flight-observed type of current wave 
is being undertaken. These facilities will 
produce a current wave of 5,000-amperes 
peak, lasting 10,000 microseconds, and a 
current wave of about 100 amperes d-c 
lasting over 1 second, thus reproducing 
the large heating effects and charge 
transfers of actual thunderstorm dis¬ 
charges. As may be seen in Fig. 7, these 
two units will be used in conjunction with 
the present generators to give one com¬ 
posite wave. 

Later papers will evaluate further re¬ 
sults of our co-operative program with the 
airlines, and take up other discharge pro¬ 
tection phases of importance to transport 
aircraft. 

Reference 

1. Lightning Protection for Aircraft. Sym -^ 
posium Proceedings, U. S. Navy Bureau of Aero¬ 
nautics, 1948. 



encountered was recorded on a simplified 
questionnaire, illustrated in the typical 
returns reproduced in Figs. 5 and 6. 

This co-operative arrangement worked 
out very well, as American Airlines was 
saved radio-equipment damage, and at 
the same time the Lightning and Tran¬ 
sients Research Institute received quanti¬ 
tative data on cloud-to-cloud type dis¬ 
charges, which earlier was very limited. 
Because of the research importance of the 
data, these experimental protective units 
are being made available to other airlines 
interested in co-operating with the Insti¬ 
tute’s program of discharge protection 
researches. 

The data are expected to be of impor¬ 
tance in determining the extent to which 
protection safety margins need to be car¬ 
ried. Also, the data from the returned 
gaps and questionnaire program should 
eventually resolve questions as to intensity 
of discharge currents at various altitudes 
and locations. Through wider and con¬ 
tinued use of the questionnaires it is hoped 
to also resolve such questions as dis¬ 
charge stroke probabilities to be expected 
with various operating factors of geo¬ 
graphical location, altitude, temperatiue, 
speed, and aircraft size. 

The maximum burning and melting 
effects possible with present test facili¬ 
ties, which include a high-voltage genera¬ 
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Discussion 

J, H. Hagenguth (General Electric Com¬ 
pany, Pittsfield, Mass.): The protective 
scheme for protection of radio equipment 
disclosed in the paper is a good means of 
preventing long duration discharges from 
flowing through the radio equipment. It 
would be interesting to know how many 
cases of operation of these devices are known 
to have occurred. 

The ^v^iter wonders whether the same 
purpose cannot be achieved by using heavier 
wire and better insulation on these coils. 
Quite obviously this scheme does not pre¬ 
vent high voltages from being applied to the 
coil for steep current or voltage waves, and 
certainly during spark-over of the gap the 
voltage existing across the capacitor is being 
applied to the coil. Of course, if the coil 
should break down, permanent disabling 
clainage may not occur since the driving 
surge voltage will be quickly removed, 
linfortunately, even this protection does not 
provide continuity of radio communication 
at all times as shown in Fig. 5 and 6, where 
it is stated that the antenna is burned in 
two. Perhaps larger sized wire could be used 
to prevent such damage. Fig. 1 of this dis- 
cUvSsion shows the coulombs required to 
burn a No. 6 wire in two as function of the 
medianical tension applied. It is evident 
that a reduction in tension greatly increases 
the probability of withstanding a long dura¬ 
tion discharge. 

A No. 4 wire is the largest wire known to 
me which has been burned in two near the 
ground. Whth the higher coulomb content 
expected in strokes to aircraft, a wire size of 
perhaps No. 3 should be relatively safe. Of 
course, the additional weight may preclude 
the use of large-diameter wires. 

It is not clear how the authors arrive at 
the current wave of Fig. 3(A) as indicated by 
flight-returned gaps. Such deductions seem 
impossible for the following reasons. 

1. There is only one magnetic link used 
to indicate current crest through the gap. 
If there is any current reversal, the indi¬ 
cated current amplitude may be in consider¬ 
able error.^ In Fig. 4 of this reference a 
current reversal of only 8.34 per cent, or 
2,()00 amperes of a 31,000-ampere discharge, 
indicates a crest current of 5 kiloamperes 
on the inner link. 

2. While one can distinguish and even 



TENSION - LBS 


Fig. 1. Arc to no. 6 copper wire under 
mechanical tension requires indicated cou¬ 
lombs to cause failure 
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calibrate for high-current discharges from 
burns on metal surfaces as indicated by a 
multitude of small, bright burns, these burns 
are obliterated by any subsequent low-cur¬ 
rent discharges of long duration. 

3. Neither of the two measurements in¬ 
dicates wave shape. A 25-coulomb dis¬ 
charge produced by a current wave, as 
shown in Fig. 3(A), or by a current of 200 
amperes lasting for 1/8 second would pro¬ 
duce similar burns. 

4. The gap does not necessarily register 
all currents involved in a stroke. In most 
cases the antenna probably is not hit at all, 
and in many cases, as illustrated by Fig. 6, 
it carries only an unknown fraction of the 
stroke. 

It has been found^ that the size of the 
holes burned in the metal skin of the plane 
is a good indication of the coulomb content 
of lightning strokes. It is much more dif¬ 
ficult to assess the amplitude of the current 
peaks of short duration. However, occa¬ 
sional evidence is obtained, as shown in 
Fig. 6 of reference 2, which indicates currents 
of the order of 100,000 amperes with rela¬ 
tively steep fronts. In this particular case 
the estimated coulomb content of the stroke 
was 500 coulombs. 

Much valuable statistical material on 
lightning discharges to aircraft has been 
obtained through questionnaires prepared 
for the National Advisory Committee for 
Aeronautics.^ The continued use of such 
practices would be very useful, and should 
eventually lead to a better understanding of 
all problems involved in lightning protection 
of planes. 

References 

1. Direct Measurement of Surge Currents, 
C. M. Foust, J. T. Henderson. AIEE Transac¬ 
tions, vol. 54, April 1935, pp. 373—78. 

2. Lightning Stroke Damage to Aircraft, 
J. H. Hagenguth. AIEE Transactions, vol. 68, 
pi. II, 1949, pp. 1036-46. 

3. Lightning Discharges to Aircraft and 
Associated Meteorological Conditions, L. P* 
Harrison. Technical Note No. 1001, National 
Advisory Committee for Aeronautics, Washing¬ 
ton, D. C., May 1946. 


J. M. Bryant, M. M. Newman, and J. D. 
Robb: In answer to Mr. Hagenguth’s dis¬ 
cussion of our lightning protection scheme 
for aircraft radio equipment, and with re¬ 
spect to the question on operational ex¬ 
perience, according to the experience of one 
airline, with 50 experimental installations 
over a 2-year period, the protective units 
have operated in about 30 cases of lightning 
strokes to aircraft antennas, and operation 
has been 100 per cent successful in protect¬ 
ing the radio equipment from damage. In 
regard to Mr. Hagenguth’s suggestion that 
protection of radio equipment could be 
achieved by using heavier coils and better 
insulation, the problem is one of attempting 
to protect the equipment in operation at 
present, and consequently redesign and 
modification of all radio equipment installed 
in aircraft is hardly practical compared with 
the addition of the small arrester unit at the 
antenna feed-through. In addition, it 
should be pointed out that the antenna is 
used for reception also and that heavy 
coils would hardly be practical for receiver 
circuits which normally utilize relatively 
fine wire. 


Regarding the question raised tliat con¬ 
tinuity of radio communication w^ould be 
lost by lightning damage to the antenna, it 
may be said that not all antennas are neces¬ 
sarily destroyed by lightning, for example, 
wing cap or fin cap antenna designs can be 
made to take many discharges. The prob¬ 
lem of developing long-wire antennas which 
will withstand direct strokes has also been 
given consideration; and a research program 
has been in effect at the Lightning and 
Transients Research Institute (LTRI), 
under a research grant by the Copperweld 
Wire Corporation, in regard to more suitable 
wire for aircraft antennas. Precipitation- 
static radio interference requiring the use of 
insulated antenna wire and fittings makes 
the change to new larger current-carrying 
capacity standard antenna wire sizes more 
difficult; however it is expected that with 
more flight discharge current data, a more 
suitable wire may be worked out. 

The wave shapes indicated in the paper 
obviously cannot be as accurate based on 
pitting and magnetic link data as it would be 
if oscillographic records had been obtained. 
Some oscillographic recording has been 
achieved by LTRI, under an earlier joint 
program with Air Force Wright Air De¬ 
velopment Center laboratories, in which an 
airplane was instrumented with six cathode- 
ray oscillographs and flown through many 
thunderstorms. The stroke probability for 
a single aircraft, however, turned out to be 
very low, so that the flight program was dis¬ 
continued after several records intercepting 
long-duration 5,000-ampere discharges were 
obtained. The present program providing 
airline data returns, which includes general 
questionnaire data on the stroke as well as a 
gap cartridge indicating stroke character¬ 
istics, has been more fruitful because of the 
greater number of records involved, from 
which the wave shape of Fig. 3(A) was de¬ 
rived as reasonably representative. The 
gap cartridges, as may be seen in the gap 
close-up photograph of Fig. 2, contain two 
magnetic links, not one, in answer to Mr. 
Hagengnth’s point with which we agree 
concerning the inaccuracies of using only one 
link. However, we cannot agree that equal 
burns would be produced by a 200-ampere 
current lasting 1/8 second, as in the case of a 
5 000-ampere crest current discharge of the 
same coulomb transfer. LTRI composite 
long-duration current tests indicated that 
equal charge transfers do not necessarily pro¬ 
duce the same burning, and that the actua 
wave shapes and crest current affect the pit¬ 
ting considerably. Also by reproducing in 
the laboratory both sputtering and pitting 
effects on the gaps, and by the use of mag¬ 
netic-link crest-current data, representative 
wave shapes may be reasonably recon¬ 
structed. 

It was one of the objects of the pap^^ to 
indicate that aircraft intercept not only high 
rate of rise discharges, but also that a major¬ 
ity of the strokes intercepted are intercloud 
and have low rates of rise, and thus require 
specific protection means, such as the capac¬ 
itor scheme described, which will work for 
any discharge wave shape. ^ 

Comprehensive questionnaires by tne 
United States Weather Bureau have pro¬ 
vided valuable information but, because 
they were many pages in 
few were regularly filled out. The LTR 
program questionnaires have the advantages 
of being brief, and in many cases data in the 
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form of discharged protection gaps accom¬ 
pany the questionnaire. Through a co¬ 
operative research program with the Joslyn 
Manufacturing and Supply Company of Chi¬ 
cago the gap replacements are made avail¬ 
able by LTRI, in exchange for the research 
data, to any airline that will co-operate in 
sending in the gap elements which have inter¬ 
cepted discharges together with the relevant 


questionnaire data On flight conditions at the 
time of the discharge. LTRI at present 
receives, in addition to its own question¬ 
naire, reports from co-operating airlines, also 
condensed lightning strike reports from 
many other organizations such as the Civil 
Aeronautics Administration. It is felt that 
this information, in addition to its general 
value from an over-all statistical viewpoint, 


is also valuable in determining relative needs 
of protection and provides necessary data for 
researches being continued at our labora¬ 
tory, under joint Navy Bureau of Aero¬ 
nautics and Air Force Wright Air Develop¬ 
ment Center support as well as industry re¬ 
search grants, on further. reduction of 
thunderstorm discharge hazards to air¬ 
craft. 


Commutation of Low-Volta3e D-C 
Aircraft Generators 

PAUL W. FRANKLIN 

MEMBER AIEE 


Synopsis: A considerable number of 

failures of d-c aircraft generators are caused 
either directly or indirectly by unsuccessful 
commutation. Difficulties encountered are 
related either to electromagnetic design 
features of the machine or to mechanical or 
chemical-physical phenomena in connection 
with the commutator, brush holders, and 
brush material. In the following, some of 
these features bearing upon the quality of 
commutation will be analyzed. 


A D-C generator is primarily a poly¬ 
phase salient pole type a-c generator, 
with rotating armature, connected to a 
device which collects the current and 
transforms the output frequency to zero. 
This device does not produce any power 
and acts merely as a switching component. 
As such, it may even be operated re¬ 
motely from the generator, and it is only 
for reasons of simplicity and compactness 
that it is made a part of the machine. 
It now so happens that the requirements 
for the successful operation of this ele¬ 
ment of secondary nature unpose severe 
restrictions upon the basic design of the 
power-generating equipment. It can be 
shown that for a large d-c machine for 
high speed and sudden load changes or 
for an aircraft generator, almost every 
design detail must be proportioned with 
regard to successful commutation. 

Faulty commutation in aircraft genera¬ 
tors may lead to a general failure in 
several ways. For instance, brushes may 
wear at an accelerated rate and the result¬ 
ing carbon dust may lead to grounding 
caused by accumulation on surfaces or 
within slots and under slot wedges. Poor 
commutation also causes high brush 
temperatures which, in turn, may contrib¬ 
ute to commutator distortions, or raise 
the temperature of the armature with 
ensuing wedge lifting or insulation failure. 
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Occasionally, commutation, which has 
taken a trend to the worse, may be self- 
healing, particularly if load and speed 
are reduced but, normally, poor commuta¬ 
tion will get progressively worse until 
destruction of another component of the 
machine follows. 

To simplify this survey, it will be split 
into two groups, namely, commutation 
troubles caused by: 

1. Inherent electromagnetic design fea¬ 
tures, or 

2. Mechanical-physical-chemical features 
related to commutator and brush holder 
design, brush composition, and environ¬ 
mental effects. 

Difficult as the requirements for suc¬ 
cessful commutation are with regard to 
electromagnetic features, they are by 
far surpassed by the severity of those of 
the second group. Summarizing, this 
writer believes that normally a d-c air¬ 
craft generator can be designed to have 
acceptable electrical commutation charac¬ 
teristics, and this within the weight and 
bulk required by the application. As to 
the requirements of the second group, 
they are of an extremely complex nature 
and sometimes dependent upon factors 
beyond the feasible control of both the 
generator and component manufacturer. 
Finally, ver}^ often primarily technological 
difficulties without immediate solution 
force acceptance of compromises on de¬ 
sired performance features in the hope 
that further development will remove 
these limitations. 

Electrical Design Factors 

The theory of electrical commutation is 
a rather old one, already well developed 
during the first decade of this century. 

In the writer’s belief, available theory is 
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capable of furnishing to the designer 
whatever guidance he requires, provided 
he is willing to spend the time needed for 
computation. This guidance ranges from 
the well-known rule of thumb to design 
the interpole winding 15 to 30 per cent 
stronger than the armature reaction, to 
the highly advanced approach of Dreyfus.^ 
The intricacy of a method chosen by a 
designer must be commensurate with the 
accuracy required and the relevance of 
the results obtained. For instance, if the 
electrical commutation difficulties ex¬ 
pected are of first magnitude and little 
trouble is expected with brush holders, 
commutators, and brushes, it would be 
well worth while to make a detailed study 
using Dreyfus’ methods, in the case of a 
large rating. On the other hand, if, re¬ 
gardless of the excellence of the electrical 
design, severe obstacles will have to be 
overcome with regard to brUvSh holders 
and brushes, a refinement of electrical 
calculations beyond a certain point is 
unnecessary. This, in the writer’s belief, 
is the case with a d-c aircraft generator. 

In the Appendix, a compilation of 
design formulas with regard to commuta¬ 
tion is presented for convenience, based 
essentially upon Arnold’s work.2 It is be¬ 
lieved that in view of the mechanical 
difficulties, and the fact that each air¬ 
craft geneiator design must be calibrated 
by the black-band method, these equa¬ 
tions are adequate for a good design. In 
particular, they demonstrate clearly to the 
student and young designer the various 
relations between individual design fea¬ 
tures and the requirements of good com¬ 
mutation in a quantitative manner, not 
available by verbal description. 

Good electrical commutation requires 
that: 


Paper 53-305, recommended by the AIEE Air 
Transportation Committee and approved by the 
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presentation at the AIEE Summer General Meet¬ 
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The writer wishes to express his grateful apprecia¬ 
tion and thanks to John Gartner for advice and 
comment regarding mechanical and commutation 
details. 
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t. The commutation process shall take 
place in .a zone undisturbed by the main- 
pole stray flijx. 

2. The uncompensated differential react¬ 
ance voltage of the commutating coil shall 
be as small as possible. 

S. Magnetic interlinkage conditions at the 
moment of interruption of the commutating 
coil must be favorable. 

4, Interpole magnetic circuits must remain 
linear (unsaturated). 


Nomenclature 


number of pole pairs 
a — number of pairs of armature circuits 
m — multiplicity of armature winding 
Z?a = armature diameter, inches 
commutator diameter, inches 
3> = coil pitch in slots, that is, pitch 1 
y = 7 

N =number of armature slots 

1^ I , 

I = absolute value of coil 


to 8, 


^== + 




pitch 


deficiency 
Tc = commutator bar pitch, inches 
= peripheral brush contact length along 
commutator Fig. 4, inches 
zi = commutator bars per slot 
/ — thickness of mica in between two com¬ 
mutator bars, inches 

oi = electrical pole arc ratio, usually 0.6—0.75 

T = pole pitch, inches 

/—total armature current, amperes 

total number of armature conductors 

— r-TT— ampere conductors per inch arma- 
2aDaTr 

ture circumference 

== number of compensating slots per pole 
/c —current volume per compensating slot 
= main-pole air gap (mechanical), inches 
/ = armature slot pitch, inches 

= interpole air gap (mechanical), inches 
kcip = Carter factor in interpole gap 
^ = armature slot opening, inches 
-/a— armature core length, inches 
X/p = axial interpole shoe length, inches 
*2^ = turns per commutator bar in armature 
winding 

= armature circumferential speed, feet 
per minute 

— circumferential interpole shoe width, 
Fig. 1(A), inches 
/i = friction coefficient 
V = ratio 
‘T) = ratio 


Commutation Zone 

As the armature slot leaves the area of 
a main pole, its conductors gradually 
xindergo the process of current reversal, 
deferring to Fig. 1(A), point B is the 
location of the slot center where the first 
conductor starts to commutate, and point 
C where the last conductor finishes com¬ 
mutation. The distance BC is called the 
commutation zone Z and is spaced from 
l:>oth adjacent pole horns by the distances 
AB and CD, the single clearance SC. Of 
each pole pitch, only the distance under 
the pole itself is power-producing. The 
commutation zone, per equation 3, de¬ 
pends primarily upon commutator and 


ROTATION 



Fig. 1. MMF distribution of a compensated d-c machine (senerator) 


brush dimensions and the type of wind¬ 
ing chosen. In larger d-c aircraft gen¬ 
erators, the number of commutator bars 
per slot u is usually unity, and 5, the coil 
pitch deficiency, small but preferably not 
zero. Whereas commercial designs make 
Z==10 to 18 per cent of the pole pitch, 
aircraft designs use 20 to 25 per cent and 
even more, only limited by an economical 
single clearance. With a given brush 
density, the larger the commutation 
zone and the smaller the permissible 
single clearance, the wider the brushes 
and the shorter the commutator. 

What is now the minimum permissible 
value for the single clearance in aircraft 
designs? Commercial designers, blessed 
with fewer restrictions, usually use 1/4 to 
1/3 of the available space between the pole 
horns. The aircraft generator designer 
will try to cut the unproductive distances 


AB, CD, and FC to a minimum and will 
usually deal with single clearances of 
0.100 to 0.250 inch. Both when entering 
and leaving the commutation zone, the 
stray flux from the main pole should be 
as small as possible. In this respect, the 
trailing edge, interrupting commutation, 
is more critical then the leading one. As 
may be seen from Fig. 1(E), a generator 
is more favored in this respect than a 
motor, since the magnetic pressure at 
point D, straying into the trailing com¬ 
mutation zone, is lower than the one at 
the leading edge point A. 

The expressions for the magnetic pres¬ 
sures at the pole horns are given by equa¬ 
tions 9 and 10 and a very approximate 
expression for the stray densities at points 
B and C are indicated by equation 11. 
The ratios of these stray densities to the 
maximal interpole density equa- 
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tion 25, are obviously a measure for the 
degree of disturbance to the commuta¬ 
tion process. It should be noted that the 
main pole straying effect extends axially 
all along the armature, whereas the inter¬ 
pole shields only part of the slot length. 
Normally, in the case of a low-voltage 
aircraft generator, the magnetic pressure 
of the compensating winding at the pole 
edge is 60 to 85 per cent of the armature 
reaction. At low speed, the stray flux 
at the trailing edge of the commutation 
zone will support the interpole. How¬ 
ever, at high speed and with designs of 
weak main pole flux and small air gap, 
the resulting stray flux will reverse and 
then oppose the interpole. At the lead¬ 
ing edge, the stray flux will always main¬ 
tain its sign and will constantly oppose the 
interpole. 

The permissible ratio of the stray flux 
density to the maximal interpole density 
at the trailing edge of the commutation 
zone depends upon brush grade, quality of 
mechanical commutation, magnitude of 
reactance voltage, and commutator bar- 
to-bar voltage. Presently available data 
for aircraft generators seem to indicate 
that values of 15 to 20 per cent at the 
trailing edge and up to 60 per cent at the 
leading edge are permissible from the 
point of acceptable commutation. 

It should be noted that a machine 
designed with emphasis on a strong flux, 
rather than strong armature reaction 
(ratio ^main poie/^>40), will havc less 
tendency to reverse stray flux under the 
trailing edge. At the same time, it will 
be cooler and have a smaller reactance 
voltage. In general, it may be found 
that, as the number of poles increases, it 
becomes increasingly more difficult to 
maintain sufficient single clearance. 

Reactance Voltage 

In between two commutation periods, 
an armature coil is interlinked with the 
main pole flux; the change of this inter¬ 
linkage produces the output voltage. 
During commutation, this interlinkage 


with the main pole flux remains constant, 
and it is the purpose of the interpole flux 
to compensate for the change of other coil 
interlinkages. These other interlinkages 
are caused by the slot-and-tooth tip flux, 
the armature quadrature flux, and the end 
extension leakage flux. For pedagogical 
and design purposes, this relation is 
usually expressed by two fictitious volt¬ 
ages, one created by the current change in 
the armature coil in the presence of the 
interpole but without interpole winding, 
the other by cutting interpole flux lines. 
What actually exists in the coil is the 
voltage induced by the change of un¬ 
compensated coil flux interlinkages, or 
the difference between the two fictitious 
voltages. This difference has to be ab¬ 
sorbed mainly by the brush contact re¬ 
sistance. Since the uncompensated free 
voltage usually increases with the ficti¬ 
tious reactance voltage, the later one is 
taken as a measure of the difficulty to be 
expected with a particular commutation 
problem. 

The value of the fictitious reactance 
voltage is given by equation 20, which also 
shows the dependency upon design param¬ 
eters. The constant k^, Hobart’s con¬ 
stant, is defined as the average interlink¬ 
age of one armature conductor for 1 
ampere slot current along 1 centimeter 
armature length. This constant can be 
readily determined experimentally from 
a black-band test and remains within a 
fairly limited range. The value, as ob¬ 
tained by Arnold’s equations, is given by 
equation 19. Differing from commercial 
machines, aircraft generators use a rela¬ 
tively small interpole air gap which in¬ 
creases the tooth tip leakage reactance 
considerably. An attempt to save inter¬ 
pole turns by reducing the interpole gap 
may lead to high reactance voltages and, 
in addition, will deprive commutation of 
the healthy smoothing effect of a large 
interpole gap upon local flux variations. 

It is quite difficult to specify permissi¬ 
ble values for the reactance voltage. It 
depends upon brush material, upon the 


constancy of brush contact, that is, me¬ 
chanical brush vibrations and therefore 
also commutator circumferential speed. 
It also depends upon the means available 
to the designer to keep disturbances out 
of the commutation zone and his chances 
to compensate the reactance voltage. It 
may be too early to define limitations for 
d-c aircraft generators, but a crude survey 
seems to indicate that present altitude- 
treated brushes will, at maximal speed, 
withstand 2 to 3 volts of fictitious react¬ 
ance voltage without detriment to com¬ 
mutation. In all probability, with more 
experience and better brushes, also more 
weight allowance, this limit could be ex¬ 
tended should higher ratings require. It 
should be noted that the deviation of this 
value from commercial values, up to 12 
volts and more, must be charged primarily 
to the altitude treatment, the mechanical 
difficulties, to be described, and the high 
ciurent densities. 

Usually, the designer will not find it 
difficult to match the theoretically re¬ 
quired interpole flux shape, since nor¬ 
mally only two conductors per armature 
slot are being used. 

Magnetic Interlinkage Conditions 

AT Moment of Circuit Interruption 

In general, at the moment of interrup¬ 
tion, the commutating coil should be inter¬ 
linked with other short-circuited coils so 
that magnetic energy may be transferred. 
It should not, however, be coupled with 
another coil being interrupted at the 
same time instant as the first one. 

In aircraft generators with simjffex 
wave windings and two conductors per 
slot, the commutating coil is coupled with 
other circuits in the following manner: 

1. Top-to-bottom inlerlinkage with other 
slot conductor. 

2. Common tooth tip permeance. 

3. Interlinkage within the end extension. 

4. Common interlinkage with other com¬ 
mutating coils and short-circuited turns, 
(metal field coil bobbins) along the main- 
pole axis. This also includes eddy currents. 



Fig. 2 (left). Typical slot 


^3 


Fig. 3 (right). Interpole 
flux shape 
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in the solid parts of the main-pole magnetic 
circuit. 

The coupling coefficient of all these 
circuits varies of course, but it is believed 
that because of the relatively small main- 
pole gap, the coupling to field coil bob¬ 
bins, etc., is a closer one than on com¬ 
mercial machines. Whereas in the pre¬ 
vious details the designer will attempt to 
choose favorable conditions, in this par¬ 
ticular case his hands are more or less 
tied and he will try rather to evade defi¬ 
nitely unfavorable conditions as, for in¬ 
stance, simultaneous interruptions of 
several interlinked coils. This, in the 
case of a lap winding, would call for an 
odd number of slots or bars per pole pair 
which, in turn, should not contradict the 
requirements of an equalizer winding. 

If a design permits a choice between a 
wave and a lap winding, the lap winding 
will provide improved commutation only 
if the ciurent volume per slot is decreased, 
that is, the number of slots increased 
above those of the wave winding. As is 
well known, this requires more room for 
insulation. 

Linearity of Interpole Magnetic 
Circuits 

To insure that none of the resulting 
densities in any one of the components of 
the interpole magnetic circuit exceed 
saturation, the designer will do well to 
analyze graphically the leakage flux of 
the interpole structure. For a compen¬ 
sated machine, the leakage coefficient will 
vary between 1.5 and 3.0, and the ratio 
of the interpole body dux, including leak¬ 
age, to main-pole flux at minimum speed 
will vary from 15 to 35 per cent. At 
higher speeds, this ratio will of course in¬ 
crease. If there are as many interpoles 
as main poles, superposition and conse¬ 
quent flux weakening will occur within 
the armature and stator yoke; if the 
number of interpoles is reduced, superposi¬ 
tion will also occur within the armature 
teeth and the main-pole body. This is a 
type of interpole-main-pole feedback 
where an increase of either flux will 
always weaken the other one. Thus, in¬ 
creasing load current will cause a main- 
pole flux drop which, in turn, will appear 
as an increase in series resistance. Be¬ 
cause of the weight limitations and the 
enforced high magnetic densities, this 
effect is felt particularly in aircraft gen¬ 
erators. 

Assume that an interpole winding is 
tuned by the black-band method at mini¬ 
mum speed and full load. As the speed 
is increased, owing to decrease of satura¬ 
tion, in the parts common with the main- 
pole flux, it will increase in strength. 


This in turn will lead to advanced com¬ 
mutation, and hence overcompounding. 
Assume now that the interpole is tuned 
at high speed. At low speed, due to 
saturation and loss in flux because of 
superposition with the now increased 
main-pole flux, the interpole flux and the 
main-pole flux will be weakened. Both 
of these effects will require an increase in 
minimum speed to maintain rated voltage. 
All these phenomena may or may not be 
noticeable in a particular design; how¬ 
ever, inherently, they always exist. 

A relatively large interpole gap, if it 
can be afforded, will improve the linearity 
of the magnetic circuit. 


tion will be bracketed by calculating it 
from two different assumptions. 

Assuming a bar-to-bar unevenness of dc, 
it is assumed that the brush travels this 
distance with constant acceleration. 
Theoretically, the brush jumps this dis¬ 
tance in an infinitely small time interval; 
but we will assume that it takes one half 
of the time required to pass from one 
commutator bar to the next one. If K is 
the number of commutator bars, this 
time is 


(rpm)2iC 
and since 


Mechanical Design Factors 

Even a well-designed commutator can¬ 
not be considered as a geometrically per¬ 
fect cylinder; a certain amount of ec¬ 
centricity and bar-to-bar unevenness 
must always be accepted. Referring to 
commutators of 3- to 4-inch diameter, as 
used in aircraft generators, an eccen¬ 
tricity of 0.0004-to 0.0006-inch full-indica¬ 
tor reading and a bar-to-bar unevenness 
of 0.00007 to 0.0001 inch may be con¬ 
sidered as acceptable practice. It will 
be of interest to approximate the radial 
brush accelerations caused by these im¬ 
perfections. 

Acceleration Caused by Eccentricity 

Rather than delving into a mathemat¬ 
ical derivation, we assume in crude 
approximation that the radial excursion 
of an eccentric commutator is 

Aq 

X = -— sin {oiRt) 

2i 

where 

do = total eccentricity, full indicator reading, 
inches 

= rotational angular velocity 
We obtain the average velocity to 

. 2do ■ do(rpm). 

~ - —CO j? ~ —--— inches per second 
■>72 30 

and the maximal acceleration to 



and 

= 1 .42 X 10-'(io(rpm)2 

g 

expressed as a multiple of gravitational 
acceleration g = 386 inches per second. ^ 

Bar-to-Bar Acceleration 

To verify the slightly surprising results, 
the magnitude of the maximal accelera¬ 



we obtain as before the acceleration ex^ 
pressed as a multiple of gravitational 
acceleration to 

= 5.76 X 10-«4(rpm 
g 

As a check, we assume now that, rather- 
than jumping, the brush travels the un¬ 
evenness in a sinusoidal motion. The: 
radial travel is then 


and with 

27r(rpmXi^) 

(jip — - 

2X60 

= 3.55 X 10 -«<i/rpm Xit)» 

£ 

the average velocity in both cases is 

dcCrpmXK), ^ 

--inches per second 

30 

We see that both results are fairly close,, 
in spite of the different underlying as-- 
sumptions. A numerical example will 
illustrate the conditions. 

Given a typical aircraft generator¬ 
brush with an area 7/16 by 1.00 inches and 
height 1.25 inches. The brush weigha 
0,030 pound, and with a specific pres¬ 
sure of 5 pounds per square inch the brush 
arm pressure is 2.18 pounds, or approxi¬ 
mately 70 times the brush weight. EvaU 
uating the developed equations, we as-, 
sume that do=0.0008 inch, dc = 0.0001 
inch, K=4:0, and rpm = 6,000 and 8,000,. 
We obtain the results shown in Table I. 

Whereas the accuracy of these figures, 
may be doubted on account of the under¬ 
lying assumptions, it may be concluded 
that, during operation, the brush is sub¬ 
jected to extremely- heavy impacts of 
high frequency. Consequently, the na¬ 
ture of the brush contact is by no means. 
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Table 1 


RPM 


6,000 

8,000 

•X’max/5- . . .. 


0.819... 

1.46 

.<^av.. .. 

... inches per second_ 

0.16 ... 

0 213 eccentricity 

Rotational Frequency 

Cycles per Second 

100 

133 

X^max/^.. . . . , 

.((M). 

33.2 .. 

59 


\ (62). 

20 o . . 

36 o caused by bar-to-bar 

.^av. 

. . . inches per second_ 

0.80 .. 

..! 1 068 unevenness 

shocks. 

. .. . frequency of 




cycles per second.. 

..4,000 

...0,333 


a steady one, but one of continuous vibra¬ 
tion, even under favorable conditions. 
This, incidentally, together with the ab¬ 
sence of a reactance voltage, is one of the 
reasons why brush life tests performed on 
slip rings should be viewed with caution. 

It has been attempted to approach the 
brush contact phenomenon as a mutual 
indentation of two elastic bodies, the 
area in mutual contact being a Hertzian 
surface with a surrounding zone of in¬ 
complete contact. For a geometrically 
perfect slip ring and rigid brushes, this 
may hold true; however, in view of the 
permanent bouncing, that is, change of 
contact, a statistically uniform contact is 
obtained. This is also borne out by the 
uniform surface gloss usually noticed. 
It should be added, with regard to the 
following, that this does not necessarily 
imply uniform current density. 

The current transfer from or to the 
brush across the commutator film to or 
from the commutator copper is a com¬ 
plicated phenomenon beyond the scope 
of this paper. It is generally accepted 
that the transfer takes place in local 
highly concentrated current filaments of 
very high temperature, which con¬ 
tinuously change location. The generally 
observed decrease of friction coeflficient in 
the presence of current transfer is attrib¬ 
uted to lubrication by small carbon par¬ 
ticles plasticized by the intense local tem¬ 
perature of the electric arc. This change 
of the friction coefficient with applied 
load may be observed neatly by the 
change of brush-chattering noise. As is 
well known, the friction coefficient also 
depends upon the moisture content of the 
air, which, in aircraft machines, will vary 
between ver>- wide limits. Using humid¬ 
ity contents of 0.1 to 200 grains water 
per pound air, it may be found that this 
amounts to from approximately one water 
molecule out of 20 average air molecules 
down to one in 40,000 air molecules. 

Under otherwise constant conditions, 
the friction coefficient does not neces¬ 
sarily remain constant. It may cycle 
or change graduaUy or abruptly and may 
also display signs of frictional hysteresis. 


There seem to exist mutual relations be¬ 
tween the quality of commutation and the 
friction coefficient. For instance, a cer¬ 
tain change in friction causes a change in 
the quality of commutation which in turn 
either restores or continues to change 
friction or, to use another nomenclature, 
the film. This ability of the friction coef¬ 
ficient, the film in short, the contact condi¬ 
tion either to restore itself or to deterio¬ 
rate, is essentially a brush characteristic. 
All the designer can do in helping the 
brush is to provide good electrical com¬ 
mutation ; and well-designed commutator 
and brush holder, to prevent the altitude- 
treated brush from becoming unmanage¬ 
able. 

A change of the friction coefficient will 
change the tangential force acting upon 
the brush, and with this the relative brush 
position within the holder may change. 
This changes the statistical center of ciu- 
rent collection under the brush, or the dis¬ 
tribution of circulating currents super¬ 
posed upon the uniform current density 
distribution, and this in turn changes the 
position of the armature reaction. To 
elaborate on this important feature, brush 
stability must be discussed. See Fig. 4. 

Three principal forces act upon the 
brush body: 

1. The force exerted by the brush holder 
arm F. 

2. The force exerted by the commutator R. 

3. The force exerted by the brush holder 
wall W. 

Whereas the brush arm force F is dis¬ 
tributed either within a small area or 
along a line, the other forces extend along 
a surface and, in the following, are re¬ 
placed by their resultant. The small fric¬ 
tion forces along the brush holder wall and 
under the brush arm are neglected in the 
following discussion. 

A stable brush holder is designed so 
that the force W required to keep equilib¬ 
rium to the other forces R and F can be 
provided by the geometrical location of 
the brush holder wall. This means that 
the projection of the intersection point A 
of forces F and R upon the supporting 


surface, point A ', must be located within 
the physical extent of the brush holder 
wall. If not, equilibrium will be achieved 
by brush cocking and support from the 
edges of the box. This general require¬ 
ment of equilibrium, insisting upon a 
specific geometrical arrangement, must 
be maintained for all possible operating 
conditions, namely, new and worn brush 
length, variations of brush friction, and 
accidental shifts of the center of brush 
contact along a considerable portion of 
the brush width. 

Whereas the point of attack of force F 
is more or less defined, the position of the 
other two forces may vary considerably. 
The wall force W is the resultant of 
several point or small area forces, which 
may vary in location from one brush 
holder to the next one, because of local un¬ 
evenness or intermittent distortion, burrs, 
toolmarks, etc. 

The center of current collection under 
the brush, equivalent to a fictitious center 
of gravity of current density is, if not 
equivalent, at least closely related to the 
location of point C. It is the location of 
the electrical neutral of the machine, and 
any movement of tliis point will shift the 
location of the armature reaction, thus 
causing a positive or negative feedback 
into the main-pole axis. It is now a 
particular feature of aircraft generators 
that, owing to the relatively wide brush 
width and the high number of ampere 
conductors per inch armature circum¬ 
ference, they are particularly sensitive 
to nonmechanical shifts of the armature 
reaction, that is, the electrical neutral. 
Aside from the feedback to be discussed, 
a shift of armature reaction in space 
against the fixed compensating winding 
and interpole will create a mismatch of 
the magnetomotive forces (MMF), in¬ 
crease the uncompensated part of the 
commutation reactance voltage, and thus 
worsen commutation. This in turn may 
further change the film or friction coeffi¬ 
cient, which may either shift the anna- 
ture reaction back or further away, creat¬ 
ing either a self-healing or an essentially 
unstable condition. 

This shift in annalure reaction may be 
observed very neatly in the change of 
field current, if the generator is run with a 
voltage regulator. Assume a machine 
with A = 1,200 A per inch, a commutator 
diameter of 3.00 inches, armature diam¬ 
eter of 4.2e50 inches, brush width 0.4375 
inch and 75 turns per shunt coil. Let it 
further be assumed that the center of 
current collection changes for 0.025 inch 
out of 0.7 inch of the brush width. This 
will amount to an additional magneto¬ 
motive force in the main-pole axis of 
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Tliese field current variations are often 
ot>served during heat runs and life tests 
and cannot be interpreted as changes due 
to lieating effects. 

Tjhe displacement of the electrical 
neuLtral may be caused (aside from by 
actual shifting of the brushes) either by a 
stjroxig or weak interpole winding and the 
aforementioned change in friction coeffi¬ 
cient. A change caused by the interpole 
is, liowever, a permanent one; it is caused 
essentially by the change in superposed 
circulating currents under the brush 
wlaich are the result of advanced or re¬ 
tarded commutation. Advanced com- 
nxntation, usually more favorable than 
delayed, will also strengthen the main 
pole and lower the permissible minimum 
speed, but may cause decreasing field 
cnrrent values with increasing loads at 
liigli speeds, creating a possibility of insta¬ 
bility in the regulator, and forcing it to 
work at high resistance values. The 
opposite, causing undercompounding at 
liig^la speeds, weakens the main pole and 
XTLSL'y require a higher minimum speed than 
permissible. 

The displacement of the neutral, 
ca-Lised by the change in friction coeffi¬ 
cient, or a change in film or contact condi¬ 
tion, may be explained by Fig. 4. Start¬ 
ing- with a condition of equilibrium, based 
on a, certain value of the friction coeffi¬ 
cient fjL, the three brush forces F, R and W 
nxeet at point A. Suppose now, that the 
bri-ish and the wall have indented each 
otluer into a permanent contact pattern 
tben the location of the wall force W is 
fixed. If now, due to an external dis- 
tnrbance, the friction coefficient jj, changes 
tbe new commutator force R may be 
fon-nd by drawing a tangent to the new 
friction coefficient circle through point A, 
since both arm and wall force will remain 
constant as to location. The changed 
commutator forces Rz or R^, drawn through 

, will result in a new contact center on 
tb-C commutator, C 2 or C 3 , depending in 
wbicli direction friction changes. If a 
sesile drawing is made for a conventional 
brnsh size in a typical trailing brush 
bolder, it may be found that this shift 
Ci or Cl Cz will easily amount to as 
rnnch as 0.020 to 0.030 inch. Further- 
iTiore, for a configuration such as Fig. 4, 
sltl increase in friction will move the cur- 
rcmi: collection center against the direc¬ 


tion of rotation, thus strengthening the 
main-pole axis, and lowering the value of 
the field current in the presence of a volt¬ 
age regulator. On the other hand, the 
increase in brush friction may cause an 
increase in brush temperature, which 
could be read by a thermocouple. Again, 
such a simultaneous change in field cur¬ 
rent and temperature, usually opposite 
to each other, may often be observed dur¬ 
ing life tests. 

Very often, these observed field cur¬ 
rent variations are ascribed to changes in 
the general film condition, meaning that 
with a change in film contact resistance, 
the circulating currents under the brushes 
vary, and hence the armature feedback 
into the main pole axis is changed. In 
the writer’s opinion, this is not borne out 
by theory. Assuming that the brushes 
are located in the electrical neutral (as, 
for instance, determined by a shunt field- 
armature mutual inductance test) and 
assuming further a simple lap winding, 
with a brush width equal to commutator 
bar width, a uniform brush density or 
local contact drop indicates linear com¬ 
mutation, without a feedback from the 
armature to the main field. In such a 


excitation. If, however, the local brush 
density and the contact drop along the 
brush is uniformly slanted, this indicates 
advanced or retarded commutation, which 
in turn, may be interpreted as linear com¬ 
mutation plus a superposed circulating 
current in the commutating coil. This 
additional circulating current is the cause 
of the feedback. Another explanation, 
often used, demonstrates a shift in the 
commutator potential curve, and hence 
the neutral, caused by the uneven brush 
density curve. This consideration is of 
general natiue and applies to all windings 
with wide brushes. It can now be shown 
mathematically that a mere change in 
the fil m resistance cannot cause the type 
of brush current density distribution 
which causes a feedback. As a matter of 
fact, uniform film resistance, regardless 
of value, is the basic reason for linear 
commutation, additional circuit resist¬ 
ance (coil, risers) only distoring the brush 
current distribution in a S 3 rmmetrical 
manner. The unsymmetrical brush cur¬ 
rent distribution, causing feedback, can 
be achieved only by the insertion of a 
phase-shifted voltage into the commutat- 



Fig. 4. Distribution of force$ in a trailing brush holder 
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ing coil, as, for instance, from the outside, 
by the interpole, or within the coil, by 
uncompensated coil inductivity. The 
change of internal resistance within the 
machine, caused by a general change in 
brush drop voltage, is too small to ac¬ 
count for the relatively large field current 
changes. It follows therefore that a 
change in film contact resistance, although 
being eminently important from the 
point of view of general commutation 
quality, brush wear, radio noise, and heat¬ 
ing, has no direct bearing upon the ob¬ 
served armature feedback and consequent 
changes in required field current. 

iVnother interesting phenomenon is 
observed occasionally. Suppose a genera¬ 
tor is run for a longer period at minimum 
speed, full-load, and the field current is 
read. The machine is then run at top 
speed, full-load for an extended period, 
and returned at the same load to base 
speed. It will be found that often the 
field current values before and after the 
high-speed run will vary, sometimes as 
much as 0.8 to 1.0 ampere for conventional 
30-volt generators. This change is er¬ 
ratic. It may or may not occur regu¬ 
larly with the same generator, with simi- 
lar generators, or with the same or other 
brush grades, although in general definite 
tendencies may be observed. With some 
designs it may also be observed that, if at 
the second base speed run the field current 
varies drastically, it may be returned to 
close the original value by a severe shock, 
for instance a hammer blow in the gen¬ 
erator. This rather drastic experiment 
contributes greatly to the general merri¬ 
ment of those who did not design the 
generator; the designer usually fails to 
see the humorous aspect. On other ma¬ 
chines, the changed field current will drift 
back gradually, taking from 5 minutes to 
often 2 hours and more. 

This phenomenon may be explained by 
the action of a wedging effect at high 
speed, forcing the contact area of the 
brush toward the trailing edge. The 
brush then settles there and develops a 
new contact pattern, which remains 
during the return to lower speeds, until 
a sudden shock loosens the brush and 
permits it to relocate. The shift of the 
current collection center causes the change 
in field current. Although no definite 
criterion for such a wedging effect can be 
established, it is more likely to occur on 
brushes with altitude treatment, un¬ 
stable brush holders and brush boxes 
with tool marks, rough surfaces, and burrs. 
Untreated brushes, or brushes with a 
small percentage of treatment, seem to be 
less sensitive to such a condition. 

Conditions under all brushes are by 
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no means identical, as thermocouple 
readings will readily prove. As a matter 
of fact, the well-known tendency of the 
simplex wave winding toward selective 
commutation may, after a certain time, 
aggravate conditions. It is conceivable 
that, among all brushes of the same polar¬ 
ity, the one with the lowest drop or most 
advanced position will hug or suck in a 
larger share of the armature current. As 
a result of the increasing temperature 
and the negative temperature coeffi¬ 
cient of the brush and contact drop, an 
unstable process may set in. It is often 
observed during life tests, particularly 
altitude runs, that resulting brush wear 
is quite uneven, some brushes being worn 
down to the rivets and others of the same 
polarity showing litle wear. This again 
depends upon brush grade in general, 
and individual brush pressure; and also 
upon minor individual inaccuracies in the 
tangential and axial brush adjustment not 
necessarily reproducible within genera¬ 
tors of the same type. Further investi¬ 
gations along this line, correlating indi¬ 
vidual brush pressure, temperature, cur¬ 
rent, and wear would be of considerable 
advantage to the art. 

Split brushes, consisting of two brush 
halves wiihin the same brush holder, are 
a considerable improvement with regard 
to the difficulties presented in the fore¬ 
going. Their inherent increased resist¬ 
ance to the flow of circulating currents, 
as compared with solid brushes, as well 
as the improved commutator riding 
ability, definitely secures better commuta¬ 
tion than a solid brush of the same size in 
the same brush holder. Due to the 
double seat, the effect of varying friction 
forces is less pronounced. A common 
hammer plate, equalizing wear between 
both brush halves, seems to be adequate, 
provided the pressure applied to both 
halves is and remains equal. A possible 
improvement, using different brush grades 
for the leading and trailing wafer, should 
not be disregarded. The thickness of a 
split brush is limited by the minimum 
permissible thickness of each wafer. At 
present, if this dimension drops below 
approximately 0.200 inch, difficulties 
with regard to brush rivet fastening, chip¬ 
ping, and cracking around the rivet hole 
may be expected. Thus operational 
advantages, as compared with mainte¬ 
nance difficulties, must be weighed care¬ 
fully against each other. 

Brush temperatures depend greatly 
upon the location of the measuring thermo¬ 
couple. This writer prefers to have them 
placed as closely to the contact surface 
as possible, approximately 3/32 to 1 /8 inch 
for detecting the highest temperature ex¬ 


tant as well as to serve as an early wear 
indicator. To obtain fairly accurate 
results, the thermocouple should be 
cemented to the brush, and the ends of the 
wire should be welded together rather 
than relying upon solder. Temperatures 
thus read vary from 150 to 240 degrees 
centigrade, centering around 180 to 
200 degrees centigrade. It is interesting 
to observe that some altitude-treated 
brushes do not change much in tempera¬ 
ture when the speed is changed between 
the extremes of the range. The brush 
temperature is not necessarily an indica¬ 
tion for the average commutator surface 
temperature, and does not seem to be a 
function of the specific cooling surface of 
the commutator. 

A continuous brush temperature of 
about 200 degrees centigrade for full load 
seems to be acceptable, provided that 
the commutator bar material will not 
fatigue at this value. Brush rivets joints 
and pigtails should not either loosen or 
oxidize at these temperatures. 

Helical grooves, as used occasionally 
on slip rings and commutators of com¬ 
mercial designs, should be tried out on 
aircraft generators, and this writer feels 
that they may be beneficial from the 
point of view of ventilation as well as 
that of uniform seating of the brush. A 
continuous-low frequency rocking action 
would prevent any wedging of the nature 
described previously, and would probably 
result in a steady field current; in addi¬ 
tion, there would be a constant supply of 
fresh air directly under the brush. 

All these features have been purposely 
described in detail to show that brush 
operation in aircraft generators under 
otherwise constant operational and design 
parameters, is subject to occasionally 
wide variations, caused either by environ¬ 
mental effects or features not always con¬ 
trollable by the manufacturing process. 
Brush operation becomes more erratic 
as the design becomes marginal and the 
life of the generator is expended. 

Brush wear is a complex function of 
brush material, brush temperature, brush 
pressure, and current density, commuta¬ 
tor circumferential speed and roughness, 
water content in the air, and the pres¬ 
ence of arcs under the brush, that is, the 
magnitude of the uncompensated react¬ 
ance voltage.'* For aircraft generators 
normal values will range from 2to4Xlo”"^ 
inches per hour. The individual brush 
wear should not vary more than ±25 per 
cent from the average for a complete 
machine. Depending upon brush grade, 
the average brush wear will either in¬ 
crease, remain constant, or decrease with 
increasing altitude. It is also affected by 
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conunutator and bar breathing, brush 
box deformation, and striction, grease 
deposits on the commutator, etc. 

Fortunately, most brushes possess a 
recuperational tendency, that is, if com¬ 
mutation conditions have worsened and a 
reduction in load, speed, and altitude is 
made, former conditions may be restored. 
The relative frequency and the type of 
such a recuperation period will depend 
upon normal load conditions, design 
parameters, and of course the brush 
grade. This ability to reform the film 
or the original beneficial contact condi¬ 
tion is the reason why brushes which failed 
to perform under extended artificial 
altitude cycles perform satisfactorily 
under actual conditions. It is however, 
a subject open to discussion as to how 
far this margin of safety should be relied 
upon. 

Based upon the inherent erratic quality 
of brush performance, caused by a multi¬ 
tude of features difiicult to trace or to 
control, the writer feels that brush life 
testing must be conducted over extended 
periods actually in the generator. The 
resulting wear of a 20-hour test at alti¬ 
tude, extrapolated to 500 or 1,000 hours, 
does not always give a true picture of the 
capabilit}’ of both the generator and the 
brushes. On the other hand, failure 
during an extended run at continuous 
load and constant altitude does not neces¬ 
sarily condemn a design, although a 
successful completion of such a test would 
by all means be highly desirable. It 
appears that, in such a case, a representa¬ 
tive load cycle, including variations in 
load, speed, and altitude with recupera¬ 
tion periods simulating those actually 
occurring could be established, still in¬ 
cluding a sufficient margin of safety. In 
such a case it should be required to ac¬ 
cumulate a certain number of hours of life 
by running a sufficient number of typical 
cycles. It is realized that the specifica¬ 
tion of such a typical cycle, differing for 
commercial and military flying, and also 
dependent upon the type of the airplane 
and mission, must be attempted in close 
co-ordination and co-operation by all 
concerned. 

Appendix. Compilation of 
Desisn Equations 

Commutation Design Equations 

The following assumptions are made: 

1. Linear current change in each coil exists. 

‘2. Tooth tip permeance is assumed to be 
•constant, and equal to its maximum. This 
will result in a slightly higher reactance 
voltage and a larger commutation field slope 
at the edges of the commutation zone. It 


is not believed that the error committed is 
prohibitive. 

3. Decrease of slot inductance due to skin 
effect is neglected. This effect is un¬ 
doubtedly present, particularly at conduct¬ 
ors’ heights above 0,200 inch and speeds 
in excess of 6,000 to 8,000 rpm for 4- and 
6-pole machines. The companion effect of 
the decrease in inductance, the resistance 
increase, is definitely evident and may be 
calculated by Dreyfus’ equations. For¬ 
tunately, the internal slot inductance, 
changed by the skin effect, is a small com¬ 
ponent of the total reactance; hence the 
error committeed is not too large. It should 
be noted, however, that the decrease of slot 
reactance, as the speed increases, could lead 
to a progressively stronger interpole with 
ensuing overcompounding. 

4. The interpole is designed to compensate 
only for inductive reactance voltages. The 
slot constant is based on an average value 
between self-inductance and mutual induct¬ 
ance, thus eliminating the coupling prob¬ 
lem. The difference between the two con¬ 
stants could be considered as, for instance, 
by Richter’s® or Dreyfus’ equations, but 
this is not considered necessary for this 
particular case. 

5. Fluctuations in interlinkage are con¬ 
sidered only for the slot portion but not for 
end extension leakage or armature quadra¬ 
ture flux. First, in these components, the 
fluctuations are smaller than in the slot; 
second, the components, as such, are small. 

For a wave winding 


a^m 

(1) 

For a lap winding 


a^mp 

(2) 

Commutation zone 



(3) 

Single clearance 



(1 — (x)l — Z 

SC=AB or CD of Fig. 1 ^-: 


inches (4) 

Magnetic pressure exerted by armature at 
the following points, Fig. 1 

Points.- MMFa'^^rA (S) 

Point E: MM for infinitely 

ji 

narrow brushes (6) 

Point E.' MMFa — —(^T—^ for finite 

brushes (7) 

Magnetic pressure exerted by main pole 
required to drive main flux across air gap = 
MMFg. 

Magnetic pressure exerted by compensated 
winding at edge of main pole to be 

MMFc='^Ic (8) 

Total magnetic pressure at edges of poles 
for a generator with direction of rotation 
as shown in Fig. 1 


Point ri.* MMFA—MMFg-{- 

{MMFJ-MMFc) (9) 

Point D: MMFd=MMF g — 

(MMFg'-MMFc) .(10) 

Usually MMFg is about 0.6 to 0.8 of MMFa 
for 30-volt d-c aircraft generators. 

In crude approximation we obtain the 
main pole stray flux density at points B 
and C to 


B 


AiTT 


MMFa or MMFp 
y/{SCY+i^ 


lines per inch^ 


( 11 ) 


Commutation Reactance Voltage 

Xeiot is the conventional slot constant. 
For a slot shown in Fig. 2 


FI Cl 2 . 3^2 Cs 

Asiot = r~ H-1-;—I— 

Za a a-f-s s 


( 12 ) 


T^tti ^1^^ tooth tip constant under the 
interpole shoe at its maximal value, neg¬ 
lecting the variation during the commuta¬ 
tion process 


hip 

For hip<2t, —r— (1^) 

AdipkciF 

i 

For bjp>2t, 7 (1^) 

2dipkcip 


\tt^ is the tooth tip constant outside the 
interpole shoe 



\g is the constant corresponding to the 
armature quadrature flux, outside the realm 
of the interpole shoe where it is not sup¬ 
pressed. For this value we use Arnold’s 
approximation for unsaturated pole horns 





(1 —a) 


(16) 


\q is the constant corresponding to the end 
extension leakage flux. Since this value is 
not too large and is subject to corrections 
for the proximity of magnetic components, 
we use Arnold’s simple approximation, 
although more accurate formulas exist. 


length of armature conductor 
outside of slot 

length of armature conductor 
within slot 


(17) 


Ratio of total armature length to interpole 
shoe length 


P F’a 

p' Lip 


(18) 


with p' number of interpole pairs, not 
necessarily main pole pairs p. Hobart’s 
constant kn 


Sr 1 j 


,f(^Biot+^7’'ri)~h(»'“ 1)X 


(Xsiot-h ^rr2) ] + ( J' “ 1 )\ + 


(19) 


Average fictitious reactance voltage 
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er==1.015ti^La^*jyz;aX10-8 (20) 

Arnold replaces the theoretically required 
interpole flux shape by a trapezoid, for which 
he then derives certain constants of shape 
(Fig. 3). 

Bjp av — 2. b4:AkHv lines per inch^ (21) 

B'—2.64A — ^[(XBiot+Xyiri)+ 

(?/ —l)(Xgiot+Xr7’2)] (22) 

B"=2.54^^(,-l)X, (23) 

Stt 

5'"=2.64^ — vXe (24) 

i?/Pma*=5'+S"+B'" (25) 

5;Pav=>?5'+S''+5"' (26) 

To calculate the shape constant )?, the 
effective brush width ¥ is required 


V, the proper condition must be chosen. 

\us\ =0 

i>b' 

ri^-^ (28) 

|«s| =0 

t<b' 

¥ 

(29) 

|m3| 

t>(b'+d0 

4=1 (30) 


2t¥ 

’’~Z0+J'-3<) 

(31) 


(¥-St)>t 

v = - (32) 


Required interpole MMF 


MMF,P 

47r 

-2.64 

MMFip"-MMFc (33) 
with MMFjp an estimated addendum for 


ampere turns required within the normally 
unsaturated interpole circuit excluding the 
interpole air gap. 
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Optimization of Nonlinear Control 
Systems by Means of Nonlinear 
Feedbacks 


R. S. NEISWANDER 
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Synopsis: The first portion of this paper 
is devoted to the logical selection of a cate¬ 
gory of nonlinear systems—systems having: 
1. controllers with any number of time lags 
or leads, and usually operating in their 
saturated region (velocity saturation, force 
saturation, etc.), and 2, loads consisting of 
combinations of nonlinear masses, non¬ 
linear dampers, and nonlinear springs. 
(Nonlinearities which involve explicit func¬ 
tions of time, such as mass and inertia of a 
controlled rocket motor missile, introduce 
special considerations not included here.) 
In the second part of the paper, character¬ 
istics of an intentionally nonlinear element 
added to the feedback are considered. In 
the final part, the nonlinear element is 
shaped to provide optimum response in the 
saturated region of operation. 

The use of intentionally nonlinear 
■ elements to improve automatic con¬ 
trol performance is not a new idea in 
servomechanism history; it has been 
recognized for a number of years that the 
overshooting tendency of saturated con¬ 
trol systems could be reduced by increas¬ 
ing damping at saturated velocities. 
However, the problem of shaping the 
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nonlinear element for best over-all per¬ 
formance has been considered only re¬ 
cently, and in many respects this can be 
regarded as a completely new branch of 
the servomechanism field. The work 
of Tustin ^'2 others in England has 
led Porter^ to predict that servo system 
analysis of the future may be directed 
principally toward introducing nonlinear 
elements as means of optimizing control 
systems, in contrast to the present em¬ 
phasis upon linearization by mechanical 
and electrical design. 

The growing interest both here and 
abroad in nonlinear control systems is 
probably mostly the result of necessity. 
McDonald^ in his survey of the state of 
the art, points out that the improvement 
of linear systems by engineering design, 
reducing time delays and energy storages, 
and improving acceleration characteris¬ 
tics of servo motors is rapidly reaching a 
point of diminishing return. As a next 
step, nonlinear techniques come into 
being. 

There are at present at least three 


methods of treating nonlinear servo¬ 
mechanisms and, as is common to all non¬ 
linear techniques, each method is applica¬ 
ble to a certain restricted category of 
control systems. Each of these methods 
is an outgrowth of an on-off servomecha¬ 
nism analysis technique, although the 
original techniques did not include the 
concept of performance optimization. 
Hazen^ in his classic (1934) paper proposed 
analyzing, by operational techniques, on- 
ofl controls which were essentially linear 
except for discontinuities at switching- 
instants. MacColP in 1945, and Weiss^' 
in 1946 proposed the use of phase-plane 
analysis to determine responses of cer¬ 
tain second-order on-off servomechanisms. 
More recently, Kochenburger® in 1950- 
introduced a frequency response method 
applicable to pseudo-linear on-off con¬ 
trols, that is, although actually non¬ 
linear, several linearizing assumptions, 
may be made regarding certain control 
systems. 

By the introduction of an intentionally 
nonlinear element into the control sys¬ 
tem, each of the on-off servo techniques 
has been extended to provide a means of 
improving control system performance. 
The sectionally linear teclinique has been 
adapted by Schwartz® to improve a linear* 
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servomechanism by means of a superim¬ 
posed discontinuous control. Sherrard^® 
has suggested a means, based upon the 
more general frequency analysis tech¬ 
nique, of determining a nonlinear filter 
which improves the response of a satu¬ 
rated linear servomechanism. The phase- 
plane technique has been used by Hopkin^^ 
for the optimization of certain second- 
order control systems in which the force 
applied to the load is assumed to be sat¬ 
urated. In Hopkin’s method the result¬ 
ant error signal includes an intentionally 
nonlinear function of the static error and 
a linear function of the output velocity. 

The intent of the present paper is to 
outline a method, in many respects an 
extension of Hopkin’s proposal, which can 
be applied to complex control systems. 
The method accounts for various kinds 
of saturations (velocity, force-rate, force, 
etc.) occtuing in control systems having 
nonlinear loads, and a number of time lags 
and leads. Although optimization is 
accomplished by nonlinearizing rate feed¬ 
back, it should be noted that most of the 
features of the method are applicable to 
optimization by nonlinearizing static 
error signal. For other than simplified 
control systems, automatic computers 
are substituted for graphical phase- 
plane constructions. 

The method to be developed is ap¬ 
plicable to the saturated region of opera¬ 
tion and is therefore not directly con¬ 
cerned with operation near the control sys¬ 
tem null. Excluding on-off systems, a 
large number of control systems are 
reasonably linear in their null regions and 
can be designed for optimum null region 
performance by means of well-known 
linear techniques. If the resulting pa¬ 
rameters (loop gain, and correction net¬ 
works) are assumed to be invariable and 
necessary elements of the basic control, 
the present method can be applied to the 
resultant system. In other words, the 
goal of null tightness does not conflict 
with the goal of optimum saturated per¬ 
formance; both can be attained in the 
same system. 

In considering the class of control 
systems termed nonlinear, one should 
keep in mind that they can only be de¬ 
fined negatively: all which are not 
linear. They constitute an infinitely 
large and diverse class which defies 
generalization or general analysis. Con¬ 
sequently, any method of treating non¬ 
linear systems must necessarily be re¬ 
stricted. The restrictions of the method to 
be presented are not precisely known, for 
this would require the nearly impossible 
task of investigating a great number of 
nonlinear control systems; therefore the 




-(dx/dt) 



max 


(A) NO SATURATION 


(B) VELOCITY SATURATION 



limitations noted throughout this paper 
should not be considered to be exact. 

The Optimum System 

Contemporary control system analysis 
evolved from feedback amplifier design 
and electrical circuit theory, audit deviates 
with reluctance from the original concept 
of the completely linear system. In fact, 
linear control systems with their neat, 
analytic solutions are so easily treated 
that there is a tencency to regard the 
linear system as the optimum system. 
Nonlinearities are considered undesirable 
and are neglected, eradicated, or occasion¬ 
ally admitted by approximate extrapola¬ 
tion from linear theory. 

On the other hand, there is an interest¬ 
ing and quite different interpretation of 
system optimization, which perhaps may 
best be described by a series of examples. 
Let it be assumed that the objective of a 
control system is to move its output, 
from an initial point, Xi, to a final point 
8 being the tolerated error, in the 


shortest possible time. It will be advan¬ 
tageous to present the response of such 
a system by means of a displacement- 
velocity plot, such as those illustrated in 
Fig, 1. For a second-order control sys¬ 
tem, this plot is the phase-plane represen¬ 
tation, and for a higher order system this 
is a phase-plane cross-section of the cor¬ 
responding multidimensional phase space. 
However, in either case, the position- 
velocity plot presents sufficient infoniia- 
tion, and will be subsequently referred to 
here as the phase plane. 

If the system has almost unlimited 
available force and perfect control intelli¬ 
gence, its quickest route to the final 
point is by means of a nearly infinite 
acceleration to some midpoint and then a 
nearly infinite deceleration to the final 
point. The corresponding response tra¬ 
jectory, Fig. 1(A), rises vertically from 
the initial point, Xi, to an almost infinite 
velocity, and then descends vertically 
down to Xi. The relation between the 
phase-plane trajectory and the response 
time is apparent 
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POWER SOURCE 



Fig. 2. The central system 


meiits, such as the first two mentioned 
is difficult. 

The Method 

The task is to devise an intentional 
feedback which sponsors the optimum 
response defined in the previous section. 
Fig. 2 represents the typical control 
system to be optimized. The controller, 
which may have various linear and non¬ 
linear elements, imposes a force F on the 
load, which may be a combination of 
nonlinear masses, nonlinear dampers, and 
nonlinear springs (excluding explicit 
functions of time). Saturated system 
optimization assumes complete satura¬ 
tion of the controller and thus does not, in 
general, provide useful infonnation for the 
final portions of the response trajectories. 
A technique for determining the limit, 
the boundary of the unsalurated region 
surrounding the end point, will be pre- 


dx 

Jxx {dx/dt) 

Thus, the response time is the area under 
1/{dx/dt), the reciprocal of the phase- 
plane trajectory. For the ideal response 
of Fig. 1(A), the travel time is prac¬ 
tically zero. 

Using this phase-plane representation, 
the effects of physical limitations upon 
the system's responses can readily be 
seen. Velocity saturation prevents the 
trajectories from rising above a velocity 
limit, {dx/d£)j^^^. Thus, a control having 
no limitations except this velocity limit 
best performs the task of moving from rci 
to Xi by means of an infinite acceleration 
up to the bounding velocity, and then a 
constant velocity up to the end point 
where an infinite deceleration stops the 
motion. The resultant trajcetory. Fig. 

1 (B), now has a finite response time. 

In all practical systems the output ac¬ 
celeration must be finite, limited by the 
inertia of the load and the available force. 
For example, a system having a pure 
inertia load and limited available force 
but no other restrictions has, as its best 
response, maximum acceleration (maxi¬ 
mum available force) to the midpoint, 
and maximum deceleration to the end 
point. This produces the traiectorv 
of Fig. 1(C). 

Furthermore, if the control force is not 
able instantaneously to reverse itself, 
the slope of the trajectory cannot ab¬ 
ruptly change, and the resultant trajectory 
has a rounded apex, Fig. 1(D). 

Each of these four examples utilizes 
its absolute maximum physicfal' capabili- 


Response time 




ties in performing the required operation. 
With these assumed capabilities, no 
means exist for improving the responses. 
An absolute limit to a given system’s 
performance has been established, provid¬ 
ing an evaluation criterion for the sys¬ 
tem’s actual performance. 

Implicit in all of the examples dis¬ 
cussed is the assumption of unlimited 
control intelligence, wliich provides the 
perfect saturated approach to the final 
point. In actual fact, real systems here 
will be allowed to become unsaturated 
and possibly linearly controlled in the 
null region. This provision results in a 
less than perfect response. 

As a basis for the optimization pro¬ 
cedure, the foregoing can be summarized: 
An absolute optimum control system is 
one which has physical limitations only, 
having sufficient control intelligence to 
perform all requested operations at 
saturated levels. 

For all of the foregoing examples, the 
performance requirement to move from 
position Xi to position xt^d within the 
shortest possible time, was employed, 
and will continue to be used throughout 
the remainder of this paper. Other per¬ 
formance demands, such as following a 
sinusoidal input, A sin to]? within tolerated 
error S, maximizing co; following a con¬ 
stant velocity input v within tolerated 
error S, maximizing the velocity; or 
minimizing output error for large varia¬ 
tions of the load, will in general require 
different^ optimizing techniques. Since 
superposition of solutions is not permissi¬ 
ble in nonlinear analysis, correlation be¬ 
tween optimization for any two require- 


sented later. Within the completely 
saturated region, the error signal must be 
large, and has no influence on the output 
except to initiate reversal when the error 
reverses polarity. 

To discover just what intelligence is 
required of the optimum feedback ele¬ 
ment, it is worth while to re-examine the 
optimum response trajectories of the 
system. Consider, for example, a sys¬ 
tem which has a mass plus damping load 
and a controller which is force-saturated 
but which can instantaneously reverse 
the direction of the force. The perfect 
responses of this system are shown in 
Fig. 3(A), for final position Xi and 
various initial values Xi, X 2 . . .. (A con¬ 
venient rule to remember is that all tra¬ 
jectories in the upper half-plane must 
progi-ess to the right since x is positive;- 
and all in the lower half-plane to the left.) 
It is convenient to shift the x co-ordinates 
so that the final position, Xi, always lies, 
at the origin, that is, x'^x-xt. Along 
the early portions of the trajectories, 
from xi to Si, x^ to S 2 , etc., the system is; 
saturated, accelerating positively. At 
Sij S 2 . . .the control intelligence reverses, 
the signal, and the force is reversed to- 
become oppositely saturated. Near the 
origin (the null) the method is not valid 
and trajectories must be determined by 
linear analysis or other means. There¬ 
fore, for optimum saturated response the 
only duty of the control intelligence is to* 
select the initiation of reversal, the opti¬ 
mum switching line • . .. Any sat¬ 
urated trajectory which is switched, upon 
crossing this line, is properly directed’ 
towards the origin. 

The load mass and damping elements. 
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of this example may be nonlinear with¬ 
out changing the character of the per¬ 
fect response trajectories. If either of 
these elements is a function of x, or if a 
spring is added to the load, perfect re¬ 
sponses such as those of Fig. 3(A) will 
"be different for different final positions, 
.and a series of phase planes is required, 
'each representing a specific final position 
and a complete range of initial positions. 

If the load is not an explicit function of 
X, that is, only a function of time deriva¬ 
tives of X, the various phase-plane plots 
ior different final points will be identical. 
'The optimum switching line can either 
he considered as a function of x\ which 
is in reality the static error signal, or as a 
function of output velocity. Using static 
error signal as the independent variable, 
Hopkin^^ devised a phase-plane method of 
'Optimizing second-order control systems 
hy intentionally nonlinearizing the static 
error. The method presented here uti¬ 
lizes output velocity as the independent 
variable, with consequent optimization 
hy nonlinearizing the rate feedback. 
These two viewpoints are very closely 
related, and many of the features of the 
nonlinear rate optimization described 
here are applicable to nonlinear static 
error optimization. 

It would appear that this optimum 
saturated control is in many respects 
similar to that of an on-off servo; and, 
indeed, in some respects the relay appears 
to be the ideal controller. However, as 
mentioned previously in discussing re¬ 
quired intelligence, is it assumed that the 
null accuracy of response is improved if 
the system is approximately linear. 

Admitting a maximum rate of change 
of controller force dF/dtma^ the family 
of optimum responses becomes those of 
Fig, 3(B). Note that the optimum 
switching line 51 ^ 2 ^ 3 . . .has been advanced 
to allow for reversal time, the intervals 
SituS^h^ . .being the portions of the trajec¬ 
tories during reversal. Again, when any 
saturated trajectory has its signal switched, 
upon crossing the optimum switch¬ 
ing line, reversal is initiated in such a 
way that the trajectory is properly de- 
fiected towards the origin. 

If, in addition, the system has an abso¬ 
lute velocity barrier, the optimum switch¬ 
ing line may take the odd form shown in 
Fig. 3(C). 

In brief, the optimum switching line 
can be expressed as a function of dx/dt 
for certain systems (loads independent of 
x), and in general as a function of dx/dt 
and the input, or null, value, xi. In 
other words: The sufficient control in¬ 
telligence for the optimum control system 
(always saturated) is an optimum switch¬ 


ing line S[dx/dt, Xi} determined by the 
perfect response trajectories of the system. 
Throughout this paper, the brackets { } 
will mean a function of. . . . 

Since the optimum switching line is the 
entire intelligence required by an optimum 
control, it must be provided by the feed¬ 
back. But just what is the nature of 
influence of the feedback? First, the 
feedback must transfer — x to the linear 
summing element, for it is implicitly as¬ 
sumed that the output should follow the 
input. Second, it must have some sort 
of optimizing function ^4 {} to provide 


the optimum switching line. The re¬ 
sultant feedback signal to the summing 
element is therefore x/=—}, and 
the corresponding error signal is Tj — Xi — 
x—A {}. Shifting the x axis to maintain 
the end point at the origin (x' = x—Xi) 

^ = ( 1 ) 

As is usual with nonlinear phenomena, 
simple examples perhaps best demon¬ 
strate the important features of equation 
1. Consider first a hypothetical system 
having a static controller characteristic as 
shown in Fig. 4(A). The controller can 
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Frs- 5 (right). 
Proportional con¬ 
troller 



la) NONUNEAR RATE FEEDBACK 

be tliought of either as an amplifier with 
infinite gain at null, or as a zero time- 
delay relay. It is reasonable to suppose 
that the intentional feedback A { } sup¬ 
plying the intelligence for switching is a 
function of the same variables as the 
optimum switching line, and 

therefore, for a given end point can be 
represented on the phase plane as a 
line ^ Jar/= const- 4(B) shows a 

saturated accelerating trajectory ap¬ 
proaching the line -Alx]. At point a, 
ac=^Xa', ^c-=^-A[x]a, and ah^Xa'+ 
A [x]a or 

ba=^-Xa'-A{x]a-=-V ( 2 ) 

For the assumed controller, the force is 
switched when the error signal ?; = 0. In 
other words*-A {x} is the signaled switch¬ 
ing line. When the signaled switching 
line is coincident with the optimum switch¬ 
ing line, the feedback sponsors perfect 
control, amd the system optimization has 
been accomplished. In the selected exam¬ 
ple, this is extremely simple 

= const — {scconst 

or 

-S{.t, = — A [.-r, Xi] 

Now consider the more practical con¬ 
troller static characteristic shown in 
Fig. 5CA), which has force limits of F^axi 
and Finax 2 but which is unsaturated and 
nearly linear between these limits. From 
equation 2, the length ha of Fig. 5(B) is 


the signal tj. Upon entering the band 
between -A{x} displaced to the 
left and displaced ? 7 inax 2 to the right, all 
trajectories become statically unsatu¬ 
rated. Upon leaving the band, the trajec¬ 
tories have opposite static saturation 
(-^maxa)- Reversal is initiated at the 
instant the accelerating trajectory enters 
the band, and therefore the signaled 
switching line is = const-W:- 

Within the band of Fig. 5(B), the con¬ 
troller is not statically saturated and 


consequently unsaturated control of tlie 
system will result unless other sattirabioiis 
occur. Accordingly, this zone is la.'belecl 
the static control band. It presents nri 
important problem in connection tlic 

method of optimization being descrilDetd* 
If no other saturations occur, the system 
does not perform saturated reversals, mid. 
the present method is not strictly applica¬ 
ble. The saturated reversal and tlie 
unsaturated reversal must be treated 
differently. 



FIb- 6, Optimum saturated reversal 
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1 . Saturated reversal. Nonstatic satu¬ 
rations produce optimum trajectories 
such as those of Figs, 3(B) and 3(C); 
as an example, the force-rate saturated 
trajectories of 3(B) are reproduced in 
Fig. 6. When a controller is force-rate 
saturated, its output force is changing at 
the maximum rate permitted by the 
physical limitations of the controller. 
The region between sis^s^. . .and tikk, . . , 
where saturated reversal is effected, is 
termed here the optimum reversal zone. 
Trajectories reversed within this zone 
have maximum curvature, for it is 
physically impossible to reverse any 
trajector}’ more quickly than its force- 
rate saturation permits. 

Reversal within a static control band 
narrower than the optimum reversal 
zone would imply a greater than possible 
curvature of the reversing trajectories, 
therefore in this case saturated reversal 
is assured. The controlled trajectories 
will thus be identical with the optimum 
trajectories, and the signaled switching 
line will be identical with the optimum 
switching line 

= “.(4 {i;, }—ijinaxi (^) 

Graphically, this amounts to matching 
the leading edges of the static control 
band and the optimum reversal band. 


band, optimization is accomplished by 
matching the exit boundaries of the two 
zones, Fig. 7 

Tlx, -A lx, +I?max 2 (4) 

However, one must be very careful in 
applying the method to this region, for it 
may not produce accurate response in¬ 
formation, Effects such as secondary 
oscillations, which might not only be un¬ 
desirable but might swing the trajectory 
outside the static control band, are not 
revealed except by special techniques, 
such as linear perturbation analysis. 

In all of these examples, time lags and 
leads in the nonlinear feedback and, for 
that matter, in the portion of the con¬ 
troller ahead of the point where static 
saturation occurs, were not included. 
Now consider the more general problem 
of control systems with several time lags 
or leads. Necessarily, here, the operat¬ 
ing region optimized will be confined to 
that of total saturation—saturated ac¬ 
celerating trajectories, saturated rever¬ 
sals, and saturated decelerations to the 
null region. An optimum switching line 
still exists, and the feedback, as before, 
sponsors a signaled switching line. When 
the arbitrary feedback is shaped to make 
the two switching lines coincident, per¬ 
fect saturated control is attained. 


feedback elements and error networks in 
the controller. The resultant system 
may have both intentional and unavoid¬ 
able time lags and leads in the feedback 
and in the controller and, as mentioned 
before, may have a load consisting of a 
combination of nonlinear masses, damp¬ 
ers, and springs (not explicit functions 
of time). 

2. The optimum saturated responses 
of the system are computed. These are 
initial condition problems concerned only 
with the controller and the load, which 
permit straightforward solutions by ana¬ 
logue or digital computers. All time 
lags and leads occurring in the controller 
prior to the points where saturations occur 
should be excluded from this analysis. 
The complexity of the load (number of 
degrees of freedom, backlash couplings, 
etc.) is limited only by the computing 
facilities available. 

As a procedmral example, assume that 
the given system is at initial point, Xi. 
It is usually permissible to allow the sat¬ 
urated accelerating force to be applied 
immediately at the initiation of the input 
signal, neglecting the initial hook in 
the trajectory resulting from force build¬ 
up time or other nonstatic saturations, 
for once static force saturation is at- 



Fig. 7. Optimum unsaturatcd reversal 


Fig- 8. Simplified control system 
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tained, the problem is unconcerned with 
initial conditions. During the accelera- 
tion phase, the solution is that of a known 
force acting upon a known load. At an 
arbitrary time, n, reversal is initiated by 
reversing the signal, and a new initial 
value problem is created with known 
initial conditions, forces, and load. This 
solution is continued until the output 
velocity is zero, producing final posi- 
tion^rii. Using various switch initiation 
times and various initial points xi, X 2 , etc. 
the complete set of saturated responses 
can be obtained. As an accuracy refine¬ 
ment, the final portions of the trajec¬ 
tories, where, in the actual system, linear 
operation occurs, can be computed by 
linear analysis. Fortunately, all final 
trajectories for any one final position are 
identical. 

From the optimum responses, the opti¬ 
mum switching line, is immedi¬ 

ately obtained. 

3. Assuming no time lags (or leads) 
in the feedback or in the controller prior 
to static saturation point, the first 
approximation of the feedback function is 
simply 

Ao{x, Xi] = 

The value of T/maxj results directly from 
the controller static force limit and the 
null slope determined in step 1. 

4. In general, the nonlinear feedback 
function A{x, Xf] must be modified to 
account for multiple time lags and leads 
and other feedback and controller charac¬ 


teristics neglected in the foregoing analy¬ 
sis. The basic procedure proposed is this: 
The desired responses, x versus time are 
known from step 2. If the control sys¬ 
tem loop is broken just prior to the feed¬ 
back and the perfect responses (along with 
proper control system inputs) applied as 
forcing functions, then the actual output 
responses of the system should coincide 
with the applied perfect responses. If 
outputs do not correspond, the nonlinear 
feedback A { } must be adjusted to pro¬ 
duce proper responses. 

A suggested procedure for accomplish¬ 
ing this is as follows: The first estimate 
of the nonlinear feedback has already 
been found. This function can be tried 
in the form of { x, Xi ^} for some specific 
perfect response applied as a forcing 
function to the feedback, and the factor k 
adjusted until proper switching is ob¬ 
tained. This provides a point on the im¬ 
proved A { X, Xin } curve. Repeating with 
the balance of the perfect responses, the 
second approximation A {i’, results. 

5. It is clear that this method is ap¬ 
plicable, strictly only to the operating 
region which is continuously saturated, 
and it is therefore very important to 
determine the limits of this region. For¬ 
tunately, the unsaturated boundaries are 
the immediate results of step 4. A limit¬ 
ing optimum response exists which when 
applied as a forcing function produces a 
very slightly unsaturated reversal of the 
load; that is, the resultant trajectory 
deviates slightly from the optimum trajec¬ 


tory (by displaying less curvature). Iq 
an exact sense, this trajectory is the limit 
of usefulness of the method. 

6 . The final step in the design of the 
control system is the reconciliation of the 
linear and saturated results. The con¬ 
trol system has been optimized for its 
linear null region operation and for its 
saturated operation. Furthennore, the 
limits of the saturated operation are 
known. An unsaturated but very non¬ 
linear zone of operation may exist be¬ 
tween the two solved regions. When this 
gap is relatively small and the system’s 
nonlinear functions are well-behaved, 
interpolation of A{x, A;i} across the zone 
is fairly simple. If the nonlinear, un¬ 
saturated zone is large compared to the 
other two operating regions, optimiza¬ 
tion can in many instances be accom¬ 
plished (see previous discussion of unsat¬ 
urated reversal) but requires considera¬ 
ble caution. In complex systems the 
innocent-appearing static control band 
of the position-velocity plot is in reality 
an w-dimensional space tube with the 
associated freedoms for instabilities. 

A Simple Example 

Optimization of a simplified control 
system will be carried out, first to demon¬ 
strate the problems of reconciliation in 
dual optimization, and second to show 
by comparison of dual with linear optimi¬ 
zation alone, the marked improvement in 
system response. The control system 
chosen has the following inherent features: 
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1. Controller, linear up to the static torque 
saturation, which occurs when |L| == 10 foot¬ 
pounds. Rate of reversal of torque cannot 
exceed 50 foot-pounds per second. 

2. Load, constant inertia, 7 = 1 slug-foot^. 

1. Linear optimization. The imposed 
means of linear optimization is a linear 
rate generator driven by the system 
output, that is, the feedback df— —d—aiB. 
By means of a linear analysis which in¬ 
cludes a consideration of system time 
lags of the order of 0.02 second, the opti¬ 
mum controller gain is selected as G=20 
foot pounds per radian; and for a little 
less than critical damping, the rate feed¬ 
back coefficient, ai, becomes 0.4. There¬ 
fore, the static controller characteristic 
is that of Fig. 8(A), and the basic control 
system, (neglecting the small time lags) 
is that of Fig. 8(B). 

2. Optimum response trajectories. The 
saturated torque, Lmax, acting upon a 
constant inertia, produces the parabolic 
acceleration and deceleration trajec¬ 
tories of Fig. 9. During saturated re¬ 
versal 



Hence 


m jjdd/dey 

dd^'~ e ^ ^ 

At an arbitrary point on the decelera¬ 
tion trajectory, e and d$/dd are known, 
which allows equation 5 to be solved for 
d’^e/dB’^^ the rate of change of trajectory 
slope. By stepwise construction, the 
trajectory dtrring reversal can be deter¬ 
mined backwards. As an alternative pro¬ 
cedure, the trajectories can be found by 
standard phase-plane geometric tech¬ 
niques.^^ The resultant optimum re¬ 
sponse set is shown in Fig. 9. 

3. Zero time-lag optimization. The 
width of the static control band is 1.0 
radians. Fig. 8(A), and is much narrower 
than the optimum reversal zone, except 
near the null. Therefore, saturated re¬ 
versal is assured except near the null, and 
the optimum and signaled switching lines 
should be made coincident, as mentioned 
earlier. Since the load does not vary 
with By the complete optimum feedback is 
yloj^}, which can be read directly from 
Fig. 9. 

4. Optimizing with time lags. Assume 
the various feedback and controller time 
lags can be lumped as a single time lag of 
0.02 second. This lag delays the actual 



half-plane trajectories. From Fig. 9, an more remote the correction becomes quite 
approximate expression for ^ {} is important. 


Aq[B] = 0.06^2 _pO.30 = 6/^2 _}_3^ 

And the zero time lag error signal is 

^0= -(0-l-Ao(^})= -Bo-llt^-Zt 

Inserting the single time lag network, the 
incremental change in the signal is (where 
s — d/dty r=0.02 second) 

A^?= —tSt) 

Therefore 

A ( > ^0 _|_ ^ I 

5-1-50 5(^+50)52(5+50) 

d , 

(By Laplace convention, 5 == ~.) 

dt 

And noting t at switching point is of the 
order of unity 

A)7(0-^0.06+0.44^ 

At switch point, 5 i 4 for example, t is 
about 1 second, and the increment Ai/^O.b 
radians. As a first-order approximation, 
+o{^} should be advanced to initiate 
switching 0.5 radian earlier. Obviously, 
for trajectories nearer the origin the cor¬ 
rection is smaller, and for trajectories 


5. Unsaturated region. In this exam¬ 
ple, since no unsaturated nonlinear gap 
exists, the limits of the unsaturated region 
do not have to be precisely determined. 
Therefore, the control band is assumed to 
be unsaturated when the static control 
band is wider than the optimum reversal 
zone, which is indicated in Fig. 9 by the 
discontinuation of both zones near the 
null. 

6. Reconciliation of the linear and the 
saturated optimizations. The nonlinear 
rate feedback Af ^jhad been determined, 
and the null region rate feedback are has 
been selected. Both of these are plotted 
in Fig. 9. From these two, a composite 
feedback must be formed. For the pur¬ 
poses of this report, it is chosen as linear, 
axdy up to point P and thence nonlinear, A 
{6], From the phase-plane plots alone, 
one might be tempted to follow A[e} 
closer to the origin, but this would allow 
less damping than linear analysis recom¬ 
mends, Near the origin, it is generally 
wise to let linear analysis take prece¬ 
dence. 

The resultant nonlinear feedback is 
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plotted in Fig. 10, along with the feed¬ 
back, aiB, which would have resulted 
from linear optimization alone. The 
comparison of trajectories for the dually 
and singly optimized systems is shown in 
Fig. 10, both for large and small requested 
jumps. Converted to time displays, the 
responses are again compared in Fig. 11. 
If the tolerated error is taken to be 0.1 
radian, the response time of the linearly 
optimized system to a 14-radian step is 
over 8 seconds, while the response time 
of the dually optimized system is about 
2.3 seconds. 

Discussion 

The engineering problem of producing 
the desired nonlinear function is one 
which cannot be completely answered at 
present. It should be noted that the 


identical problem, that of arbitrary func¬ 
tion generation, has been facing the de¬ 
signers of analogue computers for several 
years; and a variety of devices is now 
available; 1. photoformers,slaving a 
cathode ray to a shaped screen mask; 
2. diode switching arrays, forming 
functions by linear segments; and 3. 
simple elements which product specific 
functions such as square-law, three- 
halves power, logarithmic, etc. In gen¬ 
eral, these devices produce outputs which 
are functions of a single variable. 

If a function of two independent varia¬ 
bles, A[x, is desired, the product ap¬ 
proximations Ai{x]^Az[xi] or Ai[x'A 2 
{} ] should be considered, noting that 
multiplication by means of the rate sensor 
excitation is often possible. 

If, as in some servomechanisms, output 
rate is not conveniently nonlinearized, 


the optimization method may be con¬ 
sidered from^the viewpoint of nonlineariz¬ 
ing the error signal rather than the rate 
feedback. 
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Discussion 

B, M. Collier (Oak Ridge National Labo¬ 
ratory, Oak Ridge, Tenn.): As an adden¬ 
dum. to the authors’ section entitled “Dis¬ 
cussion,” it should be noted that the non¬ 
linear feedback originally proposed by J. B. 
Lewisi is one practical example of the type 
of nonlinear rate feedback under discussion. 
This feedback is rather easily achieved in 
practice and can be modified to produce the 
desired nonlinear function A{x,xj} cer¬ 
tainly for the specific case of a second-order 
system with a linear load and possibly for 
other systems. As Caldwell and Rideout^ 
point out, the Lewis feedback network, 
when applied to a torque-limited system, 
gives performances which approach opti¬ 
mum. The system has a phase-plane plot 
similar to that shown in Fig. 1(D). 

Lewis approached the problem somewhat 
differently, starting from the well-known 
second-order linear system with error and 
derivative feedback. Then by extrapola- 

270 

^ Neiswandefy 


tion from the performance of the linear 
system with a constant damping coefficient, 
he devised a modification which makes the 
damping coefficient a linearly decreasing 
function of the error. For step inputs his 
system gives a marked improvement in per¬ 
formance over that obtainable with a linear 
system. 

Briefly, Lewis’ feedback network is as 
follows. A second-order linear system is 
adjusted so that the tachometer feedback 
gives approximately critical damping for 


the linear system. Then another ta¬ 
chometer feedback has the system error ap¬ 
plied to its excitation field, and its shaft 
connected to the system output. This non¬ 
linear tachometer thus feeds back the 
product of output derivative times the 
position error, and this voltage is added to 
the motor input in the manner shown in 
Fig. 12. As will be noted, the system has a 
differential equation of the general form 

Fixed 

Field 
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x-\-lA -B{xi-x) ]x+cx = cxi 

It is apparent that this is a decided im¬ 
provement over the linear system in re¬ 
sponse to positive-step inputs; but this 
system is even slower than the linear one 
for negative-step inputs, as may be seen 
from considering the equation. For this 
reason, Lewis added another nonlinearity 
which takes the absolute value of the error 
voltage before applying the error to the 
field of the nonlinear tachometer, with the 
result that the second term in the foregoing 
equation becomes 

In truth, this allows the system to follow 
both positive and negative input steps, but 
the system has overshoot for large input 
steps and is unstable for input steps larger 
than a certain level determined by the 
relative values of ^ and .S. 

Even in the above form, this nonlinear 
feedback gives performance approaching 
optimum for some inputs to a torque- 
limited motor. It is this writer’s opinion 
that, using the methods outlined in the 
above papers, the Lewis feedback can be 
adjusted to give optimum nonlinear per¬ 
formance with a torque-limited motor (the 
usual case in practice) by removing the 
absolute value nonlinearity and substi¬ 
tuting a polar relay type of device which 
changes the derivative term in certain com¬ 
binations at the boundaries of the various 
phase-plane quadrants. The performance 
of such an arrangement should be much like 
that of Hopkin’s (see ref. 11 of the paper) 
'^anticipator” system optimized for both 
step and constant-velocity inputs. The 
system would be rather like the one de¬ 
scribed in the authors’ section entitled, 
"A Simple Example.” A network of this 
general type is being investigated by the 
writer with the objective of obtaining a 
simple practical feedback network for 
application in systems which have hereto¬ 
fore largely been investigated only with 
computers. 
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Arthur M. Hopkin (Northwestern Univer¬ 
sity, Evanston, Ill.): The authors are to be 
congratulated on their efforts to extend the 
concept of control of nonlinear systems by 
means of controlled reversals of a saturating 
forcing function. They have extended the 
concept to permit the use of phase-plane 
techniques for the design of nonlinear ele¬ 
ments to be used in optimizing the response 
of feedback control systems in which a 
second-order system is preceded by a 
switch or relay, which in turn may be pre¬ 
ceded by a complicated system involving 
t me constants and delays. This technique 
extends the use of certain phase-plane 
methods so that certain types of higher 
order saturating feedback systems can be 
optimized by use of phase-plane methods. 

However, attention should be called to 
the fact that the type of feedback control 
system which involves a relay-type element 
followed by a system whose behavior may 
be described by a third- or higher order 
differential equation can not be optimized 
by the phase-plane approach at the present 
state of the art. Let us consider a simple 
Ward-Leonard positioning system with a 
relay contolling the application of voltage 
to the field of the generator for the purpose 
of gaining an insight into the problems 
involved. Fig. 13 shows a schematic dia¬ 
gram of such a system. 

If the reference input r is a sudden step 
in the forward direction, it is logical to 
have the controller suddenly close the 
switch Si ill the forward direction, and 
thereby set up a flux in the generator 
which results in an armature voltage, which 
drives the motor to reduce the error and 
hence to make c approach r. If the con¬ 
troller will control the time of reversal of 
the switch Si in such a way that the motor 
velocity bezomes zero at the same instant 
that the error becomes zero, and if the 
controller will then open the switch si, it 
might at first seem that there would be an 
ideal controller for step inputs. However, 
when e — 0 and the speed co=0, and Si is 
open there is still a flux in the generator 



Fig 13 (left). A 
Ward - Leonard 
positioning sys¬ 
tem controlled 
by a field-revers¬ 
ing relay 


Fig. 15 (right). 
Performance of 
the Ward-Leon¬ 
ard system with 
two reversals of 
the control relay 



relay 

field in such a direction as to produce a 
negative Fa. This flux would decay at a 
rale set by the resistance and inductance 
of the field-winding and the eddy-current 
paths. Even if the damping resistance Rd- 
were made infinite, and the switch could be 
made arc free, there would still be a flux- 
decay time constant because of the pa¬ 
rameters of the eddy current circuit. There¬ 
fore, the motor would reach zero error at 
zero velocity, but it would then back up to 
give a negative error as a result of negative 
voltage still produced by the decaying 
field. The controller might go through 
another control cycle to counteract the 
remaining error, but it could not be con¬ 
sidered an optimum controller. The per¬ 
formance described is delineated graphically 
in Fig. 14. 

This performance could be made to ap¬ 
proach an optimum by introducing a second 
$ 
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reversal into the cycle just before the zero 
error position was reached. The purpose 
of this reversal would be to bring the field 
flux quickly to zero. By proper choice of 
the first and second reversal times, the field 
flux could be brought to zero at the same 
instant that the speed and the error were 
brought to ^ zero. Opening of the field 
switch at this point would leave the system 
in equilibrium with no stored energy. 
Fig. 15 shows this type of performance. 
The problem in setting up this type of 
controller is to find a device which will 
choose correctly both the first and second 
reversal times for all boundary conditions 
and for all amplitudes of stop-reference 
input change. 

Since the effects of armature circuit 
inductance have been neglected in this dis¬ 
cussion, the system following the relay 
could ^ be approximated by a third-order 
equation with two energy storage points. 
One might be tempted to say that a control 
relay element followed by an nth order 
system would be required to make (w —1) 
reversals give optimum response to a step 
input, based on the discussion involving 
second- and third-order systems. However, 
a much more careful study of higher order 
systems would be required before such a 
statement could be made. It is evident 
that, as the system controlled by the relay 
element becomes of higher order, more 
reversals would be required for optimum 
response to a step input. 

The authors have helped advance the 
frontiers of knowledge in this field by their 
contributions. However, where the prob¬ 
lem is that of optimizing the step response 
of a^ feedback system which involves a relay 
device followed by a higher order system, 
there are still many unsolved problems. 

R. S. Neiswander and R. H. MacHeal: 
The authors would like to express their 
gratitude to Prof. Hopkin and Dr. Collier 
for their generous comments and contribu¬ 
tions concerning the paper. 


With the growing enthusiasm in nonlinear 
control and consequent large number of 
excellent papers, the engineer is sometimes a 
little overwhelmed at the apparent diver¬ 
sity of techniques. A general criticism of 
the paper is that it does not make its in¬ 
tentions sufficiently clear. Therefore a 
highly simplified classification of tech¬ 
niques is given now to show more precisely 
the application of the proposed method; the 
system’s region of operation has been used 
as a basis for classification. 

Null Region Methods. The null region is 
the region of small motions Linear methods 
are often satisfactory, and several methods 
are available for considering nonlinear null 
region effects such as backlash and coulomb 
friction. 

Unsaturated Region Methods. Excepting 
on-off controllers, there is a dynamic operat¬ 
ing region away from the null which is un¬ 
saturated. The most common approach 
has been to keep this region as linear as 
possible, allowing linear analysis. Tech¬ 
niques by McDonald (ref. 4 of the paper) 
and Lewis (ref. 1 of Mr. Collier's discussion) 
have been proposed recently to improve 
response of systems otherwise linear in this 
region by intentionally nonlinearizing ele¬ 
ments. A frequent result of such methods is 
decreasing the rate feedback over that 
specified by linear criteria. When promi¬ 
nent unintentional nonlinearities exist in the 
system, no general methods are available. 

Saturated Region Methods. A quite com¬ 
mon design practice is to designate the 
point at which saturations occur as the 
boundary of the system’s usefulness. Ex¬ 
cepting special situations such as that intro¬ 
duced by severe noise limiting, the reason 
for imposing the boundary is simply that 
linear analysis breaks down. Actually, 
control systems are capable of much wider 
dynamic regions of operation. The present 
method is intended to handle a specific per¬ 
formance requirements in this region, and 


at the same time be compatible with meth¬ 
ods used in the null region. A frequent re¬ 
sult of this method is to increase rate feed¬ 
back over that dictated by linear null cri¬ 
teria. 

In general, methods which apply to one 
region do not necessarily apply to another 
region. A system required to operate over a 
wide dynamic range might well be designed 
by a combination of two or three applicable 
methods. 

Prof. Hopkin s discussion is concerned 
primarily with on-off control systems in 
which there is no region of linear or un¬ 
saturated response. In the type of system 
envisaged in our paper there is a small re¬ 
gion of linear response near the null within 
which the system transients are allowed to 
decay naturally. Hence there will be no 
steady-state position error regardless of the 
order of the equation describing the system. 
The response time of such a system to a 
step input will be somewhat longer than that 
obtainable with an ideal on-off control, 
but it has compensating advantages in 
stability^ and simplicity. The method de¬ 
scribed in our paper is not essentially a 
phase-plane technique and the phase-plane 
cross sections should be considered as help¬ 
ful response “pictures” not actually vital to 
the method. 

Dr. Collier has pointed out a family of 
useful, nonlinear optimizing elements which 
were completely overlooked by the authors. 
As he has suggested, the feedback arrange¬ 
ment utilized by Lewis can be simply ex¬ 
tended to supply a large assortment of 
functions. For example, the feedback func¬ 
tion of Fig. 9 was in the paper assumed to 
be H It would be just as appropriate 

to consider the feedback as a (0) d (linear 
rate feedback with a variable coefficient); 
or h[d\ 6 (linear static error with a variable 
coefficient); or any of a multitude of com¬ 
binations of functions of d and B. The real 
advantage of these rephrasings appears 
when attempting to physically create 
nonlinear elements. 
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The Synthesis of *’Optimum** Transient 
Response: Criteria and Standard Forms 
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Synopsis: Methods for synthesizing servo¬ 
mechanisms are reviewed, and it is pointed 
out that stability criteria, frequency, and 
root-locus methods reduce to conditions on 
the transfer-function constants. These may 
be made mathematically specific following 
Whiteley’s suggestion of “standard forms.’* 
Eight mathematical criteria for optimum 
transient responses are critically examined, 
and the clear superiority of the minimum 
integral of time-multiplied absolute-value 
of error is demonstrated. The application 
of this criterion results in the selection of 
standard forms, which are presented in 
tables. 


T ransient behavior is an at¬ 
tribute of many measurement, con¬ 
trol, and communication devices. Engi¬ 
neering design of such physical systems 
often involves the choice of design vari¬ 
ables which will insure optimum transient 
behavior. Mathematical techniques ap¬ 
plicable to this engineering design prob¬ 
lem have been rapidly developed and ex¬ 
tended during the past ten years. The 
lack of a practical mathematical defini¬ 
tion of optimum transient behavior, how¬ 
ever, has forced empiricism into the de¬ 
sign procedures, and the procedures them¬ 
selves, for the most part, are esoteric and 
laborious. Development of a unitary 
figure of merit for transient behavior and 
the tabulation of optimum system charac¬ 
teristics would be valuable to the designer. 

Mathematical methods applied to the 
problem of optimizing the transient be¬ 
havior of physical systems depend uni¬ 
formly on the concept of the response of a 
transfer system. A transfer system 
which is characterized by an input and a 
related output is illustrated in Fig. 1. 
The block may be conceived of as an 
operator which metamorphoses a given 
input r{t) to produce a unique output 
c(t ). The most fundamental relationship 
which gives the dependence of the output 
(response or effect) on the input (cause) is 
usually the differential equation which 
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describes the physical system. A simple 
positioning servomechanism, its linear 
second-order equation, and its transfer 
function are illustrated in Fig. 2. The 
transfer functions of the linear systems 
considered in this paper are always re¬ 
duced to the normalized form 

^(^) _^ « » « -\-piS^^piS+pii 

R{s) . .. +g 2 ^^“f’ 2 i-y+l 

Procediues for deriving the normalized 
transfer function from the system dif¬ 
ferential equation are outlined in Ap¬ 
pendix I. 

Three distinct problems occur in the 
application of differential equations and 
operational mathematics to physical sys¬ 
tems. These problems have been named 
the analysis, instrument, and synthesis 
problems. 

1. The analysis problem is: Given the 
input and the mathematical description of 
the system, find the output. 

2. The instrument problem is: Given the 
output and the mathematical description, 
find the input. 

3. The synthesis problem is: Given the 
input and the desired output, determine the 
mathematical description. 

It is clear that the synthesis problem is 
intimately related to engineering design. 
Typical inputs are often known and the 
“desired" output may be subject to speci¬ 
fication. The mathematical description 
of the required system is a preliminary to 
its physical realization. Realization of 
the physical system is excluded from con¬ 
sideration in this paper, however, and at¬ 
tention will be confined to what Bubb^ 
has termed the “mathematical attorney*’ 
of the system. Attention will be further 
confined to the class of linear transfer 
systems called “duplicators,” that is, 
those systems in which the shape of the 
output approximately duplicates the 
shape of the input. 

The synthesis of duplicators has suf¬ 
fered, generally, from an inadequate defi¬ 
nition of desired output. The desired 
output of a duplicator usually is perfect 
reproduction of the shape of the input, 
but this is physically impractical. The 
desired output is, therefore, often formu¬ 
lated rather loosely on a frequency-re¬ 
sponse basis in terms of gain margin and 


phase margin, or on a transient basis in 
terms of intuitive concepts of rise time and 
overshoot. 

Nomenclature 

r(/)== input to a transfer system 
d:(0~ output, or response, of a transfer 
system 

e{t) — r{t) — i:(^) = transfer system error 
E{s) = R{s) — C(5) = Laplace transform of 
error 

= transfer-system weighting function 
]T(^)== C(5)/i^(5) —transfer function of a 
linear system 

j=V^\ 

CO = angular frequency 

coo = natural angular frequency 

\ — Laplace complex variable 

s = X/coo ~ normalized Laplace variable 

^—time 

Pi, Qi —transfer-function coefficients 

- normalized transfer-function coeffi¬ 
cients 

ai, b, c,d, ,. . — normalized transfer-function 
coefficients 
^ = damping ratio 

Q:-h//5 = a root of a transfer-system charac¬ 
teristic equation 
Ci — error coefficient 

Synthesis Methods 

The first and most obvious condition 
on the output is stability. The output of 
a duplicator is unequivocally desired to be 
stable. Fortunately, stability can be pre¬ 
cisely defined, and conditions for sta¬ 
bility can be rather easily calculated. 
There are certain conditions on the co¬ 
efficients of the characteristic equation 
which must be satisfied in order to insure 
that the system is stable. 

The functional relations between the 
coefficients defined by the Routh-Hurwitz 
criterion must hold. These test functions 
are tabulated for the various orders of 
normalized characteristic equations 
through the eighth order in Table I. 
Theoretically, w—1 test functions have 
to be applied to each characteristic equa¬ 
tion. It has been shown, however, by 
Frazer and Duncan,® that the conditions 
tabulated are practically all that are 
necessary since they wdll first indicate the 
change in the character of the roots on 
going from a stable to an oscillatorilly 
divergent system. The change on going 
from a stable system to an aperiodically 


r(t) 

TRANSFER 

c(t) 


SYSTEM 


INPUT 


OUTPUT 

(RESPONSE) 


Fis. 1. A transfer system 

C(t) = Kr) wCt — T)d r 

C(s)-R(s)W(s) 
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Fig. 2. A linear positioning servomechanism 

d®c 

defined by the differential equation J—-{- 

dt2 

transfer function = 
R(s) 

K 


Js^+Bs+K 

Typical responses illustrated are: 

A. The impulse response, or weighting func¬ 
tion 

B. The step-function response 

C. The sinusoidal response 


divergent one is first indicated by a change 
in the sign of the last coefficient. Familiar 
theorems of the theory of equations point 
out additional relations between the roots 
and the coefficients of the characteristic 
equation. 

A method much in vogue among aero- 
dynamicists for the approximate syn¬ 
thesis of airplane dynamics involves plot¬ 
ting the Routh-Hurwitz test function, 
equated to zero, as a function of two de¬ 
sign variables, with all others held fixed. 
This gives a graphical representation, 
called a stability diagram, of the bound- 


Chaiacteristic Equation 


Tabic I. The Routh-Hurwitz Stability Criterion 

Criterion 


52-{-&^+1=0. t >>0 

=0.-1 >0 

— 0. bed - 

^5^J.4T3-f-^5 2 H--j -1 = 0. ' b^rX) 
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ary between stable and unstable com¬ 
binations of the two selected variables. 
An extension of this method due to W, 
Brown® enables one, at the cost of con¬ 
siderable labor, to superimpose lines of 
constant oscillatory period and lines of 
constant logarithmic decrement (damp¬ 
ing) on such a plot. The degree of sta¬ 
bility provided by a selected combination 
may be detennined in this fashion. A 
stability diagram for third-order systems 
is shown in Fig. 3, which may be used for 
the solution of the cubic equation, since 
the real and imaginary parts of the com¬ 
plex pair of roots are available directly, 
and the third root is the negative inverse 
of a^+/3^. 

In the case of closed loop systems, such 
as servomechanisms and feedback am¬ 
plifiers, the Nyquist criterion is often ap¬ 
plied to determine stabilityThe shape 
of the complex frequency-response func¬ 
tion 


CQc) 

. . . -f PiX+Po l 
• • ‘+<2 iX+( 2 o Jx=*/w 


(2) 


is, of course, dependent on the various co¬ 
efficients of the numerator and denomi¬ 
nator polynomials. It appeal's that, as in 


the case of the RnntliThirwiiz eriteriiin, 
the stability and degrt‘e of stability of tlie 
system, judged by the Nytpiist criterion, 
depend on certain relations between tlie 
coefficients of the transfer fuiicli(»n. 

The synthesis of servoinechanistns is 
often carried out usitig the logarithmic 
plots of the freciueiiey-respunse fiuietion 
developed by Brxle^ an<l Niehols.- Ap¬ 
propriate ndes governing nitixinnint am¬ 
plitude ratio, gain margin, fjhasc* margin, 
and the length of asymptot(*s belwrcn 
break points, if applied with care, may re¬ 
sult ill a system with uflefimitc transient 
performance. The* outcome of the analy¬ 
sis, however, is not necessarily the o[jti- 
mum system, and the result imlieates 
only approximately the changes in tlie 
system which would bring about inqu'ovd 
transient i)erfoniuince. All this is in de¬ 
cided contrast to the situation usually 
facing an amplifier or filter d(‘signer, to 
whom the frespiency response is all ini- 
Iiortanl and is susce])lil)Ie to prei^ise 
specification. 

Ihe rf)ot4ocus method developed by 
Evans®''^® is also widely used in the syn¬ 
thesis of closcddooi) systems. Both the 
frequency and transient resfxmses <if tlie 
system may be inferred frrjiii such a ph.it. 
there are, howaivia*, no gent'rally known 


Table II. Methods of Servomechanism Synthesis 


Method 


Author 


Assumed Input 


Criterion 


Remarks 


i necessary. 


Stability Diagram.Routh and Hurwitz.. .None i 

Brown 

Frequency Response... Nyquist.Constant amplitude sinusoids. 

, of all frequencies 

Nichols 

Root Locus...Evans. 

Moore 


. Stability. 


. None necessary. 


Rms-Error. Wiener t u. . . 

..Input and noise must be sta-., 

tionary time series. Power 
° spectral density must be 

TransientResponse....Dtape,.^^^^^^^^.ot other simple.. 

Oldenbourg and 
Sartorius 
Bretoi 
Others 

standard Forms.Whiteley.Step funeUon. 


.Stability, maximum gain, sta-,. 
bility margins 

. Stability and degree of stability., 
Transient and frequency re¬ 
sponse may be inferred and 
suitable criteria applied. 

.Minimum root mean square, 
error. 


-Speed of response, overshoot, 
minimum error coeffi¬ 

cients 


.Maximally flat frequency re-., 
sponse, or a given peak over¬ 
shoot. 


.. I^otermines stability ’Brown .sbow'i liuw 

the degree of stability may be determiueil. 

..Most widely used method. Depends on ndr-H 
of thumb for shaping the frequency f{;^lpofl‘*t^ 
Kssentially a cut and try method. 

.Criteria are not explicit. A grapliicul method 
easy to apply. Only one gain may he ad¬ 
justed at u time. 

• A powerful method, but difficult to apply. 
Leads exiilicitly to reritiired transfer charut- 
tenstic, 

.Charts avuilahle for first, second and third 
order systems. Higher ordered systems 
must be cut and tried. Analog computers a 
great help. 

. rhe standard form essentially is the desired 
transfer charactcri.stic. Very easy to apply 
the criteria may be qiie.stioned. 
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specifications for the optimum location of 
the poles and zeros beyond the hare 
specification of stability or degree of sta¬ 
bility (damping ratio, time to damp). If 
it were possible to specify the optimum 
location of the poles and zeros, that would 
amount to the specification of the form 
and the coefficients of the system transfer 
function. 

In the design of filters (or servomech¬ 
anisms) operating on noisy inputs, the 
elegant mathematical methods of Wiener 
may be applied. The result is an ex¬ 
plicit mathematical statement of the de¬ 
sired weighting function for the system. 
Phillips® has simplified the application of 
this method to the synthesis of duplicator 
servomechanisms by assuming a form for 
the system transfer function, and leaving 
only one parameter open to adjustment 
so as to obtain the minimum rms error. 

For a few cases, the direct synthesis of 
transient response is possible. Charts 
showing the transient responses as func¬ 
tions of nondimensional system param¬ 
eters are given by Draper and Schlie- 
stett,i® G. Brown, Bretoi,^^ and others 
for first and some second- and third-order 
systems. In very special cases, as in the 
synthesis of pulse-amplifier interstage cir¬ 
cuits, Wallman^® and othershave pre¬ 
sented such charts for transient responses 
of higher-ordered systems. Note that the 
method of specifying the exact form of the 
transient response in terms of the system 


parameters is equivalent to the specifica¬ 
tion of a desired system transfer function. 

Whiteley^s has taken the indicated step 
and has tabulated the coefficients of the 
polynomial denominators of system trans¬ 
fer functions for desirable systems of 
various orders, and with three different 
kinds of numerators. He has named these 
explicit numerical functions for the poly¬ 
nomial denominators standard forms. 
The criteria which Wliiteley^s 
judge the ‘‘goodness” of desired outputs 
were, in one case, a maximally fiat fre¬ 
quency response, and in others, the mag¬ 
nitude of the peak overshoot. 

Some other criteria of goodness for 
transient responses which have been ap¬ 
plied by the authors of transient-response 
charts and by users of such charts and of 
differential analyzers are: 

1. Delay time. 

2. Solution time. 

3. Time to first zero. 

4. Peak ratio. 

5. Overshoot. 

While suitable values for all these or other 
applicable quantities may be known in 
general, this knowledge usually does not 
give much insight into the most favorable 
adjustments to make to the systeid. In 
many cases where several fibres of mefif 
are applied, it is possible to “trade” p^t 
of one for a better value of anothef. • The 
direct synthesis of transient responses, 
whether from charts, from Whiteley’s^® 


Fig. 4. Step-function responses of second- 
order systems and figures of merit 

(A) . eCt) CD). 

(B) . (E). £ le|dt 

(C) . £ tedt (F). /‘tjeldt 

standard forms, or by means of a differen¬ 
tial analyzer, is subject to the objection 
that the desired output has not been de¬ 
fined precisely enough. 

Table II summarizes the various meth¬ 
ods of synthesizing servomechanisms (and 
other dynamic systems) which have been 
discussed above, cites the criteria which 
are applied, and summarizes the limita¬ 
tions of each method.^® 

Criteria for Transfer System 
Response 

The choice of specific design variables 
in the synthesis of duplicators depends 
completely on the criteria which are ap¬ 
plied in judging how well the output fol¬ 
lows the input. Speed and stability of re¬ 
sponse are desirable. These qualities may 
be indicated numerically by defining solu¬ 
tion time, time to first zero, overshoot, 
and so forth. A more fruitful approach to 
the problem, however, would be to de¬ 
velop a unitary figure of merit or criterion 
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Fis. 5. Measures of the transient performance 
of second-order systems 


of goodness for the transient response 
which would take most of its character¬ 
istics into account. Ideally, such a cri¬ 
terion should have three basic attributes: 

1. Reliability. 

2. Ready applicability. 

3. Selectivity. 

This paper is concerned with the 
transient performance of ser\'’omecha- 
nisms or similar transfer systems. Only 
those systems wkich have a steady-state 
displacement error of zero when sub¬ 
jected to an input step function are con¬ 
sidered. An example of such a system 
would be a simple linear second-order 
system wkich has the normalized transfer 
function 

= —(3) 

Fig. 4(A) shows the error responses of 
this system for various values of f, when 
the input is a unit step function. These 
responses differ from a perfect response in 


various ways. Certain characteristics of 
the responses provide a measure of the de¬ 
gree to which the responses approximate 
the ideal response. Three commonly 
used characteristics are: 

1. The time for the error to reach its first 
zero. 

2. The amount of the first overshoot, ex¬ 
pressed as a percentage of the initial error. 

3. The solution time (time for the error to 
reach and remain within only 5 per cent of 
its initial value). 

These three quantities are plotted in 
Fig. 5 as functions of the damping ratio 
f. It is clear that the per-cent overshoot 
and the time to first zero are conflicting 
characteristics, in that their minimum 
values occur at different damping ratios. 
If these two characteristics of the simple 
second-order responses were used as 
criteria, the design problem would consist 
of selecting that value of f which affords 
the best compromise between small over¬ 
shoot and fast rise time. On the other 
hand, the solution time can be used alone 
as a criterion of performance, since it 
combines, in a sense, the properties of the 
other two characteristics. Applied to a 
linear second-order system, it appears to 
have some of the characteristics of an 
ideal criterion. It is reliable, in that it 
selects a damping ratio of about 0.7, a 
value which is commonly considered to be 
optimum. It is fairly easy to apply, 
given the time responses of a system. 
It is also selective, in that the difference 
between the optimum value and other 
values is easy to distinguish. It gives an 


exaggerated picture, however, of the dif. 
ference between the goodness of a system 
with a damping ratio slightly less than the 
optimum, and one with a damping ratio 
slightly greater than optimum. 

Several other criteria have been used for 
evaluating the transient performance of 
zero-displacement-error transfer systems 
which are subjected to input step func¬ 
tions. Oldenbourg and Sartorius® and 
Nims^® have suggested a criterion based 
on the minimization of the integral 

h=f°edt (4) 

This criterion, called the control area, 
appears to be satisfactory for system re¬ 
sponses which do not overshoot. For 
systems which have a characteristically 
underdamped response, however, the con¬ 
trol area gives an erroneous indication of 
merit, since overshoots decrease rather 
than increase the value of the integral. 

Curve A of Fig. 6 shows the value of 
the criterion /i as a function of the param¬ 
eter f for a system with the transfer 
function of equation 3 subjected to a unit 
step function of input. It can be seen 
that the minimum value of Ii occurs at 
the damping ratio f = 0, a value which is 
.certainly not optimum. The failure of 
this criterion to select a reasonable linear 
second-order system is sufficient grounds 
for its rejection from further considera¬ 
tion. 

A modification of this criterion to pro¬ 
vide for weighting of the error with time 
was proposed by Ntms.^® This modified 
criterion is defined by the integral. 



Fig. 6. Criteria 
for the step-func¬ 
tion responses of 
second - order 


systems 

1 


R(s) 


s^-f2rs+i 


Curve A: Inte¬ 
gral of error/ the 
control area 
Curve Bi Inte¬ 
gral of time-multi¬ 
plied error, the 
weighted control 
area 

Curve C: Inte¬ 
gral of squared 
error 

Curve D: Inte¬ 
gral of absolute 
value of error 
Curve E: Inte¬ 
gral of time-multi¬ 
plied absolute 
value of error 
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Fis. 7. Three 

additional cri¬ 
teria for the step- 
function re¬ 
sponses of sec¬ 
ond - order sys¬ 
tems 

Curve A: inte¬ 
gral of time-multi¬ 
plied squared 
error 

Curve B: inte¬ 
gral of time- 
squared error- 
squared 

Curve C: Inte¬ 
gral of time- 
squared absolute 
value of error 
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h-f' Ml (!) 

The weighted control area Lj, provides an 
increasingly heavy penalty for a sustained 
error. As before, that system is consid¬ 
ered optimum which produces a minimum 
value of I 2 . Curve JB of Fig. 6 is a plot of 
the value of this criterion applied to the 
second-order system. It can be noted 
that the minimum value of the weighted 
control area occurs at the damping ratio 
f=0. Therefore, this criterion fails in 
the same way as the control area. 

Hall^i has suggested the integral 

( 6 ) 

as a figure of merit. In this case either 
positive errors or negative errors due to 
overshoots will produce positive con¬ 
tributions to the value of the integral. If 
this criterion is applied to the step-func¬ 
tion responses of the simple linear second- 
order transfer system, curve C of Fig. 6 is 
the result. The minimum criterion value 
occurs at f=0.5, which is not an obvi¬ 
ously undesirable damping ratio. Fur¬ 
thermore, the criterion can be handled 
analytically or mechanized with relative 
ease on a differential analyzer. It also 
exhibits limited selectivity. 

Another figure of merit which has been 
investigated is given by the integral 

(7) 


Curve D of Fig. 6 shows the results of 
testing this criterion in connection with 
the transient response of the simple 
linear second-order transfer system. The 
minimum value of the criterion occurs at 
about f ==0.7. It is moderately selective, 
and although it is not analytic, it is easily 
mechanized on an analogue computer. 

If time weighting is introduced, this 
criterion is modified to 

( 8 ) 

This function is known as the integral 
of time-multiplied absolute-value of error 
(ITAE) criterion. If, as before, it is 
tested on the simpk second-order system, 
curve E of Fig. 6 is the result. The mini¬ 
mum occurs at f=0.7. The ITAE cri¬ 
terion is selective and easy to mechanize 
on an analog computer. Applications to 
other systems to test its reliability will be 
discussed later. 

Still other figures of merit can be formed 
with more complex combinations of error 
and time weighting. Three such criteria 
are 

(9) 

The values of these criteria as functions 
of f for the step-function responses of the 
simple second-order system are presented 
in Fig. 7. Although these criteria show 
promise with respect to reliability and 
selectivity, they are excluded from further 


consideration because they are difficult 
to handle, either analytically or on the 
analogue computer. 

Of the several criteria mentioned here, 
only those defined by equations 6, 7, and 
8 are considered worthy of further in¬ 
vestigation, In order to test the general 
applicability of these three criteria, they 
are applied to a second-order linear zero- 
velocity-error system, which has the nor¬ 
malized transfer function 


C(s) 2j-^4-l 
Ris)^ s^+2^s+l 


( 10 ) 


This transfer function describes a second- 



Fi 0 . 8 . Step-function responses of zero- 
velocity-error second-order systems 
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order servomecliamsm in which all of the 
damping is mathematically pure error 
rate damping. The responses of such a 
system to a unit step function of input 
displacement are shown in Fig. 8 for vari¬ 
ous values of the damping ratio. It is in¬ 
teresting to note that, as the damping 
ratio is increased above one, the response 
continues to improve. The values of the 
three criteria are plotted as functions of 
the damping ratio f in Fig. 9. All three 
criteria indicate improvement in perform¬ 
ance as the damping ratio is increased. 
The ITAE criterion shows the greatest 
over-all selectivity. 

As a ftuther test of the general applica¬ 
bility of the criteria defined by equations 
6, 7, and 8, they have been applied to 
linear third-order systems characterized 
by the transfer fimction 

C(s) _ 1 

R(s) 

The responses of such a system to a unit 
step fimction of input displacement are 
shown in Fig. 10 for various combinations 
of the parameters h and c. The results of 


suitable for evaluating the transient per¬ 
formance of general transfer systems. 

The ITAE criterion, on the other hand, 
retains good selectivity for the third-order 
system, as is evidenced by Fig. 12. A 
sharp minimum of the criterion occurs for 
the third-order system which has the 
parameters b — 1.75 and c=2.15. It is 
gratifying to note that the step-function 
response of a system with these param¬ 
eters appears qualitatively to have ex¬ 
cellent characteristics of fast rise time and 
small overshoot. 

A number of proposals for nonlinear 
modifications of the basic second-order 
linear servomechanism to improve the 
transient performance have appeared in 
the literature.The step function re¬ 
sponses of three such nonlinear systems, 
together with the corresponding values 
of the ITAE criterion, are shown in Fig. 
13. A decreasing value of the criter¬ 
ion is seen to correspond to a general 
improvement in the transient-response 
characteristics. 

In the case of higher-ordered linear 
transfer systems with unit-numerator 


obtained by varying the indicated coef¬ 
ficients in this manner. Several s tep-func- 
tion responses which result from the non- 
optimum adjustment of a transfer-func¬ 
tion constant are illustrated, adjacent to 
the corresponding nonminimum value of 
the criterion function. It may be seen 
from these figures that the adjustment of 
the coefiicients of the lowest powers of the 
complex variable in the transfer-function 
denominator is tire most critical, both 
with respect to the character of the step- 
function response and with respect to the 
value of the criterion. The same situation 
obtained throughout the investigation, 
although the still-higher-ordered cases 
are not illustrated in this way. It appears 
that the application of the ITAE criterion 
to step-function responses results in the 
selection of optimum transfer-function 
constants. Systematic tabulations of 
numerical values for the transfer function 
constants become standard forms. 

Filter Responses and Standard 
Forms 


the integral of error-squared and integral 
of absolute-value-of-error criteria as ap¬ 
plied to this system are presented in 
Fig. 11. It is clear that these two criteria 
fail to achieve selectivity. Additional 
tests indicate that these criteria become 
even less selective for higher-order sys¬ 
tems, and it is doubtful that they are 
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transfer functions (also called zero-dis¬ 
placement-error systems) the ITAE cri¬ 
terion may be represented as a surface in 
a multidimensional space which has the 
dimensions of the transfer-function coef¬ 
ficients. The surface (line), its shape, and 
minimum point have already been illus¬ 
trated for the second- and third-order 
cases in Figs. 6 and 12. The multidimen¬ 
sional surface itself cannot be graphically 
represented for systems of order higher 
than the third. Instead, Figs. 14 and 15 
show sections through the surface for the 
foiuth- and fifth-order systems. These 
sections are obtained by adjusting all but 
one of the coefficients of the system trans¬ 
fer function to their optimum values. 
This one coefficient is then varied through¬ 
out a range on either side of its optimum 
value, and the corresponding variation in 
the value of the ITAE criterion is plotted. 
In Figs. 14 and 15, the curves denoted by 
the letters 6, etc., are the sections 
through the multidimensional surface 


A low-pass filter is a duplicator, and 
other duplicators, including servomech¬ 
anisms, may be designed by analogy to 
filters.2 In general, transfer systems with 
good low-pass filter characteristics have 
correspondingly good transient responses. 
One of the simplest possible low-pass 
filters is an n-stage resistance-capacitance- 
coupled pulse amplifier, in which the 
stages are identical.The characteristic 
function of such a system is the binomial 
expansion of an appropriate order. The 
response of a physical system with such a 
characteristic equation is composed of 
equally and critically damped modes. 
This response has been suggested by 
Imlay24 as an optimum in connection with 
the response of an aircraft under the con¬ 
trol of an automatic pilot, and by Olden- 
bourg and Sartorius® in connection with 
regulators and servomechanisms. 

The precise definition of desired output 
afforded by the requirement that all 
modes of the response be equally and 


_ Is=frtie dt 

--— 

Ja=JL_e*cli 
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Fig. 9. Criteria 
applied to the 
step-function re¬ 
sponses of zero- 
velocity - error 
second - order 
systems 
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Fig. 10. Step-function responses of third- 
order systems with the transfer function 

C(s) 1 

R(s) s^+bs^+cs+l 

critically damped leads readily and ex¬ 
plicitly to the required system transfer 
function. The coefficients of these char¬ 
acteristic functions are the binomial co¬ 
efficients. The polynomial characteristic 
functions with binomial coefficients are 
tabulated in Table III. They might be 
considered to be a set of standard forms 
for the synthesis of duplicators with unit- 
numerator transfer functions. In fact, 
lacking more suitable forms, Whiteley^^ 
has suggested the binomial coefficients for 
certain higher-order system transfer- 
function constants. The step-function 
responses of the binomial filters are shown 
in Fig. 16, and the corresponding fre¬ 
quency-response functions in Fig. 17. It 
has been noted that, in the language of 
operational mathematics, these methods 
of describing the response are equivalent. 
Therefore, the adjustment of a linear 
transfer system's parameters, resulting in 
a transfer function with a unit numerator 


and a characteristic equation with binom¬ 
ial coefficients, guarantees the responses 
indicated. The transient responses of the 
binomial filters are not optimum for many 
applications, in the sense that they are 
relatively slow. The frequency-response 
characteristics show a corresponding at¬ 
tenuation of even the relatively low fre¬ 
quencies. 

Another rather simple configuration 
for the interstage couplings of a pulse am¬ 
plifier has been suggested by Butter- 
worth, These interstage circuits are de¬ 
signed so that the poles of the normalized 
system transfer function are evenly dis¬ 
tributed on the unit circle in the left half 
of the complex plane. Such a location of 
the poles is illustrated for systems of or¬ 
ders one through eight in Fig. 18. The 
corresponding step-function and frequency 
responses are shown in Figs. 19 and 20. 
The standard forms for the Butterworth 
filters are shown through the eighth order 
in Table IV. It would be possible to ex¬ 
tend this table by analysis, since the defi¬ 
nition of the distribution of the poles 
implies the definition of the characteristic 
function. 


The standard forms for the Buttieir- 
worth^s filters are similar to those for tlaer 
binomial filters, in that the coefficients arer 
symmetrical. This phenomenon is indeed 
typical of all characteristic functions, 
whose poles lie on the unit circle in ttier 
complex plane. (The binomial charae- 
teristic equations are special cases, whose 
roots all lie at the minus one point.) 

The step function responses of tiie 
Butterworth^s filters are, by comparison 
with the responses of the binomial filters, 
faster, and not surprisingly, more oscilla¬ 
tory. Nevertheless, for many purposes, 
they represent a close approach to intni- 
tive concepts of optimum duplicator re¬ 
sponses. They served, in each case, as 
the starting point for the iterative ex¬ 
perimental determination of the optimmn 
unit-numerator transfer functions by tlie 
application of the minimum ITAE cri¬ 
terion. 

When the minimum ITAE criterion is 
applied to the determination of the opti¬ 
mum imit-numerator transfer functions of 
various orders, the standard forms of 
Table V are obtained. The corresponding- 
pole locations, step-function responses, 
and frequency responses are shown in 
Figs. 21,22, and 23. With regard to these 
various mathematical equivalents, it can 
be seen that the application of this arbi- 
traiy criterion has not resulted in tlie 
selection of a family of systems witlx 
similar and progressive characteristics as 
the order of the system is increased. Tbis 
is, in a way, a disappointing result, for it: 
had been hoped that it would be possible 
to extrapolate the experimental results to 
the selection of standard forms for sys¬ 
tems of still higher orders than it was pos¬ 
sible to investigate. In general, tbe 
standard forms defined here have coef¬ 
ficients which are slightly higher for tbe 



COEFFICIENT c 


Pis* 11 . Integral of squared error and integral of absolute value of 
error criteria applied to the step-function responses of third-order systems 



Fig. 12. The integral of time**multiplied absolute value of error cri¬ 
terion applied to the step-function responses of third-order systems 
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low orders of the complex variable, and 
slightly lower for the higher orders of the 
complex variable than the corresponding 
Butterworth^s standard forms. No in¬ 
ferences on this basis, however, seem 
warranted. 

The criterion has selected responses 
which are much faster than those of the 
binomial filters, but which are less oscil¬ 
latory than those of the Butterworth^^ 
filters. The goodness of the selected re¬ 
sponses might be classed as a fortunate 
phenomenon of engineering science. Pre¬ 
sumably, the value of the congruent 
standard forms is correspondingly high. 

Zero-Velocity and Zero-Acceleration- 
Error Systems 

The class of linear duplicators with 
unit-numerator transfer fimctions, while 
basic, represents only a small fraction of 


Fis. 13 (left). Step-function responses of 
linear and nonlinear second-order servo¬ 
mechanisms 
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the possible linear systems. The numer¬ 
ators of possible system transfer functions 
are almost infinitely variable. By con¬ 
fining attention, however, to duplicators 
with no steady-state displacement error, 
the normalized transfer-function numera¬ 
tor polynomials are limited to those which 
include a constant term of unit magni¬ 
tude. This would still leave open for 
consideration a large number of polyno¬ 
mial numerators, of an order equal to or 
less than the corresponding denominator, 
if an arbitrary choice of polynomial co¬ 
efficients were allowed. In servomech¬ 
anism design practice, however, there are 
two limiting cases, the zero-velocity-error 
and zero-acceleration-error systems. 

The steady-state error of a servomech¬ 
anism may be shown^ to be 

dr Ca d^r 

^^0 =C„r+Cx-+--+... (12) 

In terms of the generalized transfer* 
function constants shown in the transfer 
function 


C(X) 

i?(X) 

»» - +P2X^+PiX+Po 

(13) 

Displacement error coefficient Co^O, when 
Po = Qo 

Velocity error coefficient Ci = 0, when 
Acceleration error coefficient ^=0, when 

Therefore, in considering the zero- 
velocity and zero-acceleration-error sys¬ 
tems as limiting cases from among all the 
possible systems with polynomial-numer¬ 
ator transfer functions, only two dif¬ 
ferent numerators for each order of the 
denominator will be selected. The opti¬ 
mum transfer functions (standard forms) 
for systems with normalized transfer 
functions 

_1_ 

R{s) .. +52^2+215+1 

(14) 

have already been found by applying the 
ITAE criterion. The possibilities of 
finding standard forms for zero-velocity- 
error systems characterized by the trans¬ 
fer function 

C{s) _ gi^+1 _ 

R{s) 5” + 5,t--l5”~^+ . . . +525^ + 5 i5+1 

(15) 

and zero-acceleration-error systems with 
the transfer function 

C{S) _ 525^ + gi5 + l _ 

R{s) 

(16) 


will now be examined in turn. 

It maybe noted that Ci — j'j'edt and 



Fis. 14. Sections throush the minimum point of the ITAE surface, 
fourth-order unit-numerator system 


Fig. 15. Sections through the minimum point of the ITAE surface, 
fifth-order unit-numerator system 
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Table HI. The Binomial Standard Forms 



NONDIMENSIONAL TIME 


52-j-2a»5H-a)o2 
-{-Smos^+Scoo^J “f*W 0 * 

5 *+46ms»+ 6wo*^ *-j-4 wo*5+£<«* 

5®+5a>o^ *+10aH)*5* + 10c«JO*J *+5 wo*5 + OJO* 

s* +6wos®+ISwo*^*+20<iJo*j*+15<ao*s*+6 wo® 5+w* 

5^ 4* TcooJ® ■[-21 +35 «q®^ 4+35<oo^^ *+21 -|-7^*^-j_ 

5® 4“ SoJoJ^ 4” 2 8a)o%® 4" 56coo® j® 4“ 7 Owo ^ 4“ 56wo®J* 4“ 28wo®5* 4* Salons' 4* wo® 


Table IV. The Butterworth Standard Forms 


54-wo 

5^4"1.4«o5 4'W0* 

5 * 4" 2. Oc005 2 4" 2.0<MO *5 4“ WO® 

5 ^ 4 ~ 2 . 6 cii)o 5 ® ■i- 3 . 4 «o® 5 ® 4 " 2 . 6 £i »*5 4 'wo* 

5® 4~ 3.24wo 5^ 4-6.24a}o253-{-5. 24 wo® 52-|-3,24a)o*5-I-wo® 
5®4"3.86a«5®4‘7.46wo25^4“9*13wo®5®4"7.46wo*5®4“3.86wo®54*wo* 

5^-|-4.6wos® 4" 10. lwo®i® 4* 14.6 wo*5< 4" 14:.6wo* 5* +10.1 wo®5®-f-4.5wo*5 4" wo^ 

5® 4-5.12wos7+13,1 4 wo256 4- 21.84wo® 5® 4- 25.69wo^5<+21.84wo®s3 -f-13.14wo«5* 4-5.120X1^5 4-wo® 


Table V. The Minimum ITAE Standard Forms, Zero-Displacement-Error Systems 


Fis. 16. Step-function responses of the bi¬ 
nomial filters, defined by the transfer functions 

(n=1,2,...8) 


C 2 = 2j^ '^tedt for the error response to a 
unit step input, and that low (or zero) 
values of these integrals have already 
been rejected as suitable criteria for opti¬ 
mum response. On an experimental 
basis, at least, no suitable combination of 
system parameters could be found which 
would give displacement step-function 
responses in accord with intuitive con¬ 
cepts of a good response for many of the 
zero-velocity and zero-acceleration-error 
systems. This is by no means to say, 
however, that the ITAE criterion may 
not be applied to select the best possible 
response. 

Figs. 8 and 9 have already been pre¬ 
sented to show the possible responses of 
second-order zero-velocity-error systems 


Fig. 17. Frequency-response functions of the 
binomial filters 


C(M _L, 


(n = 1,2,...8) 


J 4 -W 0 

5 * 4 “ 1 . 4 wo 5 4 -WO* 

5*4~ 1.75woJ® 4"2. 15 wo*54-ci«* 
s* 4" 2.1 wo5® 4" 3.4 wo*5® 4“2. 7wo* 5 4" wo* 

5® 4-2.8wo J* 4-5. Oa>o*5* 4-5. 5 wo* 5* 4" 3.4wfl *5 4-wo® 

5*4”3.25wo5*4-6.60wo^5* 4“8.60wo*5*4-7.45wo*5®-f'3.95wo®5 4" wo® 

57 4-4.475wo5« 4-10.42wo®s®4-15,08a>o«5* 4- 15.54wo*5» 4- 10.64wo®j*4-4.58wo*5 4-wo7 
5»4-5.20 wo 57 4- 12.80wo®5« 4-21.60wo35® 4-25.75wo*5*4-22.20wo®5«4-13.30«o»5® 4-5.15«o'fj4-wo® 


and the corresponding values of the 
ITAE criterion. An arbitrary selection of 
the damping parameter f = 1.6, as optim¬ 
um, may be made on the basis that 
further increases in the damping param¬ 
eter result in a negligible improvement 
in the response. 

Very much the same situation obtains 
with regard to the third-order zero- 
velocity-error system with the transfer 
function 

^(’^) __ (17) 

R(s)'^ s^+bs^+cs+l 

For any given value of the step-function 
response will improve indefinitely as the 
parameter c is increased. The value & = 
1.75 is optimum, according to the ITAE 
criterion, and the value may be 

selected as marking the onset of diminish¬ 
ing returns. 


The standard forms corresponding to 
the minimum value of the ITAE criterion 
for the zero-velocity-error systems, 
through the sixth order, are shown in 
Table VI. The corresponding responses 
to step functions of input displacement are 
illustrated in Fig. 24. Large peak over¬ 
shoots and rapid accelerations are a con¬ 
comitant of zero-velocity error. The al¬ 
ternatives suggested by Whiteley,^® who 
used peak overshoot as a criterion, tend 
to have a persistent error which the ITAE 
criterion will not tolerate. A compromise 
which may have some merit in this case 
is afforded by the zero-velocity-error sys¬ 
tems which have transfer-function denom¬ 
inators identical to those of the binom¬ 
ial filters, Table III. The step function 
responses of these systems are presented 
in Fig. 25. Note that while the responses 
exhibit less overshoot and less rapid ac- 
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celerations than the optimum responses 
of Fig. 24, they are, at the same time, ap¬ 
preciably slower. 

The case of the third-order zero-accele¬ 
ration-error transfer system is similar to 
the third-order zero-velocity-error sys¬ 
tem, in that the ITAE criterion diminishes 
in value indefinitely as the value of the b 
parameter is increased. The value c = 
4.9 is optimum, and the value & = 3.0 
marks the point where little improvement 
in response results from further increases 
in this parameter. 

Other optimum standard forms for the 
zero-acceleration-error systems through 
the sixth order are shown in Table VII, 
and the corresponding step-function re¬ 
sponses appear in Fig. 26. As in the case 
of the zero-velocity-error systems, the 
step-function responses, while best ac¬ 
cording to the ITAE criterion, may still 
leave something to be desired with re¬ 
spect to peak overshoot. The systems de¬ 
fined by Whiteley’s^® standard forms suf¬ 
fer from the same defect as before; that 
is, they tend to have a persistent error. 
Binomial zero-acceleration-error systems, 
therefore, may again prove to be a suit¬ 
able compromise. The step-function 
responses of the binomial zero-accelera¬ 
tion-error systems are shown in Fig. 27. 

It is worth reiterating that while these 
responses are relatively slow, they may, 



Fig. 19. Step-function responses of the 
Butterworth filters^ second to eighth orders 

theoretically at least, be reproduced to an 
arbitrary time scale. The ITAE crite¬ 
rion lays heavy emphasis on a rapid re¬ 
sponse in nondimensional time, and the 
overshoots, undershoots, and rapid ac¬ 
celerations are an inevitable feature, if 
rapid responses of zero-acceleration-error 
systems are required. Another criterion, 

such as To 1^1 dt, would penalize the first 


overshoot more heavily, but it is dubious 
that this criterion would select a zero- 
acceleration-error system response cleax^ly 
superior to the one selected by the 
criterion 

None of the higher-ordered zero-veloc¬ 
ity or zero-acceleration-error systems 
have good responses, as adjudged by in¬ 
tuition. It may be that the procedure of 
opti miz ing the response to a step functioxi 
of input displacement for zero-velocity 
and zero-acceleration-error systems is 
misleading. Optimizing the responses to 
velocity and acceleration inputs, how¬ 
ever, would lead to not greatly differeixt 
standard forms, and the responses to step 
functions of input displacement won Id 
still be relatively poor. Design compro¬ 
mises are indicated. Systems with good 
responses to step functions of input dis¬ 
placement, and small but finite velocity 
and acceleration errors, probably repre¬ 
sent an over-all optimum. Standard 
forms for such systems remain to be dis¬ 
covered. 

Suggested Application of the 
Criterion and of Standard Forms 
to Design 

If a standard form is available for tlae 
type of transfer function involved in a 
particular design problem, its use repre- 



FREQUENCY 



Fig. 20 (left). 
Frequency - re¬ 
sponse functions 
(amplitude and 
phase) of the 
Butterworth fil¬ 
ters; second to 
eighth orders 


Fig. 21 (left). 
Pole locations of 
the optimum 
unit - numerator 
transfer systems, 
second to eighth 
orders 



Fig. 22, Step-function responses of the optimum unit- 
numerator transfer systems, second to eighth orders. The^se 
responses have a minimum integral of time-multiplied abso¬ 
lute value of error 
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Fi's. 23 (left). Frequency- 
response functions of the opti¬ 
mum unit-numerator transfer 
systems,second to eighth orders 


sents a simple, powerful, and accurate 
synthesis procedure. The elementary 
steps involved would be: 

1. Write the differential equations of the 
system. 

2. Develop the system transfer function, 
leaving in literal form the constants which 
may be adjusted by design. 

3. Normalize the transfer function (equiva¬ 
lent to a time-scale change in the time 
domain). 

4. Solve algebraically for the values of the 
design variables which will make the trans¬ 
fer-function denominator conform numeri¬ 
cally to the appropriate standard form. 

5. If it is a matter of choice, the real time 
scale of the response may be adjusted by 
the selection of suitable design variables. 

6. The system will have the desired re¬ 
sponse. 

Mathematical operations involved com¬ 
prise the simplest algebra and the direct 
Laplace transformation (usually accom¬ 
plished by inspection). The use of stand¬ 
ard forms does not involve solving for the 
I'oots of equations, plots or graphical 
constructions, integration, or inverse 


Laplace transformations. It is a true 
synthesis method, in that it leads directly 
and unequivocally to a description of the 
required system in terms of its design 
parameters. 

The standard forms for the zero-dis¬ 
placement-error systems appear to have 
immediate application to the design of the 
many servomechanisms, regulators, and 
instruments which have transfer func¬ 
tions with unit numerators. They further 
give rise to a new class of multistage 
pulse amplifiers with a novel and unique 
adjustment for optimum response. In 
those cases where standard forms are 
unavailable for the exact type of transfer 
function involved, the use of the most 
nearly approximate standard form will 
lead to a very rapid estimate of suitable 
system adjustments. This estimate may 
then be refined by other methods. Of 
course, it may be hoped that standard 
forms will eventually be developed for all 
cases of practical interest to the designer 
of linear systems. 

If analogue computation is em¬ 
ployed in the study of linear or non¬ 



Fig. 24. Step-function responses of the 
optimum zero-velocity-error systems, second 
to sixth orders 


Fig. 25. Step-function responses of the bi¬ 
nomial zero-velocity-error systems, second to 
sixth orders 



NONDIMENSIONAL 

TIME 

Fig. 26. Step-function responses of the opti¬ 
mum zero-acceieration-error systems, third to 
sixth orders 

linear systems for which no standard 
forms are available, the ITAE criterion 
may still be used as a unitary figure of 
merit for the rapid evaluation of a large 
number of configurations. In the case of 
systems with multiple outputs, such as an 
aircraft under automatic control, the cri¬ 
terion, suitably weighted, could be ap¬ 
plied to the several outputs simultane¬ 
ously and the sum of the weighted ITAE 
criterion values would be an over-all 
figure of merit for the system. 

Finally, since the application of the cri¬ 
terion requires an origin in time, it may 
appear that the standard forms developed 
from it are not suitable for the optimum 
synthesis of servomechanisms operating 



NONDIMENSIONAL TIME 

Fig. 27. Step-function responses of the bi¬ 
nomial zero-acceleration-error systems, third 
to sixth orders 
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i = 1, 2,... » 


( 21 ) 


Table VI. The Minimum ITAE Standard Forms, Zero-Velocity-Error Systems 


5* + 1.75a>fl^®+3.25tdo*^+too* 

+2.41&J05* + 4.93 coo%2+5.14a)o*J+too^ 

5*+2.196005*+6.50600^5*+6.30coo* 5*+5,24(oo*5 + too® 

5 «+6.12<oo 5®+13.42600^5*+17.16coo*5*+14. 14 £oo *52 -f 6.76too6j+too* 


Qi 



and new coefficients for the numerator 
terms by 

i = (22) 


Table VII. The Minimum ITAE Standard Forms, Zero-Accclcration-Error Systems 


5*+2.97coo52+4.94<oo 25+coo* 

5*+3.7 lcdo5*+7.88 coo^5 ® 4* 5t93too *5+t«>o^ 

5®+3.810005 *+9.94600*5*+13.44too *5^ 4-7.36 ooo* 5 4-too® 
j«+3.93toos® 4- H.68too*5< 4-18.S6too*5»+19.3<oo*J*+8.06too®5+coo® 


3. Divide the numerator and denomi¬ 
nator of equation 19 by Qn and apply the 
definitions of equations 20, 21, and 22. The 
transfer function then becomes 

qx) 

qx) 


on continuous signals in the presence of 
statistical noise. The fundamental con¬ 
cept of linear filter tlieory, however, is 
discrimination against the noise on a fre¬ 
quency basis. Phillips,^ as has been 
pointed out, suggests the selection of a 
form for the servomechanism system 
transfer function, and subsequent adjust¬ 
ment of a design parameter to minimize 
the rms error in the presence of given 
spectra of signal and noise. There is no 
reason why the form which is selected 
should not be one of the standard forms 
defined by application of the ITAE cri¬ 
terion. The design parameter which is 
reserved for the optimizing process is the 
time scale of the standard-form response. 
This is the equivalent of saying that the 
natural frequency of the system is placed 
between the signal and noise frequencies 
in a way which gives the least rms error in 
following the signal and rejecting the 
noise. 

Conclusion 

Standard forms can provide a quick 
and easy method for the synthesis of opti¬ 
mum dynamic response in a variety of ap¬ 
plications. Where, as in very-high- 
ordered linear, nonlinear, or multiple-out- 
put systems, the available standard forms 
themselves are not applicable, the ITAE 
criterion still has exceptional merit of its 
own, and permits’ the rapid and un¬ 
equivocal experimental selection of opti¬ 
mum system adjustments. There does 
not, however, appear to be any theoretical 
limit to the number of standard forms 
which may be developed for both general 
and special applications to linear systems. 
Eventually a table of standard forms 
similar to a complete table of Laplace 
transforms should be available for all 
cases of interest; at that time the syn¬ 
thesis of linear systems to have optimum 
transient response will become a simple, 
straightforward matter of algebra in¬ 
stead of the involved and often baffling 
problem which it has been in the past. 


Appendix I. Derivation of 
the Normalized Transfer Function 

In general, linear transfer systems of the 
class known as duplicators may be de¬ 
scribed by an explicit differential equation 
of the form 


. . . 

+ ^2Wo” ^X-f-^OWo” 

X^“}"5n~i<^oX” '-}-••• 

+ 52 COo”"~^X^ + 5iCOo” ^X + Wi)^ 

4. Introduce a new complex variable .y 
such that 

^ = - (24) 


\Qn-^„+Qn-iJ^,+ . ■ . 

d \ 

_/ i£_ 

^ V ■ ■ ■ 

in which Pi and Qi are constants and m ^n. 
The corresponding transfer function is 

C{\) _ Pmk^+ .. . +P2X^+PlX+P » 

■^(X) 0«X^-1- — +02X2+QiX-i-^o 

Equation 19 may be put in a more con¬ 
venient form for some purposes by a nor¬ 
malization process, which is accomplished 
as follows: 

1. Define a constant wo such that 



( 20 ) 


2. Define new coefficients for the de¬ 
nominator terms in equation 19 by 


Then the transfer function reduces finally 
to the normalized form 

Cis) _ Pms^+ . ■ . +p 2 S^+pisi^po 
R{s) 

(25) 

Equation 24 is equivalent to the substitu¬ 
tion of a new independent variable r in the 
original differential equation, where r = coo^. 
It is important to note that the transfer 
function of the system has been reduced to 
a form in which the coefficients of the first 
and last terms of the denominator are unity. 


Appendix II. Analogue 
Computer Techniques 

The development of the standard forms 
outlined in this paper depended on the 
availability of the transient responses asso¬ 
ciated with a very large number of com¬ 
binations of transfer function coefficients. 
The computational labor necessary to ob¬ 
tain these responses by conventional opera¬ 
tional methods would have been prohibi- 



Fig, 28. Analogue computer circuit for obtaining the responses of a second-order transfer system 
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tive, especially for the higher-order systems. 
Ati electronic analogue computer afforded 
the only practical means for obtaining the 
transient responses and the corresponding 
criterion values. 

Fig. 28 shows the basic computer circuit 
diagram for obtaining the response of a 
second-order zero-displacement-error sys¬ 
tem which has the normalized transfer 
function 


^ =-1- (26) 

R(s) 

If rit) is a unit step function applied at 
/ = then R{s)=^l/s, and the transform of 
the output response is 


s(,s^+hs+l) 


(27) 


The transform of the error response is 
given by 


Eis)=^R(s)-Cis)^- 

s 


1 

s(s^+bs+l) 


s{s^+bs-\-l) 


Hs^+bs)Cis) (28) 


It is possible, with the aid of a computer 
technique developed by Beck,to simul¬ 
taneously extract the error response from 
the basic computer circuit, which is used 
to generate the output response without 
using differentiators. The method involves 
summing selected responses which are 
available within the computer loop, as illus¬ 
trated in Fig. 28. 

The Laplace transforms of the output 
response and error response of a second- 
order zero-velocity-error system are given 
by 


65+1 


(29) 


and 


E{s)^ 


sis^+bs’i-l) 


(30) 


for an input step function. Beck’s^® method 
may be applied to extract these responses 
from the basic computer circuit of Fig. 28, 
although the required connections are not 
shown. In a similar manner, the output 
and error responses of zero-displacement, 
zero-velocity, and zero-acceleration-error 
systems of higher orders may be developed 
without using differentiators. Only one 
basic computer circuit is required for each 
order. 

The criteria discussed in this paper were 
mechanized on the analogue computer using 
the circuits of Fig: 29. Criterion values 
were produced simultaneously with the 
associated responses. The absolute-value 
device utilized a high-speed relay, in a 
circuit similar to the one described by 
Bennett and Fulton.®^ 
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Discussion 

K. Kinnen and K. P. Geohegan (Westing- 
house Electric Corporation, East Pitts¬ 
burgh, Pa.): The authors’ analysis of the 
selectivity of the various criteria in the 
construction of the ITAE polynomials is 
quite interesting. However, the conclusion 
that the ITAE criterion is superior to others 
because of its greater selectivity and be¬ 
cause it describes transient responses which 
seem best intuitively is questionable. 

We do not believe that any one criterion 
for desirable transient response is applicable 
to all duplicators. The proper criterion is 
implied by the application of the servo, 
and may require that emphasis be placed 
on speed rather than damping, or on 
accuracy rather than time to first-zero error. 
Consider the example of an industrial dis¬ 
charge pipe motivated by a given power 
unit. The discharge nozzle may be re¬ 
quired to position itself very rapidly over 
large receiving vats. Damped oscillations 
for this function,.may well be tolerated to 
obtain a maximum speed of response. In 
contrast, the discharge pipe may be required 
to fill comparatively small-necked con¬ 
tainers. This function would place greater 
importance on positional accuracy at the 
expense of speed. 

Using a gun-mount drive as a second 
example, the proper servo design is that 
which maximizes the kill-probability inte¬ 
gral regardless of which criterion this re¬ 
quires. It would seem, therefore, that the 
system cannot be most effectively designed 
by any one criterion, ITAE or otherwise, 
until the complete application is considered. 


Donald C. McDonald (Cook Research Labo¬ 
ratories, Skokie, Ill.): The need is extremely 
great for a criterion which will define the 
optimum transient response of a servo¬ 
mechanism. A large number of the opera¬ 
tional problems or inadequacies of existing 
automatic-control systems are the result of 
an improper choice during the design stage 
of the type of transient response desired for 
the system. 

The ITAE criterion appears to be a cri¬ 
terion which does define or evaluate ade¬ 
quately the transient performance of a 
servomechanism to a step of angle input. 
The adequacy of this criterion is based upon 
the fact that it gives recognition to the 
concepts that the sign of the error is not 
important (only the existence of an error is 
important in evaluating transient perform¬ 
ance), and that the existence of an initial 
large error must be accepted, but the system 
should be penalized if any error exists after 
this initial period. In addition, the form of 
that criterion is the simplest which contains 
the aforesaid features, and is still discrimi¬ 
natory in nature. 


Inasmuch as many servomechanisms are 
subjected to other forms of transient inputs 
in addition to steps of angle, it would be 
very desirable to determine the applicability 
of this criterion to other types of inputs, 
such as steps of velocity and acceleration. 
On the other hand, if a servomechanism is 
to be subjected mostly to input steps of 
angle, then the use of the standard forms 
given in this paper should greatly simplify 
the problem of synthesizing a servomech¬ 
anism, and also yield a design having nearly 
optimum transient performance. 

The utility of the standard forms would 
be greatly enhanced if tolerances could be 
established on each coefficient, and the 
effect of these tolerances or deviations 
quantitatively indicated. Such tolerances 
would assist the designer, because in prac¬ 
tical problems he may not be able to adjust 
his coefficients with complete freedom; 
therefore he would like to know how closely 
he must adjust them. 


D. J. Povejsil (Westinghouse Air Arm 
Division, Baltimore, Md.): The authors 
are to be congratulated for their clear 
exposition of a subject that is of vital im¬ 
portance to all systems engineers. To 
my knowledge, this was the first large-scale 
attempt to formulate the specific transfer 
functions that satisfy a given error criterion. 
Thus, the systems engineer is empowered 
to perform the legislative and judicial func¬ 
tion of systems design simultaneously. 
That is to say, he may attempt to mold his 
system into a standard form and at the 
same time have a quantitive measure of 
system goodness. Contrast this with the 
methods of Routh,^ Nyquist,® and their 
many respective variations, which are 
capable only of passing judgment upon a 
system already formulated; or with the 
binomial or Butterworth^ forms, which per¬ 
mit the formulation of a stable system, but 
not necessarily an optimum one. 

There may be those who will be critical 
of the error criterion used by the authors as 
the basis for their standard forms. The 
authors themselves have admitted possible 
inadequacies of this criterion for zero- 
velocity and zero-acceleration error systems. 
Such arguments are mere sophistry, how¬ 
ever, since the only alternatives to the 
authors’ standard forms are other standard 
forms, shown to be inadequate, or the usual 
cut-and-try methods. The important fact 
is that the authors have taken a long step 
in the right direction towards a more logical 
approach to systems design. 

For some time, we have investigated the 
problem of designing automatic flight-con¬ 
trol systems to fit predetermined desired 
characteristics. A procedure was devised 
for the logical formation of automatic flight- 
control systems. Using this procedure for 
the initial gain settings, and then opti¬ 


mizing gains by observation of computer 
results, we were able to formulate funda¬ 
mental autopilot systems far more rapidly 
and efficiently than before. The charac¬ 
teristic equations for these systems were re¬ 
corded to use as a basis for future design. 
In the cases where enough data was taken 
for comparison (fourth-, fifth-, and sixth- 
order polynomial denominators), we found 
that our results fall between the authors’ 
expressions and those for the Butterworth® 
filters. Thus, we are grateful to the au¬ 
thors, not only for establishing the validity 
of our work, but also for pointing the way 
towards further refinements in our methods. 

In connection with autopilot systems, it 
should be mentioned that the formation of 
an autopilot system to fit one of the poly¬ 
nomials is a rather simple matter, provided 
that the system has a sufficient number of 
adjustable variables of the proper type. 
This last provision is the real clue to the 
power of the method suggested by the 
authors, because it leads to the following 
theorem for all linear systems; 

Theorem: "A linear system whose char¬ 
acteristic equation is 

• . . -\-an-ip-\-cin-0 

can be molded into any desired form if the 
following conditions are met: 

1. The total number of system variables 
must at least equal the order of the charac¬ 
teristic equation. 

2. Each constant % of the characteristic 
equation must be a function of at least one 
of the system variables. 

3. Any combination of m a/s must con¬ 
tain m system variables.” 

To illustrate the theorem, consider the 
characteristic equation 

p^~\~aip^~\~(i2p~\~as = 0 

In order to mold this equation into any 
desired form: 

1. There must be three variable param¬ 
eters, Au A 2 , As. 

2. ai, © 2 , and as equal functions of rii, 
A 2 , As. 

3. The following type of condition does 
not exist 

ai=fi(Ai) 

Cl'2=f2(Ai) 

That this simple theorem has been ignored 
in autopilot work is obvious when it is 
found that almost none of the standard 
autopilot systems satisfy the three condi¬ 
tions. Almost invariably, there are in¬ 
sufficient control parameters to effect the 
desired optimization. 

Concerning the standard forms them- 
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selves, can any conclusion be drawn from 
the increasing similarity of the authors’ 
forms and the Butterworth^ forms as the 
order of the equation increases? If this 
were a trend, the Butterworth® forms could 
be used for equations higher than eighth 
order that satisfy the ITAE criterion. 

There is one other evidence of a trend in 
the authors’ standard forms for unity num¬ 
erators. If phase shift is plotted as a func¬ 
tion of frequency, it is found that phase shift 
is almost a linear function of frequency, ex¬ 
cept for the final 7r/2 radians of phase shift. 
Furthermore, the slope of the linear portion 
of the phase shift versus frequency curve is 
approximately 

<f> n 
CO 1.45 

where 

CO — frequency, radians per second 
= phase shift, radians 
n ~ order of polynomial 

Unfortunately, the relationship is not 
exact, and its accuracy decreases with the 
order of the equation. Nevertheless, it 
would appear that the property of linear 
phase shift bears some relationship to the 
ITAE criterion. 

References 

1. See reference 5 of the paper. 

2. See reference 7 of the paper. 

3. See reference 25 of the paper. 


G. H. Fett (University of Illinois, Urbana, 
Ill.): The authors have set up a unique 
and definite method of determining what 
is considered an optimum response of a 
dynamic system, and the standard forms 
which they give should be useful in simple 
control systems. Where the control is not 
linear, or where the degree of the character¬ 
istic equation is high, the mathematical 
difficulties become rather great when the 
method is applied. 

Other criteria, as the authors suggest, 
might well be used in place of the ITAE 
one; a suggested criterion which is much 
simpler to visualize is the value of the out¬ 
put displacement at the first overshoot, 
when a unit step displacement is applied to 
the input, multiplied by the time required to 
reach the maximum deflection. This meas¬ 
ure is simply the area, on the displacement¬ 
time curve, of the rectangle bounded by the 
maximum deflection and the overshoot time. 
When this criterion is used for a second- 
order difierential equation, corresponding 
to a servomechanism with a time delay in 
the load, a minimum occurs at a damping 
ratio of 0.5, with a relatively fiat region 
between damping ratios of 0.4 and 0.6, and 
the curve shows selectivity against values 
other than these. 

This same criterion may be applied to 
equations of any order, with considerable 
selectivity of suitable values. An advantage 
of this criterion is the ease with which it can 
be applied to combinations of linear and 
nonlinear systems, or those involving switch¬ 
ing between time constants at different 
points on the phase-plane trajectory. For a 
complete discussion, see references 1 and 2. 

The method suggested by the^ authors 
does lead to considerable complexity when 


the determination of the required quantities 
is made. For example, suppose that the 
control system gives rise to an open-loop 
expression given by 


E "|“Ti5')(l-{-T2S‘) 


word ‘'optimum” in quotation marks when 
the title was specified. The word has been 
overused in the literature, and must be very 
indefinite in its connotation because each 
application implies a different “optimum.” 

References 


where n and r 2 refer to two time constants 
in the system. The differential equation has 
a characteristic equation given by 

Tir25^+(Ti-l- r2)5^“|-5“f'i^ = 0 

which can be normalized to give 

Tir2 \ a: / Tir2 \ a: / 

Using the corresponding standard form from 
Table V of the paper, which is 

s3-f-1.75coo52-f-2.15coo25+coo» 


it is seen that 


riT2 \ K / 

and 

T 1 T 2 \ A- / 

Thus two equations are available to deter¬ 
mine the three unknowns, the two time 
constants, and the gain constant K. This 
indicates that one of these can be specified 
in advance and the other two determined. 

Had the original equation been of the 
fourth order, three equations would have 
to be solved to determine the required 
quantities. Thus for the eighth order sug¬ 
gested in Table V of the paper, seven equa¬ 
tions would have to be solved to determine 
the design parameters—not a simple pro¬ 
cedure. 

An interesting point results from a control 
system having an open-loop response given 
by 


C_ 

K 5(l + riS)(l + T2S') 


for which the normalized form of the char¬ 
acteristic equation may be written 




Ti+r2 

TiT2 





rir2 





Now, if the standard form of Table V of 
the paper is applied, it is seen that 


riT2 \ K / 


and 

i±L 7 lil^y/.= 2 . 15 «o“ 

nra \ K / 

If the time constants n and t 2 were speci¬ 
fied, then the constant of the lead network 
ra and the gain constant K can be readily 
computed. In this example, the solution 
for the optimum parameters is not difficult. 
It may be that the authors had in mind 
situations such as that just described, 

I am glad that the authors included the 


1. The Transient Response of a Single Point 
Non* Linear Servomechanism, K. N. Burns. 
Proceedings, National Electronics Conference, 
Chicago, Ill., vol. 8, 1952, p. 22. 

2. Ihid., Thesis, University of Illinois, Urbana, 
Illnois. 


W. O. Brehaus, W. F. Milliken, Jr., C. L. 
Muzzey, and 1. C. Statler (Cornell Aero¬ 
nautical Laboratory, Inc., Buffalo, N. Y.): 
In this paper, Graham and Lathrop have 
proposed a simple criterion for optimizing 
transfer system response and have also 
included a presentation of standard forms 
for use with systems up to the eighth order. 

In our opinion, the real impact of this 
paper lies in the authors’ recognition of the 
design utility of a criterion, and in the under¬ 
lying reasoning and choice of the ITAE 
criterion. There are many practical situa¬ 
tions, notably in nonlinear mechanics, and 
in connection with the use of computing 
equipment, where a criterion for optimum 
transient responses will be of great useful¬ 
ness. If we have any suggestion relative 
to this paper, it is the fact that the criterion 
presentation, in itself, is a sufficiently worth¬ 
while package to stand on its own, and that 
it may be somewhat obscured by the general 
completeness of the historical background 
material which proceeds it, and the de¬ 
velopment of the standard forms which 
follow. Be this as it may, the 3-in-l nature 
of this paper is commendable in its thor¬ 
oughness. 

In general, this paper stands as a thor¬ 
oughly fine piece of work. The authors’ 
presentation is factual and impartial, and 
because of recent refinements necessitating 
the optimization of systems, is in addition 
timely. From the viewpoint of those en¬ 
gaged in airplane artificial-stability and feel 
systems, and automatic-control applications 
in general, it is believed that the standard 
forms, up to and including the eighth order, 
are sufficient for present practice. While it 
is easy to visualize in this work, systems of 
higher order, in general they can be simpli¬ 
fied to an eighth or less order. In cases, 
where the system under consideration does 
not permit application of the standard 
forms, it will still be practical and useful to 
evaluate the criterion integral directly. 

The authors wisely make no strong case 
for the finality of the criterion proposed, 
but rather that it appears reasonable in 
light of experience with both lower- and 
higher-order systems. Many criteria can of 
course be promulgated, and whether the 
present criterion is completely reliable, 
selective, and easy to use for higher-order 
systems, can only be decided through ex¬ 
perience. In our own systems-design work 
we contemplate using the proposed inte^al 
unless other evidence suggests modification. 

Considerable advantage will attend the 
use of one criterion by those engaged in 
systems design, and this is true even if the 
criterion is not absolutely perfect for all 
situations. 

We would like to take this opportunity to 
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congratulate the authors on a straight¬ 
forward, well conceived, and well executed 
paper. 


Philip C. Rapp (Bell Aircraft Corporation, 
Buffalo, K. Y.): It is necessary, in the 
first place, to express the gratitude of the 
engineering profession to the authors for 
the excellent job the 3 ^ have done in ex¬ 
ploring the characteristics of so many 
different s^^stems. We may congratulate 
ourselves upon living at a time when 
mechanical aids to analysis have made 
possible the execution of a task which 
would formerly have been so laborious as 
to be almost impossible. 

Oil the whole, however, the results are 
slightly disappointing; not, one hastens to 
add, because of any deficiency on the part 
of the authors, but because the theory 
yields so little of regular behavior. This 
may be due to the fact that the criterion 
on which the systems are optimized is, 
itself, somewhat awkward to manipulate. 
The non-analyticitj' of the absolute value 
function makes it awkward to manipulate 
by classical techniques. This hampers the 
exploration of the reasons for the absence 
of any fraternal resemblances between the 
responses of systems of increasing order. 
At the same time, one suspects that the 
optimum values of the higher coefficients 
become less and less sharply determined as 
the order increases. This leads to a specu¬ 
lation that there may exist families whose 
behavior is very close to the optima pre¬ 
sented here, but whose behavior is con¬ 
siderably more regular. The distribution 
of poles in Fig. 21 is somewhat suggestive 
of a fainih' whose poles are distributed on 
a normal curve whose vertex lies at —kf 
k<l. 

Finally, it is alwa 3 ^s necessary to keep in 
mind in investigations of this nature that 
the optimal criterion is a function of the 
application of the servomechanism. The 
criterion used here is certainly one of wide 
applicability, but there are services in 
which it is necessary to minimize the in¬ 
tegral of the error regardless of the oscilla¬ 
tory behavior of the functions thus deter¬ 
mined. Very frequentb^ the oscillations 
of such a system can be filtered by a large 
inertial impedance on the output. Like¬ 
wise, it is important to the servomechanism 
engineer to remember that it is the condi¬ 
tions at the final output that must be opti¬ 
mized. The writer has known cases in 
which the servomechanism engineer care¬ 
fully optimized the characteristics of the 
block of the diagram subject to this own 
immediate surveillance, ignoring the fact 
that the output of this block was fed to 
another subsj^stem whose characteristics 
had a much stronger effect on the whole 
system behavior than the servomechanism 
itself. Unfortunately, the optimum, so- 
called, for the servomechanism gave far 
from optimum characteristics for the whole 
system. Thus, the criterion proposed here, 
or any other, must be applied at the output. 

Dunstan Graham and R. C. Lathrop: The 
authors wish to express their appreciation 
to all the discussers who have contributed 


their observations and comments. 

Mr. Povejsil’s concept of systems syn¬ 
thesis seems to be in remarkable consonance 
with our own. We should like to hazard 
the guess that this may be attributed to 
the fact that his experience in the synthesis 
problems connected with high order, multi¬ 
ple-loop, aircraft automatic control systems 
is very similar to ours. It is, of course, 
gratifying to note that he has arrived at 
such similar standard forms independently. 

The theorem which he proposes is inter¬ 
esting, valuable, and undoubtedly correct. 
We cannot do otherwise than concur in his 
observation that disregard of the implied 
law has been prevalent, to date, in the 
synthesis of aircraft automatic controls. 
It has been our experience that additional 
feedback loops often provide the desired 
control parameters. While algebraic diffi¬ 
culties may arise in solving for the optimum 
values of the control parameters, the diffi¬ 
culties are not considered to be by any 
means insuperable. 

It is apparently true that the high-order 
ITAE standard forms approach those of the 
Butterworth filters, but the direction of this 
approach is not regular. Reference to the 
first few coefficients of the seventh- and 
eighth-order standard forms illustrates this 
point. 

Mr. Povejsirs evidence concerning the 
linearity of the phase characteristic (and 
other possible family traits) certainly merits 
further investigation. Linvill,^ however, 
indicates that a large class of transfer sys¬ 
tems, comprising also the Butterworth 
filters, have approximately linear phase 
characteristics. The possibility also exists 
that there may be some regular distribu¬ 
tions of poles which would yield transfer 
functions approximately equal to the ITAE 
standard forms, as suggested by Mr. Rapp. 
Several different families of pole locations 
are proposed in references 15, 16, and 25 of 
the paper. We ai-e not, however, sanguine 
in the expectation of finding regular char¬ 
acteristics for the minimum ITAE transfer 
systems. 

It appears that the connotation of the 
word duplicator, as employed in the paper, 
is not entirely clear. To our minds, the 
characteristics of a high-performance dupli¬ 
cator must comprise simultaneous speed, 
stability, and accuracy. There may, of 
course, on occasion, be good and sufficient 
reasons for sacrificing one of these qualities. 
The ITAE criterion is proposed as an ad¬ 
junct to, not a substitute for, engineering 
judgment. With regard to the design re¬ 
quirements of the vat discharge tube, as 
discussed by Mr. Kinnen and Mr. Geohegan, 
it would seem that the criteria to be applied 
to the performance of the mechanism are 
the ones applied to a switch rather than 
those applied to a continuous, closed-loop 
duplicator. In the case of the gun mount 
drive, the evaluation of the effect of all 
possible variations in servo system param¬ 
eters on the kill probability may be im¬ 
practical. It is indicated in the paper how 
the ITAE criterion may be used in con¬ 
junction with the rms error criterion. All 
valid criteria, maybe excluding the ITAE 
criterion, will have to be applied to each 
systems design. An example of the simul¬ 
taneous application of several integral 


criteria is given by Boksenbom and Hood.® 

It is still our opinion, however, that the 
ITAE criterion alone will provide a sound 
basis for design in a variety of useful 
applications. 

In anticipation of Mr. McDonald’s sug¬ 
gestion, the authors have successfully ap¬ 
plied the ITAE criterion to the evaluation 
of systems subjected to step functions of 
input velocity and load disturbance. The 
results of these tests will be available for 
publication in the near future. Of course, 
adjustment of systems for optimum transient 
response to these inputs yields standard 
forms which are different, in general, from 
the input positional step-function standard 
forms. 

The further suggestion that tolerances on 
the standard-form coefficients be estab¬ 
lished has considerable merit. Unfortu¬ 
nately, however, the presentation of data 
associated with all of the possible simul¬ 
taneous variations of the coefficients would 
be rather formidable. The results of vary¬ 
ing the coefficients, one at a time, about their 
optimum values are given in Figs. 6, 12, 14, 
and 15 of the paper, for unit-numerator 
transfer functions of orders two through 
five. 

Mr. Rapp is quite correct in his assertion 
that cascading two transfer systems which 
have been optimized individually may not 
yield the over-all optimum adjustment. 
The reader can easily verify this fact by 
multiplying two low-order standard forms 
together. 

.The criterion propounded by Dr. Fett is 
certainly easy to apply, and it may be 
adequate for certain systems. It has several 
serious shortcomings, however, when it is 
applied to general duplicator systems. 
First, it is not defined for systems which do 
not overshoot. Second, when it is applied 
to some higher-order systems it may select 
system coefficients which yield transient 
responses obviously unsuitable for dupli¬ 
cators. For example, in the case of the 
third-order zero-displacement-error system. 
Dr. Fett’s criterion selects transfer-function 
coefficients in the neighborhood of &==0,5, 
^:~2.0. Reference to Fig. 10 of the paper 
shows that this point lies on the stability 
boundary. 

The open-loop transfer function given in 
equation 2 of Dr. Fett’s discussion repre¬ 
sents an important practical case. The 
closed-loop normalized transfer function, 
however, reduces to the form 

c's+1 

where c^Kc. Standard forms for such sys¬ 
tems are not given in the present paper, but 
we expect to make them available for pub¬ 
lication soon. 
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Approximation of Transient Response 
from Frequency Response Data 
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Synopsis: A relatively short method yield¬ 
ing the time response to an impulse-input 
from the Nyquist or Bode presentation of 
the real frepuency open-loop response is out¬ 
lined. This method has been found to give 
good agreement for linear feedback systems 
up to and including those having fifth-order 
closed-loop transfer functions. 


A lthough automatic feedback con¬ 
trol design requirements usually 
specify the output time response to some 
standard form of input signal, the design 
process is commonly performed on a fre¬ 
quency response basis. This procedure is 
justified by the existing v^^ealth of knowl¬ 
edge and experience in steady-state al¬ 
ternating current theory and in feedback 
amplifier performance. To check the 
completed design, the response informa¬ 
tion must be transformed from the fre¬ 
quency to the time domain. 

Exact mathematical methods of per¬ 
forming these transformations exist for 
linear systems under very general condi¬ 
tions but unfortunately do not lead to 
closed-form results except in certain 
special cases. Since even completely 
random inputs may be considered as com¬ 
posed of successions of impulses, knowl¬ 
edge of impulse response leads easily to 
the response for any specified input. 

This paper presents an approximate 
solution of the inverse Laplace transform 
for linear systems under certain restric¬ 
tions which are satisfied by all well-sta¬ 
bilized feedback control systems. Zero 
initial energy storage is assumed. The 
solution for a particular example is illus¬ 
trated in the figures; the actual equations 
of this example are given in the Appendix. 

Mathematical Basis 

If the closed-loop transfer function, 
G(s ), of a linear system has no poles in the 
right-hand plane, the response dt) to an 
input unit impulse, reduces to 


imaginary part an odd function of cj 

Cr(a)) ~ -f-j/fco) and 
cos sin ojt 

where 

i?(co) and cos cot are real and even 
7(a)) and sin cot are imaginary and odd 

Therefore 


^(0 = 


r 

2U-. 




C(t): 


’if. 


i) COS co/—/(o)) sin cot]dco-\~ 


[i?(co) sin cat-jr 

J(w) cos (ot]dco (2) 

Since the integrand in the second integral 
is odd, the value of the integral is zero. 
Since the integrand of the first integral is 
even, integration over the range from 
minus to plus infinity yields a value equal 
to twice that given by integration over the 
range from zero to plus infinity. Equa¬ 
tion 2 may therefore be expressed as 

1 T" 

c{t)=-‘ I R{o 3) cos cot dco— 

1 

- I 7(a)) sin ot dco^CriO-^Ciit) 

^Jo 

where 

Cr(— t)~Crit) 

Cil-t) = -Ciit) 

Since for all negative values of time, a 
physical system can show no response to 
an impulse occurring at / = 0 

and therefore 

Cr(t)=^Ci{t) 

The response to a unit impulse at ^ — 0 can 
thus be expressed either as 


quired. Assuming that the open-loop fre¬ 
quency response of the system is avail¬ 
able as a Nyquist plot in polar co-ordi¬ 
nates or as a Bode diagram of magnitude 
in logarithmic units against phase angle, 
loci of constant values of the imaginary 
component may be added from equation 
4 or equation 5. The cun^e of 7(co) 
against co is then readily determined from 
the composite plot. 

The loci of constant 7 on the Nyquist 
plot are circles of radius 1/(27) having 
their centers at —1 and y —1/(27) as 
defined by 

[^c-h 1 ]"+ b -1 /(27) ]2 = [1/(27) ]2 (4) 

These loci are shown in Fig. 1 superim¬ 
posed on the Nyquist plot of the Ap¬ 
pendix example. The resulting plot of 
7(a)) against co is given in Fig. 2. The loci 
on the Bode diagram are more cumber¬ 
some to draw, being defined by 

<^ = 180°-tan“il/(27)± 

cos->[(r+l/r)/(4+ll/7]=)‘''’] (S) 

where 

(jf^^the phase angle of the open-loop re¬ 
sponse in degrees 
r = the magnitude 

Approximating the Integral 

The response to a unit impulse is given 
by equation 3 as 


c(t) 


or as 


( 1 ) 


^Jo 


R(co) cos (at dca 


c{t) 


= Kao 

= -- / 7(0, 


) sin cat dca 


(3) 


') sin cot dca — 

- I 7(a)) sin cot do (6) 

Since the response of a physical system 
falls off rapidly at high frequencies, the 
contribution of the second integral of 
equation 6 will be negligible for reason¬ 
ably large values of coq allowing the as¬ 
sumption that 7(a)) =0 for a,>a)o. How¬ 
ever, if 0)0 is further and further reduced, 
it must reach a value such that the second 
integral is no longer negligibly small com¬ 
pared with the first integral. 

Leaving for the present, the determin¬ 
ation of a suitable value of cut-off fre¬ 
quency 0 ) 0 , assume that 7(a)) =0 for 


/(cij) sin at da 


(3) 


Each of the two functions, under the in¬ 
tegral sign may be considered as the sum 
of a real and an imaginary part, each re^ 
part being an even function of w and each 


Obtaining the Imaginary Component 

To evaluate the integral of equation 3, 
a plot of /(«) as a function of cj is re- 
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Fig. 1 (above). Loci of constant I superimposed 
on the Nyquisi plot of 

C/E - [5(1 +jco)2]/[(|co)3j(1 +j0.05<o)2 

Fig. 2 (right). The curve of I(w) against co derived 
from Fig. 1 



FREQUENCY, RADIANS PER SECOND 


„ Wo. Under this assumption, and not¬ 
ing that 1(0) is zero since G(0) is real, 

/(w) may be expanded in a Fourier sine , j .. ^ 

- 4 . ^ Now, letting r-woi: and noting that 

senes in the interval 0<a)<cooas ^ 


2 p 

I 

"Vo 


J(w) sin 


sinC^TT-woO - -1)” sin ccqI and 

sin(w7r-l-wo^) — (—sin caat 

CO 

< i ) - 1 )”« J —+^1 

jLmmmJ IUK ~ T flTr-^Tj 

n = i 

00 

. ^ —If nan , , 

— 2a>o sm r y -- (9) 




If equation 7 is substituted in equation 6 -kj * i \ 

^ Numencal values of c(t) are most simply 

2 1 obtained through the use of tables of 

c(t)= — j \ sin X [{ — lY2n sin r^] calculated for 

various n's at suitable intervals of r. 

sin oit do 3 These values are given in Table I for 

— 1, 2, 3, 4, and 5, and for tt/G intervals 
Since the integration is over only a finite for r. 

range, the integral and summation proc¬ 
esses may be interchanged giving 


Determination of Cutoff Frequency 

In the current investigation the Fourier 
sine coefficients, a^, for 7(w), were deter¬ 
mined by 18-point graphical integration; 
7(w) was assumed to decrease linearly be¬ 
tween the frequency, wo.i at which 7(co) = 
— 0.1 and is decreasing in absolute value, 
and coo; only the first four terms of the 
series for c(t) were retained; and coq was 
chosen empirically as equal to 1.3 
The ratio of coo to coq.i was chosen after 
four examples (one of second order, two 
of third order, and one of fifth order) had 
been examined, and the variation between 
predicted and exact values determined for 
a wide range of ratios. The selected value 
of 1.3 represents a compromise value 
which gave highly satisfactory results in 
the four examples considered, coo was also 
investigated as a function of other poten¬ 
tially significant frequencies such as that 
where 7(co) attains its negative maximum, 
but no correlation was found for the four 
examples. 

The degree of fit was arbitrarily meas¬ 
ured by taking the square root of the 
average of the squares of the differences 
between the predicted and actual re¬ 
sponses at 20 points equally spaced over a 
convenient interval equal to or slightly 
greater than that of the first positive al¬ 
ternation of c(t ). To establish a percent¬ 
age reference, the same error was com¬ 
puted assuming that a difference equal to 
1 per cent of the actual c(t) existed at 
each of the 20 times. The ratio of 1.3 
gave errors of less than 5 per cent on this 


)— -/ fln / sm -sin <at d<a 

^ JLmmmd J , Wq 

W=1 

?l = l 

(m: \ 

cos f-+0^ 

\coo / _ 


labic 1. Values for n and for 7r/6 Intervals for r 


cos cfw (8) 

since (sin a) (sin 6) =1/2 [cos(a-&)-cos 
(o+6)]. When equation 8 is integrated 


c(i)= — 


. I nv \ 

sm I W sin 


rnr \ 
H )w 

WQ / 


c»’ 

Ammmmd L WTT*—< 


sin (wir-{-cooi5) 

Woif WTT-j-COo^ 


--2n sin r 


for r = k~ 
6 

n = 3 


1 . 0.104.—0.051. 

2 . 0.197.—0.090. 

3 . 0,269.-0.108. 

4 . 0.314.—0.099. 

5 . 0.330.—0.065. 

6 . 0.318. 0.000. 

7 . 0.279. 0.077. 

8 . 0.225. 0.158. 

9 . 0.161. 0.237. 


0.098. 0.288.-0. 


. 0.043. 0,316. 

. 0.000. 0.318. 

.-0.027. 0.292. 

.—0.040. 0.244. 

.-0.039. 0.180. 

.-0.029. 0,113. 

.-0.014. 0.050. 

. 0.000. 0.000. 

0.011.-0.034. 

. 0.017.-0.049. 

. 0.018.—0.049. 

. 0.014.-0.037. 

. 0,007.-0.019, 

. 0.000. 0.000. 

.-0.006. 0.015. 

.-0.010. 0.024. 

.-0.011. 0,025. 

.—0.008. 0.020. 

-0.005. 0.010., 

0.000. 0.000.. 


0.025. 0.020 

0.044 . 0.035 

0.051. 0,041 

0.045. 0.036 

0.026. 0.021 

0.000. 0.000 

0.028.-0.021 

0.050.-0.038 

0.059.-0.044 

0.053.-0.040 

0.032.-0.023 

0.000. 0.000 

0.036. 0.025 

0.067. 0.045 

0.083. 0.054 

0.079. 0.049 

0.051. 0.030 

0.000. 0.000 

0.068.-0.034 

0.144.-0.063 

0.216.-0.079 

0.275.-0.076 

0.310.-0.049 

0.318. O.OOO 

0.298. 0.066 

0.253. 0.141 

0.191. 0.213 

0.122. 0.272 

0.055. 0.308 

0.000. 0.318 
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Fig. 3. Actual and predicted im< 
pul$e responses for 

wo/wo,i=1.29 


basis. Fig. 3 shows the predicted and 
actual impulse response curves for the 
Appendix example. 

Discussion of the Method 

As has already been noted, coo must be 
large enough to allow the assumption that 
the second integral of equation 6 is neg¬ 
ligible compared with the first. Since 
J(w) is never greater than G(w) and G(co) 
decreases for higher frequencies at a rate 
of at least 12 decibels per octave, setting 
Wq greater than cuq.i minimized error from 
this assumption. 

The use of 18-point graphical integra¬ 
tion should not cause difficulty unless o)o 
is chosen so large that the curve of /(co) 
cannot be adequately represented by 
points at wo/lS intervals. Since the be¬ 
havior of J(io) in the range between wo.i 
and Wo is not readily determined by the 
loci of constant I method, linear behavior 
is assumed. Since interest was centered 
on the first positive alternation of the re¬ 
sponse, and since the major contribution 


of the fifth and higher ordered terms all 
fell beyond this range in the examples con¬ 
sidered, use of only the first four terms of 
the series for c(t) appears justified. The er¬ 
rors resulting from the use of 18-point in¬ 
tegration and to the assumption of linear¬ 
ity between and wo are random func¬ 
tions of Wo; the error resulting from neg¬ 
lecting the fifth and higher ordered terms 
increases with increasing coq. 

Conclusion 

The method as outlined in the fore¬ 
going, and illustrated by the Appendix 
example, gives excellent results with a 
small amount of computation for the 
systems considered. However, no in¬ 
vestigation of higher order systems and 
systems having multiple loops has been 
made, since computational aids were 
not available to determine exact solu¬ 
tions. The random nature of the 
errors introduced by the assumptions of 
the preceding paragraph precludes the 
possibility of establishing an exact theo¬ 


retical basis for choosing the cutoff fre¬ 
quency. The same procedure can, of 
course, be applied whenever an approxi¬ 
mation of the inverse Laplace transform 
is desired, provided the behavior of the 
transform is known on the real frequency 
axis. 

Appendix I. Illustration of the 
Method 

The example chosen to illustrate the 
method is for a system whose transfer func¬ 
tion is 

C/E^ [5(l-fiw)2]/[(ico)Kl+i0.05wF] 

The corresponding closed-loop Laplace 
transform is 

C/i?= l5(l+sy]/[0.0026s^+0.1s^-{- 

53 + 652 - 1 - 105 + 5 ] 

Taking the inverse transform yields the 
exact impulse response as 

c(/) = 0.09«--’"'‘-6.36e-"-“+3.58e-'®-‘“ + 
22.76c“*-"‘ sin (4.18«+6.8°) 

Eighteen-point graphical integration 
applied to Fig. 2 yields for the Fourier 
coefficients of the first four terms in the 
series for J(w) for wo/wo.i=='l‘29: ai = 
-0.781, a 2 = -0.519, a 3 =-0.066, and 

= 0.134. Thus 

c(/)= sin tX 

27.56 _36.52 6.96 18.88 1 

7r2-T2 47r2 - Q — r® J 

where r = 17.6^. 

-- 
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A Relative Damping Criterion for Linear 

Systems 


J. FRANK KOENIG 

ASSOCIATE MEMBER AIEE 


M any feedback controls and other 
physical systems are designed on 
the basis of linear theory, that is, linear 
differential equations with constant coef¬ 
ficients. A. Leonliard^-^ and A. Vazsonyi^ 
have given graphical methods for deter¬ 
mining whether all roots of the charac¬ 
teristic equation are located within cer¬ 
tain sectors of the complex plane. Vaz- 
sonyi’s method determines whether all 
dimensionless damping rates f of any 
linear system are greater than any pre- 
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scribed value. Each pair of complex 
conjugate roots of the characteristic 
equation of a linear system has its own 
value of f. Any such pair can be ex¬ 
pressed as 

where 

w« is the undamped natural frequency 
f<l corresponds to an oscillatory transient 
response 

^ corresponds to critical damping 

-A Relative Damping Criterion for Linear 


In Fig. 1 is shown the complex plane in 
which the roots of the characteristic equa¬ 
tion may be plotted. A linear system is 
stable if and only if aU roots of the charac¬ 
teristic equation have negative real 
parts. Consider a complex conjugate 
pair located on the boundaries of a sym- 
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metrical sector 7r-2/3, Fig. 1. This pair 
has a value of f 

0<i3<7r/2 (2) 

If all roots are located within some sec¬ 
tor X—2/3,/3 fixed, then all roots have 
damping ratios greater than f = sin /3. By 
use of either the Leonhard graphical 
method or the Vazsonyi graphical method, 
the number of roots inside and out¬ 
side each such sector x~-2j8 can be deter¬ 
mined. Leonhard plots a transformed 
characteristic equation while Vazsonyi 
plots a transformed Nyquist^ transfer 
function. 

Theorems on Root Regions 

This section presents an analytical pro¬ 
cedure for determining the information 
obtainable by the graphical methods of 
Leonhard and Vazsonyi. 

A theorem by E. Frank® follows: 
Theorem 1. The zeros of the complex 
polynomial 

... 

and real) (3) 

all have negative real parts if and only if 
all coefficients Cp are positive and the kp 
are pure imaginary or zero in the con¬ 
tinued fraction expansion 

1 1 

P(s) CiS+^l + 1 + C2Z-\~kz -f- 


CzZ-\-kz-{' ~\'CnZ + 

where 

(3(s) = + 

Theorem 1 may be extended, to yield 


* This short form of the continued fraction has the 
same meaning as 

Q(g) _ 1 _ 

P(s) os+Afi-f-l-f_JL_ 

... + 1 

CnZ+K 


information concerning the sectorial re¬ 
gions of roots of a real polynomial equa¬ 
tion as follows: 

Theorem 2. Let 


(5) 

be a polynomial equation (characteristic 
equation) with real coefficients. Substi¬ 
tute into equation 5 and 

2 

obtain the complex polynomial 

( 6 ) 

in which the Ai and Bi are real. Form 
(2(3)=^is”-i-f-iP2s"“2-{-^3s"-®+ 

(7) 


All roots of equation 5 are located within 
the sector x—2/3 if and only if the Cp are 
real and positive, and the kp are pure 
imaginary or zero, in the continued frac¬ 
tion expansion 

(2(g) _ 1 1 1 

P{z) + C23+^ 2 + '\‘CjiZ‘\-kn 

( 8 ) 

Prooj of Theorem 2. The transforma¬ 
tion p — ze~^^ relates the 3-plane to the p- 
plane. If the j^-axes and 3-axes are con¬ 
sidered to be coincident, then this substi¬ 
tution rotates the s-zeros counterclock¬ 
wise by an angle jS with respect to the p- 
roots. Suppose the 3-zeros are then made 
coincident with the ^-roots, by rotating 
the z-plane clockwise through jS with re¬ 
spect to the p-axes. Subsequent discus¬ 
sion relates to this latter configuration, 
shown in Fig. 1. Suppose theorem 1 is 
applied successfully (the Cp real and posi¬ 
tive and the kp pure imaginary or zero) to 
polynomial 6. Then all zeros of poly¬ 
nomial 6 have negative real parts and all 
roots of equation 5 are located within 
the sector x-2/3, Fig. 1, since ^-roots and 
3-zeros now coincide, and complex ^-roots 
always occur in conjugate pairs. This 
completes the proof. 

Another theorem by E. Frank® follows: 
Theorem 5, The complex polynomial 
6 has r zeros with positive real parts and 
{n — r) zeros with negative real parts if, 
in the expansion 8, r of the coefficients 
Cp are negative and the remaining {n—r) 
are positive. 

Theorem 3 may be extended as follows: 
Theorem 4. Given equation 5 having 
all roots with negative real parts, substi¬ 
tute into it and obtain poly¬ 

nomial 6. Then form polynomial 7. 
Equation 5 has 2r roots outside the sec¬ 
tor X—2/3 and {n—2r) roots inside the 
sector if, in the expansion 8, r of the coef¬ 
ficients Cp are negative, and the remaining 
{n—r) are positive. 

Proof of Theorem 4, For a fixed value 


of )3, if equation 5 has one complex con¬ 
jugate pair of roots outside of the sector 
X—2/3, Fig. 2, then one root of equation 5 
lies below the tilted Im{z) axis. If the 
expansion 8 exists, then by theorem 3 one 
of the coefficients Cp is negative and all 
others are positive. The general case of 
theorem 4 then follows from similar 
reasoning. 

Illustrative Example 

Theorems 2 and 4 will now be applied 
to one of the characteristic equations to 
which Leonhard® applied his criterion 

^“+7^+121.25^^-1-535.5^®+1061^2+ 

1021j!)+630-0 (9) 

Leonhard chose five values of /3:0 degi*ees 
(°) 11.25°, 22.5°, 45° and 67.5°. His re¬ 
sults show that there is one pair of roots 
in each of these conjugate sectors: 

1. Between/3 = 0 and/3 = 11.25 

2. Between /3 = 22.5 and /3 == 45 

3. Between /3 = 45 and /3 = 67.5 

Choose /3 = 22.5° and apply theorems 
2 and 4. vSubstitute p = into equa¬ 

tion 9 and obtain 

P{z) ==3®+7(cos /3+7 sin /3)s®+ 

121.25(cos 2/3+7 sin 2/3 )s'^+ • • •+ 

630(cos 6/3+7 sin 6/3) (10) 

or, with slide-rule accuracy 

P(3)=30+(6.47+72.68)3®+(85.6+785.6)ri+ 
(205+7494)3®+(0+7l061 
{ -391+7*942)3+(-445+7445) (11) 

Now form 

(2(2)=-6.47s®+785.624+2053®+7l06l32- 

3913+7*445 (12) 

Frank has shown that the continued 
fraction expansion Q{z)/T{z) gives the 
same information as expansion 8, where 

r(3) =3^+7 Bi3”-1+^23«-2+7J533””® + 

^4g”-^+... (13) 

since 

Q{z)_ 1 1 1 

T{z) C[,Z-\~kx + Cj3+^2 + + CnZ’\-kfi 

(14) 

gives the coefficients Cp and kp. Expan¬ 
sion 14 is used to save some computa¬ 
tional labor. From polynomial 11 fomi 

r(s)=:3®+72.682®+85.6s4+74942®+022+ 

7*9422-445 (IS) 

Using slide-rule computation again, 
expansion 14 is obtained by dividing T{z) 
by Q{z) until a remainder Ri is obtained 
which is of lower degree than Q{z) ; then 
Q{z) is divided by this remainder, and so 
on. If we write only the coefficients, the 
computation may be arranged as follows 
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0.165-il.63 = ci+fe, 

q( 3 )) 1 -|-j 2.68+ 86.6+j494+ 0 +i942- 445 = r( 0 ) 

l+jl3.23+ 31.7+il64-60.5 +i 69 
-jl0.65+ 53.9+j330+60.5 +i873 - 445 
-il0.65+139.5 -j334+ 1730+j637+ 725 

- 85.6+j064-1669+i236-117O=7?i 

_ -0.076-jl.59==C2+^i _ 

i?,)6.47+i 85.6+ 205+jl061-391+i 445 = Q(2) 

6.47-j 50.2+ 126-j 18+ 89 _ 

+jl36.8+ 79+il079 -480+i 445 

+jl35.8+1058+j2655+376+J1860 

- 976-jl576-856-jl415=i?j 


0.087-j0.819 = Ca+fe3 
Ri) -85.6+i664- 1669+i236- 1170 = i?, 
-85.6-jl38- 75-jl24 

+j802 -1594+i360-1170 
+i802 -1291 +7702-1160 

- 303 -7342- 10 = J?3 

3.23+71.66 — <-'1+^4 
i?,)-979-71576- 866-7l415 = /?2 
-979-71105- 32 

-7 471- 824 -71415 
-j 471+ 531-7 15 
-1355 -71400 

0.224+70.021 =Ci+^r, 

7?0-303 -7342-10 =i?3 

-303-7313 _ 

-7 29-10 
-7 29+30 
—40 

33 . 9+735 = c«+^e 
RO-1355 -71400 
-1355 

- 7 I 4 OO 
- 7 I 4 OO 
R, = 0 

Note that five of the are positive and 
one is negative. Therefore, by theorem 4, 
one complex pair of roots of equation 9 
is located outside the sector 7r-2/3,j3= 
22.6°. The computation was repeated 
for otlier /S. For |9 = 11.25 °. we find again 
that five Cp are positive and one is nega¬ 
tive. Therefore one pair is located out¬ 
side the sector t — 2p, /3= 11.25°. For 
j8=45°, four of the Cp were found positive 
and two negative; therefore two root- 
pairs of equation 9 are outside of the 
sector 7r-2^,|3=46°. It foUows that 
one pair is located in the region outside 
of the sector tt— 2/3,/5='I5° and inside the 
sector 7r-2i3,;3=22.5°. For ^=67.5°, 
all Cp were found negative; therefore all 
roots of equation 6 are complex and are 
located outside the sector ir—= 67.5 . 
It follows that one pair is located in the 
region outside of the sector — 

67.5° and inside the sector ir—2^,^=45°. 
These results are the same as Leonhard’s. 
As /3 nears the value corresponding to a 
pair of roots on the sectorial boundary, 
the remainder i?n_i=i?j approaches zero. 

Koenig- 


Evaluating Root with Lowest 
Damping Ratio 

The complex roots of any real poly¬ 
nomial equation can be evaluated (values 
determined) by an extension of the meth¬ 
ods of the previous sections. As a 
simple example, it is here applied to find¬ 
ing the roots of 

^2+2^+2=0 (16) 

Substitute p-ze~^^ into equation 16 and 
obtain 

z*+2(cos |3+7 sin |3)3+2(cos 2/3+7' 2/3) = 0 

(17) 

The substitution corresponds to Fig. 1 in 
which the s-axes are rotated clockwise 
with respect to the p-sxts and s roots and 
p roots are coincident. For a given 
if equation 16 has a complex pair of roots 
with negative real parts so that one p 
root is located on the negative imaginary 
axis of the 2 plane, then equation 17 has 
a negative pure imaginary root. This 
root of equation 17 can be obtained in the 
following manner. Assume p—22.5°. 
Then equation 17 becomes 

zsq.(1.848+70.765)3+(1.414+7l.414) = 0 

As in the section entitled “Illustrative 
Example,” form Q{ 2 )/T(z), where 

i3(s) = 1.8480+71.414 

and 

r(0) = 0‘’+7O.7650+1.414 

We obtain the coefficients of the con¬ 
tinued fraction Q{z)/T( 2 ') from the follow¬ 
ing calculation 

0.5420=Ciz 

Q(0))0'*+7O.7650+1.414= T(,z) 
z^‘^j0.7Q5z 

1.3052 +il = ciz-{-k 2 

1-8482-fil.414 =0(2) 

1.8482 _ 

' -l-il.414 

+il.414 
i?2 = 0 


Since Ci and C 2 are both positive, all 
roots of equation 17 are located above 
Im{z) of Fig. l,fori3=22.5^ by theorem 1. 
Upon repeating the procedure for ^ = 
67.5° it was found that —1.414. It 
follows from the theory given in Frank's 
paper® that = 0 for a value of 
corresponding to a pure imaginary root 
whose value is obtained by setting Rn —2 
to zero. If it is assumed as a first ap¬ 
proximation that Ri varies linearly with 
then in this example we may expect 
i?i»0 for /3=45°. We test our assump¬ 
tion with /3=45°, in equation 17, ob¬ 
taining 

s’+(1.414+7l.414)0+(O+72)=O (18) 

and 

T(z)^z^-{-jlAUz 

and 

(2(2)-1.4142+i2 

and 

0.7072=ci2 

(2(2))22+jl.4142=:r(2) 

z^+jlAUz 

0 

Since i?i==0, we obtain the value of 
the pure imaginary root of equation 18 
from the prior remainder Rn- 2 ~Ro=^Q(^) 
which gives z= 2. Since, in Fig. 1, 
p roots and 2 roots are coincident, it 
follows that the p roots of equation 16 
are — lijl. In general, Rn-i will not 
vary linearly with jS; however, the linear 
assumption will usually give a close ap¬ 
proximation to the root. 

This root evaluation method can be 
used to obtain any root pair, and in par¬ 
ticular the root pair with the smallest 
damping ratio, without first solving for 
the other roots. It can be applied equally 
well to polynomial equations with com¬ 
plex coefiS-cients. It is related to the 
methods of Wall’ and Hitchcock.^ 

Regions of Root Frequencies and 
Evaluation of the Roots 

In theorems 2 and 4 the transforma¬ 
tion p —was used. If ^ co) 

is used in theorem 2, co fixed and positive, 
and if aU Cp are positive, then all roots of 
equation 5 have frequencies (imaginary 
parts) less than co. If the same transfor¬ 
mation is used in theorem 4, o> fixed and 
positive, and if r of the Cp are negative and 
{ 71 —r) are positive, then 2 r of the roots 
have frequencies greater than co and 
2r) less than w. 

In the section entitled “Theorems on 
Root Regions," for the evaluation of 
roots, the transformation p^—ji^+o)) 
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could have been used instead of ^ = 

Evaluating Root with Lowest 
Frequency 

Leonhard can evaluate all root pairs 
of any characteristic equation by the 
use of a family of transformed charac¬ 
teristic equations; however, his method 
gives first the root pair with the lowest 
frequency, which is not necessarily the 
root pair with the smallest or largest 
damping ratio. By analogy with Leon¬ 
hard’s method, Vazsonyi’s method can be 
extended in order to evaluate first the 
root pair with the lowest frequency; 
then the root pair with the next lowest 
frequency is obtained, etc. Leonhard 
gave no proof for his statement that his 
method evaluates first the root pair with 
the lowest frequency. The proof is 
given here for the extension of Vazsonyi’s 
method, and essentially the same proof 
applies to Leonhard’s method. 

Vazsonyi plots the locus of the open- 
loop transfer function (a function of the 
complex variable p) as p travels, starting 
at the origin, along the second-quadrant 
boundary of the sector, Fig. 1, for various 
values of /3- For each value of jS we 
obtain what may be called a transformed 
Nyquist locus. If the point traveling on a 
sector boundary passes through aroot of the 
characteristic equation, the corresponding 
transformed Nyquist locus passes 
through the critical point —1. When 
plotting a set of transformed Nyquist 
loci one actually varies w along the posi¬ 


Discussion 

K. P. Geohegan (Westinghouse Electric 
Corporation, East Pittsburgh, Pa.): It may 
be of interest to know that parts of this 
problem have been studied before and that 
an alternate method of calculation is avail¬ 
able.^ Instead of using a continued frac¬ 
tion expansion, Sherman presents a gen¬ 
eralized Routh array and a generalized set 
of Hi^itz determinants which apply to 
equations with complex coefficients. 

Sherman uses Cauchy’s index theorem 
to count the number of roots in the sector 
of the z plane to be investigated by counting 
the number of encirclements of the origin 
in the w plane. He evaluates this number 
of encirclements by a method based on the 
reasoning used in deriving Sturm’s theorem. 

To duplicate the example given in the 
paper, using Sherman’s method, substitute 

~T80~ simphfy as the author did. 

P(r)« r 6-f (- 2.68 -~j6.47)r5-f 

(- 85 . 6 H-i 85 , 6 )r 4 -|-( 494 +i 205 )?' 3 -|- 
(-il061)r2-}-( -942-f-j39i)r-f 

(4454-y445) 

oq4 


tive imaginary axis of the p plane, at the 
same time that points p (one point on each 
arbitrarily chosen sector boundary) travel 
along the sectorial boundaries. For any 
characteristic equation in which all roots 
have negative real parts, suppose one has 
chosen sector boundaries which pass 
through the complex roots. As w in¬ 
creases from 0 to 00 the points p pass 
through all the roots. Since, for any 
value of 0 ), all points p are the same dis¬ 
tance from the negative real axis, it 
follows that as co increases from 0 the 
root with the smallest frequency will be 
passed over first by one of the points p. 
This completes the proof. 

In actual application, the sector bound¬ 
aries chosen can be, as in Leonhard's 
method, those corresponding to 11.25 

22.5°, 45° and 67.5°. The root pair with 
the lowest frequency is approximated 
from the plots of the transformed Nyquist 
loci corresponding to these chosen sector 
boundaries. This procedure is essen¬ 
tially the same as in Leonhard’s method. 

Summary of Results 

Most of the results given now are based 
on the new theorems presented herein. 

Criteria were presented which yield 
information on the following, concerning 
the characteristic equation of any linear 
system: 1. the sectorial regions of the 
complex plane in which roots are located; 
2. a lower limit to the damping ratios of 
the roots, in order to be certain that all 
oscillatory transient components disap¬ 
pear quickly; 3. whether tlie frequencies 


Arrange the coefficients in two rows, the real 
coefficients above the coefficients of the 
imaginary parts. Then use the cross¬ 
multiplication scheme described in Sher¬ 
man’s paper or in Frazer, Duncan, and 
Collar^ for constructing a Sturm sequence. 
The scheme is the same as that used in the 
ordinary Routh criterion test except that 
the starred rows are derived from the two 
preceding unstarred rows; the unstarred 
rows are derived from the two preceding 
rows. Then the number of sign changes in 
the sequence of unstarred leading elements 
is the number of roots in the half-plane 
112.5°<^<292,5°. 


1 -2.68 -85.6 
-6.47 85.6 205 

* -6.83 34.9 -214 

-3.59 -27.8 69.9 

* -4.87 -2.83 -1-38.7 

1.25 -2.02 -1.097 

* -4.21 8.36 1.886 

-1.994 2.25 0.0595 

1.201 2.11 -3.62 
6.92 -7.14 

* 1.324 0.412 

-1.230 


494 0 

-1061 391 
-39.1 565 

9.86 -49.0 
-17.19 -15.96 
1.814 
-6.14 


of all roots are less than any given value; 
4. the number of roots with frequencies 
greater than any given value. 

A method was presented which yields 
the solution for any root pair of a poly¬ 
nomial equation with real coefficients, and 
in particular the pair with the smallest 
damping ratio. It also applies to com¬ 
plex polynomial equations. 

The method of Vazsonyi, for the deter¬ 
mination of the number of roots within 
sectorial regions, was extended to yield 
solutions for root pairs, but it has been 
pointed out that the pair with the lowest 
frequency is necessarily the first one 
evaluated. 
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The five sign changes in the sequence of 
unstarred leading elements indicate that 
five roots lie in the half-plane investigated 
by the author. This method is not much 
shorter but the operations are easier on a 
desk calculator. 

Sherman’s paper explains how to count 
the number of roots in any polygon, sector, 
circle, strip, etc., for an equation with real 
or complex coefficients. 
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J, Prank Koenig: Mr. Geohegan has 
made some interesting comments. Dr. 
Sherman did his work^ in connection with 
the problem of the flutter of aircraft sur¬ 
faces. In this problem it is necessary and 
sufficient for stability (absence of flutter) 
that all zeros of a complex polynomial be 
located outside of the first quadrant. Dr. 
Sherman apparently was not aware of the 
fact that some of his mathematical results 
could be applied to any linear system de¬ 
scribed by a characteristic equation (real 
polynomial equation); in his mathematical 
paper (see ref. 1 of Mr. Geohegan’s dis¬ 
cussion) he states, “It is suspected that 


this method can be applied to other calcu¬ 
lations arising in mechanical, aeronautical, 
and electrical engineering.” Mr. Geohegan 
has confirmed Dr. Sherman’s suspicions. 

Mr. Geohegan states that the calculation 
of Dr. Sherman’s array is shorter than that 
of Dr. Evelyn Frank’s continued fraction. 
His statement is not in agreement with the 
findings of H. S. Toney who, in an un¬ 
published report, prefers the Frank method 
because of its “simplicity of form and of 
operation,” with regard to flutter calcula¬ 
tions. Both methods are described in a 
recent book.^ 

Still another method (a determinant cri¬ 
terion) was presented recently® which deter¬ 
mines whether all zeros of any real poly¬ 
nomial are located in any given sector or 
infinite strip. In that paper the extension 
of the theorem to the determination of the 
number of zeros in any sector (or infinite 


strip) was implied by reference to a theorem 
in Dr. Marden’s book.^ 

The author thanks Mr. Geohegan for his 
helpful discussion of a portion of the paper. 
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I N AN EXPANSION era in the natural- 
gas pumping field, rivaling the build¬ 
ing of the railroads, considerable interest 
has developed in the application of gas 
turbines, driving centrifugal compressors, 
for the pumping of natural gas. Since 
overall system reliability and continuity 
of service are the watchwords in natural 
gas pumping, the gas turbine fulfills all 
requirements. Its features—relatively 
simple construction, automatic operation, 
self-siistentation, self-protection, low in¬ 
stallation and maintenance costs indi¬ 
cate that the gas turbine is an excellent 
prime mover for pumping natural gas 
through long distance pipelines. 

A detailed description of the application 
of the gas turbine for gas pipeline pump¬ 
ing was given in 1951.^ Recently, the de¬ 
sign details of the 5 , 000 -liorsepower gas 
turbine have been presented. ^ The pur¬ 
pose of this paper is to describe the auto¬ 
matic control equipments for the 5,000- 
horsepower gas turbine designed for 
natural gas pipeline pumping. 


Paper 53-323, recommended by the AIEE Chemi¬ 
cal, Electrochemical and Electrotherm^ AppUc^ 
tions Committee and approved by the AIEL 
Committee on Technical Operations for pres^la- 
tion at the AIEE Pacific General Meeting, Van¬ 
couver, B. C.. Canada, September 1-4, 1953. 
Manuscript submitted October 23, 1951; made 
available for printing July 1. 1953. 

C. R. INGEMANSON is with the General Electric 
Company, Philadelphia, Pa., and Arne Loft and 
H. J. Wilt are with the General Electric Company, 
Schenectady, N. Y. 


Pumping stations often are located in 
isolated areas. Therefore, control equip¬ 
ment must be arranged so that the gas 
tmbine can be controlled with a mini¬ 
mum of skilled operating personnel Also, 
provision must be made for starting, load¬ 
ing, and stopping the pumping equipment 
in the shortest possible time with the least 
number of manual operations. Auto¬ 
matic control, given a single start or stop 
signal by a station operator or remote 
dispatcher, fulfills these requirements. 

Fig. 1 shows, in schematic form, the 
components of natural-gas pipeline pump¬ 
ing 5 , 000 -horsepower gas-turbine equip¬ 
ment which must be controlled to place a 
pumping unit in or out of operation. Fig. 

1 also includes the schematic gas line 
piping for a 4-unit natural-gas pipeline 
pumping station with a total rated capac¬ 
ity of 20,000 horsepower. This is the 
maximum contemplated for any one sta¬ 
tion at the present time. 

Essentially, the control equipment for a 
pumping unit consists of three compo¬ 
nents : 

1. The main control equipment; 

2 The mechanical, electrical, and hydrau¬ 
lic control elements of the turbine; 

3. The Cabinetrol* panels for the station 
and turbine auxiliaries. 
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Main Control Equipment 

The main portion of the automatic con¬ 
trol circuits and the associated control de¬ 
vices for pipeline-pumping gas-turbine 
equipment is centralized in a duplex con¬ 
trol board, which is shown in Fig. 2. 

Control Devices 

Speed-responsive relays and motor- 
driven timing relays are the heart of the 
automatic-control equipment for starting- 
and stopping a gas turbine pumping unit. 
These relays function to control the vari¬ 
ous steps in the operating sequence. 

The speed relays operate in response to 
the rectified output of tachometer gen¬ 
erators coupled to the shafts of the high— 
and low-pressure turbines. 

The motor-driven timing relays, whiclx 
operate either directly or indirectly from 
speed-relay signals, control such func¬ 
tions as turbine and duct purging, gas- 
compressor purging and pressurizing, 
valve operation, and turbine cooling. 

Contact-multiplying auxiliary relays 
provide the necessary interlocking for cor¬ 
rect-sequence operation. 

A pressure regulator which responds to 
a station discharge-pressure signal con¬ 
trols the gas-turbine speed and loading to 
maintain the desired station discharg'^ 
pressure. 

Operation Sequence 

The control circuits are arranged so tho-t 
the starting signal will initiate the start: 
ing sequence of the gas-turbine pumping 
equipment only when all prestarting con¬ 
ditions have been satisfied. When tlxe 
circuit breakers for the auxiliary ann 
emergency lube oil and emergency nozz ^ 
cooling water pumps are closed, prote<^ 
tive-device trip contacts are reset, an 

29^ 




STATION PIPING SCHEMATIC 

CHECK VALVE 



control air pressure and battery charge are 
normal, three green lamps are lighted, in¬ 
dicating that starting conditions are cor¬ 
rect. The failure of one of these lamps to 
light will indicate to the operator which 
one of the three control components is the 
source of prestarting trouble. 

The starting sequence is initiated when 
the operator turns the master control 
switch to the “start” position. The auto¬ 
matic-control circuits will then complete 
the operations, as shown in Fig, 3. When 
the first unit in a station is started, the 
operator closes the station by-pass valve 
at a convenient time and the pressure 
regulator maintains the desired station 
discharge pressure. The operator can 
have manual control of either station or 
unit loading by means of selector valves 
which operate in conjunction with the 
pressure-regulating equipment. He also 
can control manually the pressure-con¬ 
trol signal to the fuel regulator, if the con¬ 
trol air supply should fail. Full -load con¬ 
dition can be reached in approximately 20 
minutes after the starting indication has 
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been given. 

During starting, failure of the clutch 
to engage the starting and high-pressure 
turbines, failure of the unit to fire, or 
failure of the automatic starting sequence 
to be completed within a definite period 
of time will cause the pumping equipment 
to be shut down. 

A pumping unit also is shut down when 
the operator turns the master control 
switch to the “stop” position, operates the 
emergency stopping devices, or when pro¬ 
tective devices operate in response to ab¬ 
normal temperatures or pressures, over¬ 
speed, and loss of flame. The stopping 
signal automatically initiates the shut¬ 
down sequence showm in Fig. 3. 

When the high-pressure turbine coasts 
to approximately 2-per-cent speed, a 
motor-dnven timing relay is started to 
determine the length of time the d-c 
lubricating and cooling water pumps will 
run to cool the bearings and the turbine. 
Restarting of the turbine can be initiated 
any time below 2-per-cent speed. 

At the instant any unit is given the 


Fig. 1. Typical piping schematic for gas 
turbine pumping station 

AV—Alcohol valve 

BV—^Starting by-pass valve 

CV—Gas control valve 

FG—Fuel gas stop valve 

FM—Flow meter 

FV—Fuel gas vent valve 

GD—Gas compressor discharge valve 

GP—Gas compressor pressurizing valve 

GS—Gas compressor suction valve 

GV—Gas compressor vent valve 

PV —Pressure ratio valve 

RB—Regenerator by-pass valve 

RV—Starting regulating valve 

SB—Station by-pass valve 

SD—Station discharge valve 

SM—Starting mechanism 

SS—^Station suction valve 

SV—Starting stop valve 


shutdown signal, the station by-pass 
valve is automatically opened and the 
other units which are running in the sta¬ 
tion are brought to a minimum load speed 
by reduction in fuel supply. This is done 
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to minimize the heating of the gas com¬ 
pressor and associated piping. These 
nmits will assume normal speed and load 
when the operator recloses the station by¬ 
pass valve. 

Annunciation and Alarms 

A 36-drop annunciator together with an 
alarm bell and lamp provide both audible 
and visual warnings when an abnormal 
operating condition exists, or when a pro¬ 
tective device operates to shut down the 
turbine. 

The annunciator alarms are arranged 
in three groups: 

1. Warning only for an abnormal operat¬ 
ing condition; 

2. Warning ior an abnormal operating 
condition with subsequent shut down if the 
condition persists; 

3. Shut down indication. 

This arrangement provides an easy means 
of advising a remote dispatcher of the na¬ 
ture of the trouble when an alarm signal 
is received. Provision for operating a 
station siren and any additional alarm 
devices which may be required is included 
in the alarm circuits. 

Remote Control 

Local operators will control the first 
pipeline-pumping gas-turbine equipments 
being installed. However, it is contem¬ 
plated that the units eventually will be 
controlled by a remote dispatcher. Ar¬ 
rangement of the automatic-control cir¬ 
cuits permits a remote dispatcher to place 
a unit into operation or shut it down with 
one start or stop signal. He also will have 
control of the operation of the station by¬ 
pass, suction, and discharge valves. Pro¬ 
visions are included for transmitting pre¬ 
starting condition, complete sequence, 
alarm and station suction and discharge 
pressure indications to a remote sta¬ 
tion. 

Indicators and Recorders 

Instruments and meters enable the 
operator to check turbine and gas com¬ 
pressor speeds, turbine variable nozzle 
position, turbine running time and auxil- 
iary generator output. Recorders pro¬ 
vide a continuous record of the pumping 
equipment temperature and vibration 
conditions, the station suction and dis¬ 
charge pressures and the unit discharge 
pressure. 

Other Features 

A mimic bus on the duplex control 
board depicts the unit gas line piping. ^ If 
the operator desires to alter the operating 
sequence of the gas line valves from that 


1. Gas pressure indicator-recorder 

2. Station pressure resulator hand-auto 
selector valve 

3. Unit pressure resulator hand-auto selector 
valve 

4. Vibration recorder 

5. Vibration recorder control and power 
unit 

6. Temperature recorder 

7. Temperature recorder control unit 

8. Gas compressor pipins mimic 

9. Control switches and position indicating 
lamps for gas compressor valves 

10. Alarm lamp 

11. Speed indicators 

12. Variable nozzle position indicator 

13. Annunciator 

14. Regenerator by-pass valve position indi¬ 
cating lamps 

determined by the automatic sequence, 
selector switches placed in the mimic bus 
permit manual control. Indicating lamps 
furnish a visual check of the valve posi¬ 
tions at all times. Selector switches en¬ 
able the operator to check the operating 
sequence, ignition and fuel regulator oper¬ 
ation. Sound power telephone jacks are 
provided to facilitate communication be¬ 
tween the various components of the 
pumping equipment. 

Duplex Control Board Construction 

Reference to Fig. 2 shows that the 
duplex control board consists of tliree 
units. Basically, the front panels of the 
three units are arranged from left to right 
in order to accommodate the following 


15. Auxiliary generator field ammeter 

16. Auxiliary generator voltmeter 

17. Auxiliary generator ammeter 

18. Running time meter 

19. Flame indicating lamps 

20. Sequence indicating lamps 

21. Master control switch 

22. Voltage regulator transfer switch 

23. Ignition test switch 

24. Fuel setting test switch 

25. Operation selector switch 

26. Exciter field rheostat 

27. Phone jack 

28. Voltage regulator voltage adjusting 
rheostat 

29. Speed relays 

30. Auxiliary generator watt-hour meter 

31. Motor driven timing relays 

32. Auxiliary relays 

functions: 

1. Recording; 

2. Control; 

3. Relaying. 

The exterior of the rear panels are free 
from devices, thus permitting the control 
board to be placed against a wall. Walk- 
in tj'pe construction of the control board, 
with entrance doors at both ends, pro¬ 
vides ready access to all devices for main- 
tenance and adjustment. 

Actually, two types of control boards, 
a station duplex and a turbine duplex, 
may be used in a pumping station. The 
first gas-turbine pumping unit installed in 
a station requires a station-type duplex 
control hoard. A turbine duplex board 
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Fig. 3. Control sequence diagram for pipeline pumping gas turbine 


is furnished with each additional unit. 
The station board differs from the turbine 
type in that it houses the master regulat¬ 
ing equipment and the common station 
auxiliary relays. Both boards are con¬ 
structed for rapid conversion between the 
two types with a minimum number of 
modifications. This conversion feature 
permits the user to purchase pumping 
equipment without having to determine 
the exact details of his expansion plans. It 
also allows him to shift equipment be¬ 
tween new and existing stations to meet 
changes in load conditions. 

Mechanical, Electrical, and Hydraixlic 
Turbine Control Components 

The load of each unit is determined by 
the load-turbine speed control, which is 
overridden by turbine exhaust tempera- 
ttire, as follows: The speed signal from 
the governor generator, the temperature 
signal from the gas-filled bulb, and the 
called-for speed signal from the pressure 
regulator are fed into the fuel regulator, 
which in turn positions the gas-control 
valve to supply the desired amount of 


fuel to the combustion chambers. Ahead 
of the gas-control valve is a pressure-ratio 
valve which holds a fixed ratio between 
the control valve-inlet pressure and the 
combustion-chamber pressure, thereby 
limiting the required range of the gas-con¬ 
trol valve. An electrically operated stop 
valve is located between these two valves 
to shut off fuel when desired, see Fig. 
1 . 

Maximum efficiency of the gas turbine 
over the full load range is obtained by 
compressing the minimum amount of air 
required to operate the unit within the 
turbine-inlet temperature limit, as fol¬ 
lows: The required air flow which results 
in maximum turbine-inlet temperature is 
produced by controlling the speed of the 
high-pressure set. Positioning of the 
variable second-stage nozzle determines 
the high-pressure set speed. Nozzle posi¬ 
tion is controlled by a nozzle regulator, 
which responds to high-pressure set speed 
and turbine exhaust temperature. Reg¬ 
ulation of the fuel supply, in turn, com¬ 
pensates for the energy change on the 
load turbine. 

The retractable spark plugs and follow¬ 


up flame detectors ignite the fuel and de¬ 
tect the fire in the combustion chambers. 
Mechanical overspeed and overtempera¬ 
ture limits trip the units in case of control 
failure. 

Cabinetrol Panels for Station and 
Turbine Auxiliaries 

Cabinetrol is a standard system of 
centralized low-voltage control. Each 
turbine will have its own Cabinetrol 
panel. The station auxiliaries will be in a 
separate panel. Therefore, in a 4-umt 
pumping station, there will be four turbine 
panels and one station panel, all of which 
can be located to suit the station require¬ 
ments. Tliu.s, the diverse functions of 
this application are co-ordinated into 
similar panels, providing a minimum of 
installation time, and simplification of 
plant construction and operation. The 
complete Cabinetrol equipment for a two 
unit station is shown by the 1-line dia¬ 
gram, see Fig. 4. 

Since many of these pumping stations 
are located in isolated areas, the electric- 
power supply for each station is designed 
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to be completely self-contained. Each 
station has three independent sources of 
electric power: 

1. A station storage battery; 

2. A gas-engine driven a-c generator; 

3. An a-c generator, gear driven from the 
high-pressure shaft of each gas turbine. 

The 60-cell 400-ampere-hour {8-hour 
rate) station battery, together with a 25- 
ampere 125-volt d-c phano-charger (two 
chargers in parallel are used for a 3- or 4- 
unit station) furnishes d-c power for the 
main turbine control and supervisory 
circuits, emergency lighting, and the 
essential auxiliaries, such as the auxiliary 
and emergency lube oil and the emergency 
nozzle-cooling water pumps, if the tur¬ 
bine-driven generator fails and the gas- 
engine driven generator is shut down. 

The gas-engine driven generator can be 
used to supply power to the station a-c 
busses, or, if a turbine-driven generator is 
out of service, to feed the auxiliaries of 
that turbine. The latter can be accom¬ 
plished by closing the bus tie contactor 
between the station and turbine busses. 

The turbine-driven auxiliary generators 
supply all of the a-c power for their own 
auxiliaries under normal operating cona¬ 
tions. However, the station auxiliaries 
can be supplied from the turbine bus if re¬ 


quired. Normal starting will be without 
any external supply of a-c power avail¬ 
able. At approximately 45-per-cent tur¬ 
bine speed, the turbine generator is con¬ 
nected to the turbine bus. To prevent 
overloading of the generator by simul¬ 
taneous starting of the turbine auxiliaries, 
a sequence timing relay energizes the 
auxiliaries at 5-second intervals. The 
auxiliaries are designed for operation over 
a range of 220 volts to 480 volts at 
27.5/60 cycles on a constant volts-per- 
cycle basis. 

Since the generator frequency varies 
from 36 to 60 cycles, from zero to full 
load of the gas compressor, and the volt¬ 
age varies as the square of the speed on a 
self-excited machine, it is necessary to 
have a constant volts-per-cycle regulator. 
This regulator maintains the volts-per- 
cycle ratio constant to prevent overheat¬ 
ing the squirrel-cage induction motors, 
and also maintains constant voltage (at 
any given frequency) with load. An ex¬ 
citer-field rheostat mounted on the duplex 
control board provides manual voltage 
control of the auxiliary generator through 
a transfer switch which removes the con¬ 
stant volts-per-cycle regulator from serv¬ 
ice. During the period that the auxil¬ 
iaries are being connected to the turbine 
bus, the generator is overexcited. 


The Cabinetrol panel for the turbine 
auxiliaries consists of: 

1. Turbine incoming line fused switch, bus 
contactor, bus tie contactor, and associated 
relays; 

2. A-c motor starters for the nozzle-cooling 
water pump, foundation cooling fan, com¬ 
pressor-seal oil pumps, lube water-cooling 
blowers, and lube cooling water, filter wasn, 
and the evaporator spray pumps; 

3. D-c motor starters for the auxiliary and 
emergency lube oil, and the emergency 
nozzle-cooling water pumps. 

The Cabinetrol panel for the station 
auxiliaries consists of: 

1 Feeders to Inductrol* power packs 
(dry-type induction voltage regulators) for 
regulating the lighting load; 

2. A-c motor starters for the air compres¬ 
sors and control-room ventilating fan; 

3. Spare starters for the turbine auxiliaries, 

4. Emergency lighting panels; 

5 Control for two motor-generator sets 
which supply regulated, a-c power for 
metering, recording, and ignition; 

6. Master switching control for the power 
busses. 

Here the maximum in flexibility is pro- 
vided. In eacli station provision is made 
to supply; 

^ Reg. U. S. Pat. Off. 
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1. The station busses from any one of the 
turbine busses; 

2. Any turbine bus from the station busses; 

3. One turbine bus from another via the 
station bus. 

Complete interlocking is provided to pre¬ 
vent interconnection of any of the turbine 
generators, since it is impossible to syn¬ 
chronize these machines under the vary¬ 
ing turbine loads. 


Each station panel has a mimic bus lay¬ 
out of the turbine and station busses, with 
control switches and indicating lights for a 
4-unit station. The indicating lights 
show the status of each circuit. 

The possibility of completely-automatic 
unattended gas-pipeline pumping stations 
has been taken into consideration in the 
design of these panels. Only minor modi¬ 
fications would be required to install con¬ 


ventional supervisory equipment for re¬ 
mote control. 
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Review of Grounding Practices on 
480-Volt Portable Distribution 
Systems in Strip Mines 


R. B. BENNETT 

NONMEMBER AIEE 


A NUMBER of unfortunate experi¬ 
ences in the past, resulting in the 
loss of lives, have made many persons 
conscious of the hazards which can exist 
on the high-voltage systems serving strip¬ 
mining operations. Several years ago a 
system design employing the neutral 
grounding resistor was adopted. This has 
greatly minimized the number of shock 
accidents caused by equipment and cable 
failures. 

The same hazards exist in lower de¬ 
gree in the operation of the lower voltage 
circuits serving auxiliary equipments 
such as pumps, drills, air compressors, 
etc. These circuits and the equipment 
they serve, because of the nature of their 
job, are subjected to abuse from the ele¬ 
ments, rough handling, overloading, fal¬ 
ling rocks, and many other things which 
would be considered intolerable on any 
well and permanently installed equip¬ 
ment. Some of these abuses, such as 
rough handling, overloading, etc., can be 
eliminated. It must be assumed, how¬ 
ever, that these equipments will continue 
to be mistreated and, since it is not 
economical to provide complete protec- 
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tion against the elements, the best that 
can be done is to design the low-voltage 
systems to minimize the shock hazards 
caused by circuit and equipment failures. 

Typical Systems 

It appears to be in order to review cer¬ 
tain of the more common low-voltage 
systems in use and to analyze them from 
the standpoint of their potential shock 
hazard. 

Fig. 1 is representative of a typical dis¬ 
tribution system used in a strip-mining 
operation. It is of interest in this dis¬ 
cussion only because it shows the manner 
in which the auxiliary transformers are 
associated with the 4,lG0-volt system. 

In the majority of 480-volt portable 
distribution systems the auxiliary trans¬ 
former banks consist of conventional 
transformers rated 2,400/4,1607 to 480/ 
240 volts, connected wye to the 4,160- 
volt system through enclosed fuse cut¬ 
outs. The low-voltage windings of the 
three transfonners in the bank are con¬ 
nected delta for 480 volts. There are 
three commonly used sizes of auxiliary 
transformer banks, namely: three 10- 
kva units; three 15-kva units; and three 
25-kva units. Occasionally, small loading 
shovels may be supplied from the 480- 
volt auxiliary transformers. In such in¬ 
stances the auxiliary transformer banlc 
may consist of three 37V2-kva or three 
50-kva units. 


Past Practice 

In the past there have been many 480- 
volt portable systems arranged as shown 
in Fig. 2. Actually, in spite of the fact 
that sudi a system is in direct violation of 
safety codes, there are still occasional in¬ 
stallations made in this manner. This 
system employs a simple 3-conductor 
cable without ground wires. 

The motor may have been completely 
insulated from earth, or grounded solidly 
through pipe connections to a direct- 
connected pump, or in intimate contact 
with soil. In the first case the resistance 
Rg of the motor frame to absolute ground 
is infinite. Should the motor winding, for 
example, phase A , come into contact with 
the motor frame, the phases B and C are 
then at rated phase potential with re¬ 
spect to the motor frame. Under this 
condition, the motor frame may develop 
a dangerous potential with respect to 
ground, depending upon the amount and 
the division of charging currents. Sup¬ 
pose that now, because of a skinned place 
in the cable insulation, phase C conies in 
contact with the earth, tlirougli a resist¬ 
ance Rxf which may vary over a range 
from zero to infinity, depending upon soil 
conditions and the degree of contact. As¬ 
sume that Rx is 1,000 ohms, which is a 
quite reasonable value. Since Rg is in¬ 
finite, because the motor is insulated from 
earth, no current will flow in the circuit 
between phases A and C. With no cur¬ 
rent flowing through the voltage drop 
across this contact resistance is zero, 
hence phase C is at ground potential. The 
motor frame is at the potential of phase 
therefore the voltage Eg between the 
motor frame and earth is the voltage of 
phase A-C, A man touching the motor 
frame under these conditions is subjected 
to full-phase voltage and may receive a 
very serious shock. 

The thought may arise—why not 
ground the motor frame so that it will al¬ 
ways be at earth potential; then, regard- 
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less of the type of fault, the voltage Eg 
between the motor frame and earth would 
be zero and no hazard would exist? This 
is a perfectly logical thought; however, it 
is not practical with this class of portable 
equipment to provide the low resistance 
grounds which are required. Generally, 
the only ground practical in these cases is 
a driven ground rod. Experience has 
shown that this type of ground will pro¬ 
vide ground resistance Rg anywhere from 
infinity to approximately 10 ohms, de¬ 
pending upon soil conditions. More often 
than not, the average resistance of driven 
rods will be in the order of 100 to 200 
ohms. Assume, for example, that a 
driven ground provides a resistance Rg of 
150 ohms between the motor frame and 
earth, and that the resistance Rx, because 
of contact of phase C with earth, is 150 
ohms. Under these conditions, if phase A 
should become short-circuited to the 
motor frame, a circuit is established in 
which a current I will flow. 


7- 


480 


480 


: = 1.6 amperes 


Rg-\-Rx 1604-150 

The voltage which constitutes the shock 
hazard is voltage drop Eg which will ap¬ 
pear across Rg. 

£:^,=7i?^,== 1.6X150 =240 volts 

This voltage is sufficient to cause serious 
injury. It is therefore obvious that the 
circuit shown in Fig. 2 is unsafe and 
should not be used. 

Simple Driven Ground 

In an attempt to overcome the short¬ 
comings of this scheme, the practice was 
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adopted of connecting the motor to the 
480-volt source at the auxiliary bank 
through a portable cable which, in addi¬ 
tion to the phase conductors, included a 
ground conductor or conductors as shown 
in Fig. 3. The ground conductor is 
solidly attached to the motor frame at one 
end, and to a driven ground at the other 
end. 

In looking at this arrangement from 
the standpoint of potential shock hazard, 
it seems appropriate to consider only that 
type of cable with the multiple ground 
wires located in the interstices of the 
phase conductors, since it appears to be a 
safer cable than that with only a single 
ground conductor. 

Consider again that phase A, due to a 
winding failure, becomes connected to the 
motor frame. This places a voltage on 
the motor frame, depending again on the 
distribution of charging currents flowing 
through resistance Rg. If Rg is of a very 
low value, the voltage drop caused by the 
small charging currents is negligible, and 
the shock voltage Eg is low. Unfortu 
nately, Rg may be very high. If, because 
of soil conditions, it approaches infinity, as 
it very easily may, the motor frame po¬ 
tential will become equally as elevated 
because of grounds in the motor winding, 
as it does in the case of the circuit using 
the simple 3-conductor cable. 

Now assume a solid short circuit oc- 
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Fia. 1. General arransement of typical distribution system for strip-mining operations 
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curring in the cable, between a phase 
conductor and the ground wire or -n-ire?. 
such as shown as fault A in Fig. 3. Thi-^ 
type of fault results in relatively high 
short-circuit currents, which very likely 
will blow at least one of the low-voltage 
backup fuses, assuming that they exist. 
During the interval of the short circuit, 
the shock voltage Eg is the voltage drop 
in the ground wire between the point <,»f 
fault and the motor frame. Assuming the 
point of fault to be near the auxiliary- 
transformers, and that the resistance of 
the ground wire or wires is equal to that 
of the phase conductor, the voltage Eg is 
one-half the circuit voltage, which may be 
of the order of 350 volts. This voltage 
was determined from tests of typical 
transformer regulation under short-cir¬ 
cuit conditions on a length of no. 6 port¬ 
able cable, supplied from a bank of 3 to I 
kva transformers. Thus it is possible, iii 
the case of the faults just described, to ob¬ 
tain with this type of system shock volt¬ 
ages Eg as high as 175 volts. 

The question may be raised, why not 
make the resistance of the cable grount! 
conductors, say, one-third that of tlie 
phase conductors ? It is not unreasonable 
to build such a cable, so it is in order t o 
analyze conditions in which a cable of 
kind would be used, as in fault .4, Fig. 7b 
Here again the voltage E, is the drop in 
the ground conductors from the pointy o» 
fault to the motor frame. However, wit 1 j 
the resistance of the ground conductor 
one-third that of the phase conduetc-r. 
only one-fourth of the circuit voltage ap¬ 
pears as Eg, the drop in the ground "'ires- 
Thus the shock voltage is 90 volts m 
stead of 175. This is not generally 
dangerous voltage and perhaps con * 
tolerated. Unfortunately, however 
faults may not occur between the 
and ground conductors. It is entire.,- 







possible for the cable to be injured in some 
such manner as to cause the phase con¬ 
ductor to come into contact with earth, 
creating a condition similar to fault B 
in Fig. 3. With this condition the phase 
wire may be in contact with earth through 
a resistance Rx and still be insulated from 
the ground conductor. 

An analysis of the circuit of fault cur¬ 
rent will indicate a circuit such as Fig. 3 
(A), in which Eg, the shock voltage, still 
depends on the resistance Rg of the driven 
ground. Because of the indefinite nature 
of ground and contact resistance, we are 
justified in assigning any value for Rx 
and Rg. Purposely to make the answer 
appear discouraging, assume i^x = 50 ohms 
and Rg — 2b(i ohms, then: 

^ 480 480 


not practicable to try to obtain the low 
value of ground resistance which is re¬ 
quired, at each transformer location. It 
may have been overlooked, however, that 
the neutral of the 4,160-volt system is 
perhaps the best ground obtainable. 
Since it is part of the 4,160-volt circuit 
which supplies the auxiliary transformers, 
there is no reason why it should not be 
considered as a low-resistance ground for 
the 480-volt portable circuits. Such a 
system will be as shown in Fig. 4, and 
might consist of a 300-foot length of no. 6 
portable cable having an approximate re¬ 
sistance of 0.15 ohm for the phase and 
ground conductor. The overhead neutral 
wire can be assumed to be 2/0 conductor, 
2 miles long, having a resistance between 
points X and F of 1.0 ohm. The resist¬ 
ance Rg of the ground at the substation for 


the neutral resistor can be assumed to be 
5 ohms. It is desirable to have a lower 
value than this. However it is a reason- ^ 
able value to hope to obtain in practice. 
To analyze this type of system, the fol¬ 
lowing four types of faults will be con¬ 
sidered ; 

1. Fault A. Phase conductor C solidly 
grounded and insulated from the ground 
wire. 

2. Fault B. Phase conductor C and ground 
wire solidly connected together. 

3. Fault C. Phase conductor C and 
ground wire connected together with high 
resistance connection. 

4. Fault D, Phase conductor C connected 
to earth through a high resistance and insu¬ 
lated from ground wire. 

All of these faults will be investigated, 
assuming that phase A is solidly con¬ 
nected to the motor frame because of an 
internal motor fault. 

The circuit for fault A is shown sche¬ 
matically in Fig. 4(A). The fault current 
I will then be 




480 


Raz “h Rzg “h Ryx 4" Rg 

480 


0.15+0.15+1.0+5.0 
Eg = I{,Rzy+Ryx +-^f/) 


= 76.5 amperes 


= 76.5(0.15+1.0+5.0) 

= 76.5X6.15 = 470 volts 


This is a dangerous voltage and cannot be 
overlooked even though this type of fault 
may occur infrequently. 

The circuit for fault B is shown sche¬ 
matically in Fig. 4(B). The fault current 
I will be 


350 _ 350 350 

f^«z+f?3y'”0.15+0.15“0.3 


1,160 

amperes 


= 1.6 X250 = 400 volts 

This is of course a dangerous shock 
voltage. Although it appears that the 
portable cable with the ground wire or 
wires is less hazardous than the simple 3- 
conductor cable, it is still possible to ob¬ 
tain dangerous shock voltages, when used 
with driven grounds of indefinite resist¬ 
ances. 

Use of 4,160-Volt System Neutral 



Since the most dangerous conditions 
which have been analyzed have been at¬ 
tributed to high resistance values of 
driven grounds, the question naturally 
arises, why not reduce the resistance of 
the ground? Low values of ground re¬ 
sistance are difficult and expensive to ob¬ 
tain, and because of the portable nature 
of the equipment being considered, it is 



Fig, 4. System using 4,160-volt neutral as 480-volt ground return 
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Broken Delta Scheme 



Fig. 5. System using broken delta potential transformers to tripoff ground faults 


(Tests on similar systems indicate that, 
because of regulation of the transformers, 
the available voltage will be approxi¬ 
mately 350 volts.) 

Eo^OiR,^‘^R,)+I(Rzy)=-l,mX0.15 

= 175 volts 

The voltage Eg corresponds to the volt¬ 
ages obtained for similar fault conditions 
in the circuit shown in Fig. 3, and like¬ 
wise can be reduced 50 per cent by tre¬ 
bling the capacity of the ground conduc¬ 
tors. 

The circuit for fault C is shown schemat¬ 
ically in Fig. 4(C). Assume that Rx is 
100 ohms; then the fault current I will 
be 

480 480_ 

100+0.15+0.15 

= 4.8 amperes 


ous values obtained for fault A . 

It appears therefore that with this type 
of system there is nothing to be gained 
by utilizing the 4,160-volt neutral as a 
ground since it is still possible for hazard¬ 
ous shock voltages to occur. 

Phase Wire in Contact with Earth 

One very important fact is that in any 
of the systems discussed up to this point, 
should a phase wire come into accidental 
contact with earth, the potential of the 
other two phases goes to full voltage 
above ground. If anyone, in handling the 
cable, should come in contact with either 
of the other two phase wires, which may 
be exposed because of injury to the in¬ 
sulation, he will be subjected to severe 
shock. 


All of the points discussed previoush" 
are recognized, as evidenced by the think¬ 
ing which has been expressed both orally 
and in print on systems proposed to mini¬ 
mize shock hazard. One of the schemes 
proposed and doubtless in use is essen¬ 
tially a ground detecting scheme which 
utilizes the so-called broken delta poten¬ 
tial transformer to establish a neutral for 
the 480-volt system. This scheme is 
shown in Fig. 5. In this case the three 
phases are normally all at 277 volts 
above earth with zero voltage across the 
open ends of the broken delta. Should a 
ground occm on any part of the system, 
such as shown between phase A and the 
motor frame, the neutral of the system 
assumes phase A potential and maximum 
voltage appears across the open ends of 
the delta to energize the circuit breaker 
trip coil, thereby disconnecting the defec¬ 
tive motor. 

The advantages of this scheme are that 
grounds are removed instantly from the 
system, if the fault current is of sufficient 
magnitude to displace the neutral to a 
point which will pro^dde tripping voltage 
across the open ends of the delta. 

The disadvantage is that dangerous 
voltages can exist during that interval 
from the inception of the fault until the 
breaker opens. Furthermore, should the 
breaker fail to open for any reason, the 
system is not fail-safe. 

In most installations there are two or 
more circuits supplied from the trans¬ 
former bank. This type of ground de¬ 
tector is unable to select the feeder ors. 
which the ground exists, hence all the 
feeders must be tripped by the main. 


E^ = 0(i?^>fi?2/3;)+4.8X0.15-0.72 volt 

It is obvious that this voltage is neg¬ 
ligible, however, since, as Rx is reduced 
toward zero, we approach the conditions 
of fault B, where Eg reached dangerous 
levels. 

The circuit for fault-Dis shownschemat- 
ically in Fig. 4(D). Assume that Rx is 
100 ohms; the fault current I will be 

^_ 480 

Rx~\~Rg ~\~Rvz 'irRzy "b Raz 

_480_ 480 

“l00+5+l+0.15+0.15’’l06.3 

1=4.5 amperes 

E,=J(i?,-l-i^,,+i?.^,)-4.5(5-{-0.15+0.15) 

= 4.5X5.3 = 24 volts 

Although this value of Eg does not con¬ 
stitute a shock hazard, it can be seen that 
as Rx becomes less and approaches zero 
the shock voltage approaches the danger- 
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breaker and a search made for the feeder 
in trouble. 

480-Volt Derived Neutral and 
Current-Limiting Resistor 

In the search for a system to eliminate 
the shock hazards which exist in the 
system arrangements described, the one 
presently receiving the greatest accept¬ 
ance on established systems is based on 
principles borrowed from the ground-pro¬ 
tective scheme which has been used for 
many years on 4,160-volt distribution 
circuits. This system is shown schemat¬ 
ically in Fig. 6, A neutral is established 
for the 480-volt transformer bank by 
means of a small zigzag grounding trans¬ 
former, the neutral being connected to 
ground tlirough a suitable resistor. A 50- 
ohm resistor having a continuous rating 
of 5 amperes is commonly being used. It 
limits the maximum ground current to 5 
amperes and permits the use of a small 
zigzag unit which is given a continuous 
rating of 5 amperes neutral current. A 
simple plunger-type overcurrent ground 
relay with pickup adjustable down to 2 
amperes is used to detect ground current. 
This relay, utilizing phase voltage, ener¬ 
gizes a potential trip device in the main 
transformer or feeder breaker to clear the 
faulted circuit. Tripping potential is 
taken from the load side of the breaker, 
thereby eliminating the need for an 
auxiliary switch on the breaker to clear 
the trip coil. 

The degree of protection afforded by 
this system depends solely upon the re¬ 
sistance of the ground to which the 
ground conductors in the cable are con¬ 
nected. Driven grounds at these portable 
installations cannot be justified econom¬ 
ically and, furthermore, are generally 
unreliable. These considerations have 
led to the use of the 4,160-volt neutral 
which is available at each portable sub¬ 
station location. The resistance of this 
neutral wire to ground should be low, 
and generally is, since an effort is made to 
keep it at 2.5 to 5 ohms by well-estab¬ 
lished grounds at the transformer neutral 
and multiple grounds along the trans¬ 
mission circuit. Thus, by connecting the 
frames of the portable motor-driven 
machinery to 4,160-volt neutral, they are 
maintained at essentially ground poten¬ 
tial. 

During the usual ground fault condi¬ 
tions occurring in the motor and cable cir¬ 
cuit, the maximum potential difference 
between the motor frame and mean earth 
is the voltage drop in the system ground 
conductors from the point of fault to the 
ground end of the protective resistor con¬ 


nected to the 480-volt system neutral. 
Since the resistance of this circuit is gen¬ 
erally less than 1 ohm, and since the 
maximum ground current is limited to 5 
amperes, the maximum potential between 
the frames of portable pit machinery will 
not exceed 5 volts during the usual fault- 
to-ground on the 480-volt system. 

With this system the maximum poten¬ 
tial which can normally be expected be¬ 
tween machinery frames and mean earth 
occurs during phase-to-ground faults on 
the 4,160-volt system. During such con¬ 
ditions the portable machine frames as¬ 
sume the potential of the 4,160-vclt 
neutral wire at that point where the 480- 
volt ground wires are connected. It is as¬ 
sumed, however, that the 4,160-volt 
ground protective scheme is designed and 
installed to limit the maximum potential 
at the most extreme point of its neutral 
wire to 100 volts. This voltage, except in 
rare instances, is not hazardous. For¬ 
tunately, the 4,160-volt circuits are kept 
short enough, for the purpose of improv¬ 
ing voltage regulation, to keep the maxi¬ 
mum potential on the 4,160-volt neutral 
wire to less than 50 volts. 

There is a hazard against which this 
system affords no protection. The major¬ 
ity of low-voltage portable cables consist 
of three insulated phase conductors and 
one or three bare-ground wires. It is 
quite possible for this type of cable to be 
injured mechanically, exposing a phase 
conductor. A person coming in contact 
with this exposed portion will be subjected 
to a potential of 277 volts to ground. 

Fully to utilize the benefits of the pro¬ 
tection afforded by this system, considera¬ 
tion should perhaps be given to a type of 
cable in which the phase conductors are 
completely shielded. That the cable 
flexibility be not impaired, this shielding 
should perhaps consist of a loose basket- 
weave conductor over the phase insula¬ 
tion. When replacement cables are re¬ 
quired, consideration should surely be 
given to a type which will most com¬ 
pletely shield the phase conductors. 

A modification of this 480-volt ground- 
protective scheme is in use and has been 
reported to be satisfactory. This modi¬ 
fied scheme does not utilize the neutral 
of the 480-volt system; instead, the 
grounding resistor is connected between 
the 4,160-volt neutral wire and the 480- 
volt transformer windings at the mid¬ 
point between two phase terminals. The 
outstanding difference between this 
scheme and the one using a 480-volt 
neutral is that normal maximum phase 
voltage-to-ground is 415 volts as com¬ 
pared to 277 volts. The modified system 
is therefore less safe, particularly when 


contact is made with exposed phase con¬ 
ductors. 

The protective system of Fig. 6 has re¬ 
ceived some criticism because of the un¬ 
availability of simple, inexpensive, and 
reliable ground relays which will trip on 
ground currents below 2 amperes. There 
are many varieties of faults that can and 
do occur on these 480-volt systems, which 
may result in ground currents from a few 
milliamperes to a maximum of 5 amperes. 
The more serious faults are generally re¬ 
moved with a ground relay that will pick 
up on a minimum of 2 amperes. It must 
be remembered, however, that even 
though the backup breaker does not open 
because of insufficient ground current or 
electrical or mechanical failure of the 
tripping elements, the system is still safe 
from the hazards of contact with machine 
frames. An electrician at one operation 
has designed an electronic circuit to use 
with this protective scheme, which is sen¬ 
sitive to ground currents of a few' milliam¬ 
peres. 

Wye-Connected 480-Volt Windings 

It should be emphasized that the sys¬ 
tem illustrated in Fig. 6 applies to existing 
installations already having wye-delta 
auxiliary transformers. On new jobs 
permitting choice of delta-w'ye trans¬ 
formers, all the advantages of the system 
just described can be obtained without 
need for a derived neutral. Greater sim¬ 
plicity, less over-all cost, and improved 
reliability result with the 480-volt neutral 
connected directly through the current 
limiting resistor to the 4,160-volt ground 
wire. With the exception of the delta-wye 
connection, and omission of the zigzag 
transformer, connections are as shown in 
Fig. 6. 

Conclusion 

Many needless accidents occitr each 
year in all industries, many of them the 
result of lack of foresight. It is very en¬ 
couraging to see the consciousness which 
has developed in the past few years of the 
hazards that exist, and the thought and 
effort which is being given toward their 
prevention. Unfortunately, too many 
preventive measures come into being only 
through hindsight. Even though condi¬ 
tions arise that may defy the imagina¬ 
tion, it is the engineer’s job to analyze 
each new design with the question, “Have 
I done all I can to make this world a safer 
place in which to work?” 

- 4 - 

No Discussion 
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The Maenctic-Amplifier Controlled Log- 
Carriage Drive and the Basic Duty 
Cycle of Carriage Performance 


H. A. ROSE 

MEMBER AIEE 


Synopsis: The tlrive for the log carriage 
is probably the most important of all saw¬ 
mill drives. The niill’s output is directly 
related to the speed and agility with which 
the carriage will respond to the sawyer’s 
needs. The carriage represents a load of 
high inertia, and to i>ropell it at required 
degrees of acceleration, deceleration, and 
speed demands large amounts of power. 
In making electric log-carriage applications 
it is economic practice to load the drive 
units to the maxiunun currents for which 
they are capable in rapidly recurring duty- 
cycle operation. This paper deals with the 
signillcanee of tliis loading as related to: 

1. The cost of the drive as affected by the 
production reciuiremeiits of specific applica¬ 
tions. 

2. The iiUrodiietion of modern magnctic- 
ampliller controls to permit loading the drive 
components to their maximum load capa¬ 
bilities. 

3. The introduction of a “basic duty cycle” 
for carriage operation. Based on this cycle, 
simple equations are developed to afford 
better understanding and appreciation of 
the important factors involved 


Dollar cost^( I IP)rma == 


80,600,000 


For example, this basic equation states that 
the cost of a drive is approximately propor¬ 
tional to the cube of the maximum produc¬ 
tion requirement measured in con¬ 

tinuous round trips per minute, that the 
carriage must make. Other important 
equations are developed, and the solution 
of a specific problem according to the 
theory is presented in graph form. 


E lectric drives for log carriages 
are ra])idly becoming established 
in the forest product industries. A large 
number of new and rehabilitated installa¬ 
tions have been made in the last few 
years and a high percentage of these have 
been equipped with electric drives in¬ 
stead of the long established twin-cyl¬ 
inder steam engines and “shotguns.’* 

It is logical that the log carriage would 
be among the last of the industries’ ma¬ 
chinery drives to be electrified. Practically 
all other machines except those subject to 
severe loading in the form of reciprocating 
or oscillating motions^ are presently 
driven by electric motors. The log car¬ 


riage being one of these high-peak load 
applications has, until recently, been most 
economically powered by low cost, al¬ 
though inefficient, steam-driven equip¬ 
ment. Waste wood and bark for produc¬ 
tion of steam power was cheap and in 
plentiful supply. 

During recent years, however, the 
economic pattern has been steadily chang¬ 
ing. Waste wood is being put into pulp or 
other higher-valued products. ‘ ‘Hogged’ ’ 
fuel is becoming scarce. Steam, once 
available in unlimited quantity, has be¬ 
come both scai'ce and a high-value item. 
Steam plants have become costly to in¬ 
stall and expensive to operate, except in 
the case of a comparatively few large in¬ 
tegrated mills which operate dry kilns, a 
planing mill, or other by-product plants 
in conjunction. 

These unfavorable conditions to steam- 
driven equipment and the present-day 
general availability of moderate-cost 
electric power are responsible for the 
marked increase in electric log-carriage 
installations. Also, modern electric car¬ 
riage drives operate at high efficiency, 
since much of the energy taken for their 
operation is cyclically returned to the 
power system as inertia energy during the 
working periods of deceleration of the 
carriage. 

Electric carriage drives are available 
in two principal forms, commonly re¬ 
ferred to as the “geared” type and the 
“gearless” type, as illustrated in this 
paper. Both types are similar as regards 
major elements of equipment, the essen¬ 
tial difference being in the carriage pro¬ 
pulsion unit. In the geared-type, a high- 
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Speed motor is coupled to a speed re¬ 
ducer and cable drum, all mounted on a 
common bedplate. In the gearless typt, a 
slow-speed very-high-torque motor and 
cable drum are mounted on a common 
armature shaft between two heavy-duty 
pedestal bearings. The high-torque 
motor eliminates the need for a gear unit 
and provides a simple way of connecting 
the motor directly to the carriage. 

In the geared-type drives, motor inertia 
presents a problem because it must be 
accelerated to speeds of 1,200 to 2,000 
rpm in 1 to 2 seconds or less, during 
which the carriage reaches full speed. To 
minimize motor inertia and thereby re¬ 
duce the portion of gross power absorbed 
by it, a 75-degree-centigrade rise machine 
is generally employed. Since gearless 
drives have to reach only 50 to 120 rpm 
for full carriage speed, the angular ac¬ 
celeration involved is so low that motor 
inertia is of little consequence. This per¬ 
mits economic use of 40-degree-centigrade 
rise machines. 

General Requirements for Log- 
Carriage Drives 

Carriage drives should have sufficient 
reserve power to quickly accelerate and 
decelerate the carriage without distress at 
the commutators of the propulsion motor 
or generator. The drive must respond 
quickly to movements of the sawyer’s 
controller. The system should create the 
feeling of being “alive” at the controls. 
The sawyer should not be burdened with 
conflicting mental requirements of having 
to manipulate his controller to prevent 
overloading the equipment while striving 
to attain maximum lumber output. 

To attain these requirements econom¬ 
ically requires motors and generators 
having high momentary commutating 
capability, that can be used continually 
in rapidly recurring duty-cycle operation. 
Since the motor is at rest or reduced 
speed a considerable portion of the time, 
forced air cooling is required to dissipate 
its losses. The drive motor of the motor- 
generator set must have high-breakdown 
torque, commensurate with the peak re¬ 
versing power demands placed against it 
by the generator. Current and speed 
regulating equipment is required to force 
the machines to respond quickly to the 
prescribed limits of their commutating 
capabilities. 

The Magnetic Amplifier, Speed and 
Load Controller 

Much of the success attained to date 
by electric carriage drives is due to mod- 
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Fi 0 , 1 . Diasram showing the principal pieces of equipment for the gearless type of electric 
log-carriage drive, including the inverted engine-type synchronous-drive motor for the band saw 


em types of load- and speed-regulating 
systems. Rotating regulators'*^ were 
first used. The latest advancement in 
this type of control is the magnetic am¬ 
plifier.This device has the principal 
advantages of being a small static piece 
of equipment, which having once been 
adjusted requires no further attention. 

In the drive described by this paper, 
the magnetic amplifier supplies the entire 
excitation requirements for a conven¬ 
tional variable-voltage reversing-polarity 
exciter which, in turn, excites the pro¬ 
pulsion generator. 

The larger generator ratings have suf¬ 
ficiently high field inductance to prevent 
rapid rise in voltage (carriage accelera¬ 

Fig. 2 . A heavy-duty gearless propulsion 
motor, with integrally built grooved cable 
drum, d-c electric solenoid brake, forced-air 
blower, and air filter. Note split construction 
of motor frame, commutator inspection covers, 
large shaft and pedestal bearing 


tion) if natural circuit time constants are 
allowed to prevail. To overcome this, 
generator field forcing is employed. The 
forcing action is obtained from the mag¬ 
netic amplifier, arranged to simultane¬ 
ously force and limit the generator output 
voltage tlirough the exciter. A push-pull 
type of magnetic amplifier is used, since 
the generator and exciter must operate 
with reversing polarity. The push-pull 
amplifier consists of two matched am¬ 
plifiers operating in opposition. 

As illustrated, see Fig. 13, the mag¬ 
netic amplifier is provided with four in¬ 
telligence windings, which act jointly to 
determine the exciter field ciurrent re- 
quhed: 

1. Speed control winding, actuated by 
sawyer’s controller. 

2. Bias winding, for extending the mag¬ 
netic amplifier’s range; excited at constant 
potential. 

3. Current limit winding, for limiting the 


degree of current loading permitted; excited 
by load voltage drop across series and com¬ 
mutating field windings- of propulsion gen¬ 
erator. Restraining bias prevents this- 
winding becoming effective for current less- 
than the permissible value. 

4. Antihunt winding, for maintaining 
stable carriage speed as determined by 
sawyer’s controller position; excited by 
damping transformer from exciter voltage. 

The magnetic amplifier control, see 
Fig. 12, is the heart of the entire con¬ 
trol system. Through its control wind¬ 
ings, the sawyer sets the direction and 
speed of the carriage by positioning his 
controller. The magnetic amplifier forces 
the generator (voltage) and propulsion 
motor (speed) to respond at a constant 
rate of acceleration for all speed selections. 
The rate of acceleration is determined by 
the current loading permitted for the 
drive units, and is established by the bias 
setting given the current-limit winding. 

The magnetic amplifier uses the self- 
saturating effect® of the load current 
if it controls to assist in producing the 
flux changes required in its magnetic cir¬ 
cuit. The control energy 4 required to 
swing the output from zero to maximum 
value is, therefore, very small. High 
values of control-circuit amplification and 
exciter-field forcing action are thereby 
obtained. The current duty on the 
sawyer’s controller is very small. 

Sawyer’s Controller 

The sawyer’s controller is of special de¬ 
sign for easy and essentially stepless 
speed control. Movement of the handle 
in either direction results in progressive 
closiure of a single series of contacting 
leaves and buttons. There are no sliding 
contacts. Forward and reverse con¬ 
troller movements automatically excite 
the con'esponding directional speed am¬ 
plifiers through integrally built speed 
selection switches. 



Fig. 3 “ (right). 
Typical installa¬ 
tion of gearless 
propulsion mo¬ 
tor. Note wood¬ 
en face guide for 
propulsion cable 
in foreground. 
Airfilterprevents 
entrance of saw¬ 
dust and dirt to 
motor. Long 
tension bolts 
hold motor se¬ 
curely to found¬ 
ation 
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Fig, 5 (right). 
Typical installa¬ 
tion of power- 
supply motor- 
generator and 
separately driven 
3-unit excitation 
motor generator 
set for gearless 
log-carrragedrlve 


Fig. 4. Power-supply motor-generator set for 
gearless log-carriage drive. Components are 
open-drip proof, 40-degree-centigrade rise 


Nomenclature 



= maximum carriage speed, feet per 


Analysis of Power Requirements 

The electric energy required to drive 
log carriages is nominal, and may be al¬ 
most negligible compared with other 
costs of mill operation. This is because 
a large portion of the energy put into ac¬ 
celerating the loaded drive is returned 
to the power system as inertia energy dur¬ 
ing periods of deceleration. 

The electric power needed to propel 
the carriage, however, is considerable, 
and requires propulsion equipment of 
comparable power rating. The cost of 
the drive is approximately proportional 
to the required power rating. The yearly 
investment charges covering the in¬ 
stallation may be considerably larger 
than the cost of the energy. 

Without regard to equipment cost, it is 
of paramount importance that the drive 
have adequate power and speed to meet 
the mill’s daily production requirements, 
as measured in properly sawn board-foot 
output. Too small a drive, although of 
low first cost, may be tremendously ex¬ 
pensive through losses in production. 
An oversize powerful drive, with corre¬ 
spondingly high investment charges, can 
also curtail production by having too low 
a carriage return speed. A high-speed 
lightweight carriage may lose production 
by slow accelerating and decelerating 
capability in the drive, the characteristic 
of feeling “sluggish” at the controls. 

The following theoretical treatment is 
intended to show the importance and re¬ 
lationship of the factors which affect cost 
and production performance of log car¬ 
riage drives. It is not the author’s intent 
to present the more involved equations 
treating the various forms of carriage 
movements. These become so compli¬ 
cated that perspective regarding the basic 
elements of the problem are lost. The 
nomenclature identifies the most impor¬ 
tant factors which characterize electric 
carriage drives. 


P,^=rate of production in round trips of 
the carriage, per minute 
average one-way distance the carriage 
moves in normal sawing, feet 
1^'== weight of the carriage, log, propulsion 
cable, and equivalent sheaves, pounds 
total equivalent weight of the entire 
moving system, pounds of carriage 
weight, including equivalent weight 
of the drive motor and gear unit 
5=the level running speed of the carriage, 
feet per minute 

—accelerating and decelerating rate of the 
carriage, feet per second squared. 

A^ = time required to accelerate the carriage 
from stand-still to speed S, seconds. 
(HP)e—torque horsepower developed to 
accelerate the loaded system W to 
speed in time At 

(HP)rnx8“nns torque horsepower developed 
when continuously propelling the 
loaded system W over track distance 
d to speed S, accelerating and de¬ 
celerating in time At 

(HP)rms'=rms torque horsepower devel¬ 
oped when continuously propelling 
the loaded system W over track dis¬ 
tance d to speed 5, accelerating and 
decelerating in time At with the 
carriage active a = 1/1 of the time 
O'= the per unit, 1/1, time the carriage is 
active during normal sawing opera¬ 
tions 

7?' =pull on the propulsion cable required to 
accelerate the load inertia W\ 
pounds 

F=the propulsion motor air gap rope pull 
(fictitious) in equivalent pounds on 
the propulsion cable required to ac¬ 
celerate the total equivalent weight 
W 

Pm (mechanical) =the mechanical capability 
of a given drive for different carriage 
speeds S for rate of acceleration a, 
round trips per minute 
Pm (thermal) =the thermal capability of a 
given drive for different carriage 
speeds *S for rate of acceleration a, 
round trips per minute 
speed, feet per second 
!r=time for one-way trip, seconds 
Trt =time for round trip, seconds 
A^ = time for acceleration or deceleration, 
seconds 

A^;. = time at level running speed, seconds 
dr = distance traveled at level running speed, 
feet 

A 5 = accelerating or decelerating distance, 
feet 


minute 

2 ;^ = maximum carriage speed in feet per 
second 

acceleration of gravity, feet per second 
squared 

/== force, pounds 
2 £j= weight, pounds 
5 = speed, feet per minute 
1/1^ = torque “gain,” expressed in per unit 
of nominal full-load value = 1 
l/l^=rpm speed “gain,” expressed in per 
unit of nominal rated value = 1 
(hp) = horsepower 

l/l=aper unit value (1.75 1/1 = 175 per 
cent) 


To attain maximum production, the 
sawyer inherently returns the carriage at 
the maximum speed capability of the 
drive. The speed in making the cut de¬ 
pends principally on the character of the 
wood being sawed and on the depth of the 
cut. For soft woods, under nonnal saw¬ 
ing conditions, maximum carriage speed 
may be expressed approximately as 



feet per minute 


and for hard woods 




250 , 

feet per minute 


where D is the depth of the cut in feet. 



Fig. 6. Typical sawyer’s control station, 
showing sawyer’s master controller, push¬ 
button console, foot button, and “nigger” 
stick 
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Fi 3 . 7. Sawyer's pedestal-mounted master 
controller. Controller head is dust-tight. 
External wiring is made through pedestal 


3. That 1/Ad accelerating distance, 1/Ad 
decelerating distance, and 2/Ad for full- 
speed travel represents fairly closely the 
performance exercised by the sawyer for 
high-speed carriage operation. 


Note 1: Equations with an asterisk 
apply only for the basic cycle or optimum 
mode; those not so identified may be ap- 


Fig. 8. Sawyer’s controller with cover re¬ 
moved. Note travel selection switches in 
foreground and factory wired resistor assembly 
in background. Controller hfas no sliding 
contacts. Resistor assembly in controller head 
reduces external wiring connections to a 
minimum 


Fig. 9. Magnetic amplifier and control device 
cabinet. Constant potential exciter-field rheo¬ 
stat^ exciter voltmeter, and d-c ammeter are 
mounted on swinging door 


These semiempirical equations are the re¬ 
sult of certain investigations of the author 
regarding carriage-sawing speeds for large 
band and circular saws. They are based 
on the principle that carriage speed times 
depth of cut governs the-rate of kerf re¬ 
moval for properly filling the saw gul¬ 
lets. 

It follows that sawing speeds for soft¬ 
wood logs approximating 1-foot diameter 
approach carriage-return speeds. For 
this reason, and to simplify carriage- 
drive comparisons, it is common practice 
to measure the capability of a given elec¬ 
tric drive by the maximum number of 
round trips per minute it wiU make if 
assumed to operate continuously over a 
travel distance d, propelling a loaded 
carriage of weight IF', with zero idle 
time, (a =1.0.) 


4, That the cycle results in one-third time 
for acceleration, one-third time for full 
speed travel, and one-third time for decel¬ 
eration, which simplifies the mathematical 
development and resulting equations. 

This theoretical cycle is called the 
basic duty cycle, and it results in an *‘op¬ 
timum mode” of performance for any 
drive. The characteristics of the cycle 
are shown by Fig. 14. 

In the theoretical development, fric¬ 
tion effects are neglected to simplify the 
basic equations. Friction for the entire 
system may be conservatively assumed 
at 50 pounds per ton of loaded carriage 
weight. As a coefficient, this is a force of 
0.025 1/1 weight. By comparison, ac¬ 
celeration rates range from 6 to about 15 
feet per second squared. In terms of 
gravity, these are forces of about 0.186 
•*■0 0.465 1/1, compared to 0.025 1/1 for 


plied generally. The' subscript o identifies 
a factor or value applying only in the 
optimum mode. 

Note 2: (mechanical) and Pm (ther¬ 

mal) determine the rates of production in 
round trips per minute for different carriage 
speeds 5, but for constant values of carriage 
travel d and acceleration rate a. Pm 
(mechanical) is in no way limited by ther¬ 
mal considerations of the propulsion motor; 
likewise Pm (thermal) is not limited by 
mechanical considerations. 

Note 3: The crossing of curves Pm (me¬ 
chanical) and (thermal) gives the car¬ 
riage speed vS' for which maximum produc¬ 
tion is obtained commensurate with thermal 
capability; see equation 13. 

So — SPfnd feet per minute (1)'^ 

sod 

seconds (2)^** 

Of, 

TFV 

^“^^*‘’“63,700,0004?, horsepower 


The Basic Duty Cycle 

To simplify equations governing log- 
carriage drive performance a basic duty 
cycle of operation was adopted. It was 
found that a cycle using one-fourth the 
travel distance d for acceleration, and 


friction. Friction can therefore decrease 
the accelerating ability of a drive about 
5.4 to 13.4 per cent below what it would 
be without friction. Since friction also 
increases decelerating rates by similar 
percentages, production performance of a 
drive suffers little from the effects of fric- 


(3) 

(HP)rin8^ = (HP)eo rms torque horse- 

power (4*) 

(HP)rms' = *\/a (HP)eo rms torque 

’ horsepower (5)* 


another one-fourth for deceleration could, 
for practical purposes, be accepted as an 
“ideal cycle,” for the following important 
reasons: 

1. In moving a given weight a given dis¬ 
tance in a given time, the cycle requires a 
minimum of accelerating horsepower. 

2. With considerable degree of accuracy, 
the cycle also results in near minimum 
amounts of motor heating (rms torque 
horsepower). 


tion. Neglecting its effects therefore 
seemed justified for the purposes of this 
paper. 

Characteristic Equations of the 
Basic Duty Cycle 

The following principal equations were 
derived from the characteristics of the 
basic cycle.- The developments are given 
in the Appendix. 


Pm^dW^ 

F pounds cable pull 

' (neglecting friction) (6)* 

P^WW 

^““^*‘’“71,000,000 


Pm^d^W 

--rms torque horsepower 
oD,600,000 

(HP)rtnB^' — -v/q; ^ rms torque 
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Fig. 11. Cross-thc-line 
2,300- or 4,160.volt 
motor-gcncrator-set motor 
starter, usually employed 
for largest drives. Smaller 
ratings use either 440- or 
220 -volt starters 


Pm from 12 to 15 essentially doubles the 
cost of the drive. It is therefore very 
important that the desired value of Pm 
be determined as accurately as possible. 
There may be little sense in powering a 
heavy duty long-side carriage for 25-per¬ 
cent excess production Pm (doubles 
drive cost), unless the large log supply 
and the rest of the mill facilities will 
maintain its operation. 

General equation 3 is important, as it 
may be applied outside the optimum 
mode to determine independently the in¬ 
crease in drive horsepower required to 
obtain 

1. Greater carriage agility At (rates of 
acceleration) than the specific value At^ 
which obtains for the optimum mode. 

2. Higher carriage ceiling or return speeds 
5 than is provided for by the optimum 
mode Sq. 

So and Ato should first be determined. 
Other values of S and At may then be 
substituted and the change in horsepower 
noted. The example illustrates the ef¬ 
fect on (HP )<5 of changing the agility 
factor a;. The increase in inertia horse¬ 
power (HP)e will not be great for agility 
values downward to 0.75 Atp. As a gen¬ 
eral rule, full speed accelerating times 
less than this value are impractical. 


Fig. 10. Control cabinet with open door 
showing magnetic amplifiers and rectifier units 
on bottom panel section, and auxiliary control 
relays on top section. Control resistors 
mounted In grilled top frame 


Pm^dW 

6,450 


(fictitious) pounds of motor air- 
gap rope pull (10)* 


Pm (mechanical) = 


1,8005 ^ , 

_ - round trips 
5*+3,600doJ 

per minute (11) 


900(2 

Pm (thermal) round trips per 

minute (12) 


'= 60 ^; 


da 


2 


feet per minute (13) 


Discussion of Basic Equations 

Accurate values for d, W, Pm, ^.nd a 
should be available for a proposed ap¬ 
plication, such as the example given by 
Fig. 15. Consecutive use of equations 
1 to 6, inclusive, may then be used to 
solve the problem for operation in the 
optimum mode. It is important that the 
value W be the total equivalent weight 
of the entire moving system, expressed in 
pounds of carriage weight. 

The importance of equations 7 and 8 
should be appreciated. As indicated in 
the synopsis, the cost of a drive is propor¬ 


tional to the horsepower rating necessary 
to produce the required carriage per¬ 
formance. The equations therefore show 
the relative importance of the three prin¬ 
cipal factors influencing the cost. 

It is important that unnecessary weight 
be eliminated from the propelled system 
W since it is dead load that must be re¬ 
peatedly raised and lowered in speed, and 
increases the drive cost proportionately. 
The log weight may be that of the average 
log carried. Technically, it should be 
less than the average log weight. 

The carriage-travel distance d is deter¬ 
mined by the mill layout and length of 
the average log. This value is substan¬ 
tially fixed for a given application. It is 
important that the correct value be ac¬ 
curately determined, as the cost of the 
drive is proportional to the square of this 
factor. 

The most important factor affecting 
drive cost is production capability 
Its influence is proportional to the cube of 
the round trips per minute the drive 
should be capable of making under sus¬ 
tained maximum production speeds. Once 
values for W and d have been established 
for the conditions pertaining to maximum 
production Pm, the cost of the drive will 
vary rapidly with changes in assumed 
values of Pm^ For example, changing 


Determination of Propulsion 
Motor Rating 

The lifetimes of carriage drives are 
spent continually accelerating and de¬ 
celerating inertia. Economic application 
of electric drives to this unusual type of 
load requires motors of low inertia effect, 
high load-current commutating capac¬ 
ity, and wide speed-range capability. 

These characteristics are best rhet by 
the nominally-rated Association of Iron 
and Steel Engineers (AISE) standardized 
d-c mill motors (for geared-type drives) 
and by Electric Traction Elevator motors 
(for gearless-type drives). 

When properly applied, these heavy- 
duty motors may be operated to maxi¬ 
mum speed and current values in the 
order of 1.5 to 2 times their nominal rat¬ 
ings. The requirements, as applied to a 
specific application, are: 

1. Safe speeds must not be exceeded. 

2. Maximum current-commutating ability 
must not be exceeded. 

3. Rms loading shall not result in excessive 
temperatures with forced ventilation. 

4. The load-cycle requirements and the 
rating of the machines shall permit the 
commutators to maintain satisfactory polish 
and acceptable performance. 

The maximum momentary horsepower 
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capability for carriage propulsion motors 
therefore becomes 

(HP)^ = (nominal HP rating) X( 1/1 speed 
gain) X (1/1 torque gain) (14) 
(HP)e = (nominal HP rating) X (1 /l5‘) X 

(l/li) 

Or, the nominal motor rating for a par¬ 
ticular application would be 

(HP)(nominalrating) = -s ' (15) 

For the example of Fig. 15, if 1/1 ^ and 
1/1 ^ are chosen as 2.0 and 1.8, the total 
horsepower “gain” becomes 2X1.8=3.6. 
The nominal motor rating would be 
225/3.6 = 62.5 horsepower, which corre¬ 
sponds to the AISE frame-610 force-venti¬ 
lated mill-motor rating. For .^=2, this 
motor would have thermal horsepower 
capability of 2X62.5 = 125 horsepower. 
The duty cycle assumed however, re¬ 
quires a thermal capability of 164 rms 
horsepower for a = 0.8. This require¬ 
ment is met with reserve by the 94-horse¬ 
power, AISE frame-612 motor, having 
188 rms horsepower capability for s — 2. 
In fact, it meets the optimum rms horse¬ 
power of 183 for 0 := 1.0. 

Proper values to assign the gain factors 
can best be arrived at by consultation 
with the electric machinery manufac¬ 
turer, after all facts concerning the actual 
sawing cycle have been established. In 
general, the higher-gain values will apply 
to light and moderate duty applications, 
such as log-breakdown plants for pulp 


mills. The lower values should be used 
for heavy-duty sawmill applications, in¬ 
volving high-carriage speeds S and pro¬ 
duction rates Pm> 

Equation 11 gives the mechanical pro¬ 
duction capability of a drive. Pm (me¬ 
chanical) for different carriage-speed 
values 5, and for constant accelerating and 
decelerating rate a. This equation applies 
between limits of 5' = 0 to Fig. 16 

gives the plot of Pm (mechanical) for the 
example of Fig. 15. The maximum car¬ 
riage speed attainable is -^2 times the 
optimum speed So. The corresponding 
maximum production Pm (maximum) is 
3/4 V2= 1.06 times the optimum produc¬ 
tion Pmo. 

Equation 12 gives the thermal produc¬ 
tion capability of a drive, Pm (thermal) 
for different carriage speed values Sy for 
constant accelerating and decelerating 
rate a and for assigned accelerating capa¬ 
bility i. This formula applies between 
limits of 5 = 0 and 5 = \/2*S'o. 

Curves 1 to 6 of Fig. 16 are plots of 
equation 12 for different horsepower¬ 
rated motors, each having assigned ac¬ 
celerating capabilities i such as to give the 
same accelerating capability a = 10 feet 
per second squared. The motor of curve 
6 is one half the horsepower size (l/l 
^ = 0.5) of curve 1, but is worked to twice 
its nominal current rating (1/1 '^* = 2). 
The curves cover the normal range of 
motor loading (1/1 ^=1 to 2) used for 


application purposes, including the opti- 
mum case, where 1/1 i becomes 1/V2/3 = 

1 . 22 . 

When the two functions, P^ (me¬ 
chanical) and Pm (thermal) are plotted for 
the same value of a, their crossing gives 
the maximum rate of production P^^ 
and corresponding speed 5 for which the 
cycle may be maintained continuously. 
The particular speed value 5 at which the 
crossing occurs is given by equation 13. 

Curve 1 represents a motor thermally 
capable of continuous operation at 1 
1/1 i, continuously accelerating and de¬ 
celerating, attaining a maximum center 
distance speed of So and developing a 
maximum horsepower of ■\/2 (HP)^^. 

The portion of the thermal curves 
above Pm (mechanical) are fictitious, 
since the production values, although 
thermally feasible, are mechanically non- 
attainable. All portions of curve 1 are 
fictitious, except the single point value 
representing maximum possible produc¬ 
tion. The production values of the 
thermal curves below Pm (mechanical) are 
real, and can be realized continuously 
without exceeding thermal capability of 
the motor. 

Curve 6 illustrates the thermal in¬ 
capability of undersized carriage drives 
to meet sustained high levels of produc¬ 
tion, as obtains for high speed lumber- 
sawing rigs in sawmills, where cants and 
logs run small and of even size. Too small 



Fis. 12 (left). 
Schematic con¬ 
nection diagram 
showing principal 
circuits for mag¬ 
netic-amplifier 
controlled elec¬ 
tric log-carriage 
drive 


Fig. 13 (right). 
Simplified dia¬ 
gram showing 
parts and illus¬ 
trating principle 
of operation of 
magnetic ampli¬ 
fier as used with 
log - carriage 
drives 
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a drive in this class of service can also 
suffer from poor commutation, due to in¬ 
sufficient periods of light loading for 
mamtenance of proper commutator pol¬ 
ish. An application made according to 
curve 6 would, however, be ideal for log- 
breakdown service in pulp mills. 

Applications according to curve 1 are 
txueconomical since no advantage is 
taken of the overload capabilities of the 
^q[uipment, and the idle time and re- 
<iuced-speed operation inherent to log 
Carriage operation. 

Curve 2, which contains the point of 
basic-cycle operation represents only 
1-22 1/1 i loading, and is conservative. 
P^be usual application involves sufficient 
time and reduced-speed sawing to 
Permit working the commutators be- 
t\veen 1.5 to 2 1/1 i, and still meet rms 
horsepower requirements. Cycles for 
^ng-side head rigs, sawing large vari¬ 
able-diameter logs, contain considerable 
time and slow speed sawing, so as to 
Permit use of 1/1 1.65 to 2. 

Conclusions 

' Electric drives may be economically 
.^^Pplied to all classes of log-carriage service 
bere electric power is available. 

ixr 


2. The cost of energy7to power electric 
carriages is small, because of regeneration 
from the inertia of the mechanical system. 

3. Electric drives are available in both 
geared and gearless types of drum and rope 
propulsion equipments. 

4. The power components of the drive 
should possess high momentary load capa¬ 
bility, for use in rapidly recurring duty- 
cycle operation. 

6. The propulsion motor should possess 
low-inertia effect, to minimize self-con¬ 
sumption of power and recirculation of 
energy. 

6. A speed-forcing current-limiting type of 
speed regulator is required to insure maxi¬ 
mum output, adequate rates of acceleration 
and deceleration, and smooth even running 
speed during sawing. 

7. The drive should be properly matched 
to the duty it is to perform as regards: 

A. Production capability—round trips 
of the carriage per minute. 

B. Agility of movement—^the feeling of 
being “alive” at the controls. 

C. Adequate return speed capability. 

D. Thermal capacity matched to rms 
horsepower of the carriage cycle. 

8. The sawyer’s controller should be easily 
operated and the control should respond 
instantly to all controller movements. 

9. A basic duty cycle of optimum carriage 



‘ SECONDS 


FI 3 . 15. Curves showing solution of ait 
assumed log-carriage applicaiiotii. Tho equa¬ 
tions give successive steps in the^ sol ufloir 
according to the ‘‘optimum mode** 

Application information: d = 20 feet/ ^ 

40,000 pounds; Pm~lO; 406 =^ 0.3 

So = 3Pind = 600 



-225 



Note: The boxed equations are not used ira 
the successive step solution of th^ pro 
lem 
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(17) 


1.0 



CARRIAGE SPEED-FPM-S 

Fig. 16. Mechanical and thermal capability 
^ curves applying to example of Fig. 15 

^ 1y800S 

Pm (fngcharncdl;= -^ , ^ , 

S2+3y600da 

, 9001/1 p^d 

Pm (therma I) —-^- 


900d 
1/1 i^S 



1/1 

p 

1/1 

i 

© 

1 

1 

@ 

0.816 

1,22 

® 

0.800 

1.25 

® 

0.667 

1.50 

® 

0.572 

1.75 


0.500 

2.00 


performance approximates the manner in 
which the sawyer manipulates the carriage 
for maximum round-trip production. 

10. Simple characteristic equations based 
on the cycle aid in better imderstanding and 
appreciation of important factors involved 
in the application and operation of electric 
carriage drives. 


Appendix. Development of 
Equations 

Prime Equations of the Basic Cycle 

Based on the concepts of the basic duty 
cycle as given in the text, see Fig. 14 

(acceleration) = (deceleration) 

d/4 d 

= — = —seconds (16)* 


d/4 d 

A/o(run)=2—seconds UO' 

where tJ—feet per second = 5/60 
Therefore 

Atg (acceleration) = AIq (deceleration) 

= A/o (run) = ^ seconds (2)** 
Ao 

Time for a round trip of the carriage, Trt 


Trt = 6 A/o = seconds per round trip 

^0 (18)* 

Production — 

S 

round trips per minute (19)* 

3d 

Required speed of the carriage, Sq 

So = 3Pmod feet per minute (1) * 


The required rate of acceleration, ao 



c 2 

ISOOd 


feet per second squared 

{a^v/t) (20)* 


The torque horsepower required to acceler¬ 
ate the inertia of the loaded system, (PIP)c 


(hp) = 


fs 


33,000 




•wa 

g 


.9 
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Fig. 17. Curve giving values of k for different 
1 /I values of Ato = 1.0, which may be multi¬ 
plied by the corresponding value of (HP), to 
obtain (HP) rma 


The pounds pull on the rope required to 
accelerate the carriage, F' 


(HP)e = 


WS^ 

63,700,000 A^ 


torque horsepower (3) 




(hp) 33,000 
s 


pounds 


(HP).,= 


TF5 = 


63,700,000A/o 


torque horsepower 

(3)* 


(HP)ropo 33,000 Pmo^dW33,000 


So 


3Pmod71,Q00,000 


(HP)e,= 


PmpH^W 

71,000,000 


torque horsepower (7)* 


The rms torque horsepower (heating effect) 
required to maintain any cycle; (HP)rniB 

(HPUb = (21)* 

The rms torque horsepower (heating effect) 
required to maintain the basic cycle; 
(HP)rm8o 

V 2At I2 

— (HP)«.= ^-(HP)«, (4)* 

Pmo^dW 

= torque horsepower 

86,600,000 

( 8 )* 

The rms torque horsepower (heating effect) 
developed if the carriage is active al/l of 
the time, (HP) rma^ 

1/1 a = active time 
1/1/3 = idle time 


l/la'4'l/l/3 = l = l/ir (one way trip) 

(HP)™/ = J ^HP)™/«+0»g 

= \/«(HP)rms (for any cycle) (22)* 

(HP)rm*o' = (HP)e„ rms torque 

I ^ horsepower (5) * 

/TT-r.^ /- Pmo^dW 

(HP).ms,= v^ rms torque 

horsepower (9)* 


Pmo^dW' 

-pounds 

6,450 


( 6 )* 


The fictitious air-gap rope pull required to 
accelerate the carriage, F 


PmoWV 

6,450 


pounds 


( 10 )* 


Explanation of /c = ( 2 At/T)V» 

(Refer to Fig. 17) 

The term (2Ai/r)Vi in equation 21 is the 
amount k by which (HP)g may be multi¬ 
plied to obtain (HP)rma for any paired values 
of A^ and T on either side of the optimum 
mode. The values of k were determined 
from 1/1 values of Af/T and Aip, and the 
results given by the curve of Fig. 17. The 
limits of accelerating time over which 
1/lAlo and Ai/T can apply are given by 
the abscissa. For a given problem, if So is 
determined from equation 1, followed by 
Afo from equation 2, (HP)eo for the optimum 
mode is then directly available from gen¬ 
eral equation 3. Other values of (HP)e on 
either side of Atg may then be calculated by 
equation 3. Corresponding values for 
(HP)rras may then be obtained by multi¬ 
plying (HP)e by K, Corresponding values 
for (HP)rm8' are next obtained by multi¬ 
plying (HP) 

rma by «*/*. 


Development of S=60d/(T —At) 
(Refer to Figs. 14 and 15) 

A specific rate of production Pm requires 
a one-way trip be made in definite time T, 
This condition can be met by different 
paired values of 5 and At, including the 
optimum values Sg and Ato 
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d=-~+vM,+— 

d^a^t‘^-\~aht 


(A4 = r-2A/) 

(v — aAi) 
(T-2At) 


(23) 

(24) 


equal to 1 . 


V 


2(21/ll=A/) 


= 1 


|'2(2A«+A4) 

2(2 l/lt2A«J=2(2A/+A4) 


Vffi -“—dAt'ffi — 

Vffi ~ 

5^ = V25, (31)=^ 


5 = 

-St, = 


T-At 

60d 


(y = 5/60) 


r-A/ 

60d? 




3Ai?^-A/« A/,; 


(25) 

(26)* 


Development of (Mechanical) 

-STT^Odi 

Pm (mechanical) = 60/2T= 


60 


2(A/H-A/r + A0 


Ffn (mechanical) = 

d^ d ~~~ 2 As 
vAtr ^d—vAt 
d—vAt 


60 


Atr^- 


A/,=- 


V 

da—v^ 


2(2A/+A/r) 

{As—vAij2) 

{At^vja) 


(27) 


av 


Pfji ( mechanical) = 
(mechanical) 


SOaz; 


v^-}-da 
l,800aS 


(v^S/60) 


S<^-l-3,600da 
round trips per minute ( 11 ) 


Development of (Thermal) 

Time for 1-way trip T — 2 A/4- 
Time for round trip=2(2A^4-A^;.) 

1/1 heating effect of continuous cycle 


( 12 ) 


2( l/lPAt-hO’^Atr +1 / IP At) 


(28) 

^ 2(2At-hAtr) 

To avoid overheating equation 28 must be 


Number of round trips per second 

1 

'"2(2A/-f A4) 


Development of P (Maximum 

Mechanical)=3 /4\/2P mo = 1,06Pmo 
(See Text) 


60 60 

P„(thermal)-2^2^+^4)“ 41/li2A< 

(29) 


(thermal)( 12 ) 

Note that 1/lt and a must be companion 
quantities. That is, 1/li must produce 
acceleration a. 


Development of S' 

-60\/da/(2 1/li2-l) (13) 

The particular speed point S' at which Pm 
(mechanical) equals Pm (thermal) estab¬ 
lishes the rate of maximum continuous pro¬ 
duction capability for the particular as¬ 
sumed overloading value 1 /lf. S' is found 
by equating Pm (mechanical) =^ 7 ^ (thermal) 

l,80Qa5 900a 

S^-i-3,600da ^1/lPS 

/ da 

y = 60W-:- 

^21/1^2-1 

Development of Sw = V^So(a == a©) 
(See Text) 

For an accelerating rate corresponding to 
So, the maximum speed the carriage can 
attain and not overrun the midpoint of 
travel is Sm- 

d doAtf^ 

4 "" 2 

d apAtm^ 

2^ 2 

Alm = V^A<„ 


Time for a round trip at maximum speed 

=^4: Atm 


P (maximum mechanical) = tTT“ 
4:Atm 

d VmAtfji 
— =;-- 

2 2 
Vm = V^Vo 
Vo—So/&i 


md 

m- 

P (maximum mechanical) 

= =“ \/2 Pmo^ 1.06P mo 

4 3a 4 

(32)* 
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Discussion 

W. D, Vincent (General Electric Company, 
Seattle, Wash.): Electric log-carriage drives 
have now become firmly established in the 
lumber industry. Over 100 of the d-c, 
current-forcing t 3 rpe of high-speed drives 
have been installed within the past few 
years in various manufacturing plants 
throughout the world. This is evidence of 
the acceptance of these drives by their users. 
Mr. Rose’s paper attests to his extensive 
knowledge and experience in this field. 

Mr. Rose presents a basic duty cycle of 
carriage traverse which assumes that opti¬ 
mum results will be obtained with the trav¬ 
erse time apportioned such that one-third 
is used for acceleration, one-third for full 
speed travel, and one-third for deceleration. 


- -4- 

The principal equations presented in his 
paper were derived, based on the character¬ 
istics of this basic cycle. 

The writer questions that this cycle will 
actually result in optimum performance as 
stated. It is easily proved that the basic 
duty cycle results in the minimum horse¬ 
power for moving a given mass a given dis¬ 
tance in a given time. However, in a prac¬ 
tical log-carriage application the distance 
traveled by the given weight is not a given 
constant, as the motor equivalent weight 
travels a distance depending on gear ratio 
or drum diameter chosen. Thus for a given 
set of practical conditions the basic duty 
cycle will probably not produce the opti¬ 
mum performance. 

In moving a given weight a given distance 
with a given accelerating horsepower, it 


can be proved that an optimum, maximum 
velocity exists which will result in minimum 
traverse time. This optimum velocity (for 
the carriage in this application) may be ob¬ 
tained by selecting the proper gear ratio 
between the motor and the cable drum with 
the geared drive or by selecting the proper 
cable drum diameter with the gearless drive. 
Several trial calculations showed that the 
optimum cycle is actually a variable depend¬ 
ing upon the accelerating horsepower, the 
carriage weight, and the traverse distance. 
The accelerating time actually amounted to 
between 41 and 49 per cent of the total 
traverse time in the examples tried. 

The use of magnetic amplifiers and a 2- 
field exciter as presented in this paper should 
result in a very acceptable type of carriage 
drive. This type of amplifier has been used 
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fjccessfuny for many other applications in 
2 n ustry. ^ In general we have had better 
results using the amplidyne amplifier for 
applications involving a reversing duty cycle 
as that required for a log-carriage 


S. Smith (British Columbia Research 
Council, Vancouver, B. C., Canada): Mr. 
Rose is to be complimented on his contribu- 
^on to the theoretical study of log-carriage 
nrives but I am a little apprehensive of some 
of his assumptions. Our own studies, which 
include speed-time measurements on car¬ 
riages, suggest that it may be difficult to 
reconcile theory and practice. In this con¬ 
nection I would like to ask three questions, 
^irst, our speed-time records show con¬ 
siderable rounding off of curves between the 
acceleration and constant speed portions. 
Have you observed this and do you not feel 
that it affects your theory appreciably? 
•Second, how do you arrive at values of a for 
a mill and have you found that the values 
obtained with actual installations agree 
reasonably well with estimated values? 
Third, what information have you from 
tests on the amount of regenerated energy 
to be expected with your drives? 


jfir. A. Rose : The author appreciates the 
points of constructive criticism raised by 
Mr. Vincent and Mr. Smith. 

Mr. Vincent is correct in emphasizing that 
the equivalent weight of the propulsion 
motor and the drum diameter have very 
marked influence in the calculations of drive 
performance. As pointed out under “Dis¬ 


cussion of Basic Equations," it is essential 
to proper application of the theory of the 
basic duty cycle that W be the total weight 
of the entire moving system in equivalent 
pounds on the carriage. This should in¬ 
clude the propulsion motor, speed reducer, 
motor coupling, cable, cable sheaves, and 
the rotational inertia of the carriage wheels. 
The minimum drum diameter should be at 
least 30 times the cable diameter. The 
diameter is also set by the permissible 
maximum revolutions per minute of the 
propulsion motor,_which speed will corre¬ 
spond to about V2 times the basic carriage 
speed Since the motor’s inertia contrib¬ 
utes to the total weight propelled as the 
square of the gear ratio, a specific applica¬ 
tion may make it desirable to use a lower 
gear ratio and larger drum diameter than 
would be set by the maximum permissible 
motor speed, « \/2 So. Equation 15 takes 
this consideration into account by the value 
assigned 1/1 s. By definition (HP)^ con¬ 
tains the portion of inertia horsepower re¬ 
quired to propel the motor at the assigned 
value of 1/1 s. In some applications, it will 
be found that 25 to 50 per cent of-the total 
inertia horsepower is required to propel the 
propulsion motor and its associated cable 
drum and gear unit. This percentage can 
readily be determined from equations 6 and 
10 for the conditions of the basic cycle. 

Mr. Smith raises some important points 
on which the lumber industry needs much 
more information than is presently available. 
It is hoped that the rapidly increasing use 
of electric carriage drives will afford users the 
opportunity to determine and report their 
findings. 

The rounding-off of the speed-time records 


between acceleration and constant speed 
running makes it necessary in practice to 
compensate for the loss in production 
by providing for slightly increased rates of 
acceleration, and when permissible by 
slightly higher sawing and return speeds. 

The active time value a can be arrived 
at with sufficient accuracy by observation 
of operation of the existing drive, or by com¬ 
parison with similar drives, with such cor¬ 
rections made as may be considered advis¬ 
able. The range of a for different applica¬ 
tions is considerable. As a general rule, it is 
unsafe in sawmill practice to assign a values 
of less than 80 per cent, unless a detailed 
accurate study of the requirements are 
made. The calculation of a should not in¬ 
clude long periods of idle time not directly 
associated with normal log handling and 
sawing operations. 

Adequate test information on the percent¬ 
age amount of regenerated energy was not 
available for the paper. Tests are con¬ 
templated to obtain factual information on 
this important subject. Theoretical cal¬ 
culations indicate that between 65 to 85 
per cent of the input energy to the drive 
should be returned. 

In conclusion, it should be emphasized 
that the equations of the basic duty cycle 
are not intended to fulfill all the detail re¬ 
quirements for solution of electric log-car¬ 
riage applications. The author and his 
associates have found that they constitute 
a set of powerful tools by which most pre¬ 
liminary drive calculations can be made. 
Further, they set forth in simple form the 
important considerations of a complex prob¬ 
lem which could otherwise not be readily 
appreciated. 


The Spreadins and Interface Resistances 
of Electric Contacts 
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I N ALMOST every electric circuit 
there are one or more places where cur¬ 
rent passes from one continuous metal 
body to another across the interface 
separating the two. The presence of the 
interface introduces an additional re¬ 
sistance into the circuit, and this addi¬ 
tional resistance has for many years been 
called contact resistance. For over a 
century the contact resistance was 
thought to arise entirely from the poten¬ 
tial drop through which charge must pass 
in going across the interface from one 
body to the other, and this was considered 
to be the only resistance of a contact. 
Today, it is known that the deviation 
from a uniform current field caused by 
the constriction of the current to a few 
small conducting areas at the interface 


WILLIAM B. KOUWENHOVEN 
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also contributes to the contact resistance, 
A recent paper^ by one of the authors de¬ 
scribes some of the more important ef¬ 
fects of this latter phenomenon. 

Aim of Investigation 

In resistance welding, contact resist¬ 
ance is one of the major factors determin¬ 
ing the amount and location of heat 
energy delivered to the weld. Existing 
techniques allow more accurate control 
of the magnitude and duration of the 
current supplied to the weld than of the 
magnitude and location of the contact re¬ 
sistance at the weld. Even though much 
excellent work on contact resistance has 
been done, there is still a gap between the 
formulas of theory and the control pro¬ 


cedures in practice. In the hope of nar¬ 
rowing this gap, the authors set out to de¬ 
termine whether the contact resistance 
between the butt ends of right circular 
solid cylinders could be qualitatively and 
quantitatively predicted when all known, 
controllable factors affecting the resist¬ 
ance were taken into account and con¬ 
trolled. The results of the investigation 
are intended to promote a better under¬ 
standing of the factors which determine 
the initial magnitude of the contact re¬ 
sistance at electrode-workpiece and work- 
f)iece-workpiece interfaces. 


Paper 53-353, recommended by the AIEE Electric 
Welding Committee and approved by the AIEE 
Committee on Technical Operations for presenta¬ 
tion at the AIEE Pacific General Meeting, Van¬ 
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available for printing July 2, 1953. 
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Investigation and Results 

The investigation was limited to the 
d-c contact resistance of single-metal 
contacts made between the butt ends of 
1 / 2 -inch diameter, solid, right circular 
cylinders under static mechanical axial 
loads. Two pure metals, silver and 
aluminum, and three alloys, a bronze, a 
brass and a stainless steel, were used as 
contact materials to provide desired varia¬ 
tions of hardness, volume electric re¬ 
sistivity, and surface film properties. All 
tests were made in air at ambient temper¬ 
atures and the contacts were arranged to 
provide minimum or zero temperature 
gradients in the contact bodies. 

Using the theory outlined in the follow¬ 
ing, and the experimental procedures out¬ 
lined later, results were obtained which 
indicated only a qualitative fit to theory. 
The quantitative discrepancies, however, 
were fairly consistent for a given metal. 
Possible causes of this quantitative dis¬ 
crepancy are given in the discussion of re¬ 
sults. 

Theory 

General 

The total resistance between two points 
in a circuit is actually a measure of the 
energy lost as heat in transporting electric 
charge from one point to the other. In 
d-c circuits the energy is consumed in 
maintaining the stationary current field 
in the conducting media, according to tlie 
existing boundary conditions, and in 
maintaining the current flow tlirough 
potential barriers which may exist at in¬ 
terface surfaces if a contact is included 
between the points. A contact, then, may 
introduce resistance into the circuit in 
three known ways: First, by introducing 
new boundary conditions for current flow 
in the conducting bodies in contact; 
second, by introducing surface potential 
barriers through which the current must 
flow in leaving or entering a conductor; 
and third, by introducing material (some¬ 
times semiconducting or insulating) 
through which current must flow in the 
interface region between the conducting 
bodies in contact. The resistance arising 
from the first is called the spreading re¬ 
sistance and that from the second and 
third the interface resistance. 

The current flow lines in a symmetrical 
contact, where the actual area of contact 
is S 5 mimetrically located in the interface, 
are sketched in Fig, 1 (A). The inter¬ 
face resistance represents the electric 
energy needed to transport charge from 
the metal body of one contact to that of 
the other across the interface, while the 


Spreading resistance represents the addi¬ 
tional resistance in the metal contact 
bodies themselves because of the con¬ 
striction of the current flow lines through 
the conducting area. The actual flow 
lines are solid, while the normal path of 
the flow lines, in the case where the bodies 
are in complete metallic contact across 
the entire interface area, is shown in 
dotted lines. The difference between the 
actual body resistance resulting from the 
solid line field and the body resistance 
resulting from the dotted line field is the 
spreading resistance part of contact re¬ 
sistance. 

Interface Resistance 

The actual resistance of a film material 
is present only when a thick (30 Angstrom 
units or greater), continuous film remains 
in the interface after the contact is made. 
Most contacts have either sufficient 
contact voltage or mechanical load to 
ruptiure a thick film, and the current 
flows through fissures or bridges, by-pas¬ 
sing the film material itself. This does 
not mean that the effect of thick films al¬ 
ways disappears when they are ruptured, 
because the delimitation of current to 
small parts of the interface area will in¬ 
crease the resistance introduced by the 
first and second effects. The portion of 
the interface resistance represented by 
the third effect—the resistance of a thick 
intervening film—is not considered fur¬ 
ther here because, in the range studied, 
contact loads ruptured such films on the 
metals used. 

Unless the contact surfaces are care¬ 
fully cleaned and then degassed and 
mated in a vacuum, there is still a thin 
film (less than 30 Angstrom units) of ad¬ 
sorbed gas or a monomolecular layer of oil 
separating the metal surfaces of the con¬ 
tact bodies, even if a thick film is absent. 
This thin film is maintained under large 
mechanical loads. If the film is not pres¬ 
ent, the metal atoms of one of the con¬ 
tact bodies can approach those of the 
other to within noimal atomic spacings, 
and the contact is welded shut. It is 
difficult, then, to achieve perfect metallic 
contact in an ordinary contact interface, 
and is even undesirable to eliminate all 
films in most electric contacts because of 
the welding or sticking which would result. 
For the majority of contacts, then, the 
current must pass through at least a thin 
film at the interface and so actually leave 
and re-enter a metal surface. One of the 
more satisfactory theories explaining the 
conduction of current through thin films 
is adequately described by Flolm.^ The 
two major independent variables that af¬ 
fect this part of the interface resistance 



Fig. 1. Current flow lines 

A. Symmetrica! contact interface 

B, Subdividing contact area 


are the total film thickness or separation 
between the contact bodies, ty and the work 
function, for emission of electrons 
from the metal or film. The unit-area re¬ 
sistance of thin films, according to the 
Holm-Kirschstein equation, is 


\ 1.29 l+AB] 


( 1 ) 


where 


^=(7.32X10“') 



JB = (1.265X10-^) 



Vz 


In equation 1 7 is in ohm-inches^ when 
ejie is in electron volts and t in Angstrom 
units (A). Assuming, then, only thin 
films, the interface resistance may be ex¬ 
pressed by 


( 2 ) 

where 5c = the conducting area at the 
contact interface. This term represents 
the energy expended by the current in 
crossing the interface from one contact 
body to the other. An interesting feature 
is that, both theoretically and experimen¬ 
tally, it is virtually independent of tem¬ 
perature and the material of the film it¬ 
self. 


Spreading Resistance 

The other term that contributes to the 
total resistance introduced into a circuit 
by a contact is that caused bv the spread¬ 
ing resistance mentioned. There are 
rigorous equations defining the relation- 
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Tabic I. Analyses of Specimen Materials 



Silver 

Aluminum 

Bronre 

Brass 

Stainless Steel 

ai_ 

- 0.01* 




....C. 

. 0.11 



remainder 





Cu..., 

... 0.05* ... 


...89.50 _ 

_61.48 _ 

....Si. 

. 0.89 

Fe- 

... 0.01* 


... 0.02 sp.... 

. ... 0.05 sp.... 

. .. .Ni.... 

.10.16 

Pb.... 

.. . None* 


... 1.96 _ 

.... 3.00 .... 

Or 

17 29 

Ag.... 

...99.89 as ... 




Mo . 

n 16 


remainder 




Fe.... 

. . .remainder 

Sn.... 

.. . None* 


,.. 0.01 sp.... 

.... 0.02 sp 



Zn.,.. 

.. . None* 


... 8.26 .... 

....35.62 



Ni.... 

.. . None* 


... 0.40 sp__ 

.... 0.02 sp 



Si. 

... 0.01* , .. 






Sb.... 

... 0.02* 


... 0.05 sp.... 

.... 0.05 sp 




* From spectrographic analysis. 


ship between space variation of potential, 
current density, and electric conductivity 
in stationary current fields. One such 
equation, derived in many texts,® is 
VJ= ■~(V#Vl/p+l/pV2^)=0 (3) 

where J = the current density space 
vector, $ the electric potential, and p the 
resistivity of the conductor, V is the 
familiar vector differential operator V= 
i^/dar+jd/dy+kd/d* in Cartesian co* 
ordinates. Equation 3 holds even if the 
conductor is inhomogeneous, but not if it 
is aeolotropic, for then 1/p becomes a 
tensor of the second rank. In the case of a 
homogeneous, isotropic conductor, equa¬ 
tion 3 reduces to the familiar Laplace 
equation 




(4) 


as V 1/p is zero. 

To calculate the total resistance be¬ 
tween two points in a circuit (isotropic 
conductor) resulting from the energy 
needed to maintain the stationary current 
field there, equation 3 or 4 could be solved 
for the potential difference between the 
points arising from a specific current. 
Unfortimately, the solution is quite dif¬ 
ficult except for certain simple boundary 
conditions. To determine the true ef¬ 
fect of a contact present between the 
points, two solutions would be used, one 
with the conductor assumed to be con¬ 
tinuous through the whole contact inter¬ 
face, dotted flow lines in Fig. 1(A), and 
the other with additional boundary con¬ 
ditions resulting from the actual current 
constrictions at the interface, solid flow 
lines, Fig. 1(A). The difference of resist¬ 
ance obtained between these two solutions 
is the spreading resistance. 

For solid cylindrical conductors of cir¬ 
cular cross-section, Kouwenhoven and 
Sackett^ found the spreading resistance, 
which was due to a circular constriction, 
concentric with the cylinder axis 




\dc da 


409 dc^ 

+ 0 . 296 ^^+ 


0.0525 




(S) 


where p is the electric resistivity, dc the 
diameter of the conducting circular con¬ 
striction at the interface, and da is the ap¬ 
parent interface diameter (cylinder diam¬ 
eter). If a single constriction is divided 
into n equal-area constrictions of the same 
shape, S3rmmetrically and uniformly 
located over the interface area, the 
spreading resistance is reduced by the 
factor of The effect, qualitatively, 

of such a subdivision is to reduce the 
maximum displacement perpendicular to 
its normal direction of flow that a current 
flow line must experience to find a con¬ 
tinuous path through the interface. Fig. 
1(B) shows clearly that if the number of 
contact areas symmetrically placed is in¬ 
creased by a factor of 4, while maintaining 
the same total contact area, the maximmn 
distance that a cmrent flow line must 
travel is cut in half. The total contact 
area (shaded portion) is the same for the 
three cases shown but is divided into four 
parts in the middle specimen and 16 parts 
in the right specimen. 

Contact Area 

One of the important factors in deter¬ 
mining the magnitude of both the spread¬ 
ing resistance Rs and the interface re¬ 
sistance Ri is the actual conducting area 
of the contact at the interface. This con¬ 
ducting area Sc may be different from 
either the load-bearing contact area 5*6, 
or the apparent contact area Sa. The 
apparent contact area may be defined as 
the area of a contact surface. The load- 
bearing area requires further explanation. 

Actual contact between two solid bodies 
can occur only when the atoms of one 
body approach those of the other to within 
a few A. Since surface roughness, even on 
flat, smooth surfaces, is usually greater 
than several tens of Angstrom units, there 
are relatively large hills and valleys ini¬ 
tially in each of the mating contact sur¬ 
faces. The actual area in contact sup¬ 
porting a particular mechanical load is de¬ 
termined largely by the maximum stress 
that the contact materials will support 
without irreversibly deforming. This 




maximum stress H determines the load- 
bearing area of the contact, and for a 
given load F Holm^ gives the relations 



where the contact area is plastically pro¬ 
duced, and 



(7) 


when the contact area is produced by 
light loads on flat surface contacts. 

In this study of contacts, where no 
thick films existed at the interface, the 
conducting and load-bearing contact 
areas were assumed to be equal, and 
neither depended directly on the apparent 
area. This is important, for it shows that 
contact resistance, for a given contact ma¬ 
terial and a given contact load, is rela¬ 
tively independent of the apparent con¬ 
tact area. In fact, the apparent area 
enters the contact resistance only through 
the second and succeeding terms of equa¬ 
tion 5, which are negligible when the 
actual contact area is less than 1/10 the 
apparent area. 


Contact Resistance 

The contact resistance Rc, made up of 
the sum of Ri and is the difference be¬ 
tween the total resistance R^ between 
two points spanning the contact and the 
body resistance R^ that the conductor 
would exhibit between the points if it 
were continuous through the entire inter¬ 
face area. This may be expressed as 

Rc^RT-Rb^Rs+R^ ( 8 ) 


Equations 2 and 5, coupled with the ef¬ 
fect of area subdivisions, may be com¬ 
bined to give an expression for the d-c 
contact resistance of a contact made 
under static mechanical load between 
thick-film-free butt ends of solid right 
circular cylinders. It is 


__p 


/l 1.409 \ 

\dc da • 7 


4- 


47 


(9) 


Tliis is valid only under the conditions 
stated, that is. 


1. The resistivity p is constant throughout 
the conductor body. 


Table II. Specific Resistance and Hardness 
for Specimen Materials 



Specific Resistance (at 

Hardness, 


24 Degrees Centigrade), 

Pounds per 

Material 

Obm-Inches 

Square Inch 

Silver. 


.. 33,000 

Aluminum.. 


.. 15,000 

Bronze. 


.. 90,000 

Brass. 

.. 2 sn V 1 n -# 

..128,000 

Stainless steel.28.6 ><10~«. 

..244,000 
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‘2. Only thin films, thickness <30 A, exist 
at the interface. 

3. The n subdivisions of conducting con¬ 
tact area are symmetrically and uniformly 
distributed over the interface area. 

4. dc and da are diameters of true circles. 

If, in addition, equation 6 is accepted 
and combined with equation 9, the ex¬ 
pression for contact resistance may be ex¬ 
panded to include the effects of mechani¬ 
cal load F 


P P ({■-rH)'/' 1.409 

^ da 



( 10 ) 


This is subject to the two additional re¬ 
quirements that: ^ , , 

5. The load-bearing area is plastically 
produced. 

6. The load-bearing area and conducting 
contact area are equal. 


Equation 10 is a valuable aid in under¬ 
standing the factors affecting the contact 
resistance at interfaces meeting the con¬ 
ditions stated. The experimental work, 
described in the following, was designed 
to test equation 10. 


Experimental Procedure 


General 

The major variables in equation 10 
are: 

1. Contact material resistivity p. 

2. Number of the conducting contact area 
equal subdivisions n. 

3. Contact material hardness, H, 

4. Contact mechanical load F. 

5. Apparent contact area diameter da> 

6. Unit-area film resistance y which in 
turn depends on the material electron work 
function and the spacing between inter¬ 
face surfaces L 

Indirectly, temperature enters equation 
10, for a temperature gradient at the in¬ 
terface would change the nature of the 
field equation solution upon which the 
spreading resistance terms are based, and 
thus change the contact resistance. Also, 
the temperature of the metal affects the 
magnitude of the resistivity and the 
stress limit FI. Time has some effect if the 
metals are such that they age-harden or 
age-anneal to change H. 

The various variables entering equation 
10 were generally controlled and varied 
in the following ways. Selection of dif¬ 
ferent contact materials were made to 
provide variations in p, iJ, and Use 
of an adsorbed air film on clean surfaces 
or use of a monomolecular oil film gave 
rough control of t. The number of sub¬ 
divisions n were controlled by surface 



Fig. 2. Specimen unit 


preparation, and the apparent diameter 
da was fixed by the cylinder diameter. 
The load F was applied and controlled by 
a dead-weight loading arrangement. Tem¬ 
perature gradients were reduced to a 
minimum by a series contact arrange¬ 
ment, and measurements were made over 
sufficient periods of time to encompass 
the effects of aging. A more detailed ac¬ 
count of these various techniques fol¬ 
lows. 

Specimens 

A specimen set consisted of six identical 
units, each unit being a 2-inch-long, solid, 
right circular cylinder of 1/2-inch diam¬ 
eter. To provide reasonable unifonnity, 
the units for each material were cut from 
the same rod, and sample sets were pre¬ 
pared of silver, aluminum, bronze, brass, 
and stainless steel. Analyses of the 
specimen materials are given in Table I, 
and the specific resistance and hardness 
measured for the specimen materials are 



Fig. 3. Contact pattern 


control of n in other sets, equidistant 
parallel 90-degree grooves were milled in 
the unit cylinder end surfaces. Six units 
were assembled into a specimen set by 
tandem alignment in a V block, con¬ 
tact being made between the butt ends of 
the units. This provided five equidistant 
contacts for measurement. The V block 
was removed after insertion of the sample 
set in the loading machine. The ridges of 
adjacent units in the grooved sets were at 
right angles so that contact was initiated 
at the discreet ridge crossover points, and 
the contact area was enlarged at in¬ 
creasing loads by plastic flow at these 
points. The number of ridges employed 
provided values for of 21, 80, 320, and 
1,300, by count. Fig. 2 shows a specimen 
unit and Fig. 3 a resulting subdivision 
pattern. Each spot is a small contact 
area subdivision. The holes in Fig. 2, 
each of 0.02-inch diameter and spaced 0.4 
inch apart, were drilled through the cylin¬ 
der diametrically. They served a dual 
purpose, namely, making possible the in¬ 
sertion of thermocouples, and serving as 
points of contact for the resistance meas- 
tuing leads. 
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each specimen set through steel loading 
rods mounted on spherical joints at the 
upper and lower ends of the machine. 
The lever arm ratio on the loading mem¬ 
ber allowed addition of load increments 
without dynamic overshoot. To provide 
uniform subareas at each contact spot, it 
was necessary that the loading be almost 
ideally axial. A system of eight strain 
gauges monitored the strain balance 
around the periphery of the loading mem¬ 
bers. Comparison of computed force 
values with the reading of a calibrated 
strain gauge cell showed no detectable 
error from friction or binding. 

The current source for the sample set 
was a 24-volt, 600-ampere rated d-c gen¬ 
erator. The ripple factor was much less 
than 1 per cent, and a cross check using a 
battery current source gave identical re¬ 
sults. A potentiometer was used to 
measure the voltage drops in the sample 
set. Its reference standard cell was cross- 
calibrated against three other standard 
cells, which in turn had been recently 
calibrated by the National Bureau of 
Standards. A 190-microhm shunt, rated 
at 400 amperes, was used to detennine the 
current in the sample set. The poten¬ 
tiometer was also used with 22 thermo¬ 
couples to measure the temperature along 
each sample set. All resistance measure- 


Meastirements 

A specimen set with a given value of n 
contact subareas, with the tlierinocou[)l(^. 
and voltage leads in place, was assembled 
in a F-block, placed between the loading 
members of the testing machine, atid a 
load of 10 pounds was applied. The no- 
load readings (10 pounds) of the strain 
gauges were noted, then an axial load of 
230 pounds was applied to the si)ccimeti 
set. The strain gauge readings were 
checked for unifonnity of loading, then a 
direct current of 10 amperes was sent 
tlirough the set. When temperature 
equilibrium was reached, the voltage drop 
across each of the five contacts and the 
voltage drop across the body of each of the 
six units in the set were measured. 

The initial run at 10 amperes was fol¬ 
lowed by runs at 40, 80, and 120 amperes. 
After these runs had been completed, the 
10-ampere run was repeated. In addition, 
a number of resistance values were meas¬ 
ured when transient currents were used of 
the order of 2,000 amperes and with a 
duration of 1.5 milliseconds. 

The specimen sets with 21 contact 
points were tested at 230-pound load at 
the current values stated in the foregoing; 
they were then removed from the testing 
machine. 


The sets with 80 eoutjuU poiiiis were 
first tested £lI 23^) pounds mid the current 
values. Then tlie load was iiiereased to 
920 fiouuds, and the current runs re¬ 
peated. They wtTe then removed from 
the testing machitu‘. 

The speeimen sets with 2»20 and 1,300 
contact points, and the s(‘t with iiat milled 
end surfaces were t(‘Sl(‘d first at 230- 
fioiind loJid, then at 920 pounds, and 
lastly at 1,575 poimds, the current runs 
being made at each load. When these 
wei'e completed, the sets were removed 
from the machine. 

After each set had been removed from 
the testing machine, the diameter of the 
indentations in th(‘ ridges was measured 
with the use of a Jones and Lamson liencli 
comparator u,t a magiiilicutioii of 150. 
The total contact area in square inches 
was calculated from tlu^sc measurements. 
The diameters were c|ui(e tmiform in 
size on a uniformly loaded surface, only 
0 per cent to S fier cent of the total num¬ 
ber, deviating from the average value by 
as much as 5 per cent. vSets mated with¬ 
out current had the same contact surface 
appetirance as those through which 200 
amperes was passed continually, and there 
was no welding or sticking of contacts 
when separated. This indicated the pres¬ 
ence of thin films at all loads. 
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-jrbe contact resistance of each Contact 
0 determined by subtracting the cor- 
^^ponding body resistance from the re- 
tance measured for a span that included 
contact. The data used in the com- 
^^tation of contact resistance Re were 
on the measurements taken at 10 
^^peres after the current cycle had been 
^ jELpleted. Under these conditions the 
'*^^ijiperature variation between individual 
^^jitacts was negligible. 


^0fnputcitious 


'To determine the measured contact re- 


gi^tance of each contact, it was necessary 
-to subtract from the total resistance, ineas- 
between probes, the resistance of the 
contact bodies themselves. Nonnally, 
thtis body resistance would be the resist- 
of a length of the solid cylinder equal 
i^o tlie separation between the measuring 
probes. The presence of the surface 
ridges introduced an additional body re¬ 
sistance which varied with the ridge 
laeight and indentation depth of the con¬ 
tact spots. This correction term for the 
■body resistance was computed, and in al¬ 
most all cases amounted to less thati 10 


per cent of the nominal cylinder body re¬ 
sistance. Tests measmring the sante con¬ 


tact resistance with different probe spans, 


and tests using 60- and 45-degree angles 
for the ridges instead of the 90 degrees 
used in the majority of the measurements, 
showed that the actual measured contact 
resistance was accurate to slightly better 
than ±5 per cent. Even though the 
technique was one of difference measure¬ 
ment, the two measured values and the 
difference were all of the same order of 
magnitude, so that accuracy approaching 
the intrinsic experimental accuracy was 
not surprising. 

For comparison with equation 10, it 
was iiecesSaty to separate the measured 
contact resistance into spreading resist¬ 
ance, given "by the first term of the equa¬ 
tion, and interface resistance, given by 
the second term. The only variables 
common to both terms are H and F, 
which determine the actual contact area, 
and they enter the’ terms in different 
powers. However, n, which was accu¬ 
rately established by count, affects only 
the spreading resistance, and Rc may be 
expressed as 

( 11 ) 

when all variables but n are fixed. The 
method chosen for determining the 
spreading resistance and interface re¬ 


sistance was to solve simultaneous eqiui^ 
tions for Ci and G using the values of 
measured for different n values with othe’r 
variables fixed. The experimentally de^ 
termined spreading resistance was takei::, 
to be and the interface resistanc^^ 

to be C 2 . This method was shown to be 
true division of Rc into Rs atid Ri 1>\' 
plotting Ci/n^^ against p, H, and F cptx 
log-log paper and plotting C 2 against 
and F on log-log paper. They wer^> 
found to vary with these variables to tlii^ 
proper power, The Ri term, Ci, was 
solved for 7 , and y was solved for t, 
film thickness. These thicknesses wer^ 
consistent, lying between 4.9 A and 5.2 
for all metals but aluminum, and for al| 


Results 

For the smallest probe spacing 
inch) there was a maximum possible tot 1 
error of ±5 per cent in the resistance de ^ 
terminations. In general, the error 
measurement was much smaller. In 4:2i# 
measurements of body resistance tlx^ 
variation between readings on the saiii^* 
material was less than ±2 per cent, and 
the average resistivity values computed 
from these measurements were within 1 



Fig. 6. Contact resistance versus n for bronze at 230 pounds Fig. 7. Contact resistance versus n for brass at 230 pounds 
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Fig. 9. Contact resistance versus n for bronze at 920 pounds 


per cent of the material resistivities de¬ 
termined by more accurate means. As 
the body resistance and contact resistance 
measured values were of the same order of 
magnitude, it was assumed that the con¬ 
tact resistance values were also accurate 
to within ±5 per cent, as they were de¬ 
termined by the same equipment and 
technique. 

Figs. 4, 5, 6, 7, and 8 give typical re¬ 
sults for the five metals.® They are all for 
230-pound load. The values of the con¬ 
tact resistance Rc the experimentally de¬ 
termined spreading resistance the 
theoretical spreading resistance as cal¬ 
culated from the first half of equation 10, 
and the interface resistance Ri, are plotted 
against the number of contact area sub¬ 
divisions n. It might be noted that each 
trio of dots represents 25 to 75 Rc de¬ 
terminations, 5 to 15 measurements being 
made on each of five contacts. The total 
spread of the values of Rcy as found for the 
five contacts making up a specimen set, 
is shown by the shaded portions of the 
curves. This spread is related to the 
thick films present on some of the surfaces 
prior to making contact. Silver had no 
such film, and the actual spread in results 
was less than ±2 per cent. Aluminum 
had a tenacious film which was not rup¬ 
tured in all cases, and showed the largest 
spread. The minimum values of Rc were 
used at each n value, as indicating the 
greatest freedom from thick film inter¬ 
ference, in computing the separation of 
Rc into Rc and Ri, This may be eristic, 
but was given validity by a series of cross¬ 
checks. 


At w = 1,300, the values of Rc are not in 
line with those for the other values of n. 
This was found to be the result of the lack 
of height uniformity in the fine ridges of 
the w= 1,300 units. Inspection of these 
specimen sets showed that contact was 
not made at all ridge crossover points at 
the 230-pound load. In tests at increased 
loads both this discrepancy and the 
spread in results became less. 

Another deviation from ideal conform¬ 
ity of the results with equation 10 was the 
spread observed at lower n values. Al¬ 
though this was the result in part of im¬ 
perfect rupture of thick smface films, es¬ 
pecially in the case of aluminum, a good 
portion of this spread could have resulted 
from slight deviations from ideally axial 
loading. This would produce nonuniform 
division of the conducting area among its 
several subdivisions. In one of the early 
experimental runs a bronze set bowed 
slightly and remained in the loading 
machine with the bottom spherical joint 
at its limit of travel. As the top joint was 
still free, the contact nearest it was uni¬ 
formly loaded, while the others experi¬ 
enced varying degrees of nonuniform 


Table III. Effect of Asymmetry in Contact 
Pattern, Bronze: n===80, F = 920 Pounds 


Coatact 

Rc» Ohms 

Coatact Pattern 
Condition 

1. 

..2.2X10-#... 

.. .symmetrical 

2. 

.,3.6X10~«,.. 

... asymmetrical 

3. 

..6.1X10-*... 

... maximum asymmetry 

4. 

.,3.3X10-#.,. 

... asymmetrical 

5. 

..2.6X10-#... 

... slightly asymmetrical 


loading. The effects of the unequal area 
subdivision are shown in Table III; 
these results are plotted in Fig. 9 for # = 
80, and show the increased spread com¬ 
pared to the uniformly loaded ?i=21 and 
^ = 320 sets. 

The most striking quantitative dis¬ 
crepancy in the results is the difference be¬ 
tween the experimentally determined 
spreading resistance and the theoretical 
value computed from the first term of 
equation 10. Fig. 10, giving a dimension¬ 
less plot of the spreading resistance terms, 
illustrates this quantitative discrepancy 
well. 

The results on the specimen sets having 
fiat-milled surfaces were interesting in the 
light of the effect of contact area subdivi¬ 
sion on Rs. The average resistance of all 
fiat-milled contacts in a set of a given ma¬ 
terial was approximately the same re¬ 
sistance as that obtained by extrapolating 
the experimental curves of Rc versus n for 
that material to the value. The 

spread in resistance observed on the flat- 
milled contact sets was larger than that 
observed for the controlled-area-subdivi- 
sion sets, both by percentage and ab¬ 
solute magnitude. The largest increase 
in spread was observed on aluminum 
where the flat-milled set spread in results 
was about 40 times as large as the spread 
observed on the controlled-pattern sets. 
Silver had the lowest percentage spread 
in the flat-milled contact set results, a 
spread of 0.16 microhm being observed 
for an average value of 1.4 microhms at 
230 pounds. However, since the con¬ 
trolled pattern sets of silver showed no 
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steel 


spread at all, tliis is still significant. For a 
given load and material the flat-milled set 
contact resistance did not exceed, as an 
upper limit, the extrapolated experi¬ 
mental spreading resistance value for a 
single spot contact eccentrically placed,^ 
nor did it fall below, as a lower limit, the 
contact resistance observed for any of the 
controlled-pattem multispot contact sets 
©f that material. 

In addition, it is interesting to note the 
effect of the arrangement to reduce tem¬ 
perature gradients and the results of the 
area measurements. With the series 
contact arrangement providing five equi¬ 
distant heat sources (at 10 amperes each 
contact dissipated from 0.1 to 10 milli¬ 
watts), the temperature gradient in the 
four central specimen units was less than 
0.02 degree centigrade per inch, as ob¬ 
served among the 20 equidistant ther¬ 
mocouples monitoring the temperature 
along that 8-inch section. The gradient 
on the end units was about 0,1 degree 
centigrade per inch at 10 amperes be¬ 
cause of the heat sink afforded by the 
steel loading members. The area meas¬ 
urements were surprisingly close to 
theory. Table IV shows some typical re¬ 
sults. 


Discussion of Results 

Deviation of Rs Experimental from 

Equation Value 

Referring again to Fig. 10, it may be 
seen that the experimentally determined 
Rs for silver, bronze, brass, and stainless 
steel, at the 230-pound load, are higher 
than the values obtained from the first 
term of equation 10 by percentages of 30, 
43, 75, and 150 respectively, based on 
equation 10. However, the spread in re¬ 
sults for these metals at 230-pound load 
was only about =b 2 per cent, ±15 per 
cent, ±14 per cent, and ±10 per cent re¬ 
spectively. Remembering that the ex- 


Tablc IV. Comparison of Calculated and 
Measured Areas 


Brass Bronze 

F = 1,575 F = 920 

Pounds Pounds 

H« 128,000, H = 90,000, 
Pounds per Pounds per 
Square Inch Square Inch 


Area calculated from 

=x F/Hp square inches... .0.0123 

Measured area using 

150-times magnification, 

square inches.0.0124, 


, 0.0102 

0.0103 


perimental accuracy was, at worst, ±5 
per cent virtually eliminates the possi¬ 
bility of the discrepancy being due to 
faulty measurements. This leaves two 
possibilities; either the separation of the 
total experimentally determined contact 
resistance into spreading resistance and 
interface resistance was made incorrectly, 
or else the first term of equation 10 does 
not completely describe the true condi¬ 
tions in the actual contacts measured. 

As was mentioned under ‘^Computa¬ 
tions,” the separation of Rc into Rg and Ri 
was tested by three other methods, all of 
which showed the separation to be valid. 
This leaves only the fit of the experi¬ 
mental Rs to the first term of equation 10 
to consider. For convenience, this term is 
restated 


_p_ 1.409 

UF) da 


( 12 ) 


The variables F, 4, H, and n were directly 
measured by nonelectric means, and an 
additional determination of the ratio 
H/F was made through the load-bearing 
area measurements. The resistivity was 
determined to better than 2 per cent so 
that the values of all variables used in, 
computing Rg from equation 12 were 
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more accurately determined than the ex¬ 
perimental value of JR.S itself. 

Now, the deviation was consistent for 
all contacts of the same material and the 
same mechanical load. The deviations 
for the different materials at 230 pounds 
load have been given, and as an example 
of the deviations at different loads for the 
same material, the brass data are cited. 
At 230 pounds the deviation was +75 
per cent; at 920 pounds, +95 per cent; 
and at 1,575 pounds, + 120 percent. 

The six conditions listed with equations 
9 and 10 were considered in turn. It was 
definitely established that the contacts 
met conditions two, three and five; 
namely, the film was < 30 A, the contact 
area divisions were symmetrically placed, 
and the contact area was plastically pro¬ 
duced. 

Although the brass and bronze samples 
had sufficiently thick surface films before 
mating to make reduction of the conduct¬ 
ing area below the load-bearing area pos¬ 
sible, condition six = Sc) was met for 
the silver and stainless-steel samples. 
Consequently, thick film interference with 
the requirement of condition six is an un¬ 
likely cause of the deviations, especially 
since the deviation was greater at higher 
loads, with better film rupture. 

A more strict review of the shape re¬ 
quirements on dc and da showed that a 
multiplier of or about 1.12, would 

give a more accurate expression of Rsy 
since the apparent area was square in¬ 
stead of circular in shape when subdivided 
into n subdivisions. This fixed increase 
of the equation value by 12 per cent does 
not account for the deviations observed. 

By a process of elimination, then, not 
satisfying the first condition (constant 
value of p) seemed to be the major cause 
of the deviations. Holm® has shown that 
relatively small temperature gradients 
can give an appreciable increase in con¬ 
tact resistance. Even though the gradi¬ 
ent in the sample set was nearly zero, 
there was no guarantee that the 0.02- 
degree-centigrade per-inch value ob¬ 
served over the contact bodies was main¬ 
tained up to the interface boundary itself. 
In addition to the slight nominal increase 
in the value of p which a small tempera¬ 
ture increase at the boundary could cause, 
the more serious effect is that of producifig 
a space variation or gradient in p. An¬ 
other possible cause of a gradient in p 
in the critical interface region of the con¬ 
tact bodies is the cold-working of the ma¬ 
terial there as a result of plastic flow. 
The seriousness of a p gradient may be 
realized by referring to equations 3 and 4. 
Every equation given for spreading re¬ 
sistance, including equation 12, is based 


on the difference between the solutions of 
equation 4 for the uniform and nonuni¬ 
form current field cases. If a gradient in 
p (or 1/p) exists, equation 4 is no longer 
valid and equation 3 must be used. In 
fact, if the contact body becomes suf¬ 
ficiently inhomogeneous through cold¬ 
working, a tensor of the second rank may 
be necessary to describe the p variation, 
and even equation 3 would be inade¬ 
quate. 

There is one redeeming feature of the 
experimental results reported here that 
gives promise of a simplified approach to 
the problem of calculating the spreading 
resistance term in contacts. Even though 
equation 12 and the experimental results 
do not agree quantitatively, they do agree 
qualitatively, and the deviation is con¬ 
sistent for quantitative given material 
and load. 

The observed deviation increases with 
p and/or H as far as material properties 
are concerned, except for aluminum, and 
it increases slightly with load. It may be 
possible to determine the nature of these 
variations by further experimental work 
and to combine the necessary correction 
factors with equation 12. 

General 

The over-all results point out some in¬ 
teresting features in the resistance of con¬ 
tacts of the type studied. One of these is 
the relative magnitude of Rs and Ri. 
Since each varies with the load to dif¬ 
ferent powers, Ri becomes dominant at 
light loads and Rs becomes dominant at 
high loads, and there is a unique load for 
each set of other conditions, at which the 
two are equal. If the contact pattern 
were completely controlled and the ap¬ 
parent area much larger than the actual 
conducting area, the contact resistance 
would be a function of the load F, accord¬ 
ing to 

Cl Ci 

This would account for the numerous 
equations^~^° giving the variation of con¬ 
tact resistance with load as 



or 


(14) 

with various values assigned to C, Ci, C 2 , 
and with k values between one-half and 
one. Fig, 11 shows values of k greater 
than one and also less than one-half were 
found when the load change also altered 
the boundary conditions for Rs by chang¬ 


ing n or the symmetry of the contact area 
placement. 

One other observation should be made. 
The contact resistance can be controlled 
by varying the number of subdivisions of 
the contact area only if the spreading re¬ 
sistance is dominant. For a given load 
the value of Rt is fixed, and when the 
number of subdivisions of contact area 
employed are increased enough to reduce 
Rs below Ri, further increase has little or 
no effect. With the air films used and 
with a load of 230 pounds, for example, 
the spreading resistance becomes neg¬ 
ligible at about ^=3,000 for stainless 
steel, brass, and bronze, and at about n= 
1,000 for silver. The largest spreading 
resistance would be for a single circular 
conducting spot eccentrically placed at an 
edge of the apparent area. The control 
of Rci through control of Rs by n, lies be¬ 
tween these two limits. If further reduc¬ 
tion of Rc is desired, the load must be in¬ 
creased. 

Conclusions 

The following conclusions may be 
drawn from this investigation: 

1. A method involving the use of a con¬ 
trolled variable contact pattern has been 
developed which makes it possible to sepa¬ 
rate contact resistance into its two com¬ 
ponents, spreading resistance and interface 
resistance. 

2. The value of the spreading resistance 
Rs was found to vary inversely as the 
square root of the number of contact points 
n, as predicted by theory. 

3. The experimentally measured values of 
spreading resistance were found to be higher 
than those predicted by theory. 

4. The spreading resistance is larger than 
the interface resistance for values of n of 
less than 1,000 at loads greater than 100' 
pounds. It is a major component of the 
contact resistance for thin-film metal con¬ 
tacts made in air under static loads. 

6. The contact resistance can be con¬ 
trolled and accurately reproduced with 
materials having only thin surface films at 
the interface when under mechanical load. 
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No Discussion 


Errors in Relay Servo Systems 

LOUIS F. KAZDA 

MEMBER AIEE 


The system of Fig. 1 is defined by the 

following equations 


2T 

/§„ = r for £x 1 S| H-jE>0 

(1) 

2T 

J4=-rfor£xl£|+y E<0 

(2) 


Synopsis: This paper presents some of the 
errors that are present in a nonlinear second- 
orcler feedback-control system. In order to 
investigate some of the errors that exist in a 
piece-wise (See Appendix for definitions) 
linear control system, the phase-plane 
method of analysis is used. Along with, a 
description of some of the errors that exist, 
eq^nations are presented for determining 
tliese errors, and curves covering the nor¬ 
mal operating range are included. 

I IST RECENT years there has been a 
gradual build-up of a body of technical 
Icnowledge on various aspects of nonlinear 
closed-loop control systems. Some of this 
information has indicated that errors are 
present in such a system, but there has 
"been almost no definitive documentation 
of the errors themselves. This paper pre¬ 
sents the results of a study of some of the 
etnrors that are present in a nonlinear 
second-order relay servomechanism under 
varying conditions of operation. 

Backgroimd 

In linear analysis of closed-loop control 
systems, it is assumed that the system er¬ 
rors are small so that no part of the sys- 
-tem is saturated and, therefore, linear re¬ 
lationships exist among the various trans¬ 
fer functions. Many control systems can 
be approximated by a simple second-order 
linear system which consists of an inertia 
jr. viscous damping/, and a control torque 
k that is proportional to the error. This 
system has been extensively treated in 
technical literature^”® during the past 
decade. For numerous industrial ap¬ 
plications, a compensated proportional 
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error control system provides satisfac¬ 
tory operation. However, many ap¬ 
plications exist where it would be desirable 
to increase the speed of response of the 
system or decrease the weight of a given 
system that has satisfactory response, 

A relay control system will provide a re¬ 
duction in weight for the same maximmn 
available control torque. A relay control 
system containing a simple error-sensing 
element will normally have a dead zone. 

If the system sensitivity is increased, one 
finds that the system will oscillate around 
the origin of the R-E plane. This system, 
although unsatisfactory in many ap¬ 
plications, is widely used at the present 
time in regulator applications due to its 
simplicity. The applications considered 
in this paper are concerned with high- 
performance servo systems in which it is 
essential to reduce the error and its time 
derivatives to zero in a minimum amount 
of time. In order to utilize the full capa¬ 
bilities of this type of control system, 
a more complex error-sensing computer 
must be employed. The details of such a 
computer are not presented at this time, 
although, for the systems considered here, 
construction is no great problem. There 
are many relay servo systems which have 
only a small amount of viscous damping 
and negligible time delays within the con¬ 
troller, For purposes of analysis, they 
can be approximated by a system con¬ 
taining only output inertia. 

In Fig. 1 is shown a relay servo of this 
type which is characterized by a controller 
P, an inertia /, and an error detecting 
device N. The controller P will, in gen¬ 
eral, contain an electronic amplifier and 
computer, as well as the output element 
which supplies torque to drive the inertia 
load. 


E — 6i—do 


(3) 


where 

J —the system inertia 

r = the developed controller torque 

^i = the angular position of the input shaft 

do — the angular position of the output shaft 

E ~ the error 

the error rate 

In linear systems, the controller supplies a 
torque proportional to error and error-rate 
in a predetermined fashion. In the case 
considered in this paper, it is necessary for 
the computer to detect the boundary 
equation 

jSxlEl+yS=0 W 

which separates the positive and nega¬ 
tive torque regions. A plot of this equa¬ 
tion is shown in Fig. 2 by curve C 2 . Wlien 
the input shaft is given a step function of 
position or a step function of velocity, 
di is zero, and the system is defined by^the 
following equations of motion: 

2T 

J&=-TIot Bx\M\+-j-E>0 (S) 

2T 

JE == r for X m +—E<0 (6) 

where E, P, and £ are the error, the error 
rate, and the error acceleration and T and 
J are as previously defined. Equations 5 
and 6 have as their solution equations 7 
and 8 


2T 

■^&=E+Ko 


(y) 

( 8 ) 


Ko in the equations'represents the initial 
error and/or error^rate in the system 


Fig. 1. Block diagram of a 
nonlinear feedback control 
system 
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Fig. 2 (left). 
Phase^plane tra¬ 
jectory of a sec¬ 
ond-order control 
system for vari¬ 
ous initial condi¬ 
tions 


caused by the input shaft being subjected 
to a step function of position, a step func¬ 
tion of velocity, or a combination of the 
two. Equations 7 and 8 are represented 
in the phase plane shown in Fig. 2 by 
curves Ci and Cio respectively. 

A system satisfying these equations has 


Fig. 4 (right). Error-rate inter¬ 
cept versus switching-time de¬ 
lay for various initial condi¬ 
tions 

Switching Errors 



switching curve determined by equation 
4, which is located in the second quadrant. 


been shown^ to be one that gives maxi- If an attempt is made to construct a With time delay still present, reverse tor- 


mum speed of response to an input error. 
Given an initial positive error (repre¬ 
sented by point III, Fig. 2), the repre¬ 


system that will satisfy these specifica¬ 
tions, numerous inaccuracies have to be 
considered. Since physically it takes time 


que will not be applied until after the rep¬ 
resentative point crosses the switching 
ciuve. After reverse torque is applied, 


sentative point (See Appendix) follows to reverse the torque in the system, even the representative point will follow a new 


the parabolic path until the midpoint M, 
by applying full accelerating torque. At 
point Af, torque is reversed, and the rep¬ 
resentative point follow’^s curve Ci to the 
origin. However, it is possible to have 
other initial conditions. If given an initial 
error rate? (represented by point I), the 
representative point follows the parabolic 
curve again to point M before torque is 
reversed, and then follows curve C 2 to the 
origin. Points II, IV, V, VI, and VII rep¬ 
resent other possible initial conditions. 


after the computer has detected the 
switching curve given by equation 4, the 
true phase trajectory (See Appendix) is 
not one as shown in Fig. 2, but will take on 
the form shown by ciuve C^ in Fig. 3. It 
can be seen from Fig. 3 that the error and 
error rate do not reduce to zero simultane¬ 
ously, but an error rate exists when the 
error is zero, due to the delay time in 
switching. As time progresses, the repre¬ 
sentative point will continue to follow 
trajectory C3 until it again crosses the 


trajectory similar to curve Ci, see Figs. 2 
and 3. In general, as time progresses the 
representative point will encompass the 
origin in a manner that depends upon the 
particular delay time of the system under 
consideration. Since the time delays 
normally encountered in practice are 
small for the values chosen, the represen¬ 
tative point will encompass the origin in 
an ever-decreasing fashion. 

The equation representing the phase 
trajectory Ci is defined by equation 7. 



Fig. 3. Phase-plane trajectory of a second-ordcr control system under Fig. 5. Error-rate intercept versus switching-time delay for various 
the condition of improper switching switching velocities 


4 


Kazda—Errors in Relay Servo Systems 


November 1953 




Fig. 6, Phase-plane 
trajectory of a sec¬ 
ond-order control 
system under the 
conditions of cou¬ 
lomb and viscous 
damping after swilch- 


the velocity existing at actual switching, 
is found to be 




Ko+Kx 


Although F is a measure of the switching 
time delay, a more useful form of the in¬ 
formation is to determine the delay time 
directly. The time required to go from 
one point to another in the phase plane 
can be determined, in general, by the fol¬ 
lowing integral equation 


The equation representing the correct de¬ 
celerating curve C 2 is defined by 

— £*-£1=0 (9) 

2T 

The equation defining the overshoot curve 
Ca, is 

( 10 ) 

2T 

where Ki is the error in the system when 
the error rate is zero, J is the system in¬ 


ertia, and T is the system torque. If the 
delay time is zero, Ki = 0, and equation 10 
reduces to equation 9, the proper deceler¬ 
ating trajectory in the phase plane. From 
equation 10, the value of the intercept .d, 
the error velocity when the error is re¬ 
duced to zero is found to be 






£ intercept 


From equations 7 and 9, the value of B, 
the velocity for correct switching is found 
to be 

(U) 

From equations 7 and 10, the value of F, 



When applied to equation 7, equation 15 
is obtained 

where a is the time at proper switching. 

A plot of A versus shown 

in Fig. 4 for various initial conditions, Ko. 
In Fig. 5 is shown a similar plot with F, 
the maximum velocity, as the parameter 
instead of Ko. Dimensionless time and 
error rate are used to keep the values as 
general as possible. Inspection of the 
curves in Fig. 4 reveals that for a given 
delay time, the error rate intercept A in¬ 
creases for increasing initial conditions 
Ko. Inspection of the curves in Fig. 5 re¬ 
veals that for a given delay time, the er¬ 
ror rate intercept A increases for increas- 


COULQMB DAMPING 

controller torque 


CHANGE IN ACCELERATION 
ACCELERATION 


Fig. 7. Error intercept G versus coulomb "damping coefficient Fig. 8. Error intercept G versus change in acceleration/acceleration 
for various initial conditions ratio for various switching velocities 
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Fig. 9. Error intercept H versus viscous damping-inertia ratio for various initial con¬ 
ditions and accelerations 


ing switching velocities F. In an experi- Thus, integrating equation 16, equa- 
mental system, it is possible to determine tion 17 is obtained 
the switching delay time by measuring j 

the error rate intercept A using the curves F = — |( 1 7) 

of Figs. 4 or 5, and knowing either Ko or 
F, An x-y recorder or a cathode-ray os- _ (_}_ 

cillograph having a long-persistence screen \ 1 + 



damping coefficient. A plot of G versus 
fc for various values of is shown in Fig. 
7. Now it can be shown that — 
where a is the torque-to-inertia ratio, and 
since for a system containing only inertia, 
the correct switching point can be ex¬ 
pressed as (iCo/2)= it follows 
that 



A plot of equation 19 will be found in Fig. 

8 . 

Consider now the case where viscous 
friction is added during deceleration. The 
effect of viscous friction is to add retard¬ 
ing torque at the moment of switching, 
but on that varies with velocity. In 
equation form this can be expressed as 

JE = T-\-fjjiR (20j 

where /, T, A, and A have been previ¬ 
ously defined and fm is the viscous fric¬ 
tion coefficient. Again letting a — Tj] 
and letting equation 20 when in¬ 

tegrated becomes 

Ki is a constant of integration, its value 
being determined by the initial switching 
point. If the system is switched at M, 


may be used as the measuring instrument. 

Errors in a Physically Realizable 
System During Deceleration 

Another error that may creep into a 
physically realizable system during de¬ 
celeration is one due to either coulomb or 
viscous friction. Consider first the case 
of coulomb damping when added to the 
system shown in Fig, 1 at the moment 
when reverse torque is applied. It has the 
effect of adding a greater retarding torque 
at the moment of switching. If the sys¬ 
tem is switched at M, the correct switch¬ 
ing point, the phase trajectory will be 
some new path C 4 as shown in Fig. 6 . In¬ 
stead of having a phase trajectory C 2 that 
passes through the origin, the new tra¬ 
jectory misses the origin by the distance 
G on crossing the error axis. In equation 
form, ciuve <74 can be expressed as 

JS==T+Q=(l+^r^a+ie)TtT' (16) 
where 

<2 ^coulomb damping torque 
T —decelerating torque 

coulomb damping coefficient 


In general, one wants to know G, the correct switching point, the phase- 

error intercept, as a function of coulomb trajectory will be some new path 

damping for a variety of initial condi- 

tions. From equations 17 and 7 , the value trajectory misses the origin by 

of G, the error intercept, is found to be distance H, a new error intercept. 

r ~j In general, one wants to know H, the 

intercept, as a function of a and p 
^ and the initial conduction Kq, For a sys- 

where Ko is the initial condition as pre- tern that contains only inertia initially 

viously defined and Jc is the coulomb and is switched at point M, the value of 



VISCOUS DAMPING 
/ INERTIA 

Fig. 10. Error intercept H versus viscous damping-inertia ratio for various switching 

velocities and accelerations 
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Fig. 12. Error intercept L versus undamped natural frequency wn for 
various damping ratios 


Fig. 11. Phase-plane trajectory of a dual¬ 
mode control system 

7^4 can be found from equation 22 

Setting £=0 in equation 21, the following 
equation for the error intercept H is ob¬ 
tained 

A plot of H versus jS for various values of 
ATo and a is shown in Fig. 9. If it is de¬ 
sired to have H versus P for various 
values of acceleration <x and various 
switching velocities, equation 24 should 
be used. A plot of equation 24 is shown 
in Fig. 10, 

\/2D^ oi r hD^~\ 

(24) 

Tlius, given a certain viscous damping, 
acceleration, switching velocity, or initial 
condition, the error intercept can easily 
be found. Inspection of the curves of 
Figs. 9 and 10 reveals that the larger the 
torque-to-inertia ratio, the smaller the 
error intercept. For a large switching 
velocity, a greater error intercept exists 
tlran for a small switching velocity. 

X>ual-Mode Control Systems 

In a practical system it is impossible to 
ba-ve a computer that will detect the 
equation 


AxlAl-{-y S-0 

precisely. Erratic servo performance 
may result from computer errors. One 
method of overcoming this difficulty is to 
add a second mode (a linear one) that will 
function for small errors. Thus, given a 
sizeable error, the system will function as 
a relay servo and have the phase-plane 
trajectory shown in Fig. 2. At a prede¬ 
termined point in the phase plane, the 
system is switched to a linear one that 
will approach the origin. A plot of this 
dual-mode trajectory is shown in Fig. 11. 
While a large number of switching bound¬ 
aries (see curve Ce) could be chosen, one 
that can be readily detected by a com¬ 
puter is that of error only. These are 
shown as straight lines Ci and C^. Once 
the computer has switched to the linear 


system, it is important that the linear 
trajectory does not exceed this predeter¬ 
mined error bound. If it should, the sys¬ 
tem would return to its relay mode, and 
may or may not eventually return to the 
origin, depending upon the value of ^ 
and positions of Ci and Cs. In any event, 
it would not be operating under the best 
conditions. An attempt has been made 
to relate the defining quantities, namely 
g and oin of a linear system to the defining 
quantity of the relay mode, which is the 
torque-to-inertia ratio or ol the system 
acceleration. 

The equation of motion for a second 
order linear system is given by the follow¬ 
ing equation 

jg-l-2^a)„£:-l-£o^2j5;=.o (25) 

Integrating equation 25, one obtains 
equation 26 


Fig. 13. Undamped 
natural frequency 
ojn versus damping 
ratio ^ for various 
initial conditions 
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2S , E+^^E 


exp 


/ — = tan“i - .1 

VI 


(26) 


where 


^— damping ratio 
a?„= undamped natural frequency 
Ki^3. constant determined by the initial 
conditions 


Given a certain acceleration ao in the re¬ 
lay mode and given an error bound 
(see Fig. 11), as the value of the error 
when the system is switched from its re¬ 
lay mode to its linear mode, the constant 
iTs can be determined. In order to de¬ 
termine whether the linear system will 
exceed the error bound Eo at a later time, 
it is necessary to determine Enmx, see Fig. 
11, for a set of initial conditions and for a 
given f and co^. Since Emax is equal to E, 
the error axis intercept in the B versus E 
plane, equation 27 can be used to deter¬ 
mine L if g, a)„, Eo, and ct^ are known. 


2 =. 


EoH 


exp 


2 

jVi-k 


E^ ^ 2 . 50 ^ 0 ^ ^ 


tan 


-1 -jsoVi-y 

<WnEo+^Eo _ 


(27) 


A plot of equation 27 is shown in Fig. 12 
for vai'ious values of ^ and with ao as a 
parameter. If it is assumed that proper 
switching has occurred and the system is 
decelerating on the Cs trajectory, equa¬ 
tion 4 will then describe the path of the 
system. Solving equation 4 one can see 
that in general 



Applying this result to the case of a par- 
tic ular er ror bound Eo, the equation Eo = 
2ao-Eo is obtained. Thus, given Eo and 
ao, the value of Eo may be obtained, 
which is the only remaining unknown in 
equation 27. From the curves of Fig. 12, 
one sees that only a limited region of the 


Discussion 

Paul G. Spink (Westinghouse Electric 
Corporation, Baltimore, Md.): It should 
be pointed out that Mr. Kazda^s determina¬ 
tion of errors caused by Coulomb and vis¬ 
cous friction is valid only for error magni¬ 
tudes within the band of computer insensi¬ 
tivity. Referring to Fig. 6, it can be seen 
that trajectories and Cs lie on the nega¬ 
tive acceleration side of G, which divides 
the phase plane between desired positive 
and negative acceleration regions. This 
situation is inconsistent with the fact that 
Ca and Cs are generated by application of 
positive torque, and it can be realized only 
if the discrepancy is small enough to pre¬ 
vent an additional switching operation. 

Obviously, use of a highly sensitive corn- 


graph satisfies the necessary conditions, 
namely, X=Eo. In Fig. 13 is plotted 
versus f for various ao’s, with E==Eo as the 
bound. These curves can readily be ob¬ 
tained once the curves of Fig. 12 are 
drawn. From Fig. 13 one can immedi¬ 
ately determine the necessary ^ and co„ 
in order to satisfy the error bound, once 
ao is known. From the curves, Fig. 12, 
one sees that for a given ao, the larger ^ 
and o)n can be made, the smaller will be 
the intercept L. There is no optimum 
value of J and for the range of ao con¬ 
sidered. 

Summary 

For satisfactory response from a relay 
control system containing an inertia load, 
the computer must detect the switching 
curves accurately. If time delay is pres¬ 
ent within the controller, it can be de¬ 
termined from the curves presented. 

If either coulomb or viscous friction is 
present within the system after switch¬ 
ing, the system’s error and error rate will 
not be zero simultaneously. The error 
within the system when the error rate is 
zero can be determined from the included 
curves. 

In a physically-realizable relay control 
system with an inertia load, a small varia¬ 
tion in any of the parameters would lead 
to unstable operation. Some modification 
of this system is therefore essential. One 
solution to the problem would be the ad¬ 
dition of a second mode of operation; 
namely, a linear mode with positive damp¬ 
ing. For small errors, the system would 
operate as a linear one. Given a large 
error, however, the system would function 
as a relay servo where full torque of proper 
sign would be applied until that time when 
the error is brought within a predeter¬ 
mined error bound. At this point, the 
controller would switch to its linear mode 
to reduce the error to zero. 

-^--- 

puter would result in an oscillatory behavior 
of the system. The nature of this oscilla¬ 
tion can be determined by methods used in 
analysis of conventional relay servos, since 
the servo error with respect to trajectory 
Ca corresponds to that of the conventional 
servo with respect to the E axis. Such an 
analysis would necessarily consider all sys¬ 
tem parameters, including computer dif¬ 
ferential and dead zone. 


Louis F. Kazda: It is true that in a system 
which is continuously operating the detecting 
computer would sense the deviation into the 
negative acceleration region caused by the 
addition of Coulomb or viscous damping 
torque. The computer in this system would 
cause a reverse torque to be applied to the 


Appendix. Definitions 

1. A piece-wise linear control system is a 
control system which is non-linear when 
considered over its entire range of opera¬ 
tion, but when considered over any piece 
or interval of its operation can be repre¬ 
sented by a linear differential equation. 
The relay servosyslems considered in this 
paper are examples of piece-wise linear 
systems. 

2. The representative point may be de¬ 
fined as a point in the phase plane which 
describes the path of the differential equa¬ 
tion under consideration as time progresses. 

3. The phase trajectory is the path de¬ 
scribed by the representative point in the 
phase plane as time progi'csscs. 
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system. The results obtained under this con¬ 
dition of operation would cause the system to 
oscillate about the G curve. The width of 
the oscillation depends on the computer 
dead time, which in turn is a function of the 
computer sensitivity to the E and E com¬ 
ponents. Given these components the os¬ 
cillating phase plane trajectory can be ob¬ 
tained. 

It is obvious from such operation that it 
would be impossible to determine either the 
Coulomb or viscous damping coefficient 
experimentally using a cathode-ray oscillo¬ 
graph. Although not explicitly stated in 
the paper, in order to determine the con¬ 
stants mentioned it is necessary to have a 1- 
shot computer, one that will maintain its 
status quo once the ( 2 r)//F =0 

curve has been crossed. 
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Effects of Friction in an Opt imum Relay 
Servomechanism 

T. M. STOUT 

ASSOCIATE MEMBER AIEE 


synopsis: A recently proposed relay servo¬ 
mechanism employs maximum torque at all 
Unties, with the sense of the torque deter- 
eined by a comparison of the error and the 
grtuare of the error rate. With correct 
-witching and no friction, this system gives 
-tlie minimum possible response time for a 
gtep input with the specified inertia and 
jxiaximum torque. A theoretical study of 
tlie effects of Coulomb or viscous friction 
is described in this paper. The degradation 
of the step-function response as a result of 
friction is measured by the change in re¬ 
sponse time, integrated absolute error, and 
integrated squared error. It is found that 
rrioderate amounts of friction can be toler¬ 
ated with only a small loss in performance, 
if a slight change is made in the switching 
tievice. 

R elay servomechanisms 

have been used and studied^ for a 
number of years. In the usual system, 
Une sense of the torque applied to the out¬ 
put shaft is controlled by a relay whose 
operation is based on the sign of the error. 
Such systems can be made small and 
simple, but have a tendency to oscillate 
at small amplitudes if the system has 
moderate amounts of dead space or time 
delay. Friction helps to stabilize a relay 
system but is otherwise objectionable. 
Lead networks, which make the torque 
dependent on a linear combination of er¬ 
ror and error rate, have been used as 
stabilizing devices. 

McDonald,Hopkin,’-'* and others^® 
Have recently proposed that the usual re¬ 
lay system be modified by the substitution 
of a nonlinear lead network or “antici¬ 
pator” for the conventional linear lead 
rietwork. In the proposed system, the 
Sense of the torque is based on a com¬ 
parison of the error and the square of the 
orror rate. For a step input and neglect¬ 
ing all friction torques, this system uses 
Maximum accelerating torque until the 
^iTor is reduced to half its original value, 
^xid maximum decelerating torque until 
l^lie error is reduced to zero. 

The proposed system is called an “opti- 
Hatita” system, since it gives the minimum 
Response time possible with the specified 
inertia and maximum torque. Because 
tilie response time varies with the magni¬ 
tude of the initial error and the response 
to a step input does not give a precise de¬ 


scription of the response for other inputs, 
the system must be considered nonlinear. 

In linear systems, slight errors in the 
values of any of the system parameters 
produce only slight variations in the char¬ 
acter of the response. This common- 
sense observation is based on a theorem 
in mathematics which states that, under 
certain conditions, the solution of a dif¬ 
ferential equation is a continuous and 
differentiable function of parameters in 
the equation.^® While the equations of 
linear servomechanisms meet the condi¬ 
tions of the theorem, those of off-on sys¬ 
tems may not. For this reason it seemed 
desirable to remove some of the assump¬ 
tions on which previous analyses of the 
proposed optimum system have been 
based, in order to determine whether the 
presence of friction might produce serious 
effects. 

The investigations to be described are 
concerned with changes in the response of 
this system due to Coulomb or viscous 
friction. The systems considered become 
optimum in the absence of friction. 

Response Criteria 

Several criteria are used to measure deg¬ 
radation of the response due to the pres¬ 
ence of friction. The speed of response 
to an abrupt change in the input signal is 
an important characteristic of a control 
system. In linear systems, the response 
time is defined somewhat arbitrarily as the 
time needed for the error to become and 
remain less than a specified fraction, 
usually a few hundredths, of the initial 
magnitude. This sort of definition is 
perfectly satisfactory for linear systems 
whose behavior is independent of the in¬ 
put magnitude. 

This definition is not so useful for non¬ 
linear systems where the character of the 
response may vary widely with changes in 
the input magnitude, and the error may 
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actually become zero in a finite time. In 
the following investigations, the response 
time is defined as the time required for the 
error to become zero. The variation of 
response time with input magmtude and 
system parameters is studied. 

Ambiguities in the definition of response 
time can be avoided by the use of other 
criteria, such as the integrated absolute 
error 

or the integrated squared error 

for a step input. These integrals, which 
also depend on the input magnitude and 
the system parameters, are finite even 
when the error takes an infinite time to 
become zero. They have been used in 
other theoretical and experimental studies 
of linear and nonlinear servoniecha- 
Both integrals are computed, 
either analytically or numerically, for 
the systems with friction studied here. 

The Idealized System 

To provide a standard to which the sys¬ 
tems with friction can be compared, the 
theory of the proposed optimum system 
will be reviewed and the various response 
criteria applied to it. 

System Equations 

The load presented to the motor by the 
output shaft is assumed to be an inertia 
load, and all friction torques are ignored. 
The motor delivers a torque which is 
either constant (^Tm) or zero. The re¬ 
sponse of tlie system to a step input is 
then determined from the equation 

( 1 ) 

where e is the error, dots denote differen¬ 
tiation with respect to time, and the sign 
of the torque depends on e and e in a man¬ 
ner to be described. This equation may 
be integrated directly to obtain the error 
rate 

( 2 ) 

and the error 

e=‘Ki+Kil±~fi ( 3 ) 

as functions of time, where iTi and K 2 are 
constants which depend on the initial 
conditions. 

The output shaft is assumed to be sta¬ 
tionary when the step input is applied. 
Because of its inertia, the velocity of the 
output shaft cannot change instantane- 
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Fig. 4. Phase-plane plots for a relay servo¬ 
mechanism with Coulomb friction 

A. Tf = 0.4Tm 

B. Tf = 0,8Tm 

Fig. 3. All of tlie trajectories coincide ap¬ 
proaching the origin; equation 16 there¬ 
fore gives the values of e and e at the time 
of torque reversal and divides the phase 
plane into regions of positive and nega¬ 
tive torque. Points above or to the right 
of this curve correspond to — and 
points below or to the left correspond to 
+ The curve appears in the second 
and fourth quadrants, and is symmetrical 
about the origin. 

In general terms, the equation of the 
torque-reversal or switching curve (in the 
fourth quadrant) is 

where ^ denotes a switching point. The 
function of the switching device is to com¬ 
pare e® with the proper multiple of e, de¬ 
termine the position of the system with 
respect to the boundary, and supply a 


signal to the relay which will result in the 
proper torque. 

Hopkin^^ describes two methods for 
converting the theoretical torque-re¬ 
versal curve into a physical switching de¬ 
vice. In one method the phase-plane plot 
is reproduced on the face of a cathode- 
ray tube in which the horizontal and ver¬ 
tical deflections of the beam depend 
directly on the error and error rate. An 
opaque mask covers the region on one 
side of the torque-reversal curve, and a 
photocell determines from the location of 
the spot whether positive or negative 
torque is required. This scheme, which 
permits any required torque-reversal 
curve to be easily realized, is bulky and 
complicated. 

His other method, which is more com¬ 
monly used, 1 ^ 13 ,16 requires a comparison 
of two voltages, one proportional to the 
error and the other proportional to the 
square of the error rate.* The nonlinear 
function is generated by biased-diode net¬ 
works whose design is based on equation 
17 and the symmetry requirements. 

Coulomb Friction 



Previous studies have not been con¬ 
cerned with a quantitative measurement 

The reverse process, using a voltage proportional 
to the square root of the error and another propor¬ 
tional to the error rate, has also been used.is 


Fig. 5. Error as a 
function of time for a 
relay servomecha¬ 
nism with Coulomb 
friction 


of the detrimental effects of incidental 
Coulomb or viscous friction. It is known 
that a slight change in the shape or loca¬ 
tion of the torque-reversal curve will pre¬ 
serve the desirable features of the original 
system,^hi5 and McDonald has suggested 
the deliberate use of Coulomb friction to 
asMst in the decelerating process.^^ While 
it would be possible to study the behavior 
of the system with friction and the original 
switching procedure, it seems more fruit¬ 
ful to determine how much sacrifice in 
performance is produced by friction if the 
best possible switching procedure is 
used. 

System Equations 

If motion of the output shaft is opposed 
by a Coulomb friction torque T/ which is 
independent of velocity, the net accelerat¬ 
ing torque is decreased but the decelerat¬ 
ing torque is increased. The motion is 
still described by equations 2 and 3, ex¬ 
cept that must be replaced by (r^^ — 
Tf) during the interval when the output 
shaft is accelerating, and by (Tm+T/) 
during the deceleration interval. To ob¬ 
tain the desired type of response, switch¬ 
ing must be delayed until the error is less 
than half its original value, as indicated 
by Fig. 1(B). 

The error and error rate will become 
zero simultaneously if the switching is 
carried out in such a way that 

.(18) 

( 19 ) 
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Fi 0 . 7, Intesrated absolute error and 
squared error A, 2 r as a function of initial error 
for Tf/Tm^O, 0.2, 0.4, 0.8 


Equation 18 states that the velocity is 
continuous at and equation 19 states 
that the total motion of the output shaft 
is eo. To satisfy these conditions for all 
initial eiror magnitudes, it is necessary to 
make the switching boundary 



(20) 

=2[y]ci+rvr„>. 

(21) 


in the fourth quadrant. This boundary 
equation is identical with equation 17 


except for the factor l+T^/Tmt which 
means that the square of the error rate 
must be compared with a larger multiple 
of the error. Only a slight adjustment of 
the switching device is required. 

Phase-plane plots, showing the new 
location of the torque-reversal curve, are 
shown in Figs. 4CA) and 4(B) for Tf/Tm 
equal to 0.4 and 0.8. It will be seen that 
the switching curve is closer to the vertical 
axis, reflecting the delay in switching, and 
that the maximum velocities are reduced, 
indicating an increase in response time. 
Plots of error as a function of time are 
given in Fig. 5. 


Response Criteria 

The switching time and response time 
may be calculated from equations 18 and 
19, giving 



where, for brevity, Tf/Tm, These ex¬ 
pressions reduce to the friction-free 
values when ^; = 0 and become infinite 
when == 1, as expected. When x is small, 
the response time is approximately 



For x — 0.2, the response time is increased 
about 2 per cent; for ^==0.8, the increase 
is 67 per cent. The effect of friction is 
small because the friction torque is put 
to use in decelerating the output shaft. 

That a moderate amount of friction is 
not too serious may also be concluded 
from consideration of the integrated ab¬ 
solute or squared error, although these 
integrals increase more rapidly with x 
than the response time does. Some 
straightforward integration and algebra 
establishes that the integrated absolute 
error is 




(26) 


and the integrated squared error is 


. 23 

H 

30 ' 

to 

O 

i ^ 

■ 1 -]>/= 

1 

1 



/ 10 1 \ 





These equations also reduce to the correct 
form for 0, become infinite when 
and contain the factor (I-a;^) "“'A ^.^ich 


appeared in the equation for the response 
time. The two integrals each contain 
another factor which causes them to in¬ 
crease rapidly with x. Both integrals in- 
crease about 5 per cent for x==0.2 and 
about 120 per cent for x =0.8, 

Curves showing the variation of ti 
Ai, and A 2 with a; for a fixed eo are given 
in Fig. 6. Logarithmic plots ofAi and Aj 
as functions of a; and ^0 are shown in Fig, 
7; the curves are straight lines with slopes 
of 3/2 and 5/2 respectively. 

Viscous Friction 


If motion of the output shaft is opposed 
by a viscous friction torque which is pro¬ 
portional to the output velocity, new 
equations are needed to describe the 
variation of error with time and the shape 
of the torque reversal curve must be 
changed for optimum performance. 

System Equations 

Considering only viscous friction and 
inertia, the equation describing the re¬ 
sponse of the system to a step input is 

Je-hf^ = ±Tm (28) 

where / is the friction coefflcient and the 
sign of the torque will again depend on e 
and e. 

The general solutions of this equation ' 
are 

( 29 ) 

e= (30) 

where 


the maximum or limiting velocity 

J . . 

T ==-, the time constant 

Ki and Ki depend on the initial conditions 


For the same initial conditions as be¬ 
fore, the error rate and en*or during the 
accelerating interval are 

(31) 

e = eo - 1 - € (32) 

The error rate increases exponentially 
toward the limiting value, while the error 
is reduced, slowly at first and finally at a 
constant rate. As in the previous systems, 
it is proposed to reverse the torque at a 
time h which is chosen in such a way that 
the error and error rate become zero 
simultaneously at time t 2 . The complete 
response will then be as shown in Fig. 8, 
which may be compared with Figs. 1(A) 
and 1(B). 

At time /i, the error has been reduced 
to 
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e{ti) — e^—Q>ti-\rp^r (33) 

and the error rate is 
e{t\) = — 
where 

p= l-e-'^/") (35) 

the fraction of the limiting speed which is 
attained by the output shaft at the 
switching point. Equations 33, 34, and 
35 give the initial conditions for the de¬ 
celerating interval between h and k. 

During the deceleration interval, the 
equations become 

(36) 

(37) 

Imposing the conditions e(4)=0 and 
we obtain, after some algebraic 
manipulation, two equations 

+ (38) 

(39) 

which are analogous to equations 18 and 
19. Except for the nature of the equa¬ 
tions, it would be possible to solve equa¬ 
tions 35, 38, and 39 to determine p, h, 
and h for any particular Cq. 

It is much more convenient, however, to 
consider that h is given. Using the value 
of p computed from equation 35, we then 
find (/ 2 ~^i) from 

(40) 

P+1 

which is derived from equation 38. The 
response time is then 

2 = ^l'h(^2'"^l) (^^) 

and the initial error is 
= ( 42 ) 

Some typical response curves for a 
system of this type are given in Fig. 9 for 
T==0 and r = 1. When r is made zero by 
eliminating the inertia, switching occurs 
at e = 0; with no inertia, the output shaft 
rotates only when torque is applied and 
comes to rest immediately when the 
torque is removed. The switching point 
for r=l occurs at relatively small values 
of Cj increasing to 5, = 0.308 for large ini¬ 
tial errors, Phase-plane plots are given 
in Fig. 10. 

Switching 

The required torque-reversal curv^e in 
the phase plane can be determined nu¬ 
merically, using equations 33 and ,34, 
which give the coordinates of the switching 
point for a particular value of Cq. A more 
direct method is obtained by recognizing 


that the switching boundary is also a par¬ 
ticular trajectory of the system, 
through the origin. Noting that +Tm is 
used along this curve, we return to 
tions 29 and 30, substitute the conditions 
e(0) = 0 and e{0) = 0, and obtain 


4=n(i-g-‘A) 

(43) 


(44) 

Eliminating t, we obtain® 



(45) 

as the required relation 

between and 

- i «€ < 


The boundary for the fourth quad¬ 
rant is obtained by substituting negative 
values of Csj the boundary in the second 
quadrant is obtained by symmetry re¬ 
quirements. 

Response Criteria 

Inasmuch as no neat analytic expression 
for the response time is available, discus¬ 
sion will be confined to two limiting cases, 
and a graph based on numerical calcula¬ 
tions will be presented. 

e 


If the initial error is small, the maxi¬ 
mum velocity attained will also be small, 
and tlie friction term will be relatively un¬ 
important. The behavior of the system is 
then essentially that of the idealized sys¬ 
tem without friction, as can be verified in 
a number of ways. 

When es/^ is small enough, we can use 
the relation^^ 


to reduce equation 45 to 


La 2122^311®^ J 

(46 

... 

2Q 

(47) 

J , 

^- e 2 

00 

'w' 


which is identical with equation 17, the 
torque-reversal curve of the idealized opti¬ 
mum system. In similar fashion, it can 
be shown that the trajectories, and there¬ 
fore the response time, integrated ab¬ 
solute error, and integrated squared error, 
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Fis- 9. Error as a function of time for a relay servomechanism with 
viscous friction 


reduce to the simpler form given earlier. 

If the initial error is large, it is con¬ 
venient to write equation 42 in the form 


4=“4"2(/2—h) 


(49) 


since the limiting value of can be 

found from equation 40 by talcing p = l. 
This substitution gives 
1 




or 


(50) 


(51) 


(4--h) = 0.693T 

For large initial errors, the response time 
therefore approaches 


+1.386r 


(52) 


than 4. This result may be expected from 
the fact that the inertialess system reaches 
its maximum velocity immediately and 
wastes no time in acceleration; for large 
initial errors, the greater maximum veloci¬ 
ties possible in the ideal system result in a 
smaller response time. 

Curves of integrated absolute and 
squared error as functions of the initial 
error, plotted on logarithmic co-ordinates, 
are given in Fig. 12. The dashed curves 
are for the optimum system without any 
friction. For t = 0, the curves are com¬ 
puted from the equations 



(S3) 


(54) 


These relations are summarized in 
Fig. 11, which shows the response time as 
a function of initial error. A curve for the 
optimum system without friction is given 
for comparison. As predicted, the curve 
for r=l coincides with the curve for the 
ideal system for initial errors less than 
about 1/2, and is a linear function of 
initial error when Bq is greater than 2. A 
system with no inertia (t = 0) is superior 
to the ideal system for initial errors less 



For r = l, the curves were obtained by 
numerical integration from the computed 
response curves of Fig. 9. 

For small initial errors, the curves for 
r — 1 approach the curves for the original 
optimum system without friction; for 
large initial errors, the curves are asymp¬ 
totic to the curves for t=0, as may be 
expected from the nature of the response. 
The integrated absolute or squared error 
for the system with friction and inertia 
is always greater than the corresponding 
integral for either: 

1. A system with intertia and no friction. 


TORQUE REVERSAL CURVE 


Fig. 10. Phase-plane plot for 
a relay servomechanism with 
viscous friction 


2. A system with friction and no inertia. 

The limiting curves evidently supply 
lower bounds for the integrals and in¬ 
dicate the best possible performance to 
be expected from a given system. Any 
method of control other than the opti¬ 
mum switching methods will result in 
poorer perfonnance, shown by an in¬ 
crease in the integrated absolute or 
squared error for any step disturbance. 

Although the special values Tm = J=j 
= 1 were used to compute the response 
and phase-plane curves presented in the 
various figures, the curves for r = l may 
be treated as functions of dimensionless 
variables. To apply these results to other 
systems, it is necessary to consider that 
time has been measured relative to r and 
error relative to Or. With these scale 
changes, the curves apply to any similar 
system.^ 

Combined Coulomb and Viscous 
Friction 


No detailed study has been made of the 
effects of combined Coulomb and viscous 
friction. Additional degradation of the 
response is, of course, to be expected. 

It should be mentioned, at least, that 
the effects of combined Coulomb and 
viscous friction will be minimized by a 
suitable selection of the torque-reversal 
curve and a corresponding adjustment of 
the switching device. As already noted, 
the torque-reversal curve must be a tra¬ 
jectory of the system under deceleration 
conditions, passing through the origin, 
For this case, the required curve can be 
computed by substituting 



for Q in equation -15. 


(55) 

(56) 


^4 
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Fig, 12. Integrated absolute error Ai, and squared error A 2 / ss functions of Initial error 
forrelay servomechanisms with viscous friction. (Dashed curve is for a system without friction) 


Conclusions 

A surprisingly large Coiilomb-friction 
torque, as much as 50 per cent, can be 
permitted without much sacrifice in sys¬ 
tem performance, if a simple adjustment 
is made in the switching device. Viscous 
friction is not significant for small errors, 
that is, errors which can be reduced to 
zero without reaching the maximum 
available speed, if a similar adjustment is 
made. 

The time required for the error to be¬ 
come zero after a step disturbance is a 
measure of system quality and is readily 
computed for the systems considered 
here. 

For comparisons of these systems 


with others for which the response time 
is not finite, the use of other criteria, such 
as the integrated absolute or squared 
error, may be preferable. 
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Discussion 

George S. Axelby (Westinghouse Electric 
Corporation, Baltimore, Md,): Mr. Stout’s 
paper is interesting and informative. Al¬ 
though the effects of Coulomb friction on 
linear servo performance have been an¬ 
alyzed,^ few papers have attempted to de¬ 
termine the effects of Coulomb and viscous 
friction on the operation of a nonlinear 
servomechanism. Mr. Stout’s conclusions 
are indeed surprising when it is considered 
that a large Coulomb friction torque can be 
permitted with a magnitude equal to 50 per 
cent of the motor torque without much sac- 


------ 4 --— 

rifice in system performance if a nonlinear 
switching device is slightly altered. 

However, this conclusion, in genera.!, 
should be accepted with caution. It is 
important that some servomechanisms re¬ 
spond to inputs other than the step input 
which was discussed here. Comparisons 
of the error, error squared, or weighted error 
time integrals for step functions have less 
significance as a criterion for an optimum 
nonlinear servo than for an optimum linear 
system. Actually, an optimum servo re¬ 
sponse is one which meets particular de¬ 
sign specifications. A nonlinear servo which 
has an ideal response for a particular input 
may not have an acceptable response for 


another form of input to which it may have 
to respond. 

In particular, Hopkin (ref. 14 of the 
paper) has discussed the stability difficulties 
which occurred when a relay servo was used 
with a ramp input, and Caldwell and Ride¬ 
out (ref. 20 of the paper) showed that a non¬ 
linear servo became unstable when subjected 
to a double step input or to random noise 
after the system response had been opti¬ 
mized for a step function input. In each 
instance, the performance for the trouble¬ 
some inputs was improved by utilizing other 
nonlinear devices, but the modifications 
degraded the response for the step input. 

Other servos are required at times to] re- 
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produce sinusoidal inputs. Although non 
linear servos necessarily produce some dis¬ 
tortion in the sinusoidal output, it is, in 
many instances, not important because of 
the low-pass filter characteristics of the 
servo actuator. However, if a large Cou¬ 
lomb friction force should be present in the 
mechanical output linkages, the desired 
sinusoidal output might deteriorate and be 
useless. 

Apparently, the method of inducing the 
switching or other nonlinear characteristics 
in a system is important, particularly if 
sinusoidal outputs are desired. For in¬ 
stance, Caldwell and Rideout had to modify 
their nonlinear system to prevent the servo 
from becoming a frequency divider with 
certain input amplitudes and frequencies. 

From the preceding discussion, it appears 
that a servo which is designed to work with 
general inputs is different from the servo 
which is originally designed and optimized 
for step inputs, and, as Mr. Stout suggests, 
it is difficult to predict what a change in 
nonlinear system parameters will have on 
the character of the response. Accord¬ 
ingly, it would be difficult to predict whether 
the effect of a given Coulomb friction torque 
on a modified system would be much dif¬ 
ferent from that which was predicted for the 
original servo. 

A^ariations of system parameters and ad¬ 
ditional time lags, which are inherent in 
any complex servo, also affect performance 
of an idealized system and make modifi¬ 
cations necessary. Such effects are not 
easily analyzed on the phase plane, the nec¬ 
essary modifications are difficult to synthe¬ 
size, and consequently the actual effects of 
friction on the final system performance 
cannot be as readily calculated as they were 
in this paper. 

However, Mr. Stout is to be commended 


• for his analysis. It illustrates rather vividly 
that, with proper adjustments. Coulomb 
friction may have much less effect on the per¬ 
formance of a relay servomechanism than 
might be expected. 
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T. M. Stout: The response of a linear dy¬ 
namic system to any particular test input 
completely determines the response to any 
other input. For nonlinear systems, how¬ 
ever, there is no theoretical connection be¬ 
tween the responses to different types of 
inputs. In fact, the response to a step in¬ 
put of a particular magnitude does not even 
determine the response to step inputs of 
other magnitudes. A complete under¬ 
standing of the behavior of any nonlinear 
system can therefore be obtained only by a 
series of investigations for the inputs of in¬ 
terest. 

Since the analytical methods now avail¬ 
able are most applicable to simple systems, 
investigators can perhaps be forgiven for 
attacking problems piecemeal. The phase- 
plane method was used here because it 
seemed appropriate for the problem. Com¬ 
puter techniques appear to be essential for 
more general studies, although it should be 
mentioned that phase-space methods have 
been applied to higher order switching 
servomechanisms of the type discussed 
here.^ 

When a relay servomechanism employing 
a nonlinear lead network was first proposed, 
some engineers felt that the apparent 
superiority of this system might disappear 
if other inputs and various possible defects 


in the system were considered. Investiga¬ 
tions of some of these questions are pre¬ 
sented in the papers mentioned by Mr. 
Axelby. 

The present paper is one of several recent 
papers^?^ dealing with other aspects of this 
system and attempting to remove some of 
the assumptions made in the original analy¬ 
sis. In stating the conclusions, it might 
have been advisable to restate the initial 
assumptions of this paper: step inputs, 
instantaneous switching at the best possible 
combination of error and error rate, and no 
additional energy storage or time delays. 
The conclusion given is valid only under 
these restricted conditions and no claim is 
made that similar conclusions would be 
reached under other conditions. 

It might also be emphasized that the con¬ 
clusions reached in any such study are 
partly a matter of the criteria employed and 
the tastes of the designer. Recognizing 
the primacy of design specifications and the 
limited validity of tests with a single type of 
input, the author nevertheless feels that 
integral criteria of the type used in the paper 
have a legitimate place in nonlinear system 
evaluation. Such criteria account for the 
magnitude dependence of nonlinear phenom¬ 
ena and provide a method for assessing the 
importance of parameter variations from 
their desired values. 
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Characteristic Power Requirements for 
Performing Various Functions in 
Underground Coal Mines 


H. P. MUSSER 
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M any changes in coal mining 

methods have been taking place 
during the past two decades as a result 
of mechanization. Electrical motor drives 
are now used for a great variety of func¬ 
tions. In order to design proper under¬ 
ground power transmission and distribu¬ 
tion circuits, to select the correct size and 
location of transforming or converting 
units, and to estimate power supply needs 
and costs, it is desirable to determine 
typical demand and energy-consumption 
requirements for both individual opera¬ 


tions and area needs. 

The size of a motor used to operate cer¬ 
tain mining equipment does not neces¬ 
sarily fix the demand and energy con¬ 
sumption that might be expected in com¬ 
parison to similar requirements of other 
smaller or larger motors. There are many 
factors affecting the demand and energy 
consumption per connected horsepower, 
such as the type and condition of a par¬ 
ticular piece of equipment, the rate at 
which a mining operation is performed, 
and the human element of handling equip¬ 


ment. The data assembled from many 
tests and studies show sufficiently con¬ 
sistent results to draw definite conclusions 
regarding demands and energy consump¬ 
tions related to horsepower ratings for 
performing various functions in under¬ 
ground mining. 

The Tortoise and Hare Race 
of Tonnage and Power 

An excellent way to illustrate the 
growth of mechanization in coal mining is 
to compare the tons of coal produced per 
horsepower connected at two widely 
separated periods. For instance, in 1931 
a group of 23 companies with outputs in 
the 30,000 to 60,000 ton-per-month class 
produced an average of 30.22 tons of coal 

Paper 53-360, recommended by the AIEE 
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the AIEE Committee on Technical Operations for 
presentation at the AIEE Middle Eastern 
Meeting, Charleston, W. Va., September 
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Tabu I. Variation of Power Consumption with Rated Horsepower of Minins Machines 


Connected 

Horsepower 

Number of 
Places Cut 

Number of 
Seams 

Average Demand 
in Kilowatts 

Average Watt-Hours 
per Square Foot 
of Kerf 

nn 

.6. 

.1. 

.19.54. 

.32.84 

35. 

.20. 

.....7. 

.27.16. 

.46.77 

*;n . 

.22. 

.4. 

.28.54. 

.47.16 

fi5 

..68. 

.1. 

.24.82. 

.31.32* 

v.p; 

_17. 

..1. 

.41.47. 

.48.95 

.. . 


* This seam of coal easier to cut than average seam 


per montli for each horsepower in elec¬ 
tric equipment connected, whereas in 
1951 a similar group in the same tonnage 
class produced only 16.39 tons for each 
connected horsepower. Natmrally, as the 
amount of connected load increased, the 
over-all demand and energy consumption 
followed in nearly direct proportions, but 
in certain individual applications or min¬ 
ing operations, the demands and energy 
requirements are more or less constant 
and do not change with changes in rated 
horsepower. 

The power consumption in under¬ 
ground coal mines as related to connected 
horsepower for certain operations or areas 
will be discussed in this paper. All data 
presented are based upon actual tests ex¬ 
tending over a long period of time. Unless 
otherwise stated, all values apply to the 
demand and energy consumption at the 
face. These values of necessity are less 
than those registered at the metering 
point or center of distribution because of 
transmission, conversion, and transforma¬ 
tion losses. 

Mining Machines 

Power Requirements as Related to 

Connected Horsepower 

The mining machine used to cut coal at 
the face is the one piece of equipment 
which was almost universally used in 
bituminous coal mines before the auto¬ 
matic miners such as Cohnol, Continuous 
Miner, and others made their appearance 
several years ago. It is still the piece of 
machinery common to more mines than 
any other item of equipment unless fans 
are considered. 


Table li. Variation of Power Consumption 
with Age of Bits, 65-Horsepower Mining 
Machine 


Age of Bits 

Number 

of 

Places 

Cut 

Average 

Demand 

in 

Kilowatts 

Average 
Watt-Hours 
per Square 
Foot of 
Kerf 

Worn out.., 

.13_ 

.. .25.94..., 

.37.80 

Half used... 

. 8.... 

.. .25.11... 

.25.60 

New.. 

. 5_ 

...24.33... 

.18,50 


Actual tests have shown that the de¬ 
mand and energy requirements of mining 
machines do not vary with the horse¬ 
power rating as directly as might be ex¬ 
pected. In fact, a mining machine of 50- 
horsepower rating will normally create 
demand and consume energy in quantities 
just slightly larger than a 35-horsepower 
machine, see Table I. 

It is obvious that energy-consumption 
figures for mining machines based on 
tonnage would provide no true basis of 
comparison between cutting coal in a 
seam 3 feet high and in a seam 6 feet 
high. The only basis of comparison for 
power consumption by mining machines 
is in energy use per square foot of kerf. 
Kerf is defined as the undercut (or other 
types of cuts) made to assist the breaking 
of the coal. For example, if the mining 
machine has a 6-foot cutter bar, and is 
undercutting a face 20 feet wide, there 
would be 120 square feet of kerf. For 
convenience, the term watt-hours per 
square foot of kerf will be used. 

By referring to Table I, marked simi¬ 
larity in demand and energy require¬ 
ments can be noted between the 35-horse¬ 
power and 50-horsepower mining ma¬ 
chines. The low energy consumption as 
listed in the table for the 65-horsepower 
machine is not representative of that 
horsepower rating, because all of the 
tests for that category were made in one 
seam, which seam is more easily cut than 
the average. The 75-horsepower mining 
machine created a larger demand than 
the machines of lower horsepower rating, 
but the energy consumption for a defi¬ 
nite unit of work performed was almost 
identical. This is exactly as it should be, 
since demand, expressed in kilowatts, is a 
measure of the rate of doing work and the 
watt-hoitrs, required to cut a square foot 
of kerf, are a measure of a definite amount 
of work done, regardless of the time re¬ 
quired for doing the work. By contrast 
with the power consumption data as 
shown in Table I, one 75-horsepower 
mining machine cutting 20 places in the 
Chilton seam, where sandstone streaks 
existed, used an average of 142.39 watt- 
hours per square foot of kerf, or almost 
three times as much energy. This clearly 


illustrates the range of energy use that is 
possible under varying conditions. How¬ 
ever, many tests by machines of different 
horsepower ratings in a variety of seams 
substantiate the generalization that cut¬ 
ting coal under normal conditions with 
ordinary bits consumes about 50 watt- 
hours per square foot of kerf. 

Power Requirements as Affected by 

Type and Condition of Bits 

Table II outlines the variation of power 
consumption with the new or worn condi¬ 
tion of bits used on the mining machine 
cutter bar chain. The mining machine 
using new or sharp bits consumed less 
than one-half the energy of the machine 
using old worn out bits. This points out 
quite strikingly how bit sharpness effects 
energy consumption. However, in con¬ 
trast, the demands created by machines 
using new, half used, or worn out bits 
were almost the same. This indicates 
that the dull bits do not consume power 
at a faster rate but because of the bit 
dullness the machine must operate for a 
longer period of time to make the cut, 
thereby using more energy. The demand 
or rate of using power remains about the 
same, but the time element increases the 
energy consumption required to cut a 
unit of kerf when dull bits are used. 

As might be expected in the operation 
of mining machines, energy consumption 
varies considerably with the use of dif¬ 
ferent types of bits, but surprisingly the 
demand does not vary in a similar man¬ 
ner. Table III shows this variation quite 
clearly, with one type of bit using almost 
twice the energy used by another type. 
Several different types of bits are in gen¬ 
eral use for mining machines: 

1. A bit which is used and then resharpened 
repeatedly by heat treatment; 

2. A bit which is used once and then 
thrown away; 

3. Several types of bits which are carbide 
tipped and hold their cutting edge so well 
that they can be used for cutting longer 
than any of the other types before re¬ 
sharpening. 

Only small variations in demand are 

Table III. Variation of Power Consumption 
with Different Type Bits, 65-Horsepower 
Mining Machine 


Average 

Number Average Watt-Hours 

of Demand per Square 

Places in Foot of 

Type Bit Cut Kilowatts Kerf 


Type No. 1. 5.24.33.18.50 

Type No. 2......18.22.67........29.70 

Type No. 3.15.25.63.32.90 
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Table IV. Variation of Power Consumption 
with Rated Horsepower of Loading Machines 


Type 

Loader 

Connected 

Horse¬ 

power 

Sub¬ 

station 

Demand 

Kilowatt- 
Hours 
per Ton 

Type No. 1. 

_20_ 

_10. 

_0,423 

Type No. 2. 

-25_ 

....20. 

.,..0.405 

Type No, 3. 

.50_ 

_12. 

_0.364 


caused by using different type bits and 
therefore the energy variation results 
from the time required to cut a place. 
The tests outlined in Tables II and III 
were both made with a 65-horsepower 
mining machine, and were a part of the 
68 places cut by the 65-horsepower 
machine in Table I in a seam which is 
easier to cut than the average coal seam, 
thereby accounting for the low power- 
consumption figures. Although these 
figures are not representative power-con- 
sumption figures, they reflect quite ac¬ 
curately how energy use varies with bit 
dullness and with different types of bits. 

Loading Machines 

Although there have been numerous 
machines designed through the years to 
load coal, the modern-type loading ma¬ 
chines in general use today only came into 
wide acceptance in the bituminous coal 
industry about 1935. Since that time 
there has been a trend to wider use of 
loading machines as mechanization at the 
mines increased, and although the auto¬ 
matic miners made their appearance 
about 1948, the loading machine is still 
widely used. Even though the automatic 
miners were designed to replace the load¬ 
ing machine as well as the mining machine 
and drill, in practice it is observed that 
many loading machines are operating 
behind automatic miners so that the 
room floor can act as a stuge bin and 
thereby permit the automatic miners to 
more nearly fulfill their mission, that is, 
continuous operation. This practice is in 
use because the coal-hauling facilities at 
many mines do not remove the coal from 
the automatic miners as rapidly as it is 
mined. Actual tests over the years have 
shown that between 0.35 and 0.5 kilowatt 
hours per ton are required by loading 
machines. As was found with mining 
machines, the energy consumption for 
loading machines does not vary directly 
with horsepower rating. 

Table IV outlines the results of tests 
wfiere three different types of loading 
machines of varying horsepower ratings 
were operated in the same mine. It 
should be noted that the demand figrues 


listed in this table were recorded at the 
substation and therefore are slightly 
higher than the demands at the face be¬ 
cause of transmission losses. The loader 
type no. 1, with 20-horsepower rating, 
created the lowest demand of the three 
types but used the most energy. The ex¬ 
planation for this fact is that the machine 
operates slower, creating less demand, but 
takes longer to load a ton of coal, and 
thereby uses more energy. Loader type 
no. 2 created a much higher demand than 
the other two loaders, as a result of the 
manner in which it loads coal but, operat¬ 
ing considerably faster than loader type 
no. 1, it consumed less energy to load a 
ton of coal than the no. 1 type. Loader 
type no. 3, with much the largest horse¬ 
power rating, consumed the least energy 
of any of the three types and created only 
slightly more demand than no. 1 loader. 
This no. 3 loading machine is faster in its 
operation than no. 1 loader, therefore 
uses less energy, and its operating cycle is 
smoother than type no. 2 and creates 
much less demand. 

Automatic Miners 

About 1948, two automatic miners 
were placed on the market: one, the Con¬ 
tinuous Miner, was built by Joy Manu¬ 
facturing Company, Pittsburgh, Pa., and 
the other, the Colmol, was built by the 
Jeffrey Manufacturing Company, Co¬ 
lumbus, Ohio. Since that time several 
other manufacturers have built machines 
designed to do the same job. These 
machines were planned to replace the 
mining machine, drill, and loading ma¬ 
chine, and to cut and load the coal in one 
operation. These automatic miners cre¬ 
ated new electrical problems as soon as 
they began operation. These problems 
arefl 

1. “The miner combines in one operation 
what were formerly three separate machine 
operations: cutting, drilling, and loading. 
When “all eggs are in one basket,” as in the 
continuous miner, any stoppage means total 
loss of production. As ways are devised to 
make these miners more truly “continuous,” 
this problem becomes increasingly im¬ 
portant. 

2. “The rate of advance of the miner is 
comparatively rapid, requiring correspond¬ 


ing measures for rapidly advancing the 
electrical system. 

3 . “We have far more horsepower in the 
continuous miner than formerly concen- ^ 
trated in any one machine. In a system 
where several miners are operating in a 
limited area, the concentration of power is 
quite considerable.” 

It is extremely important to maintain 
a good voltage supply to these machines 
since the torque requirements are con¬ 
siderable, and for a special reason with 
machines operated by direct current. 
Since under d-c operation, motor speed is 
a function of voltage, it follows that volt¬ 
age means tonnage. In fact, one company 
raised the voltage 18 per cent and the ton¬ 
nage increased nearly 50 per cent. The 
automatic miners are an ideal application 
for a-c power, and so long as the voltage 
is maintained above the critical “pull 
out” level, the motors operate at prac¬ 
tically constant speed. The importance 
of maintaining good voltage regulation 
for tlie supply to a-c motors is empha¬ 
sized by the fact that the torque of an a-c 
motor varies as the square of the volt¬ 
age. 

The automatic miners are rated be¬ 
tween 150 and 163 horsepower. In a series 
of 10 tests using two of the automatic 
miners, the average energy use was 2.25 
kilowatt-hours per ton. The average de¬ 
mand created in two tests, each in a dif¬ 
ferent seam, for one automatic miner was 
87.5 kw. The average demand created 
in seven tests in four different seams for 
another automatic miner was 86 kw, or 
almost identical in amount with the other 
machine. 

One test was made at a substation feed¬ 
ing a complete extraction unit having a 
total connected load of 285 horsepower, 
which consisted of an automatic miner 
and gathering and haulage conveyors 
necessary to transport the coal to the 
tipple. Naturally taking data at the 
substation means the transmission losses 
will be included and therefore both the 
energy and demand values are higher 
than would be the case for values taken 
at the face. This test was recorded for a 
period of 6 V 2 hours, during which the 
automatic miner advanced 80 feet in a 
coal seam 3 V 2 f^et high and at a face 20 
feet wide. The energy consumed by this 


Table V, Power Use for Gathering Coal with Locomotives Operating in Series or in Parallel/ 

60-Horsepower Locomotives 


Motors Rated Speed in Tons Gathered Energy XTse per Day, Kilowatt-Hours 

Connected Miles per Hour per Day Kilowatt-Hours per Ton 


Series.3.176.3. 54.2.0.307 

Parallel.6.154.8.108.2.0.698 
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285 horsepower of connected load was 
4.18 kilowatt-hours per ton at the sub¬ 
station. 

Gathering 

Three ptiruary methods are used to 
gather the coal from the faces where it is 
mined and to deliver it to the main haul- 
ageways. These are by rail, by either 
chain or shaker conveyors, and by shuttle 
cars. Energy use for either method varies 
between 0.25 and 0.5 kilowatt-hour per 
ton under average conditions, without 
appreciable difference between the meth¬ 
ods. However, in considering demands a 
difference is found, since gathering loco¬ 
motives would create demands in excess 
of conveyors or shuttle cars. 

One demand test made on a face chain 
conveyor 50 feet long, with a 5-horse¬ 
power motor driving it, showed the aver¬ 
age demand to be 2.3 kw. To operate 
this same conveyor empty required 1.3 
kw, or 56.5 per cent of the average de¬ 
mand created while moving coal. This 
load, measured when the conveyor was 
empty, is the friction load, which was 
smaller for this installation than is nor¬ 
mally found. 

On another demand test made on a 
room chain conveyor 260 feet long, driven 
by a 10-horsepower motor, the average 
demand was found to be 7.38 kw, or al¬ 
most the rated capacity of the motor. 
On this installation momentary overloads 
occurred. The load required to drive this 
chain conveyor empty was 5.2 kw, or 70 
per cent of the average demand created 
while moving coal, which is a normal con¬ 
dition for chain conveyors. This force¬ 
fully demonstrates the magnitude of 
friction loads normally experienced with 
conveyor operation. 

An interesting experiment in power use 
for gathering coal by rail was made in 
which two gathering locomotives were 
used, one rated at 3 miles per hour and 
the other at 6 miles per hour. Both loco¬ 
motives were rated at 60 horsepower, the 
slow speed one having motors operated 
in series, and the fast speed one using 
motors operating in parallel. The results 


Table VI. Equipment Horsepower Ratinss 


Number of 
Machines 

Equipment 

Horsepower 

4 . 

.. .Mining machine.. . 

.140 

4... 

. . .Face conveyor. 

. 20 

2. 

. . .Room conveyor- 

. 20 

2. 

, "Rlnwpr . 

. 6 

1. 

. . . Car hoist. 

.. 5 

4 . 

. . . Coal drill. 

.. 6 


Total. 

.197 


Table VII. Variation of Power Consumption by Haulage Locomotives with Distance and Grade 



Distance 

Average 

Average 

Momentary 

Peak 

Average 

Energy 
Used in 

Energy tTse 
per Ton 


in 

Grade in 

Coal Load 

Demand in 

Demand in 

Eaiowatt- 

Kilowatt- 

Test No. 

Feet 

Per Cent* 

in Tons 

Kilowatts 

Kilowatts 

Hours 

Hours per Ton 

No. 1 Test..., 

.3,000... 

....3.83.,.. 

_45.... 

_316_ 

_211_ 

.. .14.13.. 

.0.314 

No. 2 Test.... 

_5,000... 

....3.20.... 

....45.... 

_267_ 

_196_ 

...23.28.. 

.0.517 


* Against loads 


of this test are outlined in Table V, and 
show how greatly energy consumption 
can vary with locomotives of the same 
horsepower, but operating with different 
motor connections. It will be noted 
from the table that the parallel-con¬ 
nected locomotive, rated at twice the 
speed of the series-connected locomotive, 
actually gathered less coal and consumed 
more than twice the energy per ton. 
This condition exists, because with the 
faster speed, there is more spinning of 
the wheels, extra power required for ac¬ 
celeration, and considerable power wasted 
in the resistances (running on points). 

Conveyor Loading Section 

Many mines operate sections in which 
the coal is cut, drilled, and shot in the 
traditional manner and then loaded by 
hand onto chain conveyors. A test was 
made on such a section to determine the 
demand and energy requirements. This 
section contained equipment with horse¬ 
power ratings as shown in Table VI. 

As expected, the results indicate a 
large diversity of operation between the 
units during the six hours of the test, par¬ 
ticularly the mining machines. The high¬ 
est peak reached momentarily was 82.5 
kw. The highest 15-minute period which 
would be the demand of interest for bil¬ 
ling purposes was 44 kw. The energy con¬ 
sumption for this section was 0.79 kilo¬ 
watt-hour per ton. This amount of 
energy drilled and undercut the coal at 
four faces, and then gathered it by con¬ 
veyors to the point where the main haul¬ 
age system received it. 

Haulage 

In a previous section, gathering was 
described as transporting the coal from 
the faces to a central point where the 
main haulage system received it. The 
means of transportation to move the 
coal from this central point to the tipple 
is known as the haulage system. Two 
principal methods of haulage are in wide¬ 
spread use today, namely, rail and con¬ 
veyor belts. Naturally, for either sys¬ 
tem, power consumption will vary greatly 
with grades and the length of haulage. 


Therefore, any demand and energy 
figures will be dependent to a large ex¬ 
tent on these factors. However, for 
most mines, the energy consumption 
for haulage will be between 0.5 and 1.5 
kilowatt-hours per ton, with differences 
in grades and distance as previously 
pointed out, resulting in values both, 
less and greater than this. 

Tests were made on rail haulage in 
which two locomotives, one pulling and 
the other pushing, hauled the same load 
over different distances and slightly dif¬ 
ferent grades. The locomotives used in 
the tests were a 13-ton unit rated at 156 
horsepower and a 10-ton unit rated at 120 
horsepower, or a total connected load of 
276 horsepower. The results of the ^tests 
are outlined in Table VII. 

In the second test the distance in¬ 
creased 66.6 per cent, and the energy use 
per ton increased 64.6 per cent to effec¬ 
tively illustrate the direct effect distance 
has on the energy consumption per ton of 
coal hauled by rail. However, as the dis¬ 
tance increased 66.6 per cent in the 
second test, the average demand de¬ 
creased 7.1 per cent, because of a reduc¬ 
tion in grade against which the loads were 
hauled. In the second test the energy use 
per ton was 0.517 kilowatt-hour for a 
haulage distance of 5,000 feet. It is 
readily apparent that large energy use 
per ton is experienced with haulage dis¬ 
tances of 25,000 feet and over, which are 
not uncommon. 

A large part of the power to drive belt 
conveyors used for haulage purposes is 
consumed in overcoming the friction 
load. One test made on a 36-inch con¬ 
veyor belt, 2,850 feet long and driven by a 
75"horsepower motor, showed a demand 
of 65 kw, or indicated an overloaded 
condition. To run this same belt empty 
created a demand of 37.5 kw, or 57.7 per 
cent of the operating demand. 

On another test of a 36-inch conveyor, 
2,100 feet long, driven also by a 75-horse¬ 
power motor, the average demand was 
only 45.6 kw. This smaller demand re¬ 
flects the reduced tonnage moved by this 
belt. The friction load created a 36-kw 
demand, or 79 per cent of the demand re¬ 
quired to run coal on the belt. This fric¬ 
tion load is unusually high and may have 
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been caused by insuflScient lubricant on 
the rollers. 

Conclusion 

The connected horsepower sometimes 
is an indication as to what the energy and 
demand requirements will be for a specific 
operation such as a haulage locomotive, 


but often the horsepower rating is not re¬ 
flected, as in the case of mining machines. 
It is vital to bear in mind that each mine 
has certain conditions which are unique, 
and that the data presented here is based 
on the average figmes for many mines un¬ 
less otherwise stated. In the cases where 
specific tests are presented, it should not 
be assumed that these are necessarily 


made in mines witli average conditions. 
On the other hand, the conditions af¬ 
fecting each test have been made a part 
of the data for that test. 
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K nowledge concerning the 

electrical characteristics of the 
earth’s surface is important in safe opera¬ 
tion of electric equipment. Such knowl¬ 
edge is helpful in application of lightning 
protection to power systems, protection 
against shock hazards, and protection 
against premature blasting accidents 
where electric shot firing is used. 

Various devices are available for meas¬ 
uring the resistivity of circuits through 
the earth, and have been in wide use for a 
number of years. The method generally 
used is based upon work by the National 
Bureau of Standards in 1918, and alter¬ 
nating current is used for measuring, on 
the theory that the readings will then be 
unaffected by stray or extraneous volt¬ 
ages in the earth. The devices are cali¬ 
brated to read directly in ohms, and it 
has been generally assumed that Ohm’s 
law is applicable to circuits through the 
earth. 

Electric current does not always flow 
from a power system into the earth in ac¬ 
cordance with Ohm’s law, when the ohmic 
values used have been determined by 
tests made with commercial ground 
testers. Investigation has indicated that 
there is a reactive component that must 
be considered, and this involves the test 
leads as well as the earth circuit itself. 

Tests from Power Circuits 

An investigation conducted in the 
Pittsburgh district of western Pennsyl¬ 
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vania involved transmission of voice- 
modulated signals through the earth. 
The antenna system for such transmis¬ 
sion usually consisted of a section of earth 
strata between two electrodes driven into 
the earth; or, in a coal mine, between the 
mine track and an electrode in the roof. 
It was possible to put more power into 
the earth circuit through the same elec¬ 
trodes with the higher frequencies. The 
cun^e, Fig. 1, indicates this relationship 
for some of the tests made. 

Comparative tests using direct current 
and alternating current from mine power 
circuits were also made. Data typical of 
these tests are shown in Tables I and II. 
These data were obtained with current 
flowing into a circuit made up of two 
ground rods installed in the bottom of a 
mine entry and the earth between. Volt¬ 
ages were measured from one electrode 
to various points in the earth. When 
measured with a commercial-type ground 
tester, these electrodes indicated values 
of 48 and 68 ohms, or a total for the earth 
circuit through the electrodes of 116 
ohms. There was some fluctuation in the 
d-c voltage during these tests, and this 
accounts for the variation in the current. 


Paper 53-359, recommended by the AIEE Mining 
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the AIEE Committee on Technical Operations for 
presentation at the AIEE Middle Eastern District 
Meeting, Charleston, W. Va., September 29- 
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The alternating voltage remained steady; 
therefore the current values remained 
constant. 

Comparison of these tables shows that 
the d-c resistance checked with the meas¬ 
ured 68 ohms at 5V2 feet from the elec¬ 
trode; however, the impedance of the 
same circuits with alternating current 
indicated considerably lower values. 

Tests with Higher Frequencies 

To investigate further the impedance 
characteristics of the earth surface, tests 
were made using frequencies from 30 
cycles to 200 kc, inclusive, as well 
as with direct cuiTcnt. For these tests, 
two metal-pipe electrodes were driven 
into the ground about 45 feet apart, A 
and B, Fig. 2. In line with these, and ap¬ 
proximately 11 feet from each, two addi¬ 
tional electrodes, C and D, were driven. 
Each electrode then was measured with a 
standard-type ground resistance tester, 
and the resistance to ground of each elec- 



Fig. 1. Frequency versus power input 
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Fig. 2. Typical test circuit for various fre~ 
quencies 

Rheostat R' adjusted to halve the normal volt¬ 
age/ then R' —R 

Ground tests 
Rod A — 90 ohms 
Rod B =110 ohms 
Rod C = 150 ohms 
Rod D = 250 ohms 


trode was indicated as follows: .4=90 
ohms, 5 = 110 ohms, C=150 ohms, and 
JO = 250 ohms. The ground circuit be¬ 
tween Cand D was measured, using direct 
current, and it indicated a resistance of 
730 ohms. 

To make the tests, a signal generator 
was then connected to electrodes A and B 
with a milliammeter in series with the 
circuit. A vacuum-tube voltmeter was 
connected between inner electrodes C and 
D to measure the voltage drop across the 
earth circuit when current flowed in the 
ground. To save time in calculating the 
resistance or impedance of the circuit, a 
0- to 1,000-ohm variable rheostat was 
connected across the terminals of the 
voltmeter, and 100 milli amperes of alter¬ 
nating current was caused to flow tlirough 
the ground between electrodes A and 5. 
The current value was held constant, and 
the signal generator adjusted for various 
frequencies. Rheostat R, Fig. 2, was ad¬ 
justed to halve the A^oltage reading, and 
thus the position of the rheostat indicated 


to frequency from 0 to 1,000 cycles. 

Tests were made with unmodulated 
carrier signals transmitted through vari¬ 
ous thicknesses of overburden from an 
underground mine to the surface, without 
the aid of metallic conductors. It was 
found that stronger signals were received 
with transmission at the lower frequen¬ 
cies. The output power of the transmit¬ 
ter was held constant. These results were 
thought to have been accomplished by a 
greater spread of the ciurrent from the 
transmitter, because of the increased im¬ 
pedance of the antenna path at the lower 
frequencies. 

Grotmd Measurements 

Ground-resistance measurements are 
usually associated with safety in opera¬ 
tion of electric equipment around coal 
mines. Because ground measurements 
made with commercial ground testers 
usually are read directly in ohms, it is 
generally thought that Ohm’s law can be 
applied. This is true only when the entire 
circuit is considered; even then, it does 
not always hold true. 

If a grounding electrode is measured 
and the probable current flow calculated, 
using the ohmic value indicated and the 
line voltage, the result is likely to be at 
great variance with the actual current. 
The curves. Fig. 5, show results of typical 
tests of this kind, using power from a 


Table I. Test Data with Direct Current 


Distance 

from 

Electrode, Amperes Voltage Ohms 

Inches Flowing Readings Calculated 


6.1.68. 86 51.2 

12,..1,73. 89 51.4 

18.1.75. 95 54.3 

24.1.82. 96 52,7 

30.1.83.101 55.3 

36.1.85.104.5.56.5 

42.1.86.108.3.58.3 

48.1.86.110 .59.2 

54.1.90.115 60.6 

60.1.86.118 63.4 

66.1.78...122 68.5 


Table II. Comparative Test with Alternating 
Current 


Distance 

from 

Electrode, Amperes Voltage Ohms 

Inches Flowing Readings Calculated 


6.1.62.13 8.55 

12.1.52.16 10.53 

18.1.52.25 16.45 

24.1.62.30 19.74 

30.1.52.35 23.03 

36.1.52.40 26.32 

42.1.52.45 29.61 

48.1.52.48 31.58 

54.1.52.50 32.89 

60.1.52.52.2.34.34 

66.1.52.55 36.18 


mine power circuit. To obtain these 
data, copperweld ground rods were driven 
into the earth 1 foot at a time. Resist¬ 
ance measurements were made, and the 
current was measured and calculated for 
each foot of electrode depth. 

At a coal-gasiflcation project in Ala¬ 
bama, electrocarbonization was used as a 
means of igniting the coal bed. Four 
holes about 60 feet apart were drilled 
from the surface into the coal lying about 
180 feet below. The holes were cased 
with 6-inch steel pipe, and electrodes in¬ 
stalled inside the pipe. The electrodes 
consisted of 4-inch stainless-steel cyl¬ 
inders, 17 inches in length, to which was 
attached a 2-inch steel pipe with a copper 
cable inside, both of which extended from 
the coal bed to the surface. These elec- 


the value of impedance in the circuit 
under test. The graphic curve, Fig. 3, 
shows the relationship of impedance to 
frequency indicated in these tests. 

Measurements of voltage drops across 
a section of earth with 100 milliamperes 
flowing in the circuit indicated a difference 
of 40 per cent in voltage drop, between 
electrodes for frequencies from 30 to 200 
kilocycles. The fact that about 25-per¬ 
cent difference is indicated for a variation 
in frequencies from 0 (direct current) to 
1,000 cycles appears significant in the 
consideration of ground measitrements. 
Fig. 4 shows the relationship of impedance 



KILOCYCLES 


Fi^. 3. Relationship of impedance to frequency 
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Fis- 5. Impedance measured and calculated with different depths of 

electrode 


Fig. 4 (above). 
Change in imped¬ 
ance, 0 to 1,000 
cycles 


trodes were insulated from tlie steel cas¬ 
ings by means of transite pipe and in¬ 
sulating-fiber centering disks at tlie sur¬ 
face terminals. The electrodes were em¬ 
bedded in the coal, and the 6-inch casings 
were in contact' with the top of the coal 
seam. The resistance between the elec¬ 
trode and the casing in the no. 2 hole 
measured 7.5 ohms. 

To determine the best value of voltage 
to apply for the initial carbonizing tests, 
a series of very carefid ground-resistance 
measurements were made. Because 
power would be applied to the nos. 2 and 
3 electrodes first, most of the tests were 
made on these holes. The no. 2 electrode 
measured 8.37 ohms, and the no. 3 elec¬ 
trode 7.9 ohms. The casing in the no. 2 
hole measured 2.5 ohms to ground, and 
that in the no. 3 hole 2.75 ohms to ground. 
The circuit, including electrodes 2 and 3 
with the earth circuit in series, measured 
17 ohms. Later, after water had been re¬ 
moved from the holes, the circuit resist¬ 
ance was indicated at 20.9 ohms. 

Alternating current, at 60 cycles, from 
an isolated circuit was then applied to the 
no. 2 electrode and the no. 3 electrode in 
series. Current and voltage readings 
were talcen at short-time intervals, and 
the resistance was calculated, with results 
shown in Table III. The ohms calculated 
from the first readings varied considerably 
from the ohms measured. The impedance 
of the circuit dropped gradually as the 
test voltage was continuously applied. 

A 500-kva variable-voltage autotrans¬ 
former, having taps for voltages from 200 
to 1,800 was installed and connected 
through suitable equipment to the elec¬ 
trodes in nos. 2 and 3 holes. Single phase 
60-cycle power from this transformer 

Table III. Variation in Impedance of Circuit 
Through the Coal Seam 


Ohms 

Amperes Volts (Calculated) 


1.95... 

.75.5. 

.38.7 

2.15. 

.73.0. 

.33.9 

2.50. 

.66.0. 

.26.4 

2.75. 

.62.0. 

.22,5 


was appHed at 800 volts, but the switch¬ 
board ammeter failed to indicate current 
flowing. It was expected, having applied 
800 volts to a circuit which had measured 
21 ohms, that a current of 38 amperes 
would flow. After a check of the circuits 
and metering equipment had been made, 
800 volts was again applied, with the 
same results. A portable ammeter was 
then used to measure the current in the 
circuit, which at that time measured 3 
amperes. 

Subsequent voltage and current read¬ 
ings taken at short-time intervals indi¬ 
cated a lowering impedance as the current 
path through the coal bed was gradually 
carbonized. The graphic curve, Fig. 6, 
shows the relationship of the impedance 
calculated to impedance measured. 

It is interesting to note that, in this in¬ 
stance, three different values of imped¬ 


ance were indicated: 

1. A value of 21 ohms when measured with 
a ground tester; 

2. A value of 38.7 ohms when a 60-cycle 
voltage of 75.5 was applied to the circuit; 

3. A value of 266 ohms when a 60-cycle 
voltage of 800 was impressed on the circuit, 

This apparent phenomenon has been 
noted in other instances, where ground 
measurements were made with ground 
testers and with current from industrial 
power circuits. 

Conclusions 

The flow of electric current in circuits 
through the earth is affected by reactive 
components, which must be considered 
in the accurate calculation of current 
flow or voltage chop in such circuits, 



Fig. 6. Relationship of calculated impedance to measured Impedance 
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Voltage drop and current values are af¬ 
fected by the frequency of the voltage 
applied, and the measurement of ground 
^ impedance should be made with power of 
the same frequency as the power circuit or 
equipment involved, in order to be rigor¬ 
ously correct. 

Circuits through the earth appear to 
have a negative impedance characteristic, 
the impedance varying inversely with the 
frequency of the applied voltage, within 


Discussion 

E. B. Curdts (James G. Biddle Company, 
Philadelphia, Pa.): This paper is interest¬ 
ing in that it reveals the existence of prob¬ 
lems in mining activities which may call for 
a better understanding of the characteristics 
of electrodes associated with or surrounded 
by earth in general. 

In dealing with problems involving the 
flow of electric current in the earth, it has 
been generally agreed that opposition to 
such flow is usually an electrolytic phe¬ 
nomenon and does not conform to accepted 
theories describing the transmission of elec¬ 
tric charges through metals. Furthermore, 
the relative geometry of the elements of 
ground circuits usually does not conform 
with that involved in ordinary metallic cir¬ 
cuits, requiring a somewhat different treat¬ 
ment in reacliing conclusions concerning 
current flow and voltage gradients. 

In commenting on this paper exception 
can first be taken to the broad statements in 
the third paragraph concerning Ohm's law 
and the ohmic values obtained from com¬ 
mercial ground testers. Commercial ground 
testers are logically calibrated to indicate 
the ratio of voltage to a current, which is 
what the user wishes to know, but there is no 
reason to assume that the linearity of Ohm’s 
law must apply in such measurements be¬ 
cause the device is calibrated in ohms. 

Commercial ground testers of the more 
commonly used types are provided with 
either a-c or polarity reversing sources, and 
are available in the frequency range of from 
about 25 to 100 cycles or reversals per 
second. In the case of the crossed-coil 
ohmmeter type of ground tester which uses a 
hand-cranked generator for its source of 
supply, the frequency or reversals per second 
may be varied by the cranking speed to 
avoid objectionable beat frequencies with 
commercial 25-, 50-, and 60-cycle extraneous 
voltages in the earth. Those commercial 
instruments using battery-vibrators are usu¬ 
ally designed for one fixed frequency in the 
order of 100 cycles for the same reason. 

The crossed-coil ohmmeter type ground 
tester, recognized in section 3.43 of AIEE 
Standard no. 550,^ does not have an alter¬ 
nating output in the ordinary sense, but 
through dead zones in the mechanical re- 
yersers the current is forced to zero at the 
instant of the voltage zero so there can be 
no phase displacement between the two. In 
other words, at least this particular type of 
commercial ground tester is intended to 
measure resistance and not impedance. 
Even if the ground circuits should have 
any reactive properties they would not be 


certain limits. 

Grounding circuits through earth strata 
cannot be depended upon to blow a fuse or 
trip overcurrent devices installed for the 
protection of motors or other electric 
equipment, even though the measured 
ohmic value of such circuits so indicates. 

Further knowledge of such charac¬ 
teristics should be helpful in developing 
communication through earth strata, and 
in developing better methods of protec- 

- ♦- 

measured as such by ground testers of this 
type since there are no quadrature compo¬ 
nents in the measuring circuit. 

The author’s statement concerning test 
leads is also open to question, particularly in 
connection with the current interrupter type 
of ground tester. It has been demonstrated 
by practical field measurements with such 
instruments that self- and mutual reactances 
between leads causes no significant errors, 
even with a very dose and very long coupling. 
It has been claimed that lead reactance has 
caused errors when using ground testers of 
the current interrupter type when measuring 
large grounding grids. Since the design 
features used in this type of ground tester 
are such that reactive components are sup¬ 
pressed, it is more likely that any errors 
encountered were the result of mutual resist¬ 
ance effects between the earth under test 
and the current reference, these effects 
being caused by the current reference elec¬ 
trode not being sufficiently remote from the 
electrode under test. 

As is generally known, the reason why 
commercial ground testers use alternating 
or reversing current rather than direct cur¬ 
rent in making ground tests is to eliminate 
for practical purposes the effects of electro¬ 
lytic polarizations. Unless the volumes of 
earth surrounding the electrodes are entirely 
free of electrolytic moisture, a d-c test of 
one polarity would indicate higher resistance 
values than those obtained with alternating 
or reversing voltages due to gas films form¬ 
ing and being sustained at the surfaces of 
the electrodes. Therefore, under conditions 
of electrolytic dissociation there should be 
no reason to expect that measurements 
made with commercial and higher frequen¬ 
cies, or with commercial ground testers, 
should conform to those made with direct 
current. However, experience has indicated 
that there are no difficulties in co-ordinating 
ground-fault protection on d-c circuits with 
currents determined from commercial 
ground-tester measurements where natural 
variations in electrode to earth resistances 
are given sound engineering consideration. 
Wide variations in conditions in the imme¬ 
diate layers of earth surrounding an elec¬ 
trode can occur in relatively short periods 
of time. More stable conditions can be ob¬ 
tained by driving longer rods to permanent 
moisture and by properly spaced multiple 
rods to reduce current density. Mr. Har¬ 
rison’s unqualified statements in the third 
paragraph of the conclusions are both mis¬ 
leading and questionable. 

Without disputing the possibilities of 
minor reactive properties of a circuit in¬ 
volving a relatively small electrode in con¬ 
tact with an infinite mass such as the earth. 


tion against shock and premature blasting 
hazards. 
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it would appear likely that the anomalies 
encountered in the cases cited by the author, 
at least at the lower frequencies, could be 
due to unstable or nonreproducible cona¬ 
tions surrounding the electrodes. Such in¬ 
stabilities, not only due to electrolytic dis¬ 
sociation in the case of the d-c tests, can be 
caused by changes in electrode to earth con¬ 
tact conditions such as moisture variations, 
and thermal changes due to the magnitude 
of the test current used, including the drying 
out of the earth immediately surrounding 
the electrodes. The geometrical charac¬ 
teristics of an electrode to earth contact 
cannot be overlooked in considering the 
voltage gradients that exist as a result of 
current. It can be simply shown that the 
greatest voltage gradient, and therefore 
most of the resistance, appears in the earth 
layers immediately surrounding the elec¬ 
trode. Thus, any physical, chemical, or 
thermal changes occuring in these immedi¬ 
ate layers may greatly affect the measure 
resistances without any reactive properties 
existing. 

The results of the test, as shown in Fig. 5, 
are extremely puzzling. It has been demon¬ 
strated in numerous instances that ground 
resistance measurements can be relied upon 
to determine current flow unless the actual 
current is of sufficient magnitude and dura¬ 
tion to increase the earth temperature or to 
dry out the earth immediately surrounding 
the electrode. Where steep wave-front high- 
amplitude current impulses are involved it 
has been found that actual breakdown of 
high gradient layers occurs, resulting in 
deviations from the calculated current 
values. 

The calculated current values shown in 
Fig. 5 seem to conform with practical and 
theoretical results when the resistance 
measurement is made to remote earth. 
The actual current curve does not, but in¬ 
stead shows a flatness with increasing rod 
depth which one would expect to find if the 
reference rod forming the 2-terminal net¬ 
work were of such high resistance, compared 
to the rod under test, that it became the 
controlling factor. 

Mr. Harrison attributes the very much 
smaller measured current to electrode to 
earth reactance. Using the 7-foot rod depth 
in Fig. 5, the calculated current is 5.5 
amperes, and the measured current is 1.5 
amperes. Calculating the relative values of 
resistance and reactance from these data, it 
is found that the reactance component of 
impedance would be about 3.5 times that of 
the resistance component. Such a situation 
would seem extremely unlikely. 

The measuring technique for a test of this 
kind is simple, so there should be no cause 
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to question the one used in this case. Al¬ 
though the technique is not described, it 
would be natural to assume that the same 
2-terminal network was used for both the 
calculated and measured tests, which would 
give comparable results. However, the 
results indicate that a 2-terminal network 
was used to determine the actual 60-cycle 
current, and a 3-terminal network to deter¬ 
mine the resistance to remote earth of the 
rod being tested. Any attempt to compare 
a 2-terminal with a 3-terminal test would 
be invalid. It is also assumed that the 
power system used was either an ungrounded 
one, or if not, then the system ground was 
used as reference (the rod under test being 
connected to the ungrounded side of the 
source). 

In summarizing this particular phase of 
the investigation covered by this paper, I 
cannot but help being left with the feeling 
that because of the lack of information con¬ 
cerning measurement technique, and be¬ 
cause of the great difference in measured 
and calculated currents as shown in Fig. 5, 
that there is no conclusive evidence that this 
great current difference can be accounted 
for by reactive effects in the rod to earth 
contact. 

Mr. Harrison discusses, in the section 
entitled “Tests with Higher Frequencies,” 
and shows in Fig. 2, some details of the 
technique used in making the frequency- 
impedance measurements. Actually this 
test, from the information given, turns out 
to be a measure of the combined impedance 
characteristics of two unrelated parts of the 
circuit. One of these parts involved the 
mutual impedance between points A and B 
when measured with a high impedance volt¬ 
meter and with R' at infinity. The other 
part involved the net impedance of rods C 
and D. The meastuements as described in 
this paper actually resulted in the sums of 
the mutual impedance of rods A and F, 
and the net impedance of rods C and D, 

The question then arises as to just what 
information was being sought in this investi¬ 
gation. If the electrode to earth impedance 
was the information desired, then an addi¬ 
tional question arises. Were the measure¬ 
ments which resulted in values of 150 ohms 
and 250 ohms for the C and D rods taken to 
remote earth; if so, what was the mutual 
resistance between these two rods? In other 
words, did this investigation have as its 
purpose the determination of the impedance- 
frequency effects of an electrode to remote 
earth, or just between two rods chosen to be 
spaced 23 feet apart? 

Even assuming that the measuring circuit 
was valid for the purpose intended, some 
assurance should be given by Mr. Harrison 
that the ammeter, voltmeter, and rheostat 
involved were accurate over the wide range 
of frequencies used in these tests. It is con¬ 
ceivable that skin effect alone in the rheo¬ 
stat could account for the negative-imped¬ 
ance characteristic shown in Fig. 3. 

Mr. Harrison makes reference to the 
Bureau of Mines report no. 4903 on this 
subject, which he co-authored. However, 
the information given in the Bureau of 
Mines report conflicts with that given in 
this paper. A comparison of the two shows 
that the test described in the paper is not 
represented by Fig. 3 as stated, but repre¬ 
sents data from an entirely different 2- 
terminal test as described in the Bureau of 


Mines report. Fig. 4 apparently represents 
data resulting from the 4-terminal test de¬ 
scribed in the AIEE paper. Data tabulated 
in the Bureau of Mines report roughly 
checks the curve shown in Fig. 4 of the AIEE 
paper. Assuming that the tabulated data 
in the Bureau of Mines report are valid, the 
30-cycle impedance is 450 ohms and the 
60-cycle impedance is 420 ohms, a reduction 
of 6.7 per cent in the range of these com¬ 
mercial frequencies. The 730-ohm figure 
for the d-c test can be discarded as irrelevant 
unless the measurement was made before 
electrolytic dissociation developed, which 
was unlikely. 

The anomalies encountered in the test in 
connection with the coal-gasification project 
are challenging, to say the least. However, 
a study of the information given leads one 
to believe that these anomalies are caused 
entirely by changing conditions around the 
electrode between the different tests. Again 
it must be emphasized that the resistance of 
electrodes surrounded by earth is confined 
largely to the immediate layers of earth and 
is greatly influenced by conditions of mois- 
ttue and temperature. 

Summarizing this discussion, Mr. Harri¬ 
son is to be commended for pointing out the 
wide variations that can occur in electrode 
to earth contacts, even though the reactive 
effects may not be as pronounced as his 
paper may lead one to believe. 
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Richard W. Inman (Associated Research, 
Inc., Chicago 18, Ill.): To properly evalu¬ 
ate Mr. Harrison’s paper, one must ask 
several questions, any one of which has a 
distinct bearing on the accuracy of the state¬ 
ments made and the conclusions reached. 
Consequently this discussion must take the 
nature of a question rather than a comment. 

Very little reference is given to the equip¬ 
ment used in the performance of the various 
measurements and tests. For instance, was 
the commercial type of ground tester a d-c 
or an a-c unit? If it was an a-c tester, of 
what frequency and voltage were the out¬ 
put? 

Where d-c data were submitted, was any 
considerations given to reversed readings to 
eliminate the possibility of error due to 
electrolytic potentials or stray currents 
within the area of measurement? 

There are various types of commercial 
ground resistance testers presumedly de¬ 
signed to measure resistance to earth of 
man-made grounds and to do so on the basis 
that Ohm’s law is applicable to circuits 
through the earth. Experience has indi¬ 
cated, however, that while these testers 
may be calibrated directly in ohms under 
various conditions to be found in conjunction 
with the measurement of ground resist¬ 
ance, it is impossible to closely check the 
readings of one type of tester with another; 
yet it is possible to obtain repetitive read¬ 
ings of the same magnitude for the same 
tester under the same given set of conditions. 

It is a known fact that some testers are 
materially affected by the resistance of the 
auxiliary probes while others are not. The 
sensitivity and response of other testers are 
affected by the relation of the auxiliary 
probe resistance to that of the resistance of 


the man-made ground under test. 

It is apparent, therefore, that considera¬ 
tions of the measurements technique in¬ 
volved, the relative spacing of the auxiliary 
probes, the depth of rod, and several other 
factors are essential. Equally important in 
evaluation of the material presented would 
be data as to the depth of penetration of the 
man-made ground rods as well as depth of 
penetration of the auxiliary probes and 
whether one or two were used and what the 
spacing of them was. 

It is true that measurements with com¬ 
mercial testers are usually, made directly in 
ohms, but in so doing it is natural that opera¬ 
tion of the over-all circuit must be under¬ 
stood. The same would seem to apply to 
the information in Fig. 5 concerning which 
the statement is made that power was used 
from the mine power circuit. Equally im¬ 
portant would be the method of measure¬ 
ment used in determining the factors making 
up the curves contained in Fig. 5. 

Here reference is made to the question of 
whether consideration was given to the 
theory of the sphere of influence of a ground 
rod in relation to its depth and the conse¬ 
quent spacing of auxiliary probes in the 
ground-resistance measurement. As the 
water content of the earth has a material 
effect upon the resistance of any ground rod 
driven into the earth, and as all too often 
the water content is changing, unless the 
timing of any testing is relatively short in 
duration, it would appear extremely difficult 
to propose absolute statements and conclu¬ 
sions. 

If one compares the readings of Table III 
with the final reading taken after the water 
had been removed from the holes, then the 
variations are not too great and on the basis 
of the statement that the impedance of the 
circuit dropped gradually as the test voltage 
was continuou.sly applied one would cer¬ 
tainly be lead to believe that a change in 
circuit conditions resulting from the watts 
in the circuit under test was a contributing 
factor rather than an error in reading result¬ 
ing from the change in impedance. Is it not 
reasonable to assume that possibly due to a 
continuous application of current potentials 
to the circuit under test a drying-out effect 
was taking place, which in turn would 
naturally affect what was assumed to be the 
impedance of the circuit rather that its d-c 
resistance? 

The flow of electric current into the earth 
is affected not only by the apparent resist¬ 
ance to earth of the man-made ground con¬ 
nection but also by the character of the 
earth surrounding the ground, by electro¬ 
lytic potentials and currents in the earth, 
and by the earth resistivity in the area of 
the ground contact. The fact that there is 
variation betw^een calculated current values 
and actual measured current values can be 
considered more as a summation of these 
grounding factors than as a conclusion that 
it is entirely due to the reactive components 
in ground resistance. It would seem very 
possible that we are dealing with a nonlinear 
active resistance, the value of which is fre¬ 
quency dependent. Perhaps we are also 
dealing with a combination of nonlinear re¬ 
sistances and reactances, any or all of which 
could be present and effect measurements 
made if cognizance is not taken of effect 
upon measurements of man-made grounds 
located within the sphere of influence of the 
test electrodes. 
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L. H. Harrison: Some very interesting 
points have been brought out in these dis¬ 
cussions. Mr. Curdts’ statement to the 
effect that there is no reason to assume that 
the linearity of Ohm’s law must apply in 
such measurements is strange indeed. It 
would seem that where a resistance measure¬ 
ment is given in ohms this would be the 
logical assumption. 

Reference is made to the crossed-coil, 
mechanical-reverser type of ground tester 
by Mr. Curdts, who states that, even if the 
ground circuits should have any reactive 
properties, they would not be measured as 
such by this type of ground tester. It is 
hard to conceive of phase displacement with 
the square-wave form of alternating current 
produced by the mechanical reverser; never¬ 
theless, it can be demonstrated that the 
addition of capacitance to the resistance of 
the circuit under test will lower the reading 
obtained with this type of instrument in 
about the same proportions as that of the 
battery-powered vibrator types. 

Many textbooks. Bureau of Standards 
papers, and technical bulletins on ground- 
resistance testing give the equation R = 
p(ll2nC) for the resistance to the flow of 
current away from an electrode in the earth. 


where C — the combined electrostatic 
capacity in free space of the electrode and 
its image above the surface of the earth. If 
this equation is valid, then every circuit 
comprising one or more grounding electrodes 
and a section of the earth’s surface has 
capacitive reactance as one of its component 
parts. Mr. Inman states that it would seem 
very possible that we are dealing with a 
nonlinear active resistance, the value of 
which is frequency dependent. This is 
merely another way of saying that we are 
dealing with circuits having resistance com¬ 
ponents and reactance components, which 
was my original contention. 

It is regrettable that these discussions 
either ignore or pass lightly over the results 
of tests made at the coal-gasification proj¬ 
ect. The theory of electrolytic dissociation 
is inadequate to cover the anomalies indi¬ 
cated, since such wide variations in imped¬ 
ance were observed with the same frequency 
of applied voltage. Neither can they be ex¬ 
plained by changing conditions around the 
electrodes in the time elapsed between the 
different tests, as the power for carboniza¬ 
tion was first applied within a matter of 
minutes after the low-voltage 60-cycle re¬ 
sistance test was completed. The sugges¬ 


tion that the increased resistance might be 
due to a drying-out effect caused by the con¬ 
tinuous application of current is not ac¬ 
ceptable because it is shown in Table III 
and by the curve of Fig. 6 that the imped¬ 
ance of the circuit was gradually lowered by 
the continuous application of current. If, 
however, we can conceive of this circuit as 
comprising a capacitance with a high leakage 
dielectric, it is possible to work out a plausi¬ 
ble explanation of the phenomena observed. 

My paper deals primarily with the measure¬ 
ment of grounding circuits intended to limit 
the voltages that might appear on the frames 
of electric equipment upon occurrence of a 
ground fault within the equipment. If such 
groimd measurements do not indicate 
accurately the impedance of this fault-cur¬ 
rent circuit, they are valueless as a means of 
determining the degree of protection pro¬ 
vided. There is need to distinguish be^ 
tween ground measurements for systena 
protection against lightning and those made 
to provide protection from shock hazard. 

I am indebted to Mr. Curdts and Mr. In¬ 
man for their valuable contributions to the 
available knowledge of ground-testing pro¬ 
cedure, and their interest in this paper is 
greatly appreciated. 
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T he self-propelled rail car is re¬ 
turning to a place of popularity as the 
railroads seek to reduce costs and attract 
additional passenger business. Cimrent 
rail-car application in the United States 
covers relatively long main-line runs 
with diesel-hydraulic cars, and branch 
line service with light diesel-electric cars. 
Between these two extremes there lies 
a need for a main-line type of car capable 
of performing suburban service. Certain 
characteristics of the electric drive are 
well suited to this application. 

Trends in Rail Passenger Business 

A ghost has returned to our nation’s 
railroads. Considered dead for the past 
20 odd years, the diesel-powered rail car 
has come back in numbers as railroads are 
reawakening to the advantage of provid¬ 
ing adequate passenger service for their 
patrons. 

Not all roads, it is true, are trying to 
better their passenger service. Almost 
every week the Interstate Commerce 
Commission is petitioned to permit 
abandonment of another run. But there 


are some reversals to this trend, The 
New Haven, most notably, in the past 
year has added more than 50 new pas¬ 
senger trains to its schedules. It is plan¬ 
ning even more, because It has found the 
passenger business lucrative. Rail cars 
are used on most of these new runs. 

Other roads, too, are finding rail cars 
the answer to many of their passenger 
problems. Through their use, deficit 
operations have been turned into money¬ 
makers, or losses have been cut down 
considerably. Many of these roads are 
finding that rail cars make new services 
both possible and profitable. The New 
York Central, for instance, has restored 
passenger service to Midland, Mich., for 
the first time in 25 years. 

As the munber of automobiles and 
trucks in operation continues to increase, 
our nation’s highway system becomes 
ever more crowded. This problem, ex¬ 
isting everywhere, but particularly crit¬ 
ical in our more crowded areas, brings 
traffic to a literal crawl, and makes driv¬ 
ing extremely hazardous, to say nothing 
of the human frustration involved. 

Thus there is a natural tendency to 


turn to the rails for relief, wherever ade¬ 
quate service is offered. The word ade¬ 
quate here means clean, comfortable 
equipment, operating on a fast schedule, 
and with reasonable frequency. Even 
crowded highways are preferable to a 
dirty, green-plush-upholstered coach of 
1900 vintage creaking along behind a 
steamer at 20 miles per hour. Passengers 
will simply refuse to ride in such cars. 

Place of the Rail Car 

Locomotive-hauled streamliners are 
suitable for long-distance runs, where 
enough demand exists to fill several cars. 
But on many of the shorter and inter- 
urban schedules, only one or two cars are 
required, which makes locomotive power 
and investment excessive and therefore 
uneconomical. Diesel-powered rail cars 
appear to answer these requirements very 
well. The new ones being put into service 
today are clean and quiet, have high ac¬ 
celerating rates and high top speeds, and 
are economical to operate. 

The well-known Budd RDC, of which 
116 are in operation or on order, is used 
on 13 United States railroads and in 
three foreign countries. Its two 275 
gross horsepower engines and 63 tons 
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Fis, 1 . Type of diescUhydraulic rail car in current use on a number of 
American railroads 



Fig. 3. Mack FCD diesel-electric rail car in service 


loaded weiglit give it an exceedingly Mgli 
horsepower per ton ratio and conse¬ 
quently good acceleration characteristics. 
The hydraulic transmission—the first 
to be introduced for main-line rail service 
in the United States—^has proved itself in 
service despite the skepticism of many 
experts. Operating costs reasonably 
close to those predicted have been ob¬ 
tained. 

Best of all is the flexibility that this new 
railroad tool has provided, as compared 
with locomotive-hauled trains. On the 
Pennsylvania-Reading Seashore lines, for 
instance, six cars in multiple unit with 
only one crew leave Camden. At Tucka- 
hoe, two cars are cut off, and taken by an¬ 
other crew to Ocean City, while the other 
four proceed on the main line to Wild¬ 
wood Junction. Again two are cut off 
for Cape May while the original crew 
proceeds with the remaining cars to Wild¬ 
wood. On the return trip to Camden, a 
reverse procedure is followed. 

Flexibility is the keynote of every rail 
car. Because it is a self-contained unit, it 
can be operated singly or in multiple as 
scheduling demands, and can be changed 
from one to the other with a minimum of 
effort. 

Another, smaller, diesel-powered rail 
car with electric drive has been introduced 
on the New Haven. Named the Mack 
FCD rail car, the single pilot model has 
now been in operation more than a year. 
After a lapse of 24 years, Fall River, Mass, 
now has passenger service provided by 


this “Little Shoreliner.” 

The original car has a Mack 180-horse¬ 
power engine. The General Electric 
drive consists of a traction generator of 
the variety used on industrial diesel- 
electric locomotives and four Presidents’ 
Conference Committee (PCC)-car type 
traction motors, together with suitable 
single-end single-unit control. It seats 
45 passengers, has a top speed of 54 mdes 
per hour, and is equipped with air brakes. 
Essentially then, it is a Mack highway 
bus mounted on PCC trucks for rail oper¬ 
ation. 

The New Haven likes this car so well it 
has placed an order for nine additional 
units. These new cars will seat 50 pas¬ 
sengers, and have 150-horsepower engines, 
and top speed of 60 miles per hour. They 
will have double-end control and be 
equipped to operate two in multiple, thus 
giving additional flexibility. 

Electric Drive for Main-Line Cars 

These two different types of modern 
diesel-powered rail cars are not funda¬ 
mentally competitive. They are far 
apart in total weight, horsepower, and 
seating capacity, as well as first cost. 
Their respective operating costs compare 
favorably to these factors. The Budd 
RDC is intended for main-line operation 
and has the necessary speed to stay out 
of the way of other traffic. The Mack 


rail car is an ideal unit for light branch 
line service. 

But a gap still exists in the needs of 
railroads for modern rail-car equipment of 
main-line size. A car is needed to do 
several things that any car equipped with 
a hydraulic transmission, in its present 
state of development, cannot do. These 
needs are: 

1. Good acceleration cliaracteristics at low 
speeds. 

2. Ability to pull trailers. 

3. Ability to operate in electrified tunnels, 
such as at Grand Central Terminal, N. Y. 

Electric drive can fiU this gap! 

The hydraulic transmission used on 
rail cars has its maximum torque at zero 
speed versus torque at maximum speed 
limited to about 3-to-l ratio. This ratio 
is commonly called wraparound. In 
contrast, an electric drive, even with a 
single motor connection, can easily pro¬ 
vide six or seven to one wraparound. 

Therefore, of two cars with the same 
horsepower per ton ratio, the one with 



F 13 . 4. Typical wraparound characteristic for 
diesel-electric drive compared with that for 
diesel-hydraulic transmission 



Fig. 2 (left). Origi¬ 
nal Mack FCD 
diesel-electric rail 
car built for the 
New York, New 
Haven and Hartford 
Rail Road 
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Fig. 5. Transmission characteristics for diesel-powered rail cars 


Fig. 6. Speed-time characteristics for a diesel-electric and a diesel- 
hydraulic rail car (equal horsepower per ton ratios) 


electric drive can accelerate up to ap¬ 
proximately 65 miles per hour more 
quickly than can the one with hydraulic 
transmission. This means that the 
former can cover a run of 5 to 6 miles or 
less more quickly than can the latter. 
Many commuter schedules call for stops 
only 1 or 2 miles apart. Obviously, a car 
with electric drive will do such jobs bet¬ 
ter. 

For runs of greater length, the hy¬ 
draulic transmission car has the advan¬ 
tage, since it goes into “locked-up” direct 
drive, where the only loss is in the gear¬ 
ing. Here, it should be noted, it is the 
practice to run the engine at higher speeds 
than when the transmission is in use, thus 
actually producing more horsepower, 
since engine torque is essentially con¬ 
stant. 

Use of Trailers 

In addition to the high rate of ac¬ 
celeration at low speeds, the rail car 
equipped with electric drive can easily 
pull trailers without harm. Thus much 
greater flexibility of operation without 
excessive added investment can be ob¬ 
tained. The diesel-hydraulic car, as now 
applied to United States railroads, is not 
designed for pulling trailers. While the 
diesel-electric rail car will have somewhat 
lower acceleration when pulling a trailer 
than when running by itself, it will not 
deteriorate in performance so much as to 
be unusable. The balancing speed on 
level tangent track of a motor car-trailer 
car combination (of equal weights) will 
be only about 10 per cent less than that of 
a motor car alone. 

Ordinary passenger coaches could be 
used as trailers with this rail car so long 
as they were self-contained units. That 
is, they need not be dependent upon the 
power car for either train heat or electric 


power. Since the required heating load 
of a passenger car in zero degree Fahren¬ 
heit weather is approximately equal to 
the air-conditioning load in summer, the 
diesel-electric undercar power plant would 
provide both these services, thus making 
the car truly independent. As an added 
benefit, this car would not then have the 
axle generator type of power supply 
which provides an additional drag on the 
prime mover of the train. 

Operating and Maintenance 
Advantages 

Railroads are already finding dif¬ 
ficulty in operating diesel-powered rail 
cars when they must enter electrified 
tunnel zones, where the engines cannot be 
run underground. In the case of the 
diesel-hydraulic car, the only recourse is 
to pull the car with an electric locomotive, 
but in the case of the diesel-electric car 
it would be a comparatively simple matter 
to provide third-rail pickup and addi¬ 
tional control to operate the car from 
third-rail power. 

At the present time, the hydraulic 
transmission is still a mystery to most 
railroad shops. Consequently, this trans¬ 
mission is often returned to the manufac¬ 
turer when it needs repair. On the other 
hand, with but one exception, all the 
class-I railroads in the United States now 
have diesel-electric locomotives and could 
easily service a diesel-electric rail car. 
It is even conceivable that many of the 
same components could be used on the 
ran cars that are now in use on the loco¬ 
motives, thereby easing the renewal parts 
problem. 

In all railroad equipment, reliability 
and low maintenance costs are the key to 
success. For a new design of diesel- 
electric rail car, then, reliability must be 
built into it. Most of all, as the heart 


of the car, the engine or engines must be 
thoroughly reliable. Many railroad men 
are inclined to look down their noses at a 
high-speed (1,800 to 2,100 rpm) engine 
because they doubt its reliability. Some 
of them feel that an engine operating at 
1,000 rpm or less is inherently more re¬ 
liable. Unfortunately, several high-speed 
engines have been improperly applied in 
railroad service and thus the whole 
series of these engines has suffered in rep¬ 
utation. On the other hand, high-speed 
engines have performed well on indus¬ 
trial locomotives and in thousands of 
automotive applications. Fundamentally 
a high-speed engine properly applied can 
be just as reliable as a low-speed engine. 
And the lower weight, smaller space, and 
probable lower cost of a high-speed engine 
are not to be taken lightly in design of the 
over-all car. 

The problem of maintenance should 
not be overlooked in a car’s design. This 
will mean that the entire engine or per¬ 
haps the complete powder unit must be 
easily removed from the car so that it can 
be taken to a convenient place for work. 



Fig, 7- Distance-time characteristics for a 
diesel-electric and a diesel-hydraulic rail car 
(equal horsepower per ton ratios) 
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Few railroad shops have the necessary 
floor space to accommodate 85-foot cars 
while work is being done on the engine, 
but every railroad operating a fleet of 
these cars can afford to have a few extra 
engines as replacement units while the 
car’s original equipment is being re¬ 
paired. As another advantage, an entire 


Discussion 

H. F. Brown (Retired) (New York, New 
Haven and Hartford Road, New 

Haven, Conn.): Rail cars are not new on the 
railroads of the United States. Manufac¬ 
turers have been building them and rail¬ 
roads have been using them continuously 
for the past 45 years. They have been gaso¬ 
line-electric (General Electric 1907), gaso¬ 
line with mechanical drive (Keene 1912, 
Mack 1920), high-pressure steam (Sentinel, 
Bessler, 1935), and diesel-electric (Good- 
year-Westinghouse “Comet,” 1936), to 
mention but a few. Each was supposed to 
be the solution for declining or nonprofitable 
passenger traffic on branch lines, or for local 
traffic on sections of main lines where this 
traffic was being lost to the highways. 

What happened to all these cars? The 
answer is simple: they became too expensive 
to maintain, and were too expensive in first 
cost to replace. Present-day types, to sur¬ 
vive, must not have either of these short¬ 
comings. The Budd Rail Diesel Car men¬ 
tioned in the paper is one of the latest and 
one of the best designs to date. It is not 
exactly a ghost; it is a very live descendant 
of famous ancestry. Whether it has in¬ 
herited the short life of its predecessors or 
not is too early to say. 

Rail cars are used abroad for passenger 
service much more than in this country, 
and handle a large portion of the passenger 
traffic. They are used for the same economic 
reasons that make railway electrification 
more extensively used in those countries 
than here. Very few of these single car units 
have electric drive. There are, however, 
many 3- and 5-car units of the most “mod¬ 
em” design with electric drive operating 
throughout Europe today. In view of this, 
the title of the paper is somewhat mislead¬ 
ing, as it implies that modem diesel-electric 
cars do not exist. 

The author has made several statements 
to which exceptions may be taken. One 
statement reads: “Locomotive-hauled 

streamliners are suitable for long-distance 
runs, where enough demand exists to fill 
several cars. But on many of the shorter 
and interurban schedules only one or two 
cars are required, which makes locomotive 
power and investment excessive and there¬ 
fore uneconomical.” 

Volume of traffic, and not length of run, 
would seem to be the real criterion. The 
rail car may prove to be the more economical 
where there is trafl&c for but one car regard¬ 
less of the length of run. If more than one 
car of standard coach capacity is required, a 
small locomotive with two standard coaches 
^ght well prove to be the more economical 
investment when compared with the cost of 
two rail cars. If 2-car or 3-car operation is 
a known requisite, possibly a 2-car or 


car would not need to be held out of serv¬ 
ice while the engine is repaired; thus 
the over-all investment would be lower. 

Conclusion 

Through proper design, attractive ac¬ 
commodations, and judicious scheduling 

- ♦- 

3-car self-propelled unit might prove to be 
the cheaper investment than the locomotive 
and cars, but most operators would prefer 
the locomotive and standard coaches for 
their more general applicability, and the 
possibility of using the locomotive for other 
service in between the passenger schedules. 

The operation cited of the 6-car train all 
made up of self-propelled units, and broken 
up during the run into three 2-car trains, 
represents an investment of nearly $1,000,- 
000 which is at least $260,000 greater than 
the investment required for three 1,000- 
horsepower diesel-electric locomotives and 
six new standard coaches. It is thus ap¬ 
parent that “excessive investment” is not 
always on the side of locomotive operation, 
and that other factors may govern. 

If it has been possible by careful design 
and good engineering to build a good diesel 
rail-car with just enough power for the 
acceleration and speed required and with 
control features for multiple-unit operation 
with other similar units, why penalize its 
cost and performance as a single unit by 
adding capacity to haul a trailer. Regard¬ 
less of the type of drive, the acceleration and 
speed will be impaired with the trailer. 
Thus, the combination will not be able to 
render the service for which the single car 
unit was designed. If instead, another self- 
propelled unit is added, to be operated in 
multiple with the first, the design character¬ 
istics for acceleration and speed are retained. 
If this operation is thought to be uneco¬ 
nomical as to investment, then possibly the 
same criticism can be made of l-car opera¬ 
tion. 

No self-propelled car yet designed, either 
here or abroad, regardless of whether me¬ 
chanical or electrical drive, can equal the 
economical performance in operation or 
maintenance of the electric multiple-unit 
car taking power from a contact conductor. 
The author states that a diesel-electric rail 
car is wanted “to operate in electrified 
tunnels, such as at Grand Central Terminal, 
New York.” Such a suggestion seems 
utterly inconceivable. It is doubtful if 
there would be space in such a busy terminal 
for single-car operation. To operate such 
cars in trains made up of the number of cars 
required would mean a large duplication of 
investment which would be useless over the 
greater portion of the run. If it is desirable 
to operate through suburban service from 
parts of lines not now electrified into the 
Grand Central Terminal, it would be far 
more economical to extend the electric opera¬ 
tion to include such lines, rather than to 
operate such high cost cars on their own 
power, or even to haul them through the 
electrified zone into the electrified terminal. 

If, as the author states, it is “a compara¬ 
tively simple matter to provide third-rail 
pickup and additional control to operate the 
car from third-rail power,” a paper on the 


of runs when and where the passeng'^i'S 
want them, rail cars can help the 
roads win passenger traffic back to Llie 
rails. This thesis has been proved in tlie 
preliminary steps taken to date. Now is 
the time to design a diesel-electric rail ear 
for main-line service that will speed Llris 
move. 


design of such a car with an approxiiriate 
comparison of its cost with that of a moctern 
electric M.U. car would be very useful and 
timely information for the industry. I^re- 
sumably, all of this additional equipment 
would be placed underneath the car. So 
far it apparently has not been possible to 
even design a diesel-electric locomotive for 
such operation with reasonable cost, or to 
justify the economics of operating such, a 
locomotive beyond the electrified territory. 

The diesel rail car, like the diesel locoino- 
tive, undoubtably has its economic place in 
modern railroad transportation. The opera¬ 
tion of neither can be economically justified 
in underground or totally enclosed suburlDtiii 
passenger terminals already electrified. 


P. H, Hatch (General Electric Compariy, 
Erie, Pa,): After World War I the railroads 
of this country were faced with serious dif¬ 
ficulties in branch-line passenger train opeva- 
tion arising from increasing highway com¬ 
petition and mounting expenses involved in 
running passenger trains of the conventional 
type (steam locomotive and cars). In an 
attempt to retain traffic and reduce experts es 
they resorted to the use of lightweight cars 
powered by internal combustion engines. 
Initial success with rather crude vehicles 
equipped with mechanical drives led to an 
intensive development of rail cars. As sizes 
of both cars and prime movers increased, 
electric drives were developed and applied. 
Starting with a few cars scattered among a 
few railroads the number grew until many 
hundreds were in use all over the country. 

Then, even more suddenly than it la ad 
started, the rail car boom collapsed abont 
1930 as it became clear that most brancla- 
line passenger traffic could not economically 
be retained. 

The ensuing growth and application of the 
diesel-electric locomotive, first as a switcher 
and then as passenger and freight units, 
occupied the attention of the railroads 
through the 1930's and the years of World 
War II. Again, as after World War I, the 
problem of passenger train operation came 
to the fore. This time, however, the trouble 
involved the main line rather than the 
branch lines. In both cases the reasons 
were the same: diminishing passenger 
traffic and rising expenses. 

This situation, logically enough, led to the 
development of the diesel-hydraulic rail car 
manufactured by Budd and the smaller 
diesel-electric rail car manufactured hy 
Mack, both of which are described in IXdCr. 
Anderson’s paper. 

In railroad service, electric drive has 
proved itself superior to all other types in 
respect to reliability, low maintenance, and 
flexibility. If rail cars, singly or in multiple, 
are going to be the answer to the large-scale 
handling of passenger service in the future. 
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then these advantages cannot be over¬ 
looked. This is well presented by Mr. 
Anderson and it warrants careful considera¬ 
tion. Unfortunately, however, several fac¬ 
tors contribute to make the area of usefulness 
of the diesel rail car rather vulnerable, so the 
future of this type of railroad equipment is at 
present somewhat uncertain. 

K. O. Anderson: The author wishes to 
thank Mr. Hatch and Mr. Brown for their 
constructive discussions, 

Mr. Brown is quite correct in stating that, 
where more capacity than provided by one 
standard coach is required, a small locomo¬ 
tive with two standard coaches might well 
prove to be more economical in first cost 
than two rail cars. By “small” locomotive, 
it is assumed that he means light in weight, 
not just small in horsepower. 

But the fact remains that United States 
class-I railroads, in general, have been re¬ 
luctant to buy lightweight locomotives for 
any purpose. Wlien the first cost of a 1,600- 
or 1,600-horsepower locomotive and two 
standard coaches is compared with the first 
cost of two rail cars of equal seating capacity, 
the latter will normally have a lower original 
investment. 

Other factors may well govern the choice 
of equipment. These factors are so numer¬ 
ous and vary so widely among different 
operations and various railroads that each 
case must be considered specifically. It is 
exceedingly difficult to make valid general¬ 


izations that will apply to all. Some of 
these factors are utilization of equipment 
for other than passenger services, labor costs 
as determined by particular union agree¬ 
ments, maintenance costs of “standard” 
versus “nonstandard” motive power, fuel 
costs, and revenues as influenced by pas¬ 
senger acceptance of different types of equip¬ 
ment. 

In regard to this last factor, modem rail 
cars have found high favor among passengers 
wherever introduced. In the few instances 
where these new cars have been displaced 
by old coaches and locomotives, for varying 
reasons, the traffic created by the rail cars 
was quickly dissipated again, because the 
older cars were dirty and uncomfortable and 
the schedules were slow. 

Certainly, as Mr. Brown points out, the 
acceleration and top speed of a rail car will 
suffer when pulling a trailer as com¬ 
pared to operating by itself. But, if the 
motor car has an electric drive, it can pull a 
trailer without harm to the drive when the 
operating conditions warrant this operation. 
In this case, the electric drive provides flexi¬ 
bility of operation that other type drives 
may not provide. 

The growth of automobile traffic, like a 
parasitic vine, is strangling our cities. Some 
solution must be found which will be more 
desirable to the commuter than driving his 
automobile into the city. One possibility 
would be to have high-speed rail service 
available on many branch lines. These lines 
would converge as they neared the city and 


quickly deliver the commuter to a central 
terminal, such as at Grand Central. Better 
yet, the cars could even be operated onto the 
subway system, thus bringing the commuter 
right to the front door of his place of busi¬ 
ness. This latter possibility is being ac¬ 
tively considered in at least one large 
American city. 

It is questionable that these many branch 
lines could be economically electrified, 
especially as the suburbs expand and com¬ 
muting distances grow. The deciding eco¬ 
nomic factor will be density of traffic. The 
main track, after several branch lines con¬ 
verge, could certainly be electrified, since it 
would have enough traffic density. 

It was not meant to imply that addition 
of third-rail pickup and suitable control to a 
diesel-electric rail car for operation off third- 
rail power was easy—^to be done wdthout 
considerable thought and development. 
But is it not “comparatively simple” to add 
this equipment to a car already equipped 
with electric traction motors, as opposed to a 
car with a hydraulic transmission? 

As both discussers state, the rail car has a 
place in railroad operation. The many rail¬ 
road companies have had varying degrees of 
success in finding this niche in their own 
operations. Electric drive on a rail car does 
provide certain advantages. The author 
sincerely believes that diesel-electric rail 
cars will eventually be widely applied on the 
American railroads, and that a suitable solu¬ 
tion for commuting problems, perhaps with 
dual-power rail cars, will be found. 


Teclinical Aspects of Application of 
Electric Equipment in Coal 
Preparation Plants 

W. R. MORTON 

ASSOCIATE MEMBER AIEE 


T he INCREASED cleaning required 
to provide coal which will meet pres¬ 
ent-day market requirements has greatly 
expanded the use of processing equip¬ 
ment in coal preparation plants. This 
places increased emphasis on the selec¬ 
tion of the electric equipment to obtain 
the utmost in safety, reliability, and ef6- 
ciency. The various phases of the electric 
system should be considered early in the 
planning stages so that the location of the 
mechanical and electric equipment may 
be properly co-ordinated. 

In viewing the electric equipment, the 
following should be carefully considered: 

1. Total power requirements 

2. Power distribution equipment 

3. Motors 

4. Control equipment 
6. Selection of cable 


The following discussion is intended to 
point out many of the present-day con¬ 
cepts which should be given due considera¬ 
tion. 

Power Requirements 

There is no fixed ratio of connected 
horspower (hp) to tons of coal cleaned 
per hour since the power depends upon 
the process used and whether or not there 
is a large quantity of fine coal to be 
cleaned. However, in the early stages, 
before the complete plant is well defined, 
it is desirable to have some yardstick of 
approximate power requirements. A 
check of quite a number of plants al¬ 
ready built indicates that, where there 
is little or no fine coal cleaning, be¬ 


tween 2 and 3 connected hp per tons 
per hour (tph) has been required. When 
considerable fine coal cleaning is involved 
the figures may well be as high as 4 to 
5 hp per tph. If we consider a plant 
designed for 750 tph, the connected hp 
requirement uiay then fall somewhere 
between 1,500 and 3,750. 

Since the power system is designed upon 
the basis of kilovolt-ampere (kva) require¬ 
ments, the hp must be converted to kva 
required. Fig. 1 shows the kva require¬ 
ments of totally enclosed normal torque 
motors up to 150 hp for speeds of 1,800 
and 1,200 rpm. Totally enclosed motors 
are shown since they are becoming widely 
used in new plants. While the kva re¬ 
quirements of motors below 25 hp may 
slightly exceed 1 kva per hp the larger 
motors require less. For the normal 
spread of hp ratings encountered in 
preparation plants, a figure of 1 kva per 
hp is considered satisfactory. 

Also, since the actual selected hp rat- 
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Fig. 1. Input kva per hp for various motor hp ratings 


Fig. 3 (above). 
Short-circuit current 
levels for various 
substation sizes 


ing in most cases exceeds the calculated 
hp requirements because of the range of 
standard motor hp and because all 
motors are not always fully loaded at 
the same time, a diversity factor is used 
in arriving at the estimated power re¬ 
quirements. A diversity factor of 60 to 
65 per cent will in most cases be satis¬ 
factory. 

Taking all of these factors into account, 
the kva requirements of a preparation 
plant may be considered to be 65 per cent 
of the connected horsepower. For a 750- 
tph plant the range of kva might then be 
considered as anyivhere between 975 
and 2,435 kva, and in certain cases even 
more. 


Power Distribution Equipment 

Motor Voltages 

Having arrived at the total kva re¬ 
quirements for the plant, the next con¬ 
sideration is how the power will be dis¬ 
tributed to the various drives. To arrive 
at the best and most economical system, 
the hp range and the available incoming 
high-voltage supply should first be deter¬ 
mined. 

Knowing the hp sizes and available 
voltage, Fig. 2 can be used to determine 
whether the larger motors and control 
would be more economical at 440 volts 
or at high voltage. The comparison 
shown in Fig. 2 is based upon the use of 



Fig. 2 (left). Ap¬ 
proximate costs 
of motors, con¬ 
trol, and substa¬ 
tions, as a func¬ 
tion of motor hp 


the following: 

1. Open, 40 C, 1,800 rpm squirrel-cage 
motors. 

2. Group control, type C 440-volt starters, 

3. Current limiting fused starters for 

2.300- and 4,000-volt starters. 

4. Load center substations for 440 volts 
(curve ri) at $9.00 per hp. 

5. Master substations for 2,400 volts 
(curve C) at $4.00 per hp. 

Variations from of the above con¬ 
ditions would tend to vary the price level 
but by replotting all the curves on the 
same basis the same approximate cross¬ 
over points would result. This would 
then establish the following approximate 
economic limits: 

1. If 2,300-volt power is available without 
use of stepdown transformers, use 440 volts 
for motors up to 150 hp and 2,300-volt 
motors, 200 hp and above. 

2. If 4,160-volt power is available without 
use of stepdown transformers, use 440 volts 
for motors up to 260-hp and 4,000-volt 
motors, 300 lip and above, 

3. If incoming lines are above 4,160 volts, 
use 440-volt motors up to 250 hp and 

2.300- volt motors, 300 hp and above. 

Use of high-voltage motors below 150 
hp is not only uneconomical from the 
first-cost standpoint but also the windings 
of motors of this size are not as strong 
mechanically as the low-voltage motors 


Table I. Suggested Maximum Transformer 
Bank for Various IC Levels 


IC Level Maximum Transformer Bank 


15,000 amperes. 300 kva 

25,000 amperes. 750 kva 

50,000 amperes.1,500 kva 
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Fis. 6 (right). Compari¬ 
son of line-to-ground 
voltage on grounded 
and ungrounded neutral 
systems 



Fig. 4. Load center unit substation 


because of the smaller wire sizes usually 
encountered. 

Substations 

Since the majority of the drives en¬ 
countered in a coal preparation plant 
fall below the 150-hp range, it follows 
that there is usually a large amount of 
440-volt power required. Before decid¬ 
ing upon the size of step-down trans- 
fonner to be used, it is well to consider 
the short-circuit interrupting capacity 
(IC) available in standard low-voltage 
control equipment. The following inter¬ 
rupting levels are available: 15,000, 25,000 
and 50,000 amperes rms as3nnmetrical. 
These same interrupting capacity levels 
as well as higher ratings are available in 
standard low-voltage switchgear. How¬ 
ever, to use standard controllers the three 
mentioned IC levels are all that should be 
considered. Fig. 3 shows the total short- 
circuit cuixent available, including motor 
contribution from various sizes of trans¬ 
former banks with 250,000-kva primary 
short-circuit duty. Many mining prop¬ 
erties may have considerably lower pri¬ 
mary short-circuit duty than this. How¬ 
ever, from the long range viewpoint it is 
not wise to take too much advantage of 
this, since the power company system 


may change in a few years and what was 
once an adequately protected low-voltage 
system may become inadequate. Table I 
indicates the suggested maximum trans¬ 
former bank for the various IC levels. 

Where load conditions indicate that a 
i,000-kva transformer bank would be 
desirable, and that it is desirable to have 
circuit-breaker starters, the most econom¬ 
ical solution is to use a transformer with 
8 per cent impedance rather than the 
standard 5.5 per cent impedance. This 
will then lower the secondary short-cir¬ 
cuit duty to within the 25,000-ampere IC 
level. 

Use of transformer banks larger than 
1,500 kva will usually require the use of 
current limiting reactors ahead of each 
group control, and the over-all economics 
in the majority of cases has been shown 
to be in favor of using a number of smaller 
transformer banks, each feeding only a 
portion of the load. 

Since the motor load is spread over a 
wide area, often involving several build¬ 
ings, the load center unit substation as 
shown in Fig. 4 is gaining wide accept¬ 
ance as the best means of distributing the 
power. There are several factors which 
determine the most economical size of 
load center unit, as follows: 

1. High-voltage feeder length 

2. Low-voltage feeder length 

3. Substation size 


A given total load may be supplied by 
several different combinations of load 
center units. As the number of sub¬ 
stations are increased to handle a given 
load, the length of high-voltage feeder 
cable is increased, the low-voltage feeder 
cable length is decreased, and the substa¬ 
tion size is decreased. Conversely, the 
fewer the number of units used, the shorter 
the high voltage cable becomes, the longer 
the low-voltage cable, and the larger the 
substation. Fig. 5 shows how the cost, 
including average cable lengths, will vary 
as a function of substation size. It can 
be seen that for 480-volt secondary power, 
the most economical ratings are between 
750 and 1,500 kva where the curve is rela¬ 
tively flat. 

Low-Voltage Grounding 

In the past year or so there has been 
considerable activity in the direction of 
using load centers with wye-connected 
low voltage, and of grounding the neutral 
of the 480-volt system, as contrasted to the 
old practice of using delta-connected 
low voltage and leaving the system un¬ 
grounded. 

In the ungrounded system, as shown on 
Fig. 6, the actual neutral floats somewhere 
near the true electric neutral as long as 
there is no ground on any of the lines. 
However, when one line does become 
grounded, none of the protective devices 
will be tripped and the other two lines 
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Table II. Protective Devices and Applicable Starter Size for Various Short-Circuit Current 

Levels 




RMS Amperes 
Asymmetrical 
IC 


Type of Protective Device 


NEMA* Starter Size 

Separate Grouper 

Starters Contm 


Fig. 8, Installation of metal-clad switchgear 

Hence the ground fault remains there 
until the operator tracks it down and re¬ 
moves it. 

The grounded neutral system is the 
safer of the two since there are only 277 
volts to ground at any time. With the 
neutral grounded, as soon as any one of 
the phase conductors becomes grounded 
there is sufHcient current flow to trip the 
circuit breaker or fuse protecting the 
circuit on which the ground occurs. This 
greatly simplifies the job of locating the 
ground fault since the breaker immedi¬ 
ately ahead of the fault will be tripped. If 
the fault occurs beyond the load terminals 
of the motor starter, as is frequently the 
case, operation of the rest of the system 
may continue while the fault is being re¬ 
paired. 

Neutral grounding minimizes tran¬ 
sient overvoltages to ground from such 
conditions as arcing ground faults and 
switching surges. Experience has shown 
that on ungrounded systems transient 
overvoltages of several times normal, 
have occurred under such conditions 
and caused simultaneous failure of 
several pieces of electric equipment in the 
plant. 

Another advantage is that only one 
motor or feeder is involved in the fault 


lo, 000.Molded case breaker, 225 amperes.1 to 4.1 to 4 

25,000.Molded case breaker, 600 amperes. 5 

Molded case breaker, 225 amperes, backed up 

by magnetic 25,000 IC breaker.1 to 4 

Magnetic type breaker, 225 amperes or 600 amperes.3 to 6 

Fused switch with necessary silvered fuses.1 to 5.1 to 3 

50,000.Magnetic type 25,000 IC breaker in cascade with 

50,000 IC main line breaker.3 to 6 

Fused switch with low voltage current limiting 

fuses.1 to 3.1 to 3 


* National Electrical Manufacturers Association. 

On ungrounded systems, shown in Fig. 7, 
phase B may become grounded in one 
motor and the operator would not know 
it existed, unless a ground detector were 
connected to the system, in which case 
the ground would usually be left on the 
system until the end of the shift. Some 
time later, phase A may go to ground in 
another motor in the area. In this case 
two motors will be involved in the fault 
and considerable time may be lost in 
clearing up the trouble. 

An additional advantage is that the 
voltage stress-to-ground on the cables is 
limited to 277 volts and should therefore 
mean that longer cable life should be ob¬ 
tained and fewer ground faults arise. 

The usual first reaction to using the 
grounded neutral 480-volt system is that 
there will be too much production time 
lost, because as soon as a ground occurs, 
the protective equipment shuts the unit 
down. However, actual experience of 
many operators indicates that there are 


fewer shutdowns with the grounded sys¬ 
tem than with the ungrounded system. 

Existing delta-connected 480-volt sys¬ 
tems can be arranged for grounding the 
neutral by use of a zigzag wye-connected 
grounding transformer which derives a 
neutral for the system which may be 
grounded. 

Switchgear 

When using the load center distribu¬ 
tion system, it is often desirable to have 
one common point to interrupt power to 
the various load center units spread 
around the plant. In such cases, metal- 
clad switchgear line ups such as shown m 
Fig. 8 are used. The number of feeder 
panels needed in such a line-up will de¬ 
pend upon the total amount of power and 
the general plant layout. One breaker 
may be used to feed several load center 
substations, each with its own disconnect 
switch on the high voltage, provided the 
total kva connected to any one breaker 
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Fig. 9. Installation of grouped control in ical sequence con- 

START 

STOP 

SEQ 

:_1 

INT 


preparation plant irol circuits 

.. n 

^ ^ I 

1--^ 



' •'. .T-' -I 



(A) PERMISSIVE STARTING CIRCUIT 


NORMAL 

TEST 


(B) AUTOMATIC STARTING CIRCUIT 


Morton Application of Elec, Equip, in Coal Preparation Plants 


November 1953 























* ^ »isil«a*«,ci - « 
iir»» m »»»»*» 


¥ iiiiii « liiif 1 fsi^iiiiiiii 

»» »»»»»» 

% u i 1 1 ifiiiitifiittf 

»»»>*»» 

«»»«»*!!! n I I I i *»»• • 


t» n ‘ * * * * 


Fig. 11. Desk-type push button panel 


does not exceed 6 times the kva rating of 
the smallest bank connected to that 
feeder. This limitation has been selected 
to insure that the overcurrent devices on 
the breaker may be set to trip for a 
fault on the low-voltage side of any of the 
transformers. 

Capacitors for Power-Factor 
Correction 


Fig. 12 (right). 

Vcrtical-typc push 
button panels 

power factor correction used. 

One factor to remember in using capaci¬ 
tors is that the total connected kilovars on 
a substation should be kept below two- 
thirds of the substation rating to avoid 


mounted or as group controls Both 
types are available in interrupting ratings 
of 15,000, 25,000, and 50,000 rms amperes 
asynnnetrical, as shown in Table II. 

In some preparation plants separate 


Another important consideration in the 
modem preparation plant is that of over¬ 
all plant power factor. The majority of 
the plant load is induction-type motors 
which operate at a lagging power factor. 
Most power companies have a penalty 
clause for poor power factor but there is 
no fixed pattern of the various clauses. 
Some power companies charge a penalty 
for anything below 80 or 85 per cent, and 
have a bonus for better power factor. In 
either case the cost of improving power 
factor by means of capacitors can be 
repaid in a relatively short lime by the 
saving on the power bill. The amount 
of corrective kilovolt-amperes (kva) can 
very easily be determined. Knowing the 
required kva at a given plant, power factor 
will give the actual kilowatt (kw) load. 
Next, the desired power factor for a par¬ 
ticular power clause must be decided. 
Once this is known, the corrective kilovars 
(kvar) of capacitors may be detennined 
by multiplying the kw load by the dif¬ 
ference of the tangents of the original 
power factor angle 6i and the final power 
factor angle 6^, 

kvar = tangents 0i tangents $2 


the possibility of a resonant condition 
developing. 

Motors 

After the hp and voltage ratings have 
been determined, the motor type and en¬ 
closure must be selected. On drives such 
as blowers, pumps, air-compressors, valves 
and small conveyors, normal starting 
torque motors may be used. On medium¬ 
sized conveyors, screens, crushers and 
breakers, high-starting torque motors 
are frequently used. For the large con¬ 
veyor drives, such as ROM conveyors, 
wonnd-rotor motors are applied so that 
belt stresses may be kept within pre¬ 
determined limits. Centrifugal-type fil¬ 
ters very often have a very high inertia 
and in such cases a careful check should 
be made to see whether wound-rotor 
motors or specially designed squirrel- 
cage motors are required. 

When selecting the motor enclosure, 
the location of the motor m the plant 
should be considered. In the dusty por¬ 
tions of the plant totally enclosed motors 
are most suitable. In the wet cleaning 
sections, either dripproof or splashproof 
motors may be used. 


starters are selected and mounted 
throughout the plant near the motor 
which they control In other plants, 
where separate starters are used, it has 
been found desirable to mount the starters 
on pipe racks in one or more central loca¬ 
tions. The large majority of present-day 
plants utilize standard grouped control 
starter assemblies which are completely 
wired and mounted in enclosed, dead- 
front enclosures, such as shown in Fig. 
9. In some cases these assemblies are 
mounted in pressurized control rooms. 

One of the important considerations in 
the control equipment is proper sequence¬ 
interlocking to prevent costly coal pile- 
ups in the modem large-tonnage plants. 
The plant operation in conjunction with 
proper sequencing can be arranged for 
either permissive starting or for automatic 
starting, or a combination of both. 

In permissive starting, Fig. 10(A), the 
control circuit is arranged so that each 
starter is energized by means of a push 
button or other initiating device, but not 
before the starter preceding it in sequence 
has been energized, unless the circuit is 
set up for a test operation of a unit. 

The automatic starting circuit, Fig. 


In addition to improving the plant 
power factor, the use of capacitors has 
the advantage that the total kva of 
transformers required may also be re¬ 
duced. The degree to which the trans¬ 
former size may be affected will of 
course depend upon the actual amount of 


Control Equipment 

The control starters considered for coal 
preparation should be of the types hav¬ 
ing short-circuit interrupting capacity. 
Starters are available either separately 


10(B), is arranged so that only the first 
unit is started by push button and then 
successive units start in sequence as a 
function of the preceding starter’s being 
energized. In this type of circuit it is 
usually advisable to insert time-delay 
relays at various intervals in the sequence, 
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to allow units to come up to speed before 
units which feed them are started. With¬ 
out the addition of the time-delay relays, 
units would pick up in order limited only 
by the inherent time delay pickup of 
each successive starter. 

^ In plants that use permissive starting 
circuits there are usually one or more 
master push-button control panels. 
These may be either of the desk type or of 
the vertical face type. The desk type, 
as shown in Fig. 11, is suitable for use in 
locations where it is necessary to view 
the operation of units in all directions 
around the push button panel. It has 
one drawback. When a large number of 
push button stations are involved, the 
panel is necessarily very long because the 
depth of the desk is limited to allow the 



operator to reach all of the push buttons 
from one side. 

A t 3 rpical application for this type of 
panel is in the boom operators station. 

The vertical-face-type push button 
panel, such as shown in Fig. 12, is usually 
used where a large number of push-button 
stations are involved and over-all visi¬ 
bility is not absolutely essential. Be¬ 
cause of its simple construction it is less 
expensive, and the greater mounting area 
per foot of length results in less floor space 
required. 

Cable Selection 

In the over-all electrical design of the 
plant due consideration should be given 
to the selection of the cable. In selecting 



CXMftECTlON FOR OTHER TEMP RANOCS 
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cable there is considerable information 
available to choose cable which has suffi. 
cient insulation for the system voltage 
and proper copper cross section to handle' 
the load current with a reasonable voltage 
drop to the particular load. However 
there is another important consideration: 
the short-circuit current which the cable 
must handle and the length of time that 
the short-circuit current will flow before 
the protective device trips. Fig. 13 
shows the relationship between the short- 
circuit current magnitude and the time 
for the protective device to clear the fault, 
From this it may be seen that on a low- 
voltage system with 25,000-ampere IC 
breaker is used, the minimum feeder 
conductor size should be no. 1. If the 
IC duty is 50,000 amperes, the minimum 
feeder conductor size would become no. 
3/0, These factors should be borne in 
mind and given careful consideration if 
maximum cable life is desired. 

The short-circuit current on the load 
side of the starter terminals will be less 
tlian that available on the incoming 
line terminals, provided overload relay 
heaters are included in the starter. This 
is because of the resistance of the heaters, 
which limits the short-circuit current. 

Fig. 13. Short-circuit capacity of various size 
cables as a function of time before clearing 
fault 















For example, a size 1 starter for a 7 V 2 lip 
would have a through current of approxi- 
^ mately 7,500 amperes on a system having 
25 , 000 -amperes duty on the control center 
bus. This starter would normally be 
protected by a molded case breaker which 
would clear the fault in about 1/2 cycle. 
This would mean that at least a no. 8 wire 
should be used for the motor leads, 
whereas, from a current-carrying capac¬ 
ity only, a no. 14 wire would be required. 


Summary 

In summary, when considering a new 
coal preparation plant the following 
suggestions bear careful consideration: 

1. Determine substation size, taking into 
account the short-circuit protective levels 
available in the control. 

2. Select motor voltages on the basis of 
the economics of the power distribution 
system, and of obtaining best life of motors. 

NoD iscus$ion 


3 . Select control having proper interrupt¬ 
ing capacity and properly sequenced for 
best over-all plant efficiency. 

4- Use solidly grounded low-volt age dis¬ 
tribution to obtain maximum reliability of 
the power system. 

5. Apply capacitors to improve power 
factor and reduce required substation size 
where the economics will justify their use. 

6. Select cables to withstand the particu¬ 
lar short-circuit level as well as for proper 
ampere and voltage levels. 


A Low-Height 15-Ton Mine Locomotive 
for Low Vein Haulage 


J. W. BRAUNS 

NONMEMBER AIEE 


M echanization has opened up 

new possibilities to the coal min¬ 
ing industry. One of these is the mining 
of coal seams formerly considered too 
narrow for practical working. Such 
operations impose severe restrictions on 
much of the equipment employed. To 
meet these requirements, a low-height 
haulage locomotive was designed with the 
objective of keeping vertical dimensions 
to a minimum. The fact that a number 
of these units are now operating success¬ 
fully on various properties attests the 
basic soundness of the design. 

General 

The problem of mining coal that lies in 
narrow seams has been present since the 
beginning of the industry. For many 
years it was necessary to cut and remove 
sufficient shale to provide the clearance 
required for working. As a result, the 
cost of obtaining coal from such mines was 
high and the operation often proved un¬ 
profitable. Even the early machines were 
not designed to fit such restricted space, 
but the passage of time saw this difficulty 
overcome. 

Mechanization of operations at the face 
has speeded up the tempo of mining all 
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along the line. More coal is produced in a 
shorter time in a smaller working area. 
This has placed a greater load on the 
transportation system—heavier trains 
must be moved at higher speeds. 

Design Problem 

The problem facing the locomotive 
designers was to produce a haulage loco¬ 
motive capable of handling the produc¬ 
tion of coal in seams 30 to 42 inches high. 
This meant using every precious inch of 
available space. Moreover, the locomo¬ 
tive must meet the following require¬ 
ments laid down for standard haulage- 
type locomotives: 

1. Sufficient motor capacity to give high 
continuous tractive effort ratings at high 
locomotive speeds. 

2. Improved traction motor designs, insu¬ 
lation, and construction to reduce motor 
maintenance. 


3. Sturdy, welded frame construction. 

4. Equalization of locomotive weight to 
give smoother riding, better pulling power, 
and fewer derailments on rough track, 

5. Journal bearings of ample capacity for 
increased speeds and loads. 

6. Improved accessibility of wearing parts, 
and the use of better materials with hard¬ 
ened surfaces to reduce wear, 

7. Convenient location of equipment to 
promote easy and safe operation. 

8. Sufficient controller steps to permit 
rapid acceleration at high adhesion. 

9. Accelerating resistors of the edgewise- 
wound ribbon type to eliminate breakage, 
and reduce size and weight. 

With mechanical mining and high pro¬ 
duction rates any breakdown in the 
transportation system results in a large 
loss of output so failures must be kept to a 
minimum. Locomotives must have the 
ability to stand up day after day in con¬ 
tinuous heavy service. 

Locomotive Description 

To meet these requirements a 15-ton, 
low-height trolley locomotive has been 
developed with an over-all height of 26 
inches "with 23-inch wheels. With 25- 
inch wheels, a liigher speed is obtained but 
the over-all height is increased to 27Vs 
inches. It is 248 inches long and 78 





Fig. 1. Typical 15-ton low.height haulage locomotive 
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Fig. 2. Moiorman's end of locomotive, showing controls 



i: TROLLEY 
2. EDGEWISE-WOUND RESISTORS 
3 HIGH-TORQUE TRACTION MOTORS 

4. UNIVERSAL COUPLINGS 

5. DOUBLE REDUCTION GEAR UNIT 

6. MASTER CONTROLLER 

7. ELECTROPNEUMATIC CONTACTORS 


8. ELECTROPNEUMATIC REVERSER 

9. MOTOR-DRIVEN AIR COMPRESSOR 

10. AIR BRAKE VALVE 

11. AIR RESERVOIRS {IN BUMPERS) 

12. AIR BRAKE CYLINDER 

13. HAND-BRAKE WHEEL 

14. HEADLIGHT 


Fig. 3. View from above with principal pieces of equipment identified 



Fig. 4. Two locomotive units combined for separable tandem operation 


inches wide over journal boxes. The ad¬ 
dition of trolley pole sockets outside the 
side frames increases the width to 90 in, 
ches. 

Each of the two axles is powered with a 
frame-mounted traction motor of the d-c 
series-wound commutating-pole self-ven¬ 
tilated type having a 1-hour rating of 95 
horsepower at 250 volts. Class-5 insula¬ 
tion is used throughout, and the armature 
is carried on antifriction bearings mounted 
in separate frameheads. A drive shaft 
with a double universal joint and a slip 
joint connects the motor to the double¬ 
reduction gear box mounted on the axle. 
The first reduction is a spiral-bevel-type 
pinion and gear, and the second reduction 
is a spur-type pinion and gear. All drive 
bearings are of the antifriction type with 
the exception of the suspension bearings 
on the locomotive axle. With 23-inch 
wheels the rated drawbar pull is 7,500 
pounds at a speed of 7 miles per hour, with 
250 volts on the trolley. The use of 25- 
inch wheels and high-speed gearing gives 
a rating of 7,500 pounds drawbar pull at 
10.5 miles per hour. The maximum 
starting tractive effort (30-per-cent ad¬ 
hesion) is 9,000 pounds. Both motors are 
permanently connected in parallel for 
operation from a 250-volt trolley. 

An electropneumatic control system 
pro\’ides ten steps in motoring to give 
smooth, rapid starting of trains and maxi¬ 
mum tractive effort for accelerating 
heavy loads. Seven steps of dynamic 
braking are also provided to help brake 
the train on down grades. The master 
controller actuates electropneumatic con¬ 
tactors and an electropneumatic reverser. 
A motor-driven compressor supplies air 
for the locomotive brake system, the 
locomotive control, and the sanding 
equipment. A motorman's valve con¬ 
trols the application of air to two equal¬ 
ized bralce cylinders which operate the 
locomotive brakes. 

A low-height controller with cam-actu¬ 
ated contacts was used which could be 
mounted in the normal upright position. 
The controller, reverser, hand brake 
wdieel, and valves for the air brake, sander 
and whistle are all conveniently located 
and compactly arranged for easy and safe 
operation. The hand brake, operated 
by the brake wheel, is used for emergency 
only and as a parking brake to hold the 
locomotive at standstill. 

Trolley poles may be mounted' on 
either or both sides of the locomotive. A 
special type of trolley pole socket with an 
air-actuated lifter is available. By merely 
operating an air valve, the trolley base 
can be raised enough to permit the pole, 
in the down position, to be swung across 
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the top of the locomotive. Thus the pole 
can easily be set for trailing, regardless of 
the direction of locomotive travel. 

A fuse in the trolley circuit affords pro¬ 
tection for the locomotive. Each trac¬ 
tion motor is protected by an overload 
relay. These relays are set for a value of 
current corresponding to 35-per-cent ad¬ 
hesion on the locomotive. To secure re- 
application of power once a relay has 
tripped, the controller handle must be 
returned to the off position. 

A trolley retriever, used to prevent 
damage if the pole leaves the wire, func¬ 
tions on no voltage and automatically 
lowers the pole if it leaves the wire. The 
operation can be made either automatic 
or manual, thus permitting the locomotive 
to pass insulated joints in the trolley wire 
without the pole being retracted. 

The locomotive can be arranged for 


separable tandem operation of two units, 
that is, two units connected together with 
one operator. In this case provision is 
made for emergency brake application if, 
for any reason, the units should separate. 
A safety drawbar, in addition to the 
regular drawbar, is provided between 
units. As an additional safety feature, 
clips may be located below the drawbar 
pins to prevent a pin falling out if, by any 
chance, it should shear. 

Headlights have been greatly improved 
by the use of sealed beam units which re¬ 
tain high brilliance throughout their 
life. 

Conclusion 

In spite of its strictly limited dimen¬ 
sions, this low-height locomotive has the 
same advanced design features and sturdy 


construction that have proved eminently 
successful in the standard line of haulage 
locomotives. Adequate space is provided 
for both the motorman and the trip rider. 
Particular attention has been paid to de¬ 
tails that serve to promote safety and re¬ 
duce fatigue resulting from working in 
close confines. 

Field experience has demonstrated that 
the objectives of the designers have been 
achieved. A powerful and efficient loco¬ 
motive has been produced which is help¬ 
ing to increase the efficiency and economy 
of extracting coal from low-height seams. 
As such, it fits admirably into the picture 
of progress through mechanization in the 
coal industry. 

- ♦- 

No Discussion 


Split-Pole Exciters: Their Desisn and 
Application on Diesel-Electric 
Locomotives 


H. R. STIGER 

ASSOCIATE MEMBER AIEE 


T he development of the diesel-elec¬ 
tric locomotive posed the problem of 
utilizing full engine horsepower over a 
wide range of locomotive operating con¬ 
ditions. One means devised to solve this 
problem was the use of a split-pole ex¬ 
citer, so designed as to give a generator 
load characteristic closely matching the 
constant horsepower output of the diesel 
engine over most of its range. Since the 
regulation results from the inherent ex¬ 
citer characteristics, this system employs 
a minimum of control equipment. 

General 

The past decade has witnessed the de¬ 
velopment of many refinements in diesel- 
electric locomotive control. The ap¬ 
plication of load-control systems has 
made it possible to utilize full engine 
horsepower under all normal operating 
conditions. As a result, fuel economy has 
been improved and engine stalling has 
been reduced to a negligible amount. 

Application of load control, however, 
has been considered feasible only on large 


road locomotives. The natural question 
then is: What of the smaller locomotives 
which do switching, classification, and 
light road work at moderate speeds? 
They operate intermittently at full and 
partial throttle, giving their diesel engines 
a variable workout. This duty requires a 
locomotive with quick pickup. Such ap¬ 
plications demand a control system which 
will give good engine utilization at an 
economically justifiable cost. 

For a number of years the General 
Electric Company has been using split- 
pole exciters in this service with excellent 
results. A machine of this type has elec¬ 
trical characteristics such that it auto¬ 
matically furnishes suitable excitation to 
the traction generator under full horse¬ 
power operating conditions. It provides 
for low generator voltage when the trac- 
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tion-motor current demand is high, high 
generator voltage when the current de¬ 
mand is low, and good regulation between 
these extremes. As a result, the load de¬ 
mand on the diesel engine approximately 
equals the maximum power available at 
full throttle setting over most of the loco¬ 
motive operating range. 

Construction 

A knowledge of the construction of the 
split-pole exciter will help in understand¬ 
ing its operation. Essentially, it is 
similar to an ordinary d-c exciter, except 
that the field poles are of a special split 
construction—^hence its name. One part 
of the split pole is called the differential- 
pole section, and the other the shunt-pole 
section. A brass spacer block separates 
these two, causing them to act magneti¬ 
cally as individual poles. The complete 
pole piece is held together by brass rivets. 
Tw^o windings are used, corresponding in 
name to the pole sections. Fig. 1 shows 
a typical split pole with a section of the 
windings cut away. Notice that the dif¬ 
ferential winding surrounds the differen¬ 
tial-pole body only, while the shunt wind¬ 
ing surrounds both pole bodies. Fig. 2 
shows the pole construction with the 
windings removed. As can be seen here, 
the differential-pole section is consider¬ 
ably smaller in cross section than the 
shunt-pole section. 

The exciter is housed in the same frame 
with the auxiliary generator and the 
combined machine is often mounted on 
the main generator frame; see Fig. 3, 
The two armatures are on the same shaft, 
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FiS« 1- Sectional view of a typical split pole, 
showing location of parts and windings 

1. Shunt winding 

2. Differential winding 

3. Differential pole section 

4. Shunt pole section 

5. Brass spacer 

6. Pole bodies 

7. Frame bolt holes 

8. Brass rivets 

9. Brass supporting plate 


which is usually belt-driven from the 
main generator shaft. A typical exciter- 
auxiliary generator equipment is ap¬ 
proximately 16 inches in diameter and 
weighs 780 pounds. The size of the ex¬ 
citer end of the machine and number of 
its poles depend upon the power require¬ 
ment for excitation of the traction-gener¬ 
ator field. Naturally, the auxiliary power 
requirements of the locomotive determine 
the size of the other end of the machine. 
Both factors affect the over-all machine 
size. 


field winding is connected in parallel with 
the exciter armature and the locomotive 
battery through resistors, as shown in 
Fig. 4. These two power sources supply 
self- and separate-excitation, respectively, 
to the field. The exciter terminals are 
connected to the traction-generator field 
winding. 

Exciter Characteristics 

The output characteristic of the split- 
pole exciter represents the amount of 
field excitation needed by the traction 
generator to match the diesel-engine out¬ 
put. The exciter characteristic required 
for any particular generator is determined 
from the generator design curves. For 
instance, curve R in Fig. 5 represents the 
excitation characteristic for a typical 600- 
horsepower diesel-driven generator. It is 
plotted in terms of exciter internal volts 
E (terminal volts plus armature, com¬ 
mutating field, and brush drops) and gen¬ 
erator load amperes. 

The exciter characteristic results from 
the combined effect of the shunt- and 
differential-pole sections. These effects 
are shown respectively by curves A and 
B, which may be imagined to be the ex¬ 
citer characteristics that would result if 
each of the two magnetic fields were ap¬ 
plied independently over the entire oper¬ 
ating range of the machine. In actual 
practice, the design and construction of 
the exciter pole pieces and field windings 
are such as to combine the effects of these 
two magnetic fields to produce the de¬ 
sired characteristics. 


heavy generator load currents, such as oc¬ 
cur when starting and accelerating a 
heavy train, the effect of the magnetic 
field created by the differential winding 
overcomes and exceeds that of the mag¬ 
netic field created by the shunt winding. 
This causes the magnetic field in the 
differential-pole section to create a volt¬ 
age in the annature which subtracts from 
the voltage created by the magnetic field 
in the shunt-pole section. The net result 
is low output voltage on both the exciter 
and the traction generator. 

As the locomotive accelerates, the gen¬ 
erator load current decreases. Tliis 
lowers the effect of the differential field 
until a point is reached where it just 
balances that of the shunt field. When 
this occurs the effect of the differential- 
pole section is neutralized, and the volt¬ 
age output of the exciter is entirely the 
result of the magnetic field produced by 
the winding around the shunt-pole sec¬ 
tion. At this point curves A and R in 
Fig. 5 cross. 

Further increase in the locomotive 
speed results in still lower generator load 
current. The shunt magnetic field then 
overcomes the differential magnetic field 
on the differential-pole section. As a re¬ 
sult, the magnetic fields of the two pole 
sections add, prodticing still higher output 
voltage on both the exciter and the trac¬ 
tion generator. 

The shunt field winding is largely sup¬ 
plied from the locomotive battery through 
the separate resistor shown in Fig, 4. A 
relatively small amount of current is also 
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Fig. 4. Simplified diagram of basic circuits 
for the split-pole exciter 


supplied from the exciter annattire 
through the self-resist or. The separate 
and self-resistances provide a means for 
adjusting the characteristics of the shunt- 
pole section of the field, curve A in Fig. 5. 
The straight line A ' represents the char¬ 
acteristic resulting from the excitation 
supplied by the battery. The shaded 
area between A ' and A represents the in¬ 
fluence of the self-excitation. Adjust¬ 
ments in the high-current range are made 
by changing the value of the separate re¬ 
sistance. In the low-cmrent range, ad¬ 
justments are made by changing the 
value of the self-resistance. The proper 
values of these resistances are dcteniiined 
by the manufactmer during test of the 
locomotive and, under normal operating 
conditions, need not be changed. 

An example of how the output charac¬ 
teristic is designed into both the exciter 
and the traction generator is shown in 
Fig. 6. The solid curve represents the 
actual power available for traction from a 
600-horsepower diesel-driven generator 
equipped with a properly adjusted split- 
pole exciter. The dotted curve repre¬ 
sents power theoretically available for 
traction from the same set if the generator 
were to fully utilize the dievSel-engine 
horsepower. This curve is slightly less 
than the rated engine horsepower, and is 
approximately constant over the entire 
operating range. The two curves do not 
coincide exactly. They are, however, 
close enough over the operating range of 
the locomotive so that it is practically 
correct to say that all power available 
under normal conditions is properly 
utilized. 

Advantages 

The split-pole exciter system offers a 
simple and inexpensive control scheme 
because the desired characteristics are 


Fig- 6 (right). Performance curves of 
a diesel-engine generator set equipped 
with a split-pole exciter 



largely inherent in the exciter itself, and 
little external equipment is necessary. 
The components are sturdy and require 
a minimum of maintenance. The sim¬ 
plicity of the control used makes it rela¬ 
tively easy for the operator to understand 
and service. Excellent matching ability 
assures utilization of practically full en¬ 
gine horsepower. This results in a good 
locomotive which can cover a lot of 
ground in a short time. Changes in 
normal operating conditions produce 
immediate and automatic response from 
the excitation system. 

The split-pole exciter and main gener¬ 
ator were designed for a normal ambient 
temperature range within which maxi¬ 
mum horsepower can be very nearly real¬ 
ized. However, by external adjustments, 
this equipment can be made to operate 
with excellent results at other mean am¬ 
bient temperatures. This assured ef¬ 
ficient performance in various climates 
encountered throughout the world. 

Limitations 

Variations in engine ability, such as 
would result from a clogged injector or 



Fig. 5. Split-pole exciter characteristics 


other engine trouble causing loss of power, 
are not recognized by the split-pole equip¬ 
ment. Consequently, some degree of en¬ 
gine stalling is experienced under these 
conditions. Inherently, however, this is 
not as bad as might be expected, since the 
power demanded by the generator de¬ 
creases approximately as the square of the 
speed. This is true because the voltage 
generated is proportional to both the 
speed and the field excitation. Since the 
exciter is driven from the generator shaft 
the field excitation is also proportional to 
the speed, and thus the generator power 
demand varies approximately as the 
square of the speed. 

The split-pole excitation system could 
result in engine stalling when starting up 
a locomotive after it has been shut down 
for some time in cold weather. Under 
this condition both the exciter and main 
generator fields will have abnormally low 
resistance. This results in field currents 
that are higher than normal, which im¬ 
poses a greater than normal load demand 
on the engine. In actual practice this 
situation has not proved at all serious. 
In the first place, the diesel engine will be 
run long enough to bring its oil and water 
temperature up to suitable values before 
it is called upon to deliver any power. 
This engine warm-up period will ser\^e 
to heat the air in the cab and indirectly 
take the chill off the exciter and generator. 
It is also a fact that the cooler a shunt-ex^ 
cited winding may be, the more rapidly 
it will approach its nltimate operating 
temperature. A combination of these 
factors effectively reduces the engine 
stalling on a '‘cold” locomotive to accept^ 
able values. 

Application 

At present, the split-pole exciter systex^*- 
of control is being successfully used by th^ 
General Electric Company on its 44-, 70--? 
and 95-ton diesel-electric switching loco^ 
motives. It is also being applied on many 
diesel-electric locomotives furnished 
all types of service in foreign countries* 
In the Alcoa-GE line of locomotives 
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Atiierican railroad. us6, this system is 
being used on the 1,000-horsepower 
switchers. 

Split-pole exciters are by no means 
new equipment. They have given an ex¬ 


cellent account of themselves performance- 
wise for years. In view of this past record 
and the present applications, the split- 
pole exciter evidently has a definite place 
in the future of diesel-electric locomotive 


control in switching and light road serv- 
ice. 

- 4 -_ 
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A Track-Laying Shuttle Car 

J. W. BRAUNS 

NONMEMBER AIEE 


T he shuttle car was developed to 
meet the demand for rapid transpor¬ 
tation of coal from the working face to the 
secondary haulage system in the mine. 
Rubber-tired cars generally have been 
used, but certain limitations pointed to 
the desirability of a track-laying vehicle. 
Such a car was designed, with electric 
drive and an electrohydraulic control sys¬ 
tem. Nearly 3 years of operating experi¬ 
ence indicate that the design is funda¬ 
mentally sound and that this type of 
vehicle has a definite place in mining 
operations. 

General 

Development over the past 25 years of 
a variety of mechanical coal mining equip¬ 
ments has resulted in a veritable under¬ 
ground revolution in the coal industiy. 
Cutting machines quickly slice their "way 
several feet into a coal face, neatly out¬ 
lining the block to be broken away with 
the next blast. Drilling machines make 
holes in just the proper places for the 
blasting charge. Then loading machines 
reach out and gather up the broken coal 
onto their conveyors, transfer it back 
away from the face, and dump it into a 
waiting vehicle, which transports it to the 
secondary rail haulage system. Where 
conditions are suitable, continuous min¬ 
ing macliines performing all these opera¬ 
tions may be applied. 


ing machine. The transportation schemes 
in use 20 years ago could not move the 
coal away from the loader to the second¬ 
ary haulage systems fast enough to utilize 
fully the potentialities of the loader. A 
change was inevitable and many were 
tried, but one which met with greatest 
success was a scheme which eliminated 
the necessity for tracks in the gatliering 
area. 

This scheme was conceived by a Chi¬ 
cago consulting engineer named James 
Fletcher about 1935. He advanced the 
idea of two or three rubber-tired tractor- 
trailer units working behind a mechanical 
loader to keep a steady flow of coal mov¬ 
ing from the loader to the secondary track 
system. That was the forerunner of to¬ 
day’s shuttle car. 

Even though the tractor-trailer units 
formed a successful beginning to the 
solution of the efficient gathering of the 
coal, they were still inefficient from the 
standpoint of their coal carrying capac¬ 
ity relative to the amount of space they 
occupied. 

It remained for A. L. Lee, a Pittsburgh 
consulting engineer, to develop the single¬ 
unit self-propelled shuttle car about 1939. 
This car is basically the type being used 
today, though many modifications and 
refinements have since been added. 


Analysis of the Problem 

By 1940 the shuttle car was well on its 
way toward establishing itself as a basic 
tool in the coal industiy. For the next 10 
years shuttle cars all followed the rubber- 
tired 4-wheeled pattern. In 1950 General 
Electric introduced its track-laying shut¬ 
tle car. Before deciding to enter this 
field, full advantage was taken of the op¬ 
portunity to review shuttle-car perform¬ 
ance during several years of operation 
with rubber-tired vehicles. Features of 
existing shuttle cars which might be 
improved upon were carefully investi¬ 
gated. One of tlie predominant com¬ 
plaints against the rubber-tired vehicles 
was that they were unsuited for wet 
mines. The comparatively high ground 
pressure resulting from the small area 
of contact between the tire surface and 
the ground made these vehicles tend to 
dig ruts in the haulage ways and bog down 
in the soft bottoms. In addition, a con¬ 
siderable amount of lire trouble accom¬ 
panied the use of these cars. This pointed 
the way to the adoption of the track lay¬ 
ing design. This design affords a much 
larger ground contact area over which 
the weight of the car with its load is dis¬ 
tributed, thus lessening the tendency to 
fonn ruts. In fact, it tends rather to 
pack down the surface of the haulage way 
into a firm roadway. 

Description of the Car 

Basically, this car consists of a material¬ 
receiving body with an adjustable dis- 


Evolutiou of the Shuttle Car 

As the use of the mechanical loading 
machine increased, a bottleneck began to 
develop in the operation behind the load- 
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Rs. 1. Oblique view from discharge end of car, showing conveyor raised 
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Fi$. 4. Oblique view of car, showing operator's position with 
principal controls identified 


tion, plus all controls necessary for normal 
operation of the car. Within easy reach 
are levers for raising and lowering the ad¬ 
justable boom and for 2-speed operation 


CONVEYOR CONTROL-LEVER 
FOOT PEDAL 
GONG 


Fig. 2. Closeup view of traction motor^ reduction gear, and chain and 
sprocket track drive 


of the conveyor, a forward and reverse 
pedal, two steering levers, control and 
headlight switches, and a foot gong. 


charge boom at the front end, a chain- 
driven conveyor running the length of the 
car, and two crawler-type tracks on which 
the car runs, see Fig. 1, The car is equip¬ 
ped with a vertically mounted cable reel 
with a capacity of 500 to GOO feet of 2- 
conductor cable having a safety ground 
wire. A small hydraulic motor, operating 
in conjunction with a differential pressiue 
valve, serves to keep correct cable tension 
for automatic spooling and unspooling 
during operation of the car. The reel 
also has a level-wind feature similar to 
that on a fishing reel. Tractive power for 
the car is furnished through two 20-horse¬ 
power d-c series motors. One motor 
drives each track through a right-angle 
gear box plus a chain and sprocket ar¬ 
rangement, as shown in Figs. 2 and 3. 
Automatically timed magnetic contactors 
accelerate the traction motors in three 
steps. The control equipment is of the 
sealed type, and control compartments are 
force-ventilated where necessary to re¬ 
move corrosive gases generated by arcing. 


Steering is accomplished by breaking one 
or the other of the tracks in much the 
same way as a conventional crawler-type 
tractor. The traction motor on the side 
being braked is disconnected during brak¬ 
ing. 

Brakes are of the clasp type, and are 
spring-set, fail-safe so that they automat¬ 
ically apply if the power supply to the 
car is interrupted for any reason. They 
operate on a drum mounted on a shaft 
extension at the commutator end of the 
traction motor, and are controlled hy¬ 
draulically from brake valves located at 
the operator’s position. Hydraulic pres¬ 
sure is furnished by a double-section 
pump, a high-capacity section for the dis¬ 
charge boom lift, and a smaller section for 
the cable reel and brakes. The pump is 
driven by a 3-horsepower compound- 
wound d-c motor. The operator’s com¬ 
partment is located near the front of the 
car on the side opposite the cable reel, 
see Fig. 4. It contains two cushioned 
seats, one for either direction of opera- 


Characteristics 

The car is highly maneuverable. By 
changing the braking force on one of the 
tracks with the hand steering lever, the 
operator can execute varying degrees of 
turns. If desired, he can lock one track 
and the car will actually pivot about that 
track. This feature is particularly useful 
wdien operating behind a loading machine, 
as the loading end of the car may be 
moved from side to side merely by apply¬ 
ing a slight amount of forward or reverse 
motion to the unlocked track. 

The track carriages are pivoted to the 
main car body on the rear or drive end 
and spring-loaded at the front end by 
means of a torsion spring and knuckle. 
This arrangement allows the car to follow 
an uneven mine bottom and still give a 
smooth comfortable ride to the operator. 
It also reduces the body frame stresses 
which would normally occur if the car¬ 
riage were firmly mounted at both ends 
to the car body. 




Fig. 5. View of car From loading end with discharge end raised 
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Another advantage of the track-laying 
design is that it eliminates the need for 
wheel wells in the sides of the body. This 
permits the use of a wider body bed and 
wider conveyor, thus giving greater coal 
carrying capacity and faster unloading. 
Two 5-horsepower motors with gear re¬ 
duction drive the conveyor chains. These 
are designed for two speeds—^fast for un¬ 


loading into the mine car and slow for 
shifting the coal toward the front of the 
car as it is loaded into the rear by the 
mechanical loader. 

Operation 

Operation of the car is simple and prac¬ 
tically elfortless. To move the car 


straight ahead, the operator need only 
press down the pedal in the direction he 
faces. To execute a turn he need onty 
operate the hand lever corresponding- to 
the direction he wishes to turn. Thus, for 
a left turn, he operates the lever in his left 
hand and for a right turn he operates the 
lever in his right hand. This is true re¬ 
gardless of his seated position. Normally, 
operators require only a few minutes of 
oral instruction plus a few more minutes 
of actual operating practice before they 
are ready to begin working behind t'^'^e 
loading machine and on the loading 
ramp. 

Experience to date indicates that a 
track-laying shuttle car capable of work¬ 
ing behind a mechanical loader and mov¬ 
ing with its burden over the toughest of 
working roadbeds is the answer to the 
need for fast, efficient transfer of coal from 
the working face to the secondary haulage 
system. 




Discussion 


F. R. Hugus (Joy Manufacturing Com¬ 
pany, Franklin, Pa.): Mr. Brauns stated, 
"It remained for A. L. Lee, a Pittsburgh 
consulting engineer, to develop the single 
unit self-propelled shuttle car, about 1939,” 
Since this implies that Mr. Lee was the 
first to develop a shuttle car, I feel that this 
impression should be corrected and wish 
to present the following facts: 

1. The complete records of a Joy Manu¬ 
facturing Company single-unit self-pro¬ 
pelled shuttle car, which was designated as 
lET-lE., were released for production on 
January 8, 1938. Also, this company re¬ 
leased complete records for 2ET-1D shuttle 
car on May 16, 1938. The first was a 250- 
volt machine securing power through a 




trailing cable, and the second was a battery- 
powered machine. It is safe to assume that 
considerable engineering and development 
work was done in 1937, because such work 
of necessity must precede the act of releasing 
records for production. 

2. The shuttle car designated as 2ET-1D 
and assigned serial number ET-lOl, was 
displayed by the Joy Manufacturing Com¬ 
pany at the American Mining Congress 
exhibition in 1938. This same shuttle car 
was subsequently sold to the Hanna Coal 
Company and shipped on July 14, 1938. 

3. The company records indicate that in 
1939 Joy Manufacturing Company shipped 
more than 40 shuttle cars. The majority 
were battery operated but several cable reel 
types were also sold. 

4. John D. Russell was granted Patent 
no. 2,192,650 covering a single unit self- 
propelled shuttle car on March 5, 1940. 
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This was assigned to the Joy Manufacturing 
Company. The application for this patent 
was filed on July 14, 1938. 

5. The first shuttle car developed by 
A. L. Lee was installed in The Union Coal 
Company Mine at Renton, Pennsylvania. 
G. A. Shoemaker, who was the manager of 
this mine at the time that the Lee shuttle 
car was installed, has stated that this event 
took place in 1939. 

Too often historical information concern¬ 
ing the birth of a new idea which later de¬ 
velops into a vital and important part of 
our industrial economy, is, in the course of 
time, lost or unintentionally modified. In 
this instance recorded facts are available 
and I feel that they should be used to pro¬ 
vide as accurate a record as possible con¬ 
cerning the first stages of the development 
of shuttle cars in mines. 
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The Use of an Analogue Computer to 
Optimize the Transient Response of an 
Aircraft-Type Generator-Regulator 

System 

H. B. JAMES 

ASSOCIATE MEMBER A!EE 


I N THE past 5 years, a great deal 
of interest has been centered on the 
use of electronic analogue computing 
machines for the study of dynamic sys¬ 
tems. The transient solution of even the 
simpler problems is difficidt and laborious 
to obtain by classical mathematical meth¬ 
ods, and for this reason analogues of these 
systems are being used extensively to 
facilitate their study and design. Since 
large quantities of data for a considerable 
range of variables are required to properly 
evaluate system perfonnance, the ana¬ 
logue method of study is most useful. 
When the systems tmder study contain 
elements which are erratic or involve non- 
linearities, the analogue computer is even 
more important. 

The analogue computer is a combina¬ 
tion of high-gain d-c amplifiers and pas¬ 
sive networks which simulate the devices 
or process whose operation is being com¬ 
puted. Circuits capable of performing 
arithmetic operations, differentiation, and 
integration are combined to perform a 
sequence of operations producing directly 
a variation of current or voltage which rep¬ 
resents the desired solution. Because 
the computer is analogous to the dynamic 
system under investigation, it will react 
to any stimulus in the same manner as 
would the dynamic system. 

Questions as to how to stabilize a given 
system or what combination of param¬ 
eters gives the optimum performance 
are examples of the problems which are 
solved on this type of computer. 

Thus, electric generator-regulator sys¬ 
tems are readily adaptable to analogue 
studies, and the problem of designing 
feedback stabilizing devices for a given 
combination of main generator, its ex¬ 
citer, and a voltage regulator is obtained 
in a most expeditious manner. 

Previous work has been done in this 
field of study by such contributors as Dr. 
E. L. Harder^ and James T. Carleton.^ 
This paper, in contrast to these cited, 
covers the use of the analogue computer 


to simulate a part of the generator-regu¬ 
lator system, the balance of the system 
being provided in its real and true form. 
In this particular case, the analogue com¬ 
puter simulated the main generator and 
its exciter. An actual voltage regulator 
was used to control the voltage of the 
simulated machines. The various feed¬ 
back circuits which were studied were 
also analogued on the computer to allow 
rapid changes of their parameters. This 
study was rather the inverse of that nor¬ 
mally encountered, for here we were using 
a given regulator while the major param¬ 
eters of the main generator and its ex¬ 
citer were varied to find their effect on 
the over-all system characteristics. There 
were two reasons for such a study: 

1. In the case of the particular regulator 
used for this study, a carbon-pile regulator, 
it has so far been impossible to properly 
convert its transfer function to the elec¬ 
tronic analogue computer without loss of 
many of its important characteristics. 

2. The particular regulator under study 
had been used in application with other 
generator-exciter combinations, and in the 
interests of standardization, which have 
become increasingly important in military 
operations, it was felt that new generator- 
exciters should, if possible, be designed in 
accordance with the results obtained from 
such an analogue study. 

It was the main pmrpose of this paper 
to study certain reasonable combinations 
of exciter and main generator with a 
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fixed voltage regulator to determine the 
optimum transient response as a function 
of the following parameters; 

1. Main generator open-circuit time con¬ 
stant. 

2. Exciter shunt-field time constant. 

3. Feedback transformer time constants. 

Curv^'es are presented to show the 
change in response of the output voltage^ 
transient when a given load was suddenly 
removed from the system as these param¬ 
eters were varied. 

Main Discussion 

GENERATOR-B-EGimATOR SYSTEM 

Studied 

Fig. 1 shows all the components of a 
typical aircraft a-c electric power system: 
an a-c generator with its integral exciter, 
a carbon-pile voltage regulator, a control 
panel with field relay and protective de¬ 
vices, and necessary current transformers 
for both the voltage-regulator and the 
control panel. This paper deals wfith. 
typical generator-regulator combinations 
similar to the one shown in this figure. 
In fact, the voltage regulator used in this 
study is the one shown in Fig. 1. 

The a-c generator is a conventional 
salient-pole machine which provides a. 
frequency of 800 cycles per second at a. 
rotational speed of 8,000 rpm. A rotat¬ 
ing field is used with damper windings 
to improve the wav e shape. This machine 
is rated at 20 kva, 115 volts. 

The exciter is a 6-pole d-c shunt gen¬ 
erator with pole-face windings and a full 
set of interpoles- The a-c generator and. 
exciter are mounted on the same shaft. 

The a-c generator voltage is controlled, 
by varying the exciter output voltage 
which supplies power directly to the a-c 
generator field. The carbon-pile voltage 
regulator provides a variable resistance 
in series with the shunt field. This re¬ 
sistance is clianged in accordance with the 
speed and load conditions to maintain the 
a-c generator output voltage within nar¬ 
row limits- 

This carbon-pile voltage regulator is 
similar to conventional d-c generator 
voltage regulators. It is a self-contained, 
unit, which, when properly adjusted, will 
operate to maintain the a-c generator out¬ 
put voltage within 2 to 3 per cent over the 
rated load and speed range of the system. 
A feedback transformer is used to provide 
an anticipatory signal to the vbltage 
regulator to stabilize the excitation sys¬ 
tem during transient conditions. 

Fig. 2(A) is a schematic diagraiix 
of the system being studied. Fig. 2(B) 
is a block diagram of this same system. 
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This paper considered certain typical 
combinations of the exciter and the a-c 
generator constants as encountered on 
aircraft electric systems. For each com¬ 
bination of the machine constants, dif¬ 
ferent feedback stabilizing constants were 
set into the analogue computer and the 
transient response was observed with 
load applied and removed. 

Since the time available for this study 
was rather limited, certain parameters of 
the system were held constant through the 
investigation. First, the voltage regu¬ 
lator was adjusted properly on an actual 
machine as shown in Fig, 1. No fxtrther 
adjustments of the regulator were made 
during the investigation. The value of 
current flowing through the carbon pile 
for any particular excitation condition 
was always the same. The gain of the 
exciter was held constant. The synchro¬ 
nous reactance, transient reactance, and 
load reactance were all maintained con¬ 
stant. The parameters which were varied 
are: 

1. Main generator open-circuit time con¬ 
stant Tao . 

2. Bxciter shunt-field time constant Tf. 

3 Feedback transformer primary time 
constant Tp. 

4. Feedback transformer tums-ratio n. 

Analogue of the System 

The system analogue used for this 
study is shown in Fig, 3. As stated before, 
the carbon-pile voltage regulator was 
used in its real form; the exciter was 
analogued as a simple time delay or lag 
circuit using an operation amplifier (no. 
1); the a-c generator was simulated by 
means of a passive network whicli repre¬ 
sented its open-circuit time constant 
Tdo\ its synchronous reactance Xa, its 
transient reactance Xa', and its load 
The feedback stabilizing transformer was 
reproduced by a lead network using an 
operational amplifier (no. 3). 

Appendix I shows the proof of the 
analogies used for the exciter, the a-c 
generator, and the feedback transformer. 


Fig. 1 (left). A 
typical a-c gener¬ 
ating system 

showing gener¬ 
ator^ regulator, 
control panel, 

and current trans¬ 
formers 


To provide the proper level of signals 
into the voltage regulator, two auxiliary 
circuits were necessary to augment the 
standard analogue computer components. 

The sensing circuit of the voltage reg¬ 
ulator normally operates at a voltage of 
115 volts a-c, while the maximum output 
of the operational amplifiers used for this 
study are nominally rated at =fc50 volts. 
Therefore, a d-c amplifier, in the form 
of a cathode-follower, consisting of two 
6L6 beam power amplifier tubes in paral¬ 
lel was connected to the output of the 
operational amplifier (no. 3) supplying 
the voltage-regulator sensing circuit. 
This circuit was designed so that the out¬ 
put voltage from the operational am¬ 
plifier never exceeded 50 volts and the 
sensing circuit operated at its nominal 
value of 100 volts d-c. 

The second auxiliary circuit was neces¬ 
sary to force a current through the carbon 
pile which was a measure of the ciurent 
flowing in an actual exciter field circuit. 
For this purpose a special amplifier, con¬ 
sisting of a cathode-follower driving a 
saturable reactor, controlled the current 
supplied to the carbon pile. A 5881 tube 
was used for the cathode-follower and 
two 400-cycle-per-second saturable re¬ 



Flg. 2(A). Schematic diagram of the system 
used for this study. (B) Block diagram of the 
system used for this study 


actors were used for the higher power 
level amplifier. A conventional bridge- 
type selenium rectifier provided a uni¬ 
directional current tlirough the carbon 
pile. This amplifier was designed to 
minimize any effects it might have on the 
system being analyzed. 

Disturbances to the system were pro¬ 
vided by switching various amounts of 
load on the a-c generator (Rs). Solutions 
were obtained by both oscilloscope dis¬ 
play and pen recorder data. 

Fig. 4 shows the entire analogue setup. 
The computer, a Boeing Electronic Ana¬ 
logue Computer (BEAC),® is shown at 
the extreme right. An oscilloscope and 
camera are shown in the center. To the 
left of the oscilloscope is the carbon-pile 
voltage regulator (rear) and the auxiliary 
amplifiers (front). 

System Performance Criteria 

The method of performance evaluation 
of any dynamic physical system is usually 
based on some “transient figure of merit, “ 
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Fig. 4, The entire analogue setup, showing the computer, auxiliary amplifiers, regulator, and 

recording device 


and to be useful, must have the following 
characteristics^: 

1, It must be a measure of the performance 
of transient behavior of the system and be 
of physical significance. 

2, It must be calculable 

3, It must be measurable. 

When dealing with any physical sys¬ 
tem there are two important transient 
factors to consider: time of response and 
stability. Therefore, we must examine 
any transient behavior, such as the volt¬ 
age output fluctuations of the alternator, 
for these two characteristics. We would 
ask: how much time elapsed from the 
application of a given disturbance till the 
voltage returned to its normal value? 
Also, were there any severe oscillations 
which occurred during this time? 

A number of possibilities are available 
to make this evaluation. Carleton used 
the nns-error criterion.^ Harder, in deal¬ 
ing with linear systems, reasoned that 
since the oscillation could be described by 
a single frequency and a logarithmic de¬ 
cay, the criteria could be expressed in 
terms of a system time constant, or time 
for the envelope to drop to 36.8 per cent 
of its initial value, and a single frequency, 
describing the oscillatory term.^ Simpler 
methods can be used. Alany of the mili¬ 
tary specifications governing the type of 
aircraft electric power system used for 
this study state that the a-c generator 
output voltage during load changes be¬ 
tween full and no load shall recover to 
and remain within the regulation limits 
within a definite time and that no sus¬ 
tained oscillations shall develop. 

For this investigation the latter method 
was used because of its direct application 
to the system being studied. Referring 
to the necessary characteristics for a 


transient figure of merit, this method 
adequately meets the first and third re¬ 
quirement. It is not easily calculable, 
but due to the nonlinear nature of the 
voltage regulator it was felt that it was 
impossible to expect a method of calcula¬ 
tion. The very reason for using this type 
of electronic analogue representation im¬ 
plies difficult, if not impossible, direct 
analytic attack. 

For this study, the output voltage 
transient was recorded by means of a pen 
recorder and photographs of an oscillo¬ 
scope for a range of machine parameters 
considered reasonable. Examination of 
these results gave data sufficient to de¬ 
termine the time of recovery and the 
oscillatory nature of the system during 
the transient period. 

Conclusion 

General 

The data presented by the analogy 
method of electric system study used in 
this paper provides solutions of the output 
voltage transient for a particular carbon- 
pile voltage regulator in combination 
with a reasonable range of exciter and a-c 
generator machine constants. It further 
demonstrates the degree of stability pro¬ 
vided by a number of feedback stabilizing 
transformers used with these exciter and 
a-c generator combinations. 

It is obvious that with a flexible ana¬ 
logue setup as used in this study many 
other parameter variations can be studied 
for their effect on the transient perform¬ 
ance by merely varying the setting of a 
“coefficient potentiometer” or by plug¬ 
ging in different fixed resistors or capac¬ 
itors in the circuit. At present, this 
analogue setup with modifications is 



SYSTEM J 
CONSTANTS 1 


Tjq?=.0966 sec 
Tj =.0672 SEC 
Tf =.0510 SEC 
Tp =.0197 SEC 


n[ = 7.7 

n2=l5.4 

03 = 28.9 


Fig. 5. Response of a particular system as the 
turns-ratio of the feedback transformer is varied 


being used to study the system i)erform- 
ance as a function of the synchronous and 
transient reactance of the a-c generator, 
as a function of the exciter aini)Hficatian 
factor, as a function of the voltage regu¬ 
lator adjustment, and many other impor¬ 
tant variables that are of interest to de¬ 
signers of aircraft electric power systems. 
In general, this method of studying 
dynamic system performance is amenable 
to any case where a part of the system is 
either erratic, very complex, or highly 
nonlinear. Such a condition ustiully pre¬ 
vents an accurate representation by 
direct analogue methods and iieecssitalcs 
the use of the actual device itself in com¬ 
bination with simulated circuits. 


Evaluation of Analogue!) Circuits 

During the course of the invest igation 
covered by this paper it was felt that 
better methods for simulating the syvStcm 
conditions were possible. However, due 
to the limited lime, it was not feasible 
to explore other circuitry. Further work 
along this line of attack is being pursued 



TIME AFTER REMOVAL OF THE LOAD, SEC 


%o'*-0965 SEC Tpi =.0197 SEC 
SYSTEM =.0672 SEC Tp2=.0259 SEC 
CONSTANTS ]Tf =.H9 SEC Tp3=.0640 SEC 
Jt =^ = .30 SEC Tp4=.1270 SEC 


Fig. 6. Response of a particular system as the 
primary delay of the feedback transformer Is 
varied 
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TIME AFTER REMOVAL OF THE LOAD, SEC. 
ft|Q/=.0965 SEC 
SYSTEM -0672 SEC 


CONSTANTS ]Tp' =.0259 SEC 




= .30 SEC 


Tf| = .05l SEC 
Tf2=.»9 SEC 
Tf3=.l50 SEC 


Fls- 7. 


Response of a particular system as the 
exciter time constant is varied 


at this time and shows great promise. 
Nevertheless, the analogue circuits which 
were used in this study did serve a useful 
function and produced results, which, 
though they might not be precise enough 
for all purposes, did afford an insight into 
the system performance which could be 
expected under the conditions observed. 

The auxiliary circuit which supplied 
the current through the carbon pile was 
limited in both maximum and minimum 
values of current. This restricted the 
study more or less to conditions where 
the machines are operating at high rota¬ 
tional speeds, or what is more important, 
where the excitation requirements of the 
a-c generator are low. Actually, this is 
not too serious since the stability and 
system performance, under these condi¬ 
tions, are usually most critical. If this 
case is controlled satisfactorily, opera¬ 
tion at lower rotational speeds, or high 
excitation levels, should be more stable. 

Another important consideration was 
the effect of time delay or lag in the satur¬ 
able reactors. The use of the 400-cycle- 
per-second voltage supply for this circuit 
m i nim ized this delay, but since the sys¬ 
tem being studied contained important 
time constants which were relatively 
short compared to those encountered in 
normal mdustrial electric power systems, 
it was felt that the reactor lag did have an 
effect on the system response and stabil¬ 
ity. This lag meant that the current 


flowing through the carbon pile was not a 
direct function of the exciter output volt¬ 
age but was delayed in time behind the 
exciter voltage. This supposition was 
confirmed by the fact that when a com¬ 
bination of machine constants duplicat¬ 
ing the system shown in Fig. 1 were set 
into the computer, the feedback require¬ 
ments for proper stability of the ana- 
logued system indicated a damping trans¬ 
former with about two to three times the 
anticipatory signal delivered by the actual 
transformer for a comparable degree of 
stability. An all-electronic power ampli¬ 
fier has corrected this condition. An¬ 
other paper will cover these modifications, 
for with these changes very precise 
quantitive measurements are possible. 

Output Voltage Transients as 

Affected by Variations in 
Parameters 

Fig. 5 shows the response of a particular 
system used for this investigation as the 
tums-ratio of the feedback transformer 
was varied. The two dashed lines in¬ 
dicate the allowable regulation limits and 
define the region in which the oscillation 
must confine itself in determining the 
system time of recovery. It was evident 
that the greater the tmrns-ratio n of the 
feedback transformer the more stable the 
system became. However, it was equally 
evident that the time of response suf¬ 
fered if this parameter were increased in¬ 
definitely. Conversely, the speed of the 
initial excursion of the transient was in¬ 
creased as the turns-ratio was decreased. 
This resulted in a less stable system and 
so it was concluded that some intermedi¬ 
ate value would produce the optimum re¬ 
sults. 

To further demonstrate the uses to 
which this type of analogue study can be 
applied, the response of the output volt¬ 
age transient of a given system is shown 
for a change in the feedback transformer 
primary time constant. See Fig. 6. 

There was, as in the previous case, a 
definite value of primary time constant 
which would give the optimum transient 
performance. In Fig. 6, a short-time 
constant produced an overdamped con¬ 
dition, while a long-time constant im¬ 
proved the time of response but only with 

rlh 



Tf = .015 SEC T^jQij = .0481 SEC 
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COnItANTST SEC 

(^Tt= ^=.20 SEC Tdo»3=.l975 SEC 

Fig. 8, Response of a particular system as the 
a-c generator time constant is varied 


a sacrifice in the stability. 

Fig. 7 demonstrates the effect of vary, 
ing the exciter time constant with all 
other system parameters held constant. 
It can easily be seen that the faster tlie 
exciter responded to a signal, the more 
closely we approached the optimum con¬ 
dition for system response. 

Fig. 8 shows the effect of varying the 
a-c generator open-circuit time constant. 
All other system parameters were held 
constant. As in the case of varying the 
feedback transformer turns-ratio and its 
primary time constant, it is easy to see 
that a definite value of the open-circuit 
time constant produced the “best” com¬ 
promise between time of recovery and 
stability. Increasing the a-c generator 
time constant improved the stability but 
it also increased the time it took the 
system to recover. Decreasing the time 
constant had the reverse effect. 

Discussion on Transient Figure of 

Merit Used in Paper 

As can be seen from Figs. 5 tlirough 8, 
it is rather difficult to evaluate the best 
system using the criterion of a time of re¬ 
covery of the system voltage within a cer¬ 
tain regulation limit. For a very small 
variation in the system parameters, the 
last point of intersection of the oscillation 
of the output voltage transient with the 
regulation limits may change a large 
amount, the change bearing little rela¬ 
tionship to the parametric variation. 
The other methods of evaluating system 
performance overcome this condition by 
properly weighing the entire error over a 
period of time. From the results of 


Fig. 9(A). Schematic of the 
shunt exciter. (B). Analogy 
used for the shunt exciter 
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Fig. 10(A), Schematic 
of the a-c ge 
(B). Analogy i 
the a-c generator 


Xd 




R8 


this study, it is recommended that the 
military specifications on aircraft electric 
systems be reevaluated as to the transient 
figure of merit in order that more ttni- 
f omi system performance will be obtained. 

Since the first work on this paper was 
accomplished, an excellent treatise on the 
subject of the transient response of servo¬ 
mechanisms has been written by Graham 
and Lathrop.'* Some of the criteria pre¬ 
sented in this paper have been tried with 
success on this problem and show great 
promise for the future. 

Appendix I. Proof of the 
Analogy Used for the Exciter, 
the A-C Generator, and the 
Feedback Stabilizing Transformer 


Combining equations 7 and 8 


— Ri/R/i , Rz , 

— -j — -g/ 


H-i?3C3:^>L-R2 Ri ** I 

By inspection of equations 6 and 9, it can 
be seen that the correct analogy exists if 
the following three conditions are met: 

R^Cz^Tf 

{R,/R,){R,/R2)^Kf/Rf 

{R,/R,XIU/Ri)=:^Kf/Rf 

A-C Generator 

The usual expression for time constant of 
a generator with inductive reactance loading 
is^ 


J Xg'+XA 

li 

where 


( 10 ) 


Solving for h by determinants 


t2~ 




1 

Csp 


~C^ ( 


Rr-^-Rs-jr 


_ 1 

Cep] 




(i) 


(IS) 

Multiplying the numerator and de- 

pCa 


nominator of equation 11 by 




Exciter 

The exciter portion of the system is 
shown in Fig. 9(A). Using operational 
notation, we can write the differential 
equation describing this element as 

“ eg-i-Rfif-h Lfpif (1) 

and letting Tf—LfIRf 

ex'^es — Rfis{l'\'TfP) ( 2 ) 

Also, assuming we are operating the 
exciter at a relatively high speed which 
assures linearity between the field current 
if and the generated voltage Cxt we can 
write 

ex-^Kflj (3) 

or 

if^^cjKf (4) 

Substituting equation 4 into 2 
ex’-‘es — Rfex/Kf[l-\-Tfp) (5) 


Rewriting equation 5 gives 



Now if we connect two operational am¬ 
plifiers as shown in Fig. 9(B), we can de¬ 
scribe its functions by the following ex¬ 
pressions 

For amplifier B 


and for amplifier A 

ir-_, ^ _ f—g '4- — 




(^) 


( 8 ) 


= transient open-circuit time constant 
of the field current, and equals L/R 
of the field circuit 

transient short-circuit (through ex¬ 
ternal reactance in this case) time 
constant 

Xa' “ transient reactance 
—synchronous reactance 
Xl — external reactance 


The equation for generated armature 
volts eg can be written as 



where Cx is the exciter output voltage. 

Further, the expression for the terminal 
voltage et is 


or 

“(x^+Xi)(l+r^) 

Fig. 10(A) shows the schematic of the a-c 
generator portion of the system. The a-c 
generator equivalent circuit is represented 
by a T-section network using two resistive 
elements, R& and Ri, and a capacitor ele¬ 
ment G. The load is also represented by a 
resistive element Xg* See Fig. 10(B). 

Again using operational notation, we can 
write the differential equations describing 
this circuit as 


( 12 ) 

(13)' 


Bx' = A!6'ji+';77 (^'i-—'^' 2 ) 
CqP 


<? = (i?7+ Rs)i2 “[“77“ ('^2“~ii) 
C&p 


(14) 


_ RQ-\-R7-hR& _ 

(1-f 


R^-\-Rt\-Rs 


(16) 


Expanding the denominator of equation 

16 


ex' 

_ Rfi-{-RT\-R8 _ 

i?6 -f- R 7 "1“ Rb 4~ R&Ri C^p-h ReRg C%p 

Xq+jRt+Rs 


(17) 


ex' 

— R6-\-R7-bR-8 

RqC&P(R7-\-Rs) 

R,-hR7+RB 

Now, if we wish the voltage across Rg, we 
must multiply equation 13 by Rg. Desig¬ 
nating this quantity as e/ we have 

e /=Rih = X 

/- - - 

\ R^+R7+R» 


\«ar' 


(18) 


By inspection of equations 10,13, and 18, 
it can be seen that the correct analogy exists 
if the following conditions are met 

R&C&^T^o' 

Rq-^-Rt^Xo, 

R7 = Xa' 

Rs^Xl 
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Fig. 11(A), Schematic of the unloaded feedback transformer. (B), Analogy used for the 

unloaded feedback transformer 


/ Ri+Rb \ 


R^Q^Ta' 


Since it is convenient to describe machine 
reactances in per-unit quantities, we do so 
in this analogy. A convenient base im¬ 
pedance is used in the analogue circuit. In 
this case 50,000 ohms represented a 1.0 
per-unit impedance. Note that we assume 
linearity between the exciter output voltage 
€x and the generated voltage of the a-c 
generator Cf, It is connected directly to 
the exciter and is therefore also operating 
at a high speed which makes this assumption 
reasonable. 


Feedback Stabilizing Transformer 

The feedback stabilizing transformer used 
to provide an anticipatory signal to the 
voltage regulator is shown in Fig. 11(A). 
Ideally this device has been shown to pro¬ 
duce a voltage which is the rate of change 
of the voltage applied to its primary circuit. 
From Fig. 11(A), the current through the 
primary can be written as 




II 

Rp 


(19) 


This, of course, assumes that the primary 
delay Lp/Rp is negligible. Then 


Cg—Mpip — Mp —TTpSi ( 20 ) 

i\.p 

where Tt is defined as the feedback trans¬ 
former time constant M/Rp. 

When it is desirable to introduce a pri¬ 
mary delay in the transformer, the output 
voltage can be written as 


TrpCi 

Cq ==- 

1+r,^ 


( 21 ) 


where Tp=Lp/Rp, the primary time con¬ 
stant. 

It can readily be seen that the relation¬ 
ship between the main time constant Tt 
and the primary time constant Tp is 


TT = nTp 


( 22 ) 


where n is the tums-ratio of the transformer. 

Fortunately, we have a very simple 
analogue circuit to represent equation 21. 
This arrangement of the operation amplifier 
is^ known as a "lead” network, shown in 
Fig. 11(B). We can write 


ei' 



&0l 

TT 


(23) 


or 


CqP — Cq' 

l-hR^C^p Rn 


(24) 


Then 



By direct comparison of equations 21 
and 25, it can be seen that the correct 
analogy exists if the following conditions 
are met 


RnCQ=^TT 

R^C%=^Tp 


Appendix II. Values of Analogue 
Computer Elements 


Resistors (values given in megohms); 


Ri = 0.0616 

^ 2 = 0.0616 

*=2.0 

*=4.86 

* = 1.0 

*=0.050 

*=0.0265 

*= 0.10 


* = 0.259 
* 0 = 1.0 
*1 = 10.0 
*2= 0.518 
*■!= 1.0 
* 4 = 1.0 

* 6 = 1.0 


Capacitors: 

Cz (used with * determines Tf) 

Ct (used with Rz determines 7*,') 

Cz (used with * and Rn to determine Tp 
and maximum Tt) 


Potentiometers: 

Pi=0.734 

*=0.734 

* = (used to determine * or n) 


Appendix III. System Parameters 
Which Were Held Constant 
Throughout the Investigation 

Regulator: 

Westinghouse AVR-90 voltage regulator 
adjusted to proper operation on a 20-kva 
a-c generator 

Exciter: 

Exciter field amperes: 0.75 ampere at no 
load 

1.42 amperes at 50 
per cent, zero power 
factor load 

Exciter amplification factor: EJIf^SQth 
0.75-11.5 ^ 

A-C Generator: 

Per-unit synchronous reactance: 1.53 
Per-unit transient reactance: 0.53 
Per-unit load reactance: 2.00 


Appendix IV. Nomenclature 


Regulator: 

— carbon pile voltage, volts 
Exciter: 

ex = exciter output voltage, volts 
1 /—exciter field current, amperes 
jfe/—exciter field resistance, ohms 
A/—exciter field inductance, henrys 
T/-exciter field time constant, seconds 
A/-exciter amplification factor, volts per 
ampere 

A-C Generator: 

synchronous reactance, per-unit ohms 
transient reactance, per-unit ohms 
Xl —load reactance, per-unit ohms 

open-circuit time constant, seconds 
short-circuit time constant, seconds 
A^ = a-c generator amplification factor, volts 
per volt 

Cg = a-c generator generated voltage, volts 
—a-c generator terminal voltage, volts 
(Primed quantities of voltage denote com¬ 
puter values.) 

Feedback Transformer : 

Tj, — Lp!Rp —feedback transformer primary 
lime constant, seconds 
Tr == if/Aj,—feedback transformer mutual 
time constant, seconds 
jRp — feedback transformer primary resist¬ 
ance, ohms 

Ap-feedback transformer primary induct¬ 
ance, ohms 

ilA=«Ap —feedback transformer mutual in¬ 
ductance, ohms 

n —feedback transformer tums-ratio 
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Co-ordination of Overvoltage and Short- 
Circuit Protection for Aircraft 
A-C Systems 
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T he purpose of a circuit protector 
(CP) is to clear faults and thus permit 
the remainder of the system to continue 
normal operation. The function of over¬ 
voltage protection is to prevent damage to 
utilization equipment by de-energizing 
the generator when system overvoltage 
exists. Proper co-ordination is neces¬ 
sary to prevent nuisance tripping of the 
overvoltage relay (OVR) during low- 
resistance faults. 

The protection required by all utiliza¬ 
tion equipment has not been established. 
In lieu of quantitative information re¬ 
garding overvoltage requirements of 
utilization equipment, the problem of co¬ 
ordinating CP and OVR characteristics 
is approached in two ways: 

1. The maximum time of fault duration is 
specified. Then the OVR performance is 
described in terms of the maximum line-to- 
neutral (L-N) voltage which must not 
operate the relay. The maximum CP 
rating is determined from the minimum 
L-N fault current which causes maximum 
or near maximum overvoltage on the un- 
faiilted phases. 

2. As an alternate procedure, the char¬ 
acteristics of an existing OVR can be as¬ 
sumed to meet the requirements. Then 
the maximum rating of CP’s is prescribed 
so that the OVR does not operate on L-N 
faults. 

Both methods require quantitative informa¬ 
tion regarding fault overvoltages. 

Fault Overvoltages 

The causes of overvoltage may be 
grouped into two categories: 1. those due 
to malfunctioning of the generator, regu¬ 
lator, or distribution system, and 2. those 
due to normal switching operations. The 
former category is of particular interest 
for this paper. The overvoltage may 
appear as a transient, or it may be con- 
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tlnuous. Its influence persists until either 
the cause is removed or a protection 
device operates. 

Investigations were made using pres¬ 
ently available narrow-speed-range gen¬ 
erators rated from 15 to 40 kva and con¬ 
trolled by either a carbon-pile or a static 
(magnetic-amplifier) regulator. The gen¬ 
erators studied were: 

A. A-c generator, 15 kva, 120/208 volts, 
0.75 power factor, 3-phase, 320/480 cycles 
per second, 4,800/7,200 rprn. Carbon-pile 
regulator. (X EL-24). 

B. A-c generator, 15 kva, 120/208 volts, 
0.75 power factor, 3-phase, 320/480 cycles 
per second, 4,800/7,200 rpm. Carbon-pile 
regulator. fXEL-24). 

C. A-c generator, 40 kva, 120/208 volts, 
0.75 power factor, 3-phase, 400 cycles per 
second, 6,000 rpm. Carbon-pile regulator. 
(AF-S2d09A}. 

D. A-c generator, 15 kva, 120/208 volts, 
0.75 power factor, S-phase, 320/480 cycles 
per second, 4,800/7,200 rpm. Static regu¬ 
lator. (MIL-G-6099). 

E. A-c generator, 30 kva, 120/208 volts, 
0.75 power factor, 3-phase, 320/480 cycles 
per second, 4,800/7,200 rpm. Static regu¬ 
lator. (MIL-G-6099). 

F. A-c generator, 30 kva, 120/208 volts, 
0.75 power factor, 3-phase, 320/480 cycles 
per second, 4,800/7,200 rpm. Static regu¬ 
lator. {MIL-G-6099). 

Transient voltages were recorded by an 
oscillograph. The method of describing 
transients in this paper is illustrated in 
Fig. 1. Curve A represents a hypotheti¬ 
cal transient, and curve B describes the 
same transient by showing one-lialf of 
the envelope. 

Shokt-Circxjit Removal 

When a 3-phase or 3-phase-to-neutral 
fault occurs at the generator terminals, the 
input voltage to the carbon-pile regulator 
drops to zero and the exciter tenninal 
voltage increases to a value corresponding 
to ceiling excitation. After removal of a 
3-phase or 3-phase-to-neutral fault, the 
terminal voltage builds up to a value 
corresponding approximately to ceiling 
excitation before the regulator can return 
the system voltage to normal. This be¬ 


havior was observed for all generators 
tested. In the event of a line-to-line-to- 
neutral, line-to-line, or L-N fault, the 
regulator acts to increase the excitation 
until either the regulator input is normal 
or ceiling excitation is reached, depend¬ 
ing on the type of fault and the amount 
of excitation available. The maximum 
overvoltages after removal of line-to-line- 
to-neutral, line-to-line and L-N faults were 
observed to be equal to or less than those 
after removal of 3-phase or 3-phase-to- 
neutral faults, depending on the excita¬ 
tion during the fault. Transient over¬ 
voltages due to fault removal are shown in 
Fig. 2 for a narrow-speed generator con¬ 
trolled by a carbon-pile regulator and 
driven at approximately average rated 
speed. The relative magnitudes of the 
short-circuit overvoltages vary with speed 
and generator design; however, the 
general trend indicated by the curves of 
Fig. 2 is typical of all the carbon-pile- 
controlled generators tested. 

The same trend holds for short-circuit 
overvoltages on generators controlled 
by the static regulators used in these 
tests with one major exception; the re¬ 
moval of any fault which includes Ti 
(A phase) results in a maximum voltage 
corresponding to ceiling excitation. 

The results shown in Fig. 2 pertain to 
tlie no-load condition; that is, after the 
fault is removed, no load exists on the 
bus. If, after the fault is removed, the 
generator supplies current to resistive or 
inductive loads, the maximum bus voltage 
is less than that of the no-load condition 
because of the demagnetizing action of 
the armature current. 

A comparison of overvoltages after re¬ 
moval of 3-phase faults, no-load condition, 
is given in Fig. 3 for several narrow-speed 
generators and a constant-speed genera- 
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Fig. 2. Overvoltages after removal of faults. 
No load on bus after fault removal. Generator 
A. 420 cycles 

tor driven at a speed equivalent to 420 
cycles. 

Open Sensing Leads 

If all three voltage-sensing leads to a 
carbon-pile regulator are opened, the 
exciter goes to ceiling. If any one lead is 
opened, the output voltage of the regula¬ 
tor rectifiers drops to approximately 66 
per cent of normal. (The value, 0,66, 
equals the ratio of the direct-voltage 
output of a single-phase, full-wave recti¬ 
fier to the direct-voltage output of a 3- 
phase, full-wave rectifier.) The regula¬ 
tor then acts to increase the excitation 
until the phase voltage is approximately 
1.5 per unit or less, depending on the 
extent of saturation. Overvoltages after 
opening sensing leads are shown in Fig. 4 
for a narrow-speed generator controlled 
by a carbon-pile regulator and driven at 
approximately average rated speed. 
Opening any combination of sensing leads 
to a carbon-pile regulator controlling the 
constant-speed generator resulted in the 
same overvoltage, indicating that in all 
cases either the generator iron was satu¬ 
rated or the exciter was at ceiling, A com¬ 
parison of Figs. 2 and 4 shows that the 
maximum overvoltages after removal of 
3-phase and 3-phase-to-neutral faults and 
opening all three voltage-sensing leads 
are the same for the no-load condition. 
This was observed to be true for all gen¬ 
erators tested. 

The output of the static regulator de¬ 
pends upon the magnetic-amplifier supply 
voltage as well as the regulator input. 
Opening any combination which includes 
Ti (A phase) of voltage-sensing leads to 
the static regulator used results in the 
generator voltage first dropping as the 
magnetic amplifier loses power, and then 
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Fig. 3. Overvoltages after removal of 3- 
phase faults, no-load condition. Generators 
A, B, C, E, and F. 420 cycles 

building up to ceiling after a relay oper¬ 
ates to connect the exciter as a self-excited 
generator. Opening any combination of 
sensing leads which does not include Ti 
results in a build-up to an overvoltage 
with the magnetic amplifier furnishing 
the exciter-field current. Fig. 5 shows 
the overvoltages for open-sensing leads 
to a static regulator controlling a narrow- 
speed generator driven at approximately 
average rated speed. 

Unbalanced Fault Interim 

Table I shows the phase voltages dur¬ 
ing line-to-line-to-neutral, line-to-line and 
L-N faults for a variety of generators. It 
also includes the ceiling voltages obtained 
by opening all three sensing leads. It is 
noted that, in general, overvoltages exist 
on the unfaulted phases. Fig. 6 shows 
the complete transient for an unbalanced 
fault. The example chosen is the worst 
condition for the generator controlled 
by a static regulator, that is, a fault on 
the phase from which the magnetic ampli¬ 
fier draws its power. Note that: 1. the 
time interval of overvoltage is a function 
of fault-clearing time, and 2. the voltage 
is transient after both fault initiation and 
fault removal. 

Fault-Transient-Overvoltage Curve 

The fault-transient-overvoltage curve, 
Fig. 7, is based on the removal of 3- 
phase faults, no-load condition. This 
curve represents the worst overvoltage 
transient likely to occur after fault re¬ 
moval. This curve does not take into 
account the overvoltages due to open 
sensing leads to the regulator or the over¬ 
voltages of the unshort-circuited phases 
during an unbalanced fault. It is as¬ 
sumed that the system will be protected 


by a relay from steady-state overvoltages 
However, the overvoltage-protection relay 

should remain unaffected by the voltage 
transients caused by short circuits, as-' 
Sliming that the generator is to remain 
connected throughout. In the event of 
an unbalanced fault, an overvoltage can 
exist on the unshort-circuited phases for 
a time interval which depends on the 
characteristics of the fault-clearing device 
Then, after fault removal, the transient 
voltages of all tliree phases can corre- 
spond to the fault-transient-overvoltage 
curve. Therefore, the fault-transient- 
overvoltage curve should be shifted to the 
right on the time axis by a suitable time 
interval. 

Fig. 7 represents a composite of the 
transient envelopes of the generators in- 
vestigated. The composite curve is 
detennined as follows. The transient is 
considered to begin when the terminal 
voltage first rises above one per unit. 
The transient is considered to end when 
the voltage returns to one per unit for the 
first time. Since the voltage generally 
overshoots several times before a steady- 
state value is reached, each overshoot is 
considered as a separate transient. The 
composite curve is then deteimined from 
the worst transients. A factor of 2 V 2 
per cent is allowed for errors in oscillog- 
raphy. 

The composite curve is based on volt¬ 
ages observed at the generator terminals. 
No attempt has been made to take into 
account such factors as line drop, regula¬ 
tor tolerances, meter errors, and phase 
unbalance. 

It is emphasized that the curve shown 
in Fig. 7 represents one-half of a hypo¬ 
thetical voltage envelope which indicates 
phase voltage as a function of time. A 
point on the cirrve is not to be interpreted 
as the length of time that a specified volt* 



TIME (SECONDS) 

Fig. 4. Overvoltages after opening sensing 
leads,, no-load condition. Generator A. 
420 cycles 
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age exists. On tlie contrary, a point on 
the curve indicates the bus voltage at a 
specified instant of time. 

It would be desirable if the overvoltage 
data could be presented in such form as to 
be useful in determining the overheating 
of system components due to overvoltage. 
For constant resistance, the energy input 
is proportional to V% where V is the 
effective value of the transient voltage, 
and / is the time duration of the transient. 
If the rate of heat dissipation is constant 
during the transient, the energy dissipated 
is proportional to Vo% where Vq is the 
rms voltage (steady-state) prior to initia¬ 
tion of the transient. Then temperature 
rise is proportional to (V^— Vq^)L How¬ 
ever, the determination of the effective 
value of the worst transient voltage likely 
to occur requires the use of information in 
addition to the data presented in this 
section. Since the worst condition is the 
transient voltage of an unfaulted phase 
during an unbalanced fault plus (in time) 
the transient after fault removal, the addi¬ 
tional data needed are: 1. transient voltage 
during the fault interval, and 2. the time 
that the fault exists. To determine the 
latter, it is necessary to co-ordinate limiter 
and circuit-breaker characteristics with 
the transient fault currents which can 
occur in a system. 

Effect of Fault Duration on 
L-N Voltage 

L-N Fault Current for Maximum 
Overvoltage 

Tests on eight generator-regulator com¬ 
binations (wide speed range, naiTow speed 
range, static regulator, carbon-pile reg¬ 
ulator) resulted in steady-state L-N 
fault currents of 7.2 to 9,0 per unit for 
low fault circuit impedance. Generator 



Fig. 5. Overvoltages after opening sensing 
I«ads, no-load condition. Generator D. 
420 cycles 
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Fig. 6. Voltage of phase C during A-N fault 
and after fault removal. Generator D. 400 
cycles 




Fig. 7. Fault-transient overvoltage limits for 
controlled frequency range (380 to 420 
cycles) 


speed was 6,300 and 8,000 rpm for the 
narrow and wide speed range respectively. 
A single generator-regulator system (gen¬ 
erator D) was assembled for test purposes, 
see Fig. 8. 

At a generator speed of 6,000 rpm, sev¬ 
eral L-N faults were established. Fault 
resistances from 0.2 to 0.05 per unit were 
used. Oscillographic records were made 
of the fault current and the L-N voltage. 

When a ground fault is established, the 
L-N voltage on the faulted phase drops 
and the average rectified line-to-line volt¬ 
age also drops. The regulator causes an 
increase in generator excitation until the 
average rectified voltage of the three 
phases is approximately the same as 
prior to the fault. For decreasing fault 
resistance, the unfaulted L-N voltage 
increases until ceiling excitation exists. 
When ceiling excitation exists, a decrease 
in fault resistance results in a small de¬ 
crease in L-N voltage because of arma¬ 
ture reaction effects. A fault resistance 
just low enough to cause exciter ceiling 
voltage therefore results in the higher 
overvoltage. 


A fault resistance of approximately 0.1 
per unit on the phase supplying power to 
the magnetic amplifier resulted in maxi¬ 
mum overvoltage. The L-N steady- 
state fault current was 6.5 per unit. If a 
phase not supplying magnetic amplifier 
power were short-circuited, the fault re¬ 
sistance at which maximum unfaulted 
phase voltage occurred would be some¬ 
what less than 0.1 per unit. 

Equivalent Fault Current 

In calculating available fault current, 
the variation in current following- tiie 
initiation of a fault was considered. It 
was necessary to convert the varying cur¬ 
rent from the oscillographic record to a 
current value equivalent to the step- 
function current used in describing circuit 
protectors. 

In this work, the expression used to 
compute approximate equivalent cur¬ 
rents was 


J. 




■A 


(1^ 


Table I. Per Unit L-N Voltages (Steady-State) During Unbalanced Faults 


Generator 

Phase 

Frequency, 

Cycles 


Type of Fault 


Three 

A-B-N 

B-C-N 

B-C 

A-N 

C-N 

Opeu-SensittS 

Leads 

) . 

_A. 

.420. 


..1.15... 

.1.60... 


...1.18. 

.2.30 

AV. 

_B. 



.. 0 ... 

.0.90... 


...1.38. 

.2.30 

s 

C. 



.. 0 ... 

.0.90... 


... 0 . 

.2.30 


A. 

.420. 


..1.35... 

.1.52,,. 


...1.13. 

.1.90 

b[. 

.. . .B. 



.. 0 ... 

.1.02,.. 


...1.72. 

.1.90 

) 

C. 



.. 0 ... 

.1.00... 


... 0 . 

.1.90 


A. 

.....420. 

.. 0 .. 

..0.69... 

.1.55... 


...1.26 

.1.38 

cf . 

_B. 


.. 0 .. 

.. 0 ... 

.0.94... 


...1.55. 

.1.38 

) 

C. 


..0.73.. 

.. 0 ... 

.0.93... 


... 0 . 

.1.38 


A. 

.420. 


..0.90... 

.1.42... 


...1.07. 

.1.83 

of. 

_B. 



.. 0 ... 

.0,74... 


...1.27, 

.1.83 


C. 



.. 0 ... 

.0.69.,. 


... 0 . 

.1.83 


A. 

.420. 

.. 0 .. 

..0.98... 

.1.58... 

.0 .. 

...1.08. 

.2.00 

sf. 

_B. 


.. 0 .. 

.. 0 ... 

.0.82... 

.1,48.. 

...1.32, 

.2.00 


C. 


..1.06.- 

0 ... 

.0.80... 

.1.78.. 

... 0 . 

.2.00 
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GENERATOR 



Fig. 8 (left). Test 
circuit 


Fig. 9 (right). 
Equivalent fault 
current (I) and 
unfaulted phase 
voltage (V) for 
typical L-N short 
circuit 


where 

— peak current of the ^th half-cycle 
w = the total number of half-cycles in the 
time interval i 

For a fault circuit impedance of 0.1 per 
unit, the approximate equivalent current 
for the test circuit is given in Table II. 

Table II 


Fault Buration, Equivalent Current, 

Seconds Per Unit 


0.1.3.0 

0.2. 5.0 

0.3.6.0 


The equivalent current is identical to a 
step function current in the sense that 
limiters and thermal circuit breakers will 
be committed to trip in approximately 
the same time for equal magnitudes of the 
two currents. Obviously, however, the 
varying current from wliich the equiva¬ 
lent current is derived may have a rela¬ 
tively large magnitude at the time of 
circuit interruption. Since the current 
at the time of circuit interruption contrib¬ 
utes to component damage, this value of 
current must also be considered in deter¬ 
mining the current interrupting capacity 
required in a particular CP application. 

CP Rating 

From the assumed values of fault cur¬ 
rent magnitude and duration shown in 


Table II the maximum usable rating of 
CP’s can be fixed. For example, the test 
generator-regulator unit furnished fault 
current equivalent to step-function cur¬ 
rent of 125 amperes when the fault dura¬ 
tion was 0.1 second. Limiters^ num¬ 
bered 10 or lower, a proposed circuit 
breaker^ of a 15-ampere rating or less, and 
an existing circuit breaker^ rated less than 
5 amperes would isolate a 125-ampere 
fault in 0.1 second. Further, the test 
generator-regulator unit furnished fault 
current equivalent to 210 amperes when 
the fault duration was 0.2 second. Again, 
limiters numbered 30 or lower, a proposed 
circuit breaker of 30-ampere rating, and an 
existing circuit breaker rated 7.5 amperes 
will isolate a 210-ampere fault in 0.2 
second. The validity of these values of 
equivalent current and operation time for 
limiters and existing thermal circuit 
breakers has been verified experimentally. 
Similar data for a fault duration of 0.3 
second and for generator E are given in 
Table III. Also shown in Table III is 
the maximum limiter rating permissible in 
mesh networks where limiter current is 
approximately one-half of fault cuirent. 

In the preceding discussion, an addi¬ 
tional requirement was placed upon the 
CP, i.e., in addition to isolating a fault 
before a cable smokes or flames, a CP 
must clear a L-N fault before the over¬ 
voltage relay is committed to tri]) The 
additional performance requirement re¬ 
stricts the CP ratings which may be used 
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in a given S 3 ’steni. It is important to note 
that the maxiniuiii rating shown in 
Table III applies where circuit impedance 
is such that the specified fault current 
can exist. Where only lower values of 
fault current and, therefore, lower values 
of overvoltage can exist, additional volt¬ 
age versus fault current data for higher 
values of fault resistance are necessary 
before co-ordination requirements can 
be detennincd. 


Overvoltage for AvSsumed L-N Fault 
Duration 


Calculations similar to those made for 
equivalent cunxnt were made to con¬ 
vert the ^mrying voltage from the oscillo¬ 
graphic record to an ecpiivalent step- 
function voltage (F). The mathemat¬ 
ical expression used was 


n 



Va 


( 2 ) 


where Cpf^ is the peak voltage of the kih. 
half-cycle. 

The plotted curves of equivalent fault 
current and equivalent unfaulted L-N 
voltage given in Fig. 9 show that over¬ 
voltage begins approximately 0,1 second 
after the fault has been established. 


Table 111. Maximum CP Rating for Fixed Fault Duration 

Effect of Environmental Condition on Circuit Protector is Not Included. Fault Circuit Impedance Is 0.1 Per Unit. 400 Cycles 


_on_ 

l-Phase Limiter 

Generator Fault in 

Rating, Current, Single* Mesli 

Kva Amperes Limiter Net CBf 


Fault Duration, Seconds 


___ 0.2 _ 

1-Phase Limiter 

Fault in 

Current, Single* Mesh 

CBt Amperes Limiter Net CBf CBJ 


_ 03 _ 

l-Phase Limiter 

Fault in 

Current, Single* Mesh 

Amperes Limiter Net CBf 


15, 

30, 


125.10. 5.15.<5 .210.30.10. 

250.30.10.35. 7.5.420.50.30. 


.30. 7.5.250 . 40. 20. 35 

.60.15 .500.>80.40.>76 


* Reference 1. 

t Circuit breaker satisfying reference 2. 


t Circuit breaker satisfying reference 3 (maximum permissible operating time). 
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Fig. 10. Maximum voltage versus time char¬ 
acteristic for which OVR must not operate 

A—Fault duration 0.3 second 
B—Fault duration 0.2 second 
C—Fault duration 0.1 second 


Using the data in the preceding sec¬ 
tions, the maximum voltage which must 
not energize the overvoltage relay can be 
described. The unfatilted phase voltage 
exists for approximately 0.1 second less 
than the duration of the fault, which in 
this discussion has been fixed at 0.1, 0.2, 
or 0.3 second. The iiiaxiimim steady- 
state unfaulted phase voltage measured 
on the generatorvS available at the Naval 
Research Laboratory is approximately 
twice rated generator voltage on narrow- 
speed-range generators under certain 
specified operating conditions. With the 
fault duration assigned, Fig. 6 shows the 
maximum instantaneous L-N voltage 
existing on the unfaulted ]jhases which 
should not energize the OVR. For the 
narrow-speed-range generators studied, 
the calculated equivalent voltage for these 
voltage envelopes shows the maximum 
permissible L-N voltage versus time 
characteristic, Fig. 10, which can exist 
on two phases and which must not ener¬ 
gize the OVR. 

Establishing a single overvoltage curve 
for several generator ratings docs not 
necessarily penalize the circuit protection 
in the lower capacity power systems. 
After an overvoltage curve has been 
standardized, it is necessary to examine 
the current and voltage relatioUvShip as a 
function of time and fault impedance for 
each power source. With these data, 
the maximum permissible CP rating can 
be fixed. As the OVR operating time is 
decreased, the maximum pennissible CP 
rating also is decreased. For a rapid 
acting OVR, the decrease in permissible 



TIME (SEC) 


Fig. 11. Voltage versus time characteristic of 
test OVR (minimum operation time charac¬ 
teristic) 

CP rating may influence the size of the 
main bus since many loads ivould have 
to be supplied through paralleled circuits. 

Effect of OVR Characteristic on 
CP Rating 

Using the assumption that a specific 
OVR characteristic is satisfactory, the 
following procedure is used to detennine 
the CP rating which may be used with 
that OVR. A test OVR was connected to 
the main circuit-breaker terminals. The 
operating characteristic of this relay is 
shown in Fig. 11. Several L-N faults 
were established, and oscillographic rec¬ 
ords were made of fault current and un¬ 
faulted L-N voltage. The equivalent 
fault current, calculated from the oscillo¬ 
grams with equation 1, for the time inter¬ 
val between fault initiation and the opera¬ 
tion of the OVR is shown in Fig. 12, curve 

A. This curve shows the maximum time 
that L-N fault currents may persist before 
the voltage on the unfaulted phases ener¬ 
gizes the OVR. 

With a fault resistance of approxi¬ 
mately 0.1 per unit on the phase supplying 
magnetic amplifier power, the voltage 
drop on the faulted phases causes the 
relay contacts in the exciter field circuit 
to close and connect the exciter field 
directly across the exciter armature. 
This relay action results in maximum 
steady-state unfaulted L-N voltage. For 
slightly higher fault resistance, however, 
a similar relay action takes place except 
that, when the exciter field is connected 
across the exciter armature, the resulting 
increase in faulted phase voltage is enough 
to open the relay contacts in the exciter 
field circuit. The regulator than takes 
control and reduces the unfaulted phase 
voltage and the fault currents. The 
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Fig. 12. Circuit protector characteristic 

A. Maximum protector characteristic For 
co-ordination with test OVR and test gener¬ 
ator 

B. CB rated 25 amperes^ 

C. Fuse numbered 30^ 

D. CB rated 7.5 amperes^ 


preceding relay action accounts for the 
shape of Fig. 12, curve A. The OVR does 
not operate for the fault currents indi¬ 
cated by the dotted portion of curve A, 
Curves B, C, and D of Fig. 12 show the 
maximum fuse and circuit-breaker rat¬ 
ings that may be used in the low-imped¬ 
ance test circuit if the OVR characteristic 
shown in Fig. 11 is used. Co-ordinated 
protector performance at the critical 
point of curve A (minimum current— 
minimum time) was verified experi¬ 
mentally. 

Conclusions 

To make the operational requirements 
of fault and overvoltage components 
compatible, the maximum permissible 
ratings of circuit protection components 
must be established in relation to the 
current source capacity. A practical 
method has been proposed for establishing 
co-ordination of overvoltage protection 
with circuit protection. 
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Discussion 

Russell W. Stineman (Boeing Airplane 
Company, Seattle, Wash.): The authors 
failed to discuss the application of 3-phase 
overvoltage relays. In a system employing 
carbon-pile regulators, or any regulator 


which is not peculiarly sensitive to a fault on 
a particular phase, an overvoltage relay 
which responds to the average line-to-line 
voltage will not sense any overvoltage dur¬ 
ing a fault. No co-ordination is required 
between the overvoltage relay and circuit 
protectors, thus greatly increasing the ease 
and flexibility of system design. The over¬ 


voltage relay need have only sufficient 
delay to override the transient voltage fol¬ 
lowing removal of a 3-phase fault. Circuit 
protectors should then be chosen to give 
fault clearing that is fast enough to prevent 
damage to single-phase loads on an un- 
faulted phase. 

In a system employing static regulators 
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which go to ceiling excitation during any 
fault on a certain phase, a 3-phase over¬ 
voltage relay may sense a slight overvoltage 
during a fault, depending on the choice of 
system components. Application of the 
authors’ method may be required to ensure 
proper co-ordination. A simpler approach 
would be to de-energize the over-voltage 
relay during conditions of low voltage on 
the critical phase. In any event, the co¬ 
ordination problem is simplified by the use 
of a 3-phase overvoltage relay, since the 
voltage sensed during a fault will always be 
less severe than the worst phase voltage. 


M. Trbovich, R. E, Kidwell, Jr., and W, M. 
Tucker: We thank Mr. Stineman for his 
discussion. 


The maximum line-to-neutral overvoltage 
which may be delivered to utilization equip¬ 
ment is fixed by specification. ^ To our 
knowledge, this overvoltage requirement is 
included because the actual overvoltage 
tolerances of most utilization equipment are 
not readily available. Specifying the maxi¬ 
mum overvoltage in a particular system 
has the effect of also specifying the maxi¬ 
mum single-phase circuit protector rating 
because the protection functions must be 
accomplished before the line-to-neutral 
voltage exceeds the specified limits. 

With the preceding data, the co-ordina¬ 
tion of single-phase fault-protection devices 
in terms of line-to-neutral voltage and 
available fault current is straightforward. 
On the other hand, if 3-phase voltage sensing 
is used, it is also necessary to correlate the 


output of a 3-phase full-wave rectifier (with 
three different voltage inputs) with the 
maximum of the three line-to-neutral volt- 
ages. ^ 

Furthermore, with the latter sensing 
method, an additional correlation require¬ 
ment exists if the overvoltage and regulator 
sensing circuits are not equivalent. 

The co-ordination data presented in the 
paper are not influenced by the voltage 
sensing circuit used, for regardless of the 
sensing circuit the overvoltage relay charac¬ 
teristic must be correlated with the permis¬ 
sible line-to-neutral overvoltage. 
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A ircraft electric system designers 
have several methods available for 
providing generator protection. These 
include overcurrent devices (thermal and 
magnetic), differential current devices 
(balanced current and zone type), and 
directional sensing devices (the familiar 
reverse current cutout). 

Of these various protection methods, 
all but one are suitable, with appropriate 
modification, for use on either a-c or d-c 
systems. The exception is directional 
sensing, since alternating currents do not 
possess directional properties wdth re¬ 
spect to a fixed reference, as do direct cur¬ 
rents. The directional properties of an 
a-c system can be determined only by the 
use of an alternating reference of the 
same frequency. When the relative 
phase angle between the current and the 
reference is established, and a voltage is 
chosen as the reference, the resultant 
power and reactive power do possess 
directional properties with respect to a 
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fixed reference. The problem of direc¬ 
tional sensing in an a-c system, therefore, 
requires consideration of the direction of 
power and reactive power, and conse¬ 
quently is more difficult than determining 
the direction of a d-c cuirent. 

In response to general interest ex¬ 
pressed in the possible use of directional 
protection on aircraft a-c systems, several 
organizations have undertaken develop¬ 
ment programs and some devices have 
been built. It is the purpose of this 
paper to show a method useful in deters 
mining the requirements of a sensing ele¬ 
ment for a-c directional protection, which 
is based on system parameters and per¬ 
formance as predicted by analysis and 
observed by tests. System performance 
in terms of power and reactive power flow 
is discussed in general and an example is 
given to show the application of the 
method in the determination of the charac¬ 
teristics of a directional protection-sensing 
element for a given system, for the purpose 
of achieving an abritrarily chosen degree 
of protection. 


The system to which this device is to be 
applied is as shown in Fig. 1, consisting 
of two or more 3-phase, 4-wire alternators 
connected in parallel. These alternators 
are supplied with shaft power at con¬ 
trolled speed by any of the means availa¬ 
ble; variable ratio hydraulic pump and 
motor, gas turbine, air turbine, auxiliaty 
combustion engine, etc. Excitation is 
provided for the alternators by integral 
shaft-mounted rotating exciters or by 
static exciter-regulators. Power and reac¬ 
tive power load equalizing is provided 
by interconnection of the speed governor 
circuits and voltage regulator circuits 
respectively. The zone to be protected 
by the directional sensing device includes 
the alternator and cable length from the 
alternator tenninals to the direction sens¬ 
ing element. 


Directional Aspects of System 
Conditions 

Definition of Terms 

The tenn directional, when applied to a 
d-c system, is self-explanatory. In a-c 
system analysis, direction of power flow 
can be defined by the phase relationsMp 
between current and voltage, holding one 
of the two quantities as reference, and 
adopting certain conventions. If tbe 
terminal voltage of a machine which is 
acting as a generator is defined as the 
reference and is represented by a phasor 


Fig. 1. Electric system line 
diagram 
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Fig. 2. Direction reference co-ordinates 


lying along tlie positive abscissa of the co¬ 
ordinate axes, the relative position of any 
current or voltage phasor can be located, 
given the phase displacement of that quan¬ 
tity with respect to the reference phasor. 
If the convention that apparent power S 
is the product of a voltage and the com¬ 
plex conjugate of the associated current, 
a phasor representing apparent power 
can be located on another set of co¬ 
ordinate axes as shown in Fig. 2. In this 
diagram the real component of S is P, 
the power in watts delivered by the ma¬ 
chine, and is represented by the compo¬ 
nent of S which is parallel to the abscissa. 
The region of positive power is to the 
right of the ordinate; negative power 
(absorbed power) is to the left. Simi¬ 
larly, reactive power Q in vars is the ver¬ 
tical component of S. Positive reactive 
power lies above the abscissa and indi¬ 
cates a generator delivering reactive 
power; tliat is, supplying an inductive 
load or lagging power factor. Thus a 
phasor in quadrant I represents a genera¬ 
tor delivering power at lagging power 
factor. Quadrant II and III indicate 
power being absorbed by a generator at 
lagging (II) or leading (III) power factor, 
Quadrant IV operation is that of a genera¬ 
tor supplying power to a leading power 
factor load, or operating underexcited 
on a paralleled system, that is, delivering 
power but absorbing reactive volt- 
amperes. 

Normal Conditions 

In nonnal, steady-state operation, an 
alternator will be delivering power and 
reactive power to some load. The power 
phasor representing alternator output will 
be in quadrant I as shown in Fig. 2. The 
three phase voltages are equal in magni¬ 
tude and are displaced from each other by 
an angle of 120 degrees. The currents are 
also balanced, and no neutral current 
exists. The system frequency is constant 


and the various alternators are sharing the 
total connected load. 

Transients which occur in normal opera¬ 
tion may cause the phasor S to lie momen¬ 
tarily in any position around the 360- 
degree arc. Such transient power swings 
are those which may occur during syn¬ 
chronizing or which may be caused by 
voltage regulator and speed governor 
recovery after sudden application or re¬ 
moval of load, or on recovery from a 
fault. The magnitude and direction of 5 
during these synchronizing swings de¬ 
pends on system reactances and number of 
machines on the bus. The time duration 
of transient power swings, which will 
ultimately damp out if the system is 
stable, is a function of system constants 
including inertias, and can be calcu¬ 
lated. ^*2 

Because the constant speed alternator 
drive cannot have infinitely fast speed of 
response, consideration must be given to 
possible power system transients resulting 
from sudden accelerations and decelera¬ 
tions of the prime movers. The maxi¬ 
mum magnitude and time duration of 
these depends on the nature of the prime 
movers and control systems involved, but 
in general they should be of the same order 
of magnitude as the synchronizing dis¬ 
turbance. 

Abnormal Conditions 

The four general types of short circuits 
which may occur are: single-line to neu¬ 
tral, double-line to neutral, line-to-line, 
and 3-phase. The voltages and currents 
present during these faults are a function 
of the fault impedance, the location, and 
the number of machines on the system. 

Simple calculations made on the basis 
of solid faults on a 2-alternator system 
and no connected load are usually suffi¬ 
cient to give the direction and approxi¬ 
mate magnitudes of the power and reac¬ 
tive power components. 

The effect of having more than two ma¬ 
chines on the system would be to increase 
the fault current. Any other assump¬ 
tions necessary in these fault calculations 
should be made conservatively. Phasor 
diagrams showing the typical voltages 
and currents during short circuit are 
shown in Fig. 3. As would be expected, 
the fault voltage for a zero impedance fault 
at the terminals of the directional sensing 
element is zero (except for the line-to-line 
fault). The values listed in Table I are 
per phase, and are for the phase or phases 
involved in the fault. 

An alternator can supply real power to 
a system to which it is connected only 
when it is receiving mechanical power 
input from a power source, that is, a 



SINGLE LINE TO GROUND SHORT CIRCUIT 



DOUBLE LINE TO GROUND SHORT CIRCUIT 



LINE TO LINE SHORT CIRCUIT 
Fig, 3. Short-circuit phasor diagrams 


prime mover. If for some reason the 
prime mover fails to supply this power, 
then the alternator, if kept connected to 
the electrical system, will function as a 
synchronous motor and will supply power 
to the prime mover. As long as the 
power required to drive the prime mover 
at synchronous speed is below the pull¬ 
out torque of the alternator, the alterna¬ 
tor will remain in synchronism and the 
■system will be stable. 

The over-all effect on the system of an 
alternator losing its prime mover is a 
fimction of the type of prime mover and 
the type of coupling between them. 
When a free-wheeling clutch is employed 
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Table 1. Tabulation of System Conditions 


Condition 


Power Reactive Power 


Comments 


Normal... ~{-A, +S.+A, +5.Machine delivering: power to lagging power factor load 

Transients.rhA, dbC.zhA, ztB, dzC.Random occurrence in a normal system 

Single line-to-ground short-circuit.0.0.The two phases which have voltage available have zero fault current. The 

phase which has high fault current may have zero voltage 

Double line-to-ground short-circuit.0.0.The two phases which have high fault current may have zero phase voltage. 

The phase which has voltage available has zero fault current 

Line-to-line short-circuit.— B.+B.The fault voltage is the same on both faulted phases and the fault currents 

*fB.— B. are 180 degrees out of phase. The indications for those two phases will 

be exactly opposite 

Three-phase short-circuit. 0.0.For zero impedance faults all three phase voltages will be zero 

Loss of prime mover.—A, — B.0.Magnitude depends on drive system and the presence or absence of a free¬ 

wheeling coupling. Never greater than A for free wheeling 

Dragging rotor.— B.0.Maximum reverse power determined by pull-out torque of alternator 

Speed governor failure.+A, -f-B -f-C.0.Amount of power supplied by overspeeding machine depends on the number 

of machines and the type of drive 

Power equalizer failure.A.0.Direction of power depends on the type of failure and its location 

Excitation malfunctions.0.=**A, .Direction of reactive power depends on the kind of failure 


Key: -{- forward A =less than 0.15 per unit C = greater than 1.50 per unit 

— reverse B = 0 15 to 1.50 per unit 1.0 per unit = alternator name-plate rating 


between the alternator and its prime 
mover, the prime mover characteristics 
are no longer of importance in analyzing 
the condition, since the clutch does not 
allow any power to be transferred from the 
alternator to the prime mover. The 
power consumed by the alternator will 
be only the amount required to supply the 
losses, iron losses, and the friction 
and windage losses. These are always a 
very small percentage (approximately 10 
to 15 per cent) of the alternator rating. 

When free-wheeling couplings are not 
used, the power required by an alternator 
which has lost its prime mover will be 
greater and will be a function of the kind 
of drive and the type of failure. For 
example, the power required may be 
slightly more than is encountered with the 
free-wheeling feature for a bleed air tur¬ 
bine drive where all the air passages are 
closed, and would represent only the 
addition of the windage and friction losses 
to the alternator losses. On the other 
hand, the power required may be of the 
same order of magnitude as the alternator 
rating for this same air turbine operating 
as a compressor. The most severe case 
would probably be encountered where the 
prime mover is a reciprocating engine of 
large capacity as compared to the alterna¬ 
tor. If the load imposed on the alterna¬ 
tor by the loss of the prime mover is in 
excess of the pull-out torque of the alterna¬ 
tor, the alternator will lose synchronism 
and begin to slow down. Conditions of 
this sort are considered in the section 
which deals with dragging rotor condi¬ 
tions. 

As long as the pull-out torque of the 
alternator is not exceeded, the alternator 
will take power from the system and con¬ 
tinue to furnish its share of reactive power 
to the system. 

The conditions referred to as dragging 
rotor are those in which the power con¬ 


sumed by the alternator is such that none 
of the prime mover input is utilized in 
supplying load power. Such conditions 
may be caused by rubbing of the alterna¬ 
tor rotor, bearing seizure, loss of prime 
mover, and other mechanical failures. 

These failures may result in the loss of 
relative motion between rotor and stator. 
Before this occurs, the machine in ques¬ 
tion passes through two intermediate 
stages. The first stage involves a re¬ 
duction in the power supplied to the sys¬ 
tem. If this condition persists, it may 
result in the losses increasing to the point 
where the alternator is taking power from 
the system as well as from its prime mover 
(if the prime mover is operative). This 
condition appears to the system as a loss 
of prime mover, and the analysis of the 
preceding section holds. Should the 
mechanical load (the losses due to me¬ 
chanical failure) become so large that it is 
impossible for the alternator to develop 
enough torque as a motor to carry this 
load, the alternator loses synchronism 
and rapidly slows down to either a greatly 
reduced speed or a completely stalled 
condition. 

The power absorbed from the system 
as the losses increase reaches a value 
equal to the pull-out torque of the alterna¬ 
tor and is usually two or three times the 
alternator rating by the time synchronism 
is lost. Once synchronism is lost, power 
oscillations take place which are similar 
to the power swings during out-of-phase 
synchronizing previously discussed. 

As the alternator slows down, a point is 
reached where the machine is no longer 
able to maintain rated teniiinal voltage. 
This will take place on machines with 
integral exciters since the maximum 
exciter output, and consequently the 
maximum air gap flux is limited by the 
exciter speed. For machines which are 
excited by some other means, saturation 


of the magnetic circuit will limit the air 
gap flux even if sufificient current is sup¬ 
plied by the excitation system. In any 
event the alternator presents a highly 
reactive load to the rest of the system 
causing large currents to flow in the 
faulted alternator with an accompanying 
drop in system voltage. The severity of 
this voltage reduction is dependent on the 
number of machines on the system and is 
most severe for the 2-machine case. 

During normal operation, the alterna¬ 
tors comprising the electrical system oper¬ 
ate at their normal frequency, corre¬ 
sponding to the rated shaft speed, and 
they share system load through the use of 
various interconnections between the 
alternator governors. 

Faults may occur in the governor or 
control circuit, such as the failure of the 
speed-sensing element or its drive shaft, 
open or short circuits on various portions 
of the control leads, etc. These faults 
may have practically no effect on the sys¬ 
tem or may be so serious as to interrujit 
the production of power completely. The 
result is a function of the fault location, 
the size of the prime mover as compared 
to the size of the alternator, the type of 
coupling between the prime mover and the 
alternator, the relative rating of the paral¬ 
leled machines, and other characteristics. 

For example, if the paralleled alterna¬ 
tors are driven by the main engines 
through a variable ratio transmission and 
a free-wheeling connection, it is possible 
for the alternator and its drive to operate 
at different speeds. Consider a loss of 
speed sense on the variable ratio trans¬ 
mission so as to cause the alternator 
coupled to it to increase its frequency. 
The result would be to accelerate the re¬ 
maining alternators so they would ex¬ 
perience reverse power on all phases and to 
raise the system frequency to that dic¬ 
tated by the overspeeding machine. If 
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some sort of overspeed protection is pro¬ 
vided on the drive unit, the overspeeding 
alternator can be removed from the sys¬ 
tem and the rest of the machines can re¬ 
turn to nonnal operation. If no such 
overspeed protection is employed, or 
should it malfunction, then the other ma¬ 
chines on the system can continue to draw 
power from the overspeeding machine 
until mechanical failure of the machines 
occurs as a result of the abnonnal speed. 

If the system was modilied so that the 
free wheeling connection was not em¬ 
ployed, each machine would attempt to 
operate at that speed deteniiined by its 
governor and, as a result, loss of syn¬ 
chronism would occur on the system. 

Many types of system faults may be 
grouped in the category of excitation mal¬ 
functions. Among them are loss of al¬ 
ternator field, loss of exciter held, loss of 
voltage regulator sense, and various fail¬ 
ures in the reactive load divivSion circuits. 

Loss of alternator field or of exciter held 
causes the machine which has experienced 
this failure to take reactive power from 
the system instead of supplying it as is 
the nonnal condition. The effects on the 
system are serious in that they involve a 
reduction in the bus voltage and cause the 
remaining machines to operate at high 
currents and low power factors. If the 
total system load is small in magnitude, 
the system can slay in synchronism. 
During this period no reverse power is 
experienced by any of the machines on the 
system. For larger system loads, the 
excited machines of the system may not 
be able to supply the reactive power re¬ 
quirement of the unexcited machine and 
the system will lose synchronism, and 
large power swings will ensue. These will 
not die out and will persist until corrected 
by operator action or until mechanical 
failure lakes place. 

Failures occurring in the voltage regula¬ 
tor or equalizer system can also cause 
reactive power to be consumed by one 
or more alternators of the system. These 
failures may be accompanied by system 
overvoltage or undervoltage, unequal 
sharing of reactive load with its associ¬ 
ated reduction in system capacity, etc. 
For failures of this nature reverse reac¬ 
tive power may be experienced by faulted 
or unfaulted machines, depending upon 
the type and location of the failure. In a 
properly functioning machine the reac¬ 
tive power consumed as a result of maxi¬ 
mum excitation on another machine of 
the system may be of the same order of 
magnitude as the reactive power taken 
by a machine which has subnonnal excita¬ 
tion. Because of this feature, it is not 
possible to determine by the direction of 


flow of reactive power alone whether or 
not a particular machine is operating 
properly. 

Summary of Conditions 

System conditions in terms of direction 
and magnitude of power and reactive 
power flow at the point of measurement 
are summarized in Table I with explana¬ 
tory comments. Table values are given 
letter designations to indicate that cer¬ 
tain bounds or orders of magnitude apply 
to systems in general, and to emphasize 
the fact that specific values depend on the 
circuit parameters of specific systems. 

From Table I, it is possible to determine 
the feasibility of using directional indica¬ 
tions to select the circumstances under 
which a protective device should function, 
and to determine where additional intelli¬ 
gence is needed for a particular applica¬ 
tion. Quantities which are available to 
be sensed or measured are power and 
reactive power, time duration of direc¬ 
tional flow, or combinations of these 
quantities. The characteristics of mal¬ 
functions and of normal operation must 
be correlated in such a way that the com¬ 
bination of conditions chosen to indicate 
malfunction does not also occur for any 
nonnal or pemiissible operating condi¬ 
tions. 

In using the table, certain considera¬ 
tions must be kept in mind; 

1. The fact that sensed reverse power or 
reactive powei' of a certain magnitude occurs 
for each system condition for which trip is 
desired is not adequate in itself. Further 
investigation is required to ascertain that 
no permissible system condition also gives 
rise to the directional quantity, so that nui¬ 
sance tripping will not occur. 

2. When one machine is delivering power 
resulting from a malfunction, other ma¬ 
chines on the system are absorbing power, 
or experiencing reverse power flow at the 
sensing element. Thus, whenever a source 
circuit malfunction occurs which causes an 
alternator to deliver an excess of power or 
reactive power, the remaining, properly- 
operating alternators will be experiencing 
the reverse of these quantities. This is in 
conflict with the greater number of cases 
where a source circuit malfunction causes 
the defective machine to absorb real or re¬ 
active power. The possibility of removing 
a properly functioning alternator from the 
system as a result of the malfunction of 
another alternator is undesirable and should 
be prevented. This can be done by proper 
selection of the system property to measure, 
by setting the trip level, or by superimposing 
a requirement of additional intelligence for 
a signal to trip, 

3. A combination of conditions should be 
selected which provide the minimum possi¬ 
bility of indecisions (trip or not-trip) on a 
set of conditions, and the minimum diffi¬ 
culty of co-ordination with other protective 
equipment. 


Aix Example Application of the 
Method 

System Description 

The sample system will be one with 
the following characteristics. The al¬ 
ternators which operate in parallel are 
of the same kind in both construction and 
rating and are driven from the main air¬ 
craft engines through a variable ratio 
transmission and they are coupled to 
the transmission with a free-wheeling 
clutch. 

Reference to Table I indicates that 
additional information is needed to 
evaluate system performance under gover¬ 
nor malfunction. The variable ratio 
transmission (hereafter referred to as the 
drive) is capable of driving the alternator 
at about twice rated speed for normal 
engine cruising revolutions per minute 
if the speed governing system should 
fail. Because of this, overspeed protec¬ 
tion in the form of a centrifugal switch 
mounted on the drive is provided. The 
switch operates when the drive output 
speed exceeds by a preset amount the 
rated drive output speed. 'When the 
switch operates, it causes the drive to 
assume its minimum shaft speed position 
and also trips the alternator breaker so 
the machine is electrically removed from 
the system. During the overspeed condi¬ 
tion, reverse power occtirs on the rest of 
the alternators connected to the system. 
This reverse power may be as high as 
foirr times the generator rating for two 
alternators in parallel and light system 
load with the maximum reverse power 
occurring in any case about f seconds 
after the failure of the speed governor. 
If the centrifugal overspeed switch op¬ 
erates, the system will return to normal 
with the overspeeding machine removed 
in about t seconds where t>t^> duration 
of a synchronizing disturbance. If the 
overspeed switch does not operate, then 
reverse power in excess of magnitude A 
will still be present after t seconds. 

The various alternators on the system 
share the real and reactive load by virtue 
of equalizer loop connections among the 
machines. The real power equalizing 
system has small gain, that is, changing 
from no load to full load changes the 
prime mover speed only about 1/2 per 
cent for machines which are operating 
properly. Therefore the equalizer has on¬ 
ly a small effect on the power-sharing dur¬ 
ing abnormal system conditions. Reverse 
power which flows as a result of faults in 
the real power equalizing circuits will be 
small, and it will not be in excess of the 
power taken by a free-wheeling alter¬ 
nator. 
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pRotECTioN Requirements 

The following functional operating re¬ 
quirements have been arbitrarily selected 
for the purpose of demonstrating the use 
of directional protection methods. A 
justification of the assumed requirements, 
involving an analysis of the function of the 
aircraft, types of load devices, evaluation 
of weight, reliability, ease of operation, 
and other factors necessitating extensive 
analysis and judgments, is beyond the 
scope of this paper. 

Directional protection shall be de¬ 
signed which will perform several func¬ 
tions. One is to detect any short circuit 
occurring in the protection zone and to 
remove such a fault from the system 
before the fuses blow. The directional 
protection shall also detect when any 
alternator is taking more power from the 
system than it would take during free¬ 
wheeling operation, removing that al¬ 
ternator from the system if the condition 
persists for more than a transient period. 

The directional protection shall not 
operate during any normal system tran¬ 
sient such as synchronizing or sudden 
dropping of load, regardless of the direc¬ 
tion or magnitude of the power during 
this period. It shall not operate for 
abnormal system conditions caused by 
failures in the real power division or 
governor circuit except when such failures 
jeopardize the entire system. The direc¬ 
tional protection shall not operate for 
faults outside its own protection zone 
(through faults). 

Correlation or Requirements and 
Conditions 

Plaving specified the various system 
operating conditions, Table I will be 
used to determine the common charac¬ 
teristics of those conditions for which 
protection is desired. It will also be 
used to insure that system conditions for 
which protection is not desired do not 
possess these characteristics. 

A survey of the table indicates that a 
device sensitive to‘ reverse power in 
excess of A would perform all of the re¬ 
quired duties with the following excep¬ 
tions. It would not detect short circuits 
‘except for line-to-line faults, where it 
would operate improperly. It may act 
prematurely on loss of speed sense or 
during a synchronizing disturbance. 

A device sensitive to reverse reactive 
power would not provide protection for 
any of the required conditions and would 
act improperly on a line-to-line fault. It 
could also remove the wrong machine 
from the system in the event of a voltage 
regulator failure. 


It would appear then, that reverse 
power is the most suitable of these two 
quantities to sense. 

The major deficiency in detecting re¬ 
verse power in excess of magnitude A is 
the inability to detect line faults since, 
except for the line-to-line case, no voltage 
is available on the faulted phase. Dur¬ 
ing the line-to-line fault, the line currents 
are 180 degrees out of phase and it is 
therefore impossible to determine which 
alternators are good and which are faulty 
by the direction of power alone. 

On synclironizing distiurbances reverse 
power transients always occur as a result 
of out-of-phase synchronizing, but they 
die out quickly. The reverse power pro¬ 
duced by an oversp ceding alternator will 
be transient if the overspeed switch func¬ 
tions, and it should not cause the direc¬ 
tional protection to operate. If the over¬ 
speed switch does not operate in the re¬ 
quired time, all the remaining alternators 
should be removed from the system be¬ 
fore permanent damage to all the ma¬ 
chines may be incurred. 

Modificxations Necessary 

To provide protection on line faults by 
reverse power protection, it is necessary 
to provide a reference voltage. This 
may be achieved by: 1. Some sort of 
memory device, a capacitor for example, 
to provide as voltage reference the line to 
neutral voltage of the phase prior to the 
fault (the product of the reference voltage 
and fault cmTcnt would provide direc¬ 
tional power components on all line faults); 
2. A phase shift network which involves 
using the voltage of an adjacent phase or a 
line to line voltage, shifted in such a 
fashion that normal power and reactive 
power indications are produced during 
normal conditions (quadrant I) with the 
phase-shifted voltages. 

The use of the voltage prior to fault as 
the voltage reference does not completely 
satisfy the protection requirements, since 
improper action will still take place on 
line-to-line faults. Shifting the line to 
neutral voltage so that the indicated 
power during the fault is the product 
laEc, hEa, and TcE^ on each of the three 
phases, does satisfy the conditions. The 
phase shift should be of such a value that 
under normal conditions the shifted volt¬ 
ages Ecf Eui and occupy the positions 
of the normal voltages Ej and Ec re¬ 
spectively. Reverse power indications 
in excess of magnitude A for all of the 
line faults, except zero impedance 3- 
phase faults, are given for the phase shift 
specified. 

If it is assumed that improper action 
on line-to-line faults is less desirable than 


insensitivity to zero impedance 3-phase 
faults, the use of phase-shifted line-to- 
neutral voltages to provide line fault pro¬ 
tection is the most desirable of the meth¬ 
ods indicated. 

The improper removal of machines 
because of synchronizing disturbances 
can be prevented by utilizing a suitable 
time delay. The premature action on 
loss of speed sense can also be prevented 
by providing time delay. For the system 
of this example, a time delay of t seconds 
will be sufficient for both these conditions, 
and will still allow the directional power 
protection to function and prevent the 
destruction of the entire system if the 
overspeed protection should fail to oper¬ 
ate. 

The addition of the time delay, while 
improving the action of the protective 
device during transient conditions, does 
slow down the speed of protection in 
general. The only place where this is 
highly undesirable is on short circuits, 
since slow action may allow fuses to blow 
before the directional protection clears 
the fault. On all line faults, with the 
exception of 3-phase faults, reverse power 
will exist on one or two but not all tliree 
phases. On all other fault conditions, if 
reverse power does exist, all three phases 
will be involved. If a time delay is used 
under conditions of reverse power on all 
three phases, and no intentional time 
delay is provided when reverse power 
exists on some of the phases only, a device 
built with these characteristics will pro¬ 
vide the required protection. 

Functional Characteristics of 
Detector 

The functional characteristics of the 
device necessary to accomplish the pro¬ 
tection desired for the system used in the 
example can be divided into four cate¬ 
gories: 

Phase Shift 

A passive network is required which will 
give a voltage proportional to the input 
voltage, and which lags the input voltage 
to the network by an angle of 120 degi'ees. 

Phase Demodulators 

A circuit or device is necessary which 
can assume two stable states, one state 
corresponding to conditions of indicated 
reverse power (which is the same as the 
actual reverse power during conditions of 
balanced voltage) of magnitude A or greater, 
and the second state for conditions where 
the indicated power is positive, zero, or 
negative, and less than A in magnitude. 

Time Delay 

A time delay circuit or device is necessary 
to provide the required t seconds’ time delay. 


378 


Mamett, Granath—Directional Detection for Aircraft Alternators 


January 1954 



Balance or Unhalance 

A device or circuit which has two stable 
states, one state corresponding to conditions 
where all 3-phase demodulators give the 
same indication, and the other when indi¬ 
cation from one of the demodulators is 
different from the other two. 

The conclusions arrived at in the exam¬ 
ple are not intended to imply that solu¬ 
tions to all protection problems may be 
attained by the use of directional protec¬ 
tion or that tlie conclusions drawn are 
in any way general. For a different sys¬ 
tem and with protection against other 
failures or other combinations of fail¬ 
ures required, different results will be 
obtained. 

The system used in the example is an 


existing system, and the results obtained 
have actually been used in the construc¬ 
tion of a directional protector with the 
specified characteristics. 

Summary 

The factors of system performance 
which affect directional sensing in air¬ 
craft a-c electric systems have been dis¬ 
cussed in general and the requirements of 
a device to make use of the intelligence 
available from directional sensing have 
been developed for a specific case. To 
carry this development to completion, it 
is necessary to obtain quantitative values 
for sensitivity, time delay, current and 
voltage magnitudes, wave form distor¬ 


tion, etc., for application of the method to 
a specific system. There are also design 
problems to be solved to get components 
which will meet operating requirements 
of environment, size, weight and relia¬ 
bility, as well as the functional require¬ 
ments here outlined. It is believed, how¬ 
ever, that the establishment of the func¬ 
tional requirements must be the first step 
in successful development of a directional 
protection device for aircraft. 
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The Effects of Abnormal Conditions 
on Aircraft, Parallel A-C Power Systems 


S. C. CALDWELL 

ASSOCIATE MEMBER AIEE 

Synopsis: The purpose of this paper is to 
call attention to system malfunctions which 
may occur on parallel-connected, aircraft, 
a-c electric power systems. These mal¬ 
functions must be considered when an inte¬ 
grated study is made of the protection and 
operation of these sy.stems. A list and dis¬ 
cussion of these malfunctions is presented. 
It is hoped that this paper will stimulate 
discussion which will provide more nearly 
complete coverage of the problems asso¬ 
ciated with this type of system. 


I N RECENT year.s the growth of elec¬ 
tric power loads on aircraft has been 
extremely rapid. ^ As a result of this, and 
in an effort to reduce weight, an increasing 
number of aircraft power systems are 
being designed to operate at constant fre¬ 
quency with two or more alternators in 
parallel.2.3 The application of this type 
of system brings with it new protective 
problems as well as those usually found 
on other types of electric power systems. 
The importance of these protective prob¬ 
lems becomes magnified when it is real¬ 
ized that some projected aircraft cannot 
remain aloft without electric power. 

In the basic design of aircraft power 
systems consideration should be given to 
the functioning of the system under ab¬ 
normal conditions as well as normal con- 


A. J. WOOD 

ASSOCIATE MEMBER AIEE 

ditions. This paper presents a list of pos¬ 
sible malfunctions which have been en¬ 
countered and considered in recent ap¬ 
plications as well as those which have 
been known in the past. Different sys¬ 
tem configurations will emphasize dif¬ 
ferent problems, so that each system con¬ 
figuration needs a separate analysis 
based upon its own peculiarities. This 
listing, however, is intended to present 
the general problems common to all such 
systems. With these problems in mind, 
the selection of a particular configuration 
and protective system may be based upon 
adequate consideration of all the factors. 

Problems peculiar to isolated, variable- 
speed systems are not considered except 
where they appear related to parallel, 
constant-speed system conditions. Fig. 1 
illustrates the components of an aircraft 
power system. This discussion is con¬ 
cerned with malfunctions in the electric 
distribution system, alternator, voltage 
regulator, drive, and drive-governing 
system. 

Results 

Table I presents the list of malfunctions 
discussed in this paper and briefly states 
some of the effects of these malfunctions 


on system operation. It may be seen 
that these problems are not purely gen¬ 
erator problems, but also involve the 
drive and its control as well as the bus 
and distribution system. It is necesssary 
therefore that close co-ordination be 
maintained between manufacturers of 
drive, protective system, and airframe. 
The effects of these abnormal conditions 
on the functioning of the aircraft equip¬ 
ment or on the ultimate damage to the 
aircraft are not considered. This is a 
separate problem in itself and requires 
consideration for each particular air^ 
craft. 

System Malfunctions 

The sequence of the following discus¬ 
sion does not imply any relative scale of 
importance or probability of occurrence 
of the malfunctions. Various system 
engineers will undoubtedly rank these 
malfunctions in different orders. In 
general, it is a primary design objective 
that no single failure should result in loss 
of all electric power. 

Electric System Faults (Short 
Circuits) 

At present aircraft electric distribution 
systems depend upon fuses, current 
limiters, and thermal breakers for fault 
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Tabic 1. System Malfunctions of Aircraft A-C Electric Systems 


Malfunction 


Possible Causes 


Effects on System 


Damage Which 

May Result Remarks 


System Faults (Short 
Circuits) 


1. 

Accidental terminal 

1, Interruption or reduction in power 

1, 

Overheating of lines 


faults 

available for affected loads 

2, 

Damage to equipment 

2. 

Broken lines due to 

2. Possible loss of synchronism during 

3I 

Loss of generating 


vibration 

fault 


equipment 

3. 

Combat damage 

3. Possible overvoltage on unaffected 

4. 

Loss of entire system 

4. 

Wear (abrasion) 

phases 


by bogging or by fail¬ 



4. Large currents and reduced volt¬ 


ure to clear fault 



ages on the affected phases 




Large motor loads present special 
protective problems and may re¬ 
quire relatively long clearing 
times. Main busses generally 
require very long clearing times. 
Large drive power requirements 
for some types of faults 


Excitation Failures 
Overexcitation of one 
machine 


1. Loss of sensing lead 
to regulator 

2. Regulator failure or 
fault within the ex¬ 
citer 

3. Damage to reactive 
load division circuits 

4. Accidental error in 
regulator settings 


1. Rise in bus voltage; possible large 
system overvoltage 

2. Excess of reactive current out of 
abnormal machine 

3. Reduction in excitation and de¬ 
ficiency in reactive current out of 
normal machines 

4. Possible loss of synchronism pro¬ 
ducing large, fluctuating crirrents 
and torques in all machines and 
fluctuation of bus voltage about an 
average tending to be somewhat 
higher than normal 


Damage to generating 
equipment (most prob¬ 
ably to abnormal ma¬ 
chine) 

2. Loss of synchronism 

3. Damage to load equip¬ 
ment 


Underexcitation of 
one machine 


1. Loss of lead to ex¬ 
citer field 

2. Open in alternator 
field circuit within 
the machine 

3. Regulator failure 


1. Drop in bus voltage 

2. Deficiency in reactive current in 
abnormal machine 

3. Excess of reactive current in normal 
machines and possible large in¬ 
crease in excitation 

4. Possible loss of synchronism pro¬ 
ducing large, fluctuating currents 
and torques in all machines and 
fluctuation of bus voltage about an 
average which is lower than normal 


1. Damage to generating 
equipment (most prob¬ 
ably to normal ma¬ 
chines in 2-machine 
systems) 

2. Loss of synchronism 

3. Damage to load equip¬ 
ment 


Exciter polarity re¬ 
versals 


1. Random synchro- 1. 

nizing 

2. System faults 

3. Initial build-up tran- 2. 

sient 


Oscillating bus voltage which may 
produce system overvoltages (with 
carbon-pile regulators) 

Fluctuating currents in all machines 
which can be large 


1. Damage to load equip¬ 
ment 

2. Damage to generating 
equipment 

3. Damage to regulating 
equipment 


This problem is disappearing with 
the application of effectively 
dampered alternators and static- 
type voltage regulators 


Loss of Phase 

Isolated operation 


Parallel operation 


1. Fault clearing 

2. Broken line due to 
vibration 

3. Poor connections 

4. Combat damage 


1. Loss or reduction of power to load.s 

2. Reduction of starting torque for 
3-phase motors 

3. ISregative- and zero-sequence cur¬ 
rents will flow in system and gener¬ 
ator and sequence voltages will 
appear on affected portion of system 

4. Possible overvoltages on two normal 
phases (if a machine feeder or stator 
winding is opened) 


1. Possible overheating 
of alternators and ro¬ 
tating loads due to 
negative- and zero- 
sequence currents 

2. Possible damage to 
loads from overvolt¬ 
age on normal phases 


Not a highly damaging condition 
except where generator feeders or 
windings are opened or where 
large unbalanced currents are 
produced 


1. Fault clearing 

2. Broken line due to 
vibration 

3. Poor connections 

4. Combat damage 


1. Same as items I, 2, 3 above for open 
phases other than in machine 
feeders or stator windings 

2. Small negative- and zero-sequence 
voltages 

3. For opens in machine feeders or 
stator other than in electric load 
division phases, sequence currents 
will not be excessive 

4. For opens in phases sensed by elec¬ 
tric load division circuits: 

a. Bus voltage unbalance will be 
small 

h. Neutral currents in machines 
may be very large 

c. Circulating currents in normal 
machine phases may be very 
large 

d. Excitation on affected machine 
may he high 

e. Excitation on normal machines 
may be low 

f. Affected machine may carry 
most of real and/or reactive load 

g. The normal machines may pro¬ 
duce a deficiency of real and/or 
reactive power 


1. Possible overheating 
of alternators and ro¬ 
tating loads due to 
negative- and zero- 
sequence currents 

2. Possible overheating 
of alternator rotor due 
to high excitation 


Opening the phase without the 
load division circuits on machine 
feeders or stator windings will 
not seriously affect system opera¬ 
tion 


Random Synchronizing 


1. Operational syn- 1. 
chronizing 

2. Resynchronizing 2. 

after faults 

3. 


Transient interchanges of power 
and current 

Transient torques transmitted to 
the drives 

Possible exciter polarity reversals 


L The Continued appli¬ 
cation of transient 
torques may shorten 
the effective life of 
the drive 


Automatic synchronizing equip¬ 
ments will reduce the frequency 
but not preclude these occur¬ 
rences 


Drive Malfunction 
a. Overspeeding 
drive 


1. Mechanical malfunc¬ 
tions 


1. Overspeeding machine takes on real 1. 
load and tends to accelerate normal 


Overheating of ma¬ 
chine 
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Table i (continued) 


Malfunction 


Possible Causes Effects on System 


Damage Which 
May Result 


Remarks 


2 Loss of load division 
system 


machines and raise system frequency 

a. Without overrunning clutches 
on drives, overspeeding machine 
may be forced to run out of 
synchronism 

b. With overrunning clutch, sys¬ 
tem frequency will rise and over¬ 
speeding machine may carry 
large currents; normal machines 
will draw small real current from 
system and overrun their clutches 

2 . System voltages and reactive cur¬ 
rent division will remain near 
normal unless synchronism is 
lost 


2 . Possible damage to 
clutch 

3. Possible mechanical 
failure of generators 
or rotating loads 


b. Uiiderspeeding 
drive 


1. Mechanical malfunc¬ 
tions 

2 . I.oss of load division 
system 


1. Affected machine tends to drop real 
load and reduce system frequency 

a. Without overrunning clutches, 
machine may be forced to run 
out of synchronism (depending 
upon type of drive) 

b. With overrunning clutches, the 
machine will draw small real 
current to remain in synchro¬ 
nism by overrunning its clutch. 
vSystem frequency will drop with 
present drives, 

2. Bus voltage and reactive division 
will remain near normal unless syn¬ 
chronism is lost 


1. Possible damage to 
overrunning clutch 

2. Possible overloading 
of normal machines 

3. Possible damage to 
loads from underfre¬ 
quency operation 


c. Governor instabil¬ 
ity 


Dragging Machine 


1 . ^^alfuactio^ in the 
governing system 

2 . Kxcitation of a gov¬ 
erning system oscil¬ 
lation by the elec¬ 
trical system 


Governor instability may set up large 
oscillating currents and torques in ma¬ 
chines and bus voltage may fluctuate 
appreciably 


1. Broken alternator May draw very large currents from the 

shaft system 

2. Bearing failure 

3. Rubbing rotor 


1, Possible damage to 
alternator 

2. Possible damage to 
mountings 


1. Overheating of drag¬ 
ging machine 

2. Possible overheating 
of lines and normal 
machine 


Stalled machine may draw from 
three to six per unit current from 
the bus. The current drawn 
(real and reactive components) 
depends upon the amount of 
dragging torque and speed of 
alternator 


Loss of Load Division 
Circuits 


I{lectrical faults in 
hmd division circuits 
(open circuits as well 
as short circuits) 


1. Possible severe unbalance in real 
and/or reactive machine currents 

2. Possible drop in voltage and/or 
speed 


1. Possible overheating 
of alternators 

2. Possible damage to 
overrunning clutches 


Effect on the system operation 
depends upon the particular load 
division circuit(s) used and the 
malfunction which occurs 


protection.'*'^ These devices require large 
fault currents and poAver to clear, and the 
clearing times range from a few milli¬ 
seconds to several seconds. Generating 
systems {viz.y alternators, exciters, and 
regulators) are usually designed to yield 
a minimum of three per unit fault current 
for a 3-phase short circuit at the alter¬ 
nator tenninals. This means even higher 
unbalanced fault currents since the nega¬ 
tive- and zero-sequence impedances of the 
alternators are much less than the posi¬ 
tive-sequence impedance. 

Even with high fault current and suf¬ 
ficient power to clear faults, some faults 
may require longer than 1 second to 
clear. This has been found true particu¬ 
larly on main bus faults and faults on 
lines to large rotating loads which are 
protected by certain types of fuses and 
thermal breakers which will permit motor 
starting. These long fault clearing times 
require time delays in some of the gen¬ 
erator protective devices so that genera¬ 
tors will not be removed from the system 


during the time short circuits are being 
cleared. For instance, if neutral emrent 
actuates a protective relay, a time delay 
must be incorporated in the relay system 
so that this system will not remove the 
generator during unbalanced faults in¬ 
volving ground. This co-ordination prob¬ 
lem requires that fault clearing times be 
calculated fairly accurately.® 

Some types of faults may result in loss 
of synclironism during the fault since the 
available synchronizing torque may be 
very small. When this type of fault is 
cleared, the machines will have high ex¬ 
citation and very large system transients 
will occur. The protective devices must 
be able to override this condition without 
false trips. 

Momentary interruption of voltage to 
motor loads will cause them to decrease 
in speed. If these loads constitute a high 
percentage of the system load or if gen¬ 
eration is reduced by the fault, the sys¬ 
tem may not recover. Also, if the speed 
of induction motors drops sufficiently 


when the voltage is interrupted by a fault, 
the inrush current to the motor when the 
fault is cleared may be as high as the 
starting inrush current of the motor. 

The distribution lines used in aircraft 
a-c electric systems have a relatively 
high resistance.”^ This fact, coupled with 
the high fault currents produced by the 
generating systems and large alternator 
losses for some types of faults, requires 
high fault powder from the drive. The 
worst cases encountered to date by the 
authors have been single-line-to-groimd 
faults and line-to-line faults. The actual 
magnitude of the fault power required is a 
function of the sequence impedances of 
the system, the character of the loads, 
and the characteristics of the particular 
generating system in question. With stiff 
drives, the fault power requirement does 
not present a particularly difficult prob¬ 
lem either mechanically or electrically. 
If drives without overload capacity are 
used, these high power requirements under 
fault conditions may result in a large 
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Fig. 1. Alternator, exciter, and regulator combination for aircraft, 
parallel a-c systems 
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transient frequency droop which may re¬ 
duce fault current capabilities below that 
required to clear the fault. This condi¬ 
tion is one which must be considered also 
in the design of protective systems. If 
underfrequency or underspeed devices are 
utilized, they must be co-ordinated in 
such a way that the system is not shut 
down during or immediately following 
these speed dips. 

Excitation Failures 
Over excitation on One A4^achine 

If a regulator or exciter malfunction 
causes the excitation of one machine of a 
parallel system to rise, the terminal volt¬ 
age of the system will tend to rise. The 
reactive load division circuits (shown in 
Fig. 2) presently being used will not pre¬ 
vent the excitation of the normal ma¬ 
chines from being driven down. This ac¬ 
tion, as well as the amount of voltage 
rise, depends upon reactive division cir¬ 
cuit and machine constants and load. At 
light load, the only effect will be a bus 
voltage rise coupled with circulating re¬ 
active currents. This condition can be 
detected and the machine which is gen¬ 
erating the excessive reactive volt-am¬ 
peres can be removed from the system, 
provided the system overvoltage is great 
enough to warrant its removal. 

However, if the system load is large 
and real load division functions normally, 
the excitation on the normal machines 
will be driven low enough so that reac¬ 
tive currents will be severely unbalanced 


Fig. 2. 

between machines. These currents may 
be large enough to overheat the alter¬ 
nators. Under some conditions of large 
system load and with alternators which 
have a high synchronous reactance, the 
excitation on the normal machines may be 
driven so low that synchronizing torque 
is less than load torque and synchronism 
is lost before the system voltage rises high 
enough to actuate overvoltage devices. 
The normal machizes will then act as in¬ 
duction generators and the system in¬ 
stantaneous power flow and voltage will 
fluctuate and large, fluctuating reactive 
currents will flow in all the machines. A 
system with a large number of machines 
may prevent the bus voltage from rising 
enough to actuate overvoltage devices. 

If slipping takes place, pulsating torques 
will be transmitted to the alternator 
shafts at slip frequency. Since this fre¬ 
quency may be low (1 or 2 per cent of 
rated frequency), a danger of exciting 
mechanical resonance occurs, although 
use of a nonlinear coupling greatly re¬ 
duces this hazard. Also, the pulsating 
real power may excite the real load divi¬ 
sion system at its critical frequency and 
set up a speed-governing-system oscilla¬ 
tion. Again, use of nonlinear shaft cou¬ 
plings will tend to limit the amplitude of 
this oscillation. 

Underexcitation on One Machine 

If the reverse of the situation described 
in the foregoing occurs, that is, the ex- 


Reactive load division loop 

citation on one machine is reduced, the 
machine with low excitation will not gen¬ 
erate its share of the reactive volt-am¬ 
peres, and the system voltage will tend to 
decrease. If the alternator excitation is 
completely lost the power cainying capa¬ 
bility of the alternator will be limited to 
that due to saliency. However, if only 
the exciter iield current is reduced to zero, 
the power carrying capability of the 
■alternator will include the effect of the 
exciter residual voltage as well as the 
saliency effect. With high system loads 
synchronivsm may be lost and the mal¬ 
functioning machine will slip and cause 
fluctuations of system voltage and power. 

The characteristics of the system under 
this condition of slip are the same as given 
in the preceding section entitled “Over¬ 
excitation on One Machine." Flowever, 
the bus voltage will fluctuate about an 
average lower than rated. This level will 
be determined by the gain and saturation 
characteristics of the reactive division 
circuits together with load conditions. 

Under this condition the machine with 
low excitation must be removed from the 
system and the machines with high ex¬ 
citation must be left on the system. This 
is exactly the opposite situation to that 
described under the overexcitation condi¬ 
tion. During the time that these excita¬ 
tion malfunctions are present the loads 
will continue to be supplied provided that 
the system stability limits are not ex¬ 
ceeded. 
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Exciter PolarUy Reversals 

In addition to the excitation malfunc¬ 
tions just ^>iven, one of the troubles en¬ 
countered in i)aral1el system operation 
has been that of exciter iiolarity reversals. 
These reversals (Kvur fretjuently in lii>htly 
danipered alternators that have been 
synchronized out of step or on ihe occur¬ 
rence of a ;i j)hase fault. An exciter re¬ 
versal will cause an unstable re)»iilator 
condition so that the terminal voltage 
will oscillate. vSeveral methods of pre¬ 
venting exciter reversals have been found, 
and it appears that this problem may not 
be prevalent in future systems. 

Loss OF PlIASK 

The opening of a phase line either in 
the distribution system or inside of a 
machine is certainly a possible malfunc¬ 
tion. Combat damage, vibration, fault 
clearing, and poor meclianiea) t'onnections 
may all i)e causes of this malfunction. 

Isolated Operation 

Dpening a gencratdr lead when operut- 
iiig isolated, or opening a line anywhere 
in the distribution svslem (isolated or 
parallel f»perati(»n), will cause* a loss of 
pmver on that phase in the part of the 
system dependent tip(m that particular 
line. Three phase mottn’s on the system 
tend halamr the phase v(jltages by pro¬ 
viding low z<*ro sequiUKS* impedances. 
Therefore, if h phase* motors an* being 
su[)plied from the section of line with an 
Oficn phase in it, an appreciable voltage 
may still be present to supply single [)hase 
loads (»n the (»pem*d phase. 

An op<m line will redn(*e the full loud 
and, to a greater extent, tlu* stalling 
ca]>al)ili(ies of ;i phase motors. If the 
system load is large, the ahernator sup¬ 
plying the loa<l may become overheated 
due to the* imbalaneed currents. Also, an 
open line in the machine between the 
maelnm* and the voltage* regulator sen.sing 
leads, will residt in rwervoltages mi the 
other two phas«*s if the regulator senses 
[bpimsc e|nantities. 

Parallel Operation 

With a system tiperating in parallel, an 
Ojjen phase in a mm-hine or in one t)f the. 
lines ht‘lw(‘en machines will have little 
cheet on systmn operatimi. llie system 
bus Vf^ltage will remain relatively well 
balanced at rater! value since the aller- 
ufdor zero st‘queiice impedama* is small 
comjwrefl to the rUher sequence imped- 
ance.s. Sima* svstem zero seqnenee ini- 
pedaiiees are usually largi* compared to 
the alternator %*alue, only small unbal¬ 
anced currents will fh»w in the loads and 
little (if any) derating needs to be applied 
to the loads for this <‘ondit!on. Also, in 


the Systems studied to date, continuous 
operation of the machine under this con¬ 
dition has been possible, since unbalanced 
currents are relatively small and electric 
coupling between the alternators is little 
affected. 

However, if the phase containing the 
electric load division circuits is opened in 
an alternator or in the leads between 
machines, large unbalanced currents (zero 
and negative sequence) will flow in the 
machines and loads. This condition must 
be alleviated if overheating of the alter¬ 
nators and j)ossible loss of the system are 
to be prevented. This condition is 
brought about by the fact that an open 
circuit in the jiliase which contains the 
load division sensing circuit appears as a 
load un])alaiice in the load division cir¬ 
cuit. The differential load division cir¬ 
cuit will then force excitation (and/or 
power) U])wards in the machine with the 
open j)luise and force it downwards in the 
remaining machines. Therefore, the ab¬ 
normal machine will supply a dispropor¬ 
tionately large amount of reactive (and/or 
real) load and very large circulating 
neutral and phase cun*ents (in the two 
normal lines) will flow. Since these cur¬ 
rents may be of the order of two per unit 
or more, overheating can take place in 
both normal and abnonnal alternators. 
This unbalanced condition will also pro- 
dtice large third-harmonic currents in 
some alternators, which tends to ag¬ 
gravate overheating in such machines. 

Random Synchronizing 

Past experience indicates that with 
manual synchronizing systems alterna¬ 
tors are likely to be closed in out-of-step 
and out-of-phase.^ When a low-imped¬ 
ance 2- or 3“phase fault is cleared, the 
system will he sulijected to large resyn¬ 
chronizing surges. During such a fault 
the excitation of the machines rises to a 
high value and, since the electric coupling 
between machines is very small, the ma¬ 
chines will usually slip out of step. These 
resynchtonizing surges can be as large or 
larger than for initial synchronizing. 

The large current and torque transients 
attendant with random synchronizing 
may result in shortening drive life, and 
with lightly dampered, carbon-pile-regu- 
lated machines exciter reversals have 
been induced by field current transients 
under these conditions. There have been 
reports of damage to machine and drive 
mountings resulting from the large 
torques characteristic of these conditions. 

For these reasons, the industry has 
t)een greatly interested in automatic 
synchronizing equipment to prevent these 
major system disturbances and it appears 


that successful devices will be available 
soon. However, it should be noted that 
automatic synchronizing does not prevent 
random synchronizing upon clearing a 
multiphase fault. Therefore, drive and 
machine construction and mountings 
still must be able to withstand synchro¬ 
nizing surges if a high order of system re¬ 
liability is to be obtained. Automatic 
synchronizing will reduce the frequency 
of occurrence, but it does not eliminate 
completely the transient currents and 
torques due to random synchronizing. 

Malfunctions of the Drive® 

The drive malfunctions which affect 
the electric system are those resulting in 
overspeed, underspeed, or governor in¬ 
stability causing oscillations in speed. 

Overspeeding Drive 

When one drive overspeeds, its alter¬ 
nator will generate a disproportionately 
large share of the system real power re¬ 
quirements. If the total system real 
power requirements are within machine 
capabilities, the overspeeding machine 
will take on all of the system real load 
and tend to accelerate the nonnal ma¬ 
chines. If overrunning clutches are used, 
the system will operate at the overspeed 
with the nonnal machines continuously 
overrunning their clutches and drawing 
enough electric power from the system to 
overcome their losses. The normal ma¬ 
chines will still supply their sliare of reac¬ 
tive load. Cun'ents in the overspeeding 
machine will be very large if the load is 
heavy and damage due to overheating 
will ensue. 

If overrunning clutches are not used, 
normal drives will be accelerated if 
power requirements for this acceleration 
are within the capabilities of the over¬ 
speeding machine. Again, the overspeed¬ 
ing machine will have very large ciurrents. 
If there is insufficient power to accelerate 
the nonnal drives, the overspeeding 
machine will run out of synchronism and 
large current surges will flow in all ma¬ 
chines and slip frequency torques on the 
shafts will be large. 

Underspeeding Drive 

In a system with overrunning clutches 
drive underspeed will cause the affected 
generator to drop real load and absorb 
enough real power from the system to re¬ 
main in synchronism and overrun its 
clutch. Since this requires only small 
amounts of power and since the alternator 
still carries its share of reactive load, 
machine cun-ents will be small and result¬ 
ing system capacity may be greater than 
if the machine were dropped completely 
from the system. However, if differential 
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real load division is used, system fre¬ 
quency will drop to a value dependent 
upon division circuit constants and upon 
load. Also, if the overrunning clutch 
cannot operate continuously in the over¬ 
running condition, clutch failure may en¬ 
sue and slow or stop the machine rotation. 

In a system without overrunning 
clutches, if the generator has insufficient 
power capabilities to force the drive to 
operate at synchronous speed, the gener¬ 
ator will run out-of-step and cause large 
pulsating currents and torques both in 
itself and in the normal machines. 

If all drives are operating at under¬ 
speed due to low engine speeds, generator 
and regulator characteristics are such 
that bus voltage may be maintained down 
to 75 per cent speed or less. Saturation 
in transformers and induction motors 
may raise magnetizing currents to levels 
high enough to seriously damage the 
loads or to operate load overcurrent de¬ 
vices in addition to overloading the al¬ 
ternator field due to its own saturation 
characteristics. This last is true of both 
isolated and parallel systems. 

Governor Instability 

Governor hunting or instability may be 
caused by a malfunction in the governing 
system due to mechanical or electrical 
damage to control components. This 
hunting may then set up large current 
and torque oscillations in the alternators. 
These oscillations can cause severe me¬ 
chanical damage to the alternator and its 
mountings. 

Dragging Machine 

Alternator speed may be reduced or an 
alternator completely stopped by me¬ 
chanical faihues such as a broken shaft, a 
bearing failure, or a rubbing rotor. If 
machine speed is reduced to the point 
where it is stiU running at synchronous 
speed but is dragging, real power will 
flow into the machine. If the alternator 
speed drops still further it will pull out of 
step with the system and system voltage 
and power flow will oscillate. A com¬ 
pletely stalled machine acts as a reactance 
load on the system and will draw high 
currents. The magnitude of these cur¬ 
rents depends upon the reactance of the 
alternator. 

Loss OF Load Division Circuits^® 

Reactive Load Division 

The reactive load division circuit may 
suffer several types of failures. If the 
loop is opened the voltage regulators will 
revert to droop-type regulators where the 
terminal voltage is determined by the re¬ 
active load and by the amount of droop 
incorporated in the regulators. Reactive 


load division will be maintained between 
the machines to a degree dependent upon 
droop circuit characteristics and regulator 
settings. If a current transformer in the 
loop is open-circuited the regulator in¬ 
volved will increase the excitation of its 
alternator and decrease excitation on the 
normal machines. This excitation may 
go to high values but system voltage will 
remain near normal. The affected ma¬ 
chine will carry large reactive load and 
may overheat. 

Short-circuiting a current transformer 
in the reactive division loop will remove 
the droop signal from the associated volt¬ 
age regulator. The subsequent action of 
the voltage regulator will depend upon 
the initial setting of affected voltage reg¬ 
ulator with respect to settings on the 
normal regulators. The affected machine 
excitation may be driven to a high level 
or to a low level depending upon these rel¬ 
ative settings. Reactive current un¬ 
balance between machines will depend 
upon these settings. For instance, if the 
initial setting of the regulator with the 
short-circuited current transformer is 
higher than the settings on the normal 
machines, the affected machine will tend 
to raise the bus voltage and generate an 
excessive share of reactive load. 

Opening the line between the reactive 
division loop and the regulator drooping 
transformer will also cause a loss of reac¬ 
tive droop signal to the regulator. Since 
the loop is still intact, reactive load divi¬ 
sion will be maintained. However, if the 
voltage drop across the open drooping 
transformer in the regulator is significant, 
the excitation of its alternator will rise 
and tend to raise bus voltage. The ulti¬ 
mate bus voltage will depend upon the 
circuit constants. 

Real Load Division 

Real load division may be accomplished 
by a differential loop or by a drooping 
speed versus load characteristic in the 
governor. A. failure in this latter type of 
governing system will cause the real load 
to be redistributed among the remaining 
machines on the system. 

Failures in differential systems may 
take the form of open or short circuits or 
mechanical damage to servomotors or 
other components. The particular form 
of control system used will determine the 
effect on the electric system upon the oc¬ 
currence of a fault in the differential real 
load division system. The usual results 
to be expected are that one machine will 
increase its speed slightly and generate all 
of the real power on the system. If over¬ 
running clutches are used, the remaining 
machines will motor and overrun the 
clutches. Also, if the system load is 


heavy, the alternator which is generating 
the load power may become overheated. 


Conclusions 

1. A parallel a-c system is subject to a 
number of malfunctions which can impair 
its operation or cause complete loss of 
system function. These conditions have 
been discussed qualitatively in some detail 
with the intention of providing the system 
engineer with criteria with which to esti¬ 
mate the type and degree of protection 
needed to meet the increasingly reliable 
operational standards required in modern 
aircraft. 

2. The authors feel that the compilation 
of the abnormal system conditions given in 
Table I, plus the evidences of their exist¬ 
ence, will provide assistance in analyses of 
integrated aircraft power systems by bring¬ 
ing together in one place a list of abnormal 
conditions under which the system may be 
called upon to operate. 

3. It is hoped that additions to this table 
and discussion will be forthcoming: this 
paper presents only those aspects which 
have come to the attention of the authors 
and it is thought that other problems un¬ 
doubtedly exist in this field. 

4. Due to considerable variations in system 
configurations and parameters, no attempt 
has been made to present quantitative 
results. It is felt that, for the present, 
each different system must be analyzed 
separately both quantitatively and quali¬ 
tatively as an integral assembly if optimum 
compromises between reliability, complex¬ 
ity, weight, and space are to be obtained. 
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Discussion 

Paul F. Boggess (Westinghouse Electric 
Corporation, Lima, Ohio): The authors 
slate that, “In general, it is a primary de¬ 
sign objective that no single failure should 
result in loss of all electric power.’' Re¬ 
liability of a parallel a-c power system is 
obtained because two or more sources of 
power are available to a single bus system. 
If a-c power is the primary power source, 

i.e., without a-c power the aircraft is unable 
to fly, then the primary design criterion 
must be that no single fault in the power 
system results in appreciable loss of electric 
power to the loads and continuity of a-c 
power to the bus is essential. 

A parallel a-c power system is composed 
of the following components: engine, drive 
with frequency and real load control, a-c 
generator with voltage and reactive load 
control, a control and protective system 
and a bus system. System malfunctions 
cannot be limited in evaluation to the effect 
on an individual component, but must in¬ 
clude evaluation of interrelations existing 
in the system. For example, if an excita¬ 
tion fault occurs, what effects are seen in 
frequency and real load civision control? 

Electric short circuits in combination 
with certain system and fault impedances 
can impose heavy mechanical loads on the 
drives. If drives without the proper over¬ 
load capacity are used, the high fault power 
requirements may result in a large transient 
frequency droop which may reduce fault 
current capabilities below that required to 
clear the fault. Under such a condition 
the system very likely will not recover. 
vSuch a-c power systems will not be satis¬ 
factory as the prime objective stated in one 
manner by the authors, and in another 
manner in this discussion, would not be 
satisfied. One fault could cause the loss 
of all power. It seems to be necessary that 
drives with sufficient overload capacity 
must be used in a-c power systems. 

In considering over- and underexcitation 
faults, the number of machines in parallel, 
the strength of the reactive load division, 
and the type of regulator used must be 
considered when determining the rise or fall 
in system voltage when the fault occurs. A 
static-type regulator does not react the 
same as a carbon-pile-type regulator under 
extreme fault conditions. It is also true 
that static-type regulators from different 
manufacturers may not give the same re¬ 
sults. 

Exciter polarity reversals have been listed 
as an abnormal condition in a parallel a-c 
system. Again, we must consider the type 
of voltage regulator and a-c generator we 
are considering. With carbon-pile regu¬ 
lators, exciter polarity reversals can occur 
during build-up of the voltage, on the ap¬ 
plication of a short circuit and if water im¬ 
pinging on the commutator of the exciter 
causes commutator to brush separation, 
forcing the main field power to flow in the 
reverse direction in the exciter shunt field. 
Static-type voltage regulators, in general, 
are devices which provide separate excita¬ 
tion to the exciter. Polarity reversals do 
not occur as long as the static regulator pro¬ 
vides the separate excitation. The authors 
state that effectively dampered a-c gen¬ 
erators and static regulators are a cure to 
the problem of exciter polarity reversals. 


Will effectively dampered a-c generators 
with carbon-pile voltage regulators have a 
polarity reversal problem? Discussion has 
been presented on this subject in the past A 
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S. C. Caldwell and A. J. Wood: We would 
like to thank Mr. Boggess for his comments 
and interest in this paper. 

Reliability in aircraft electric systems is 
becoming increasingly important as the 
modern aircraft increases its dependence 
upon electric power to fulfill its mission and 
even in many cases to remain in flight. 
The objective that in a parallel system single 
malfunctions should not cause complete 
loss of power must be extended to cover 
the entire system. That is, if the reliability 
inherent in a parallel system is to be main¬ 
tained, single faults in the alternators or 
voltage regulators controlling the alterna¬ 
tors, drives, drive controls, or electric pro¬ 
tective system should not cause complete 
loss of power. The authors do not believe 
that the statement “reliability of a parallel 
a-c power system is obtained because two 
or more sources of power are available to a 
single bus system” is complete. While a 
well-protected, parallel system can be made 
highly reliable, cognizance of the special 
problems attendant upon parallel operation 
is required if this high degree of reliability is 
to be obtained. The purpose of the paper 
was to point out these special problems so 
that they might be taken into account when 
designing a parallel, a-c system. 

Mr. Boggess’ comments on the effects of 
malfunctions are substantially those pre¬ 
sented in the paper. The effects of any 
malfunction must be analyzed from a sys¬ 
tems viewpoint. That is the aim of the 
data which are presented in Table I. In 
the instance noted by the discusser, part of 
his question is answered in the presentation. 
For the remainder: the reaction of the 
frequency controls depends upon the par¬ 
ticular drive used, i.e., whether speed sens¬ 
ing is obtained from alternator voltage or 
from a separate sensing device or a combina¬ 
tion of the two and, in the case of out-of¬ 
step operation, on the transient response 
characteristics of the drive system. With 
most drives that are available, basic speed 
control is obtained from a separate sensing 
device, and alternator output frequency 
sensed from the voltage (if used) performs 
only a trim function on the speed control. 
Hence, changes in frequency with changing 
bus voltage are limited and compared with 
the effects of the basic malfunction of over- 
or underexcitation these speed variations 
are not considered important. 

Note has been made in the presentation 
of the possibility of exciting a resonance if 
out-of-step operation occurs and, should 
this occur, serious mechanical damage to the 
system may ensue. 

The maximum power requirement on a 
given alternator drive must be considered 
from both a steady-state and transient 
basis. In a recent study of the alternator 
drive power requirements for a multi¬ 
generator installation on a large aircraft, it 
was found that the', intermittent overload 


requirement and not fault power was the 
determining factor in choosing drive ratings. 
This situation arose because of the imposed 
requirement that a large percentage of the 
total electric load be supplied from a re¬ 
duced number of alternators. 

The magnitude of transient fault power 
required depends upon the following fac¬ 
tors: 

1. Type of fault. 

2. Location of the fault in the system. 

3. Duration of the fault. 

4. Alternator parameters. 

5. Voltage regulator parameters. 

It was stated in the paper that single line- 
to-ground and line-to-line faults will gen¬ 
erally produce the largest fault power re¬ 
quirement. These high fault power re¬ 
quirements are basically due to: 1. the 
necessity for large fault currents to clear 
thermal devices in the distribution system; 

2. the use of relatively high resistance 
distribution lines; 3. the PR losses in the 
amortisseur circuits; 4. the increased load 
on the unfaulted phases. 

The effects of requiring a larger amount of 
power output from a drive than it is capable 
of supplying will be seen in a transient fre¬ 
quency droop. The magnitude and dura¬ 
tion of this droop depend upon the following 
factors: 

1. System inertias. 

2. Magnitude of power required. 

3. Maximum power available from the 
drive. 

4. Response characteristics of the drive 
governor. 

5. Duration of the fault. 

6. Amount of prefault load. 

The duration of the fault is lengthened as 
larger sizes of thermal protective devices 
are used. 

The steady-state fault power requirements 
on two large, multiengine aircraft have 
been studied and found to reach values of 2 
to 3 per unit following the initial transient. 
However, the authors do not believe that 
these figures can be taken as a general rule 
for purposes of drive design. The fault 
power requirements should be considered 
on an energy basis. The high fault power 
must exivSt for a sufficiently long time to 
have a noticeable effect on system frequency, 
since the rotational energy of the machine 
and drive are large. On this basis a com¬ 
bination of long, high resistance lines plus 
long fault clearing times (feuch as would be 
obtained by the rise of large thermal pro¬ 
tective devices) are required to produce a 
significant frequency droop even without 
augmentation of energy input to the drive. 
The loads on many aircraft systems are 
well diversified and no large thermal pro¬ 
tective devices are required on such sys¬ 
tems. Therefore, system faults will be 
cleared rapidly enough to preclude any 
large frequency droop on unbalanced faults. 

In view of this we agree fundamentally 
with Mr. Boggess’ statement that “. . . drives 
with sufficient overload capacity must be 
used in (aircraft) a-c power systems.” 
However, it is necessary to define precisely 
the phrase “sufficient overload capacity” 
in terms of what is actually needed. 

Exciter reversals of electrical origin in 
carbon-pile regulated systems have been 
overcome by several methods. One is by 
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means of heavy dampers in both axes 
(which are desirable for other reasons as 
well) on the alternator together with high¬ 
speed regulators and transient field bias; 
another is by means of series and shunt 
windings on the exciter which tends to 
lengthen rotor current decay time, These 
are discussed in detail in the reference noted 
by Mr. Boggess. 

For these reasons, the authors feel that 
the reversal problem appears surmounted 
at the present time. It should be noted 
however, that, as long as carbon-pile regu¬ 
lators are used, new operating conditions 
affecting the mechanics of commutation 
and brushes may arise and the problem 
may return. Thus, the discusser s com¬ 
ments on static regulators are pertinent in 
that they point out the inherent superiority 


of the static regulator which, without re¬ 
course to special windings or devices, ap¬ 
pears very effective in combating this 
problem. 

We would like to include several worth¬ 
while additions to the paper which were 
suggested by Jonn Ward.^ All of the 
following comments apply to the data of 
Table I of the paper. 

System Faults 
Effects on system: 

5. May cause very large ripple in transformer- 
rectifier d-c output. 

6 . May cause saturation currents to flow in 
iron core devices which may operate thermal 
protectors in these circuits before the fault 
is cleared by the system protection. This is 
particularly true in the case of line-to-lme 
faults. 

7. May require 5-phase loads to operate on 
1 or 2 phases following the fault. 


Exciter Polarity Reversals 
Possible causes: 

4. Worn-down or hung-up exciter commutator 
brushes. 

Remarks: 

Effectively dampered alternators will not pre¬ 
vent polarity reversals caused by worn- 
down exciter commutator brushes. 

Dragging Machine 
Effects on system: 

System voltage may be depressed. 

Remarks: 

The current drawn depends upon the amount 
of dragging torque, speed of alternator, and 
characteristics of the reactive load division 
circuit. 
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Continuous Current Capacity of Bundled 
Cables for Aircraft 
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E lectric cables installed in aircraft 
are normally tied together in bundles 
for a portion of the cable run from the bus 
to the individual load device. As a con¬ 
sequence, the temperature of a particular 
cable depends not only on the current 
which it carries but also on the currents 
which flow simultaneously in other cables 
of the group. The problem of the current 
capacity of cables in bundles can be 
stated as follows: given any set of cur¬ 
rents, how shall individual cables of the 
proper size be selected so that their limit¬ 
ing temperature is not exceeded when the 
cables are arranged in a bundle; or, 
stated conversely, given any specified 
bundle of cables, what is the combination 
of currents which may be carried by the 
cable group. 

Sound cable ratings are necessary for 
the safety of the aircraft and for economy 
of cable weight. The inadequacy of the 
existing cable ratings is widely recog¬ 
nized. Since present bundled-cable rat¬ 
ings are not sound technically, it is pos¬ 
sible seriously to underload or to over¬ 
load cables in a given bundle. In addition 
the present method of rating cables 
severely restricts the number of cables 
which may be loaded simultaneously. 

Each bundle of cables or currents con¬ 
stitutes a distinct problem in heat flow. 
It will become evident from the number 
and kinds of variables which are involved 
that finding an exact solution would be a 
lengthy and difficult process. The in- 
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finite variety of possible bundles makes it 
necessary to seek an approximate solution 
which can be applied easily to any given 
bundle. 

This paper is concerned with only one 
of the criteria which limit cuixent capac¬ 
ity, namely, the maximum permissible 
temperature of the insulation. The rela¬ 
tive convenience of measuring conductor 
temperatures makes it desirable to state 
the thermal limitation as a maximum 
conductor temperature. This may be 
done because the conductor temperature 
is nearly constant over its cross section 
and because the temperatures of the 
conductor and insulation differ negligibly 
at their common boundary. When ap¬ 
plied to a bundle of cables, this criterion 
requires that the hottest conductor must 
not exceed the maximum preassigned tem¬ 
perature. 

The investigation has been confined 
to rating cables for direct current. The 
application of the method to rating cables 
for alternating current will depend pri¬ 
marily on how much the effective re¬ 
sistance of each conductor will vary as a 
result of the different possible proximity 
effects. 

It is the aim of this article to show that 
a basis exists for an approximate solu¬ 
tion of the problem of the continuous-cur¬ 
rent-rating of cables in bundles. In ad¬ 
dition, a simple graphical method for 
selecting cables or current values for the 
bundled condition will be described. The 


method will be embodied in a cable-selec¬ 
tion and cable-rating chart which can be 
drawn for any prescribed set of condi¬ 
tions Thus, charts can be drawn for 
various cable specifications, bundle con¬ 
struction, loading conditions, and en¬ 
vironments. The cable charts are easy 
to draw and apply. Their application to 
bundled cables will provide a simple 
means of obtaining the lowest over-all 
cable weight consistent with the safety of 
the aircraft. 

Factors Affecting Heat Transfer 
in Bundled Cable 

Since the limiting criterion with which 
we are concerned is a maximum conductor 
temperature, a brief review of the factors 
affecting heat transfer in bundles is de¬ 
sirable. The factors affecting heat trans¬ 
fer for the case of uniform bundles 
(bundles composed of cables of a single 
size) have been described in a previous 
paper.^ It will be shown later that mixed 
bundles (bundles composed of cables of 
more than one size), under conditions to 
be specified, dissipate heat at the same 
rate as uniform bundles liaving the same 
cross-section area. As a consequence of 
this fact it is possible to apply several of 
the results of the uniform-bundle study 
to mixed bundles. 

An exact analysis of the effect of each 
parameter is not possible because of the 
complex heat-flow bou ndaries and the 
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nonlinear heat-transfer relations at the 
bundle surface. A subsidiary difficulty 
to be noted is the fact that the effect of 
changing one parameter (on the ability 
of the bundle to dissipate heat) depends 
on the concomitant values of the remain¬ 
ing variables. However, an approximate 
description is possible and is valuable for 
understanding the problem. 

Properties of Individual Cables 

The properties of the individual cables 
which are important for heat transfer 
are conductor diameter, insulation thick¬ 
ness, insulation themial conductivity, and 
surface emissivity. The thermal con¬ 
ductivity of the conductor is so great 
compared to that of the insulation that 
its theimal impedance may be neglected. 
An approximate calculation of the effect 
of each of the parameters can be made for 
unifonn bundles, and an example of the 
heat-flow equations required for such a 
calculation is given in Appendix I for a 
bundle of 19 cables. 

An increase in the diameter of the in¬ 
dividual conductors decreases both the 
internal and external themial resistance, 
so that greater heat dissipation can oc¬ 
cur, Similarly, an increase in the thermal 
conductivity or surface emissivity of the 
insulation of the individual cables in¬ 
creases the ability of the bundle to trans¬ 
fer heat. Cdculation shows that a 50- 
per-cent increase in thermal conductivity 
of the insulation would improve the heat 
dissipation 8 per cent for a bundle of 19 
AN-18 cables and 12 per cent for a bundle 
of 19 AN-1/0 cables. {AN-18, AN-1/0, 
etc., are the individual cable size desig¬ 
nations given by Military Specification 
MIL-W-5086,^) The effect of increas¬ 
ing the insulation thickness of the in¬ 
dividual cables on the bundle heat dis¬ 
sipation is less obvious. The theiinal 
resistance of the bundle interior increases, 
while the exterior or bundle-surface re¬ 
sistance decreases; the latter effect fol¬ 
lows from the enlarged surface ai'ea. 
For example, calculation shows that an 
increase of 100 per cent in insulation 
thickness for AN-18 cables would 
permit 13 per cent more heat to be dis¬ 
sipated from a bundle of 19 AN48 
cables, and that the same per-cent in¬ 
crease in insulation thickness for an AN- 
1/0 cable would result in 6 per cent less 
heat dissipation for a bundle of 19 AN- 
1/0 cables. 

Properties of Bundle 

The effect of four bundle factors is 
considered: 1, bundle tightness, 2. posi¬ 
tion of loaded cables within the bundle, 

3. presence of dummy (unloaded) cables, 


and 4. the number of cables loaded simul¬ 
taneously. 

Let us suppose that we start with an 
arbitrary bundle tightly bound at in¬ 
tervals of 1 inch and ask what happens to 
the heat dissipation for a given maximum 
conductor temperature as the interval of 
tie is increased to 6, 12, or 24 inches, i.e., 
the bundle is loosened. Measurements on 
unifomi bundles showed that the heat 
dissipation changed gradually and either 
increased or decreased depending on the 
position and number of cables loaded 
simultaneously.! In no case did the heat 
dissipation fall more than 12 per cent be¬ 
low the original tight bundle condition. 
It can be assumed that the effect of the 
interval of tie would be the same for 
mixed bundles. 

Measurements on unifonn bundles 
show that there is some variation in heat 
transfer with the position of the loaded 
cables, but it does not appear practical to 
take advantage of the favorable con¬ 
figurations.! 

The effect of dummy cables on the heat 
dissipation of the loaded cables depends 
on the number loaded simultaneously, the 
position of the loaded cables, and on the 
tightness of the bundle. For tight bundles 
and a given number loaded, the heat dis¬ 
sipation increases when dummy cables are 
added to the bundle. For example, if 
only one cable in a bundle of 37 AN-18 
cables bound at 1 -inch intervals is loaded, 
it can dissipate 25 per cent more heat 
than a single cable in air subject to the 
same conductor temperature rise; if 
only seven of the cables in a bundle of 37 
AN-18 cables (bound at l-inch intervals) 
are loaded, they can dissipate 12 per cent 
more heat than a bundle of seven AN-18 
cables (bound at 1-inch intervals) in 
which all cables carry current. When the 
bundle is loosely bound, the beneficial 
effect of dummy cables is reduced or 
eliminated. Measurements show that 
when only one cable in a bundle of 37 
AN-18 cables (bound at 2-foot intervals) 
is loaded, it dissipates heat at the same 
rate as a single cable in air.! Conse¬ 
quently, it does not appear practical to 
apply the favorable effect of dummy 
cables in a quantitative manner. 

The effect of the number of cables 
loaded simultaneously cannot be de¬ 
scribed for the general case of the mixed 
bundle. For the special condition in 
which the loaded cables are of a single 
size and carry identical currents, (tiie 
allowable heat dissipation per cable) was 
observed to satisfy approximately the re¬ 
lation 

Pn^Pilny 0.33<7<0.40 
where 


Fi==the heat dissipated by a single cable in 
air 

n~the number of cables loaded simultane¬ 
ously 

It will be seen in the section entitled 
‘‘Basis for Rating Cables in Bundles” that 
heat dissipation for the general case of 
mixed bundles can be treated as a func¬ 
tion of the cross-section area of the 
bundle. 

Conditions of Problem 

A standard set of conditions must be 
selected for the bundle and its environ¬ 
ment to serve as a reference. These con¬ 
ditions are a prerequisite for a clear dis¬ 
cussion, and are not intended to restrict 
the installation of cables in aircraft. 
(The application of the analysis and re¬ 
sults to other sets of conditions will be 
described later.) 

1. ^ Cables whose dimensions and conductor 
resistance fall within the limits given by 
Military Specification MIL-W-5086 for 
sizes AN-22 and larger will be taken as 
standard. The thermal conductivity of the 
insulation of typical aircraft cables has been 
shown to lie in the range of 0.0034dz0.0006 
watt inch“! degi'ees centigrade" xhis 
range of thermal conductivity will be taken 
as standard. 

2. Bundle size is limited to a maximum 
cross-section area (insulation and conduc¬ 
tor) of approximately 4 square inches. In 
terms of the number of cables per bundle, 
four square inches corresponds roughly to a 
bundle of 20 ^iV-i/0 or a bundle of 450 ^iV- 
18 cables. 

3. An ambient temperature of 25 degrees 
centigrade, a maximum allowable conductor 
temperature of 65 degrees centigrade, and 
sea level pressure will be taken as standard 
conditions. 

4. Heat transfer from the bundle surface 
is to occur only by natural convection and 
radiation, since the bundle is located in free 
air. 

5. The bundle should be a compact group, 
roughly circular in cross section, and bound 
by ties or supports at intervals of 6 inches 
or less. 

6. No limit will be placed on the number 
of cables in a bundle which may carry 
current simultaneously. 

Basis for Rating Cables in Bundles 

The standai*d conditions previously 
mentioned impose significant restrictions 
on the number and kinds of bundles to be 
considered. Nevertheless, a very great 
number of bundles are possible, and 
therefore there remain an equally large 
number of distinct heat-flow problems to 
be solved. It is clear that neither an ex¬ 
act analytical solution nor a graphica 
solution (i.e., a plot of the heat-flow lines; 
for each bundle is feasible. 
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The approach to the problem to be con¬ 
sidered here is to determine the class of 
conditions for which heat transfer in 
bundles is poorest and to assume that 
these conditions apply to all bundles 
satisfying the standard conditions given 
in the preceding section. Cable ratings 
must be based on the poorest heat-trans¬ 
fer conditions if safe operation of the 
electric system is to be assured. The pos¬ 
sibility of this approach to the rating of 
bundled cables was suggested by an 
analysis of heat dissipation of uniform 
bundles. 

The term “power dissipation density” 
(p.d.) which will be employed in the 
following discussion is defined as the heat 
dissipated by a unit length of bundle 
divided by the cross-section area of the 
conductors and insulation of the current- 



AN-'IS Current per Cable, amperes 


Fig. 2. Possible currents for a mixed bundle 
consisting of 19 AN-18 cables surrounded by 
6 AN-1/0 cables. Every AN-18 cable and 
every AN-1 /O cable carries the current shown 


carrying cables in the bundle. The heat 
dissipated is simply the sum of the electric 
power losses of the individual conductors 
loaded simultaneously. 

P.D. OF Uniform Bundles 

If p.d. is plotted as a function of cross- 
section area for fully loaded uniform 
bundles, a distinct curve is obtained for 
bundles of each cable size. (A fully 
loaded bundle is one in which every cable 
carries current simultaneously.) Fig. 1 
exhibits the experimental results for 
uniform bundles of AN-18, AN-8, and 
AN-1/0 cables. The points plotted for 
size AN-18 cables correspond to bundles 
of 1, 3, 7, 19, 37, and 1G9 cables. Bundles 
of 1, 3, 7, and 19 cables were used for 
both AN-8 and AN-1/0 curves. In ad¬ 
dition to the conditions listed in the pre¬ 
ceding section, every cable in any given 
bundle carried the same current. Fig. 1 
is of particular interest because it shows 
that the p.d. for uniform bundles lies 
within a narrow band of values. For a 
cross-section area up to 4 square inches, 
it can be seen that the maximum p.d. 
for any given area is less than 40 per cent 
greater than the minimum for the same 
area. 

The p.d. of uniform bundles of the 
same cross-section area (conductor plus 
insulation) is a function of the thickness 
of the insulation of the individual cables 
and the number of layers of insulation 
through which the heat must fiow. If the 
insulation thickness were a constant for 
all cable sizes, it would follow that the 
p.d. for uniform bundles of large cables 
would be greater than that for unifonn 
bundles of small cables for a given bundle 


cross-section area. Actually, it is ob¬ 
served for typical aircraft cables, satisfy¬ 
ing Military Specification MIL-W-5086, 
that the insulation thickness ranges ap¬ 
proximately from 25 mils for an AN-22 
conductor to 50 mils for an AN-1/0 con- 
ducto»r. C^alculation of p.d. by the method 
illustrated in Appendixes I and II for the 
range of bundles permitted by the pre¬ 
ceding section shows that this limited 
variation in insulation tliickness is neg¬ 
ligible. Consequently, the uniform bun¬ 
dle p.d. curves for cable sizes between 
AN-18 and AN-1/0 will lie within the 
curves in Fig. 1. Furthermore, the mini¬ 
mum p.d. curve for unifonn bundles will 
be that corresponding to the smallest in¬ 
dividual cables. Isolated points corre¬ 
sponding to single cables may fall below 
the minimum p.d. curve; in Fig. 1 there 
is one measured point, corresponding to a 
single AN-8 cable, which lies below the 
AN-18 p.d. curve. 

The tenn p.d. may be applied to any 
part of a bundle or number of cables as 
well as the whole bundle. It is evident 
for the case of unifonn bundles that the 
p.d. is not constant throughout the bundle 
when every cable carries the same current. 
When steady-state conditions prevail, 
heat must flow out from the bundle, and 
the temperature at the center must be 
higher than that at the outer portion of 
the bundle. Consequently, the resistance 
of the outer cables must be less than that 
of the center cables. It follows, therefore, 
that the p.d. at the bundle center will be 
greater. This variation in p.d. through 
the bundle is small enough to be neg¬ 
lected for our purposes. For example, 
the variation in p.d. for the individual 
cables of a bundle of 1()9 AN-18 cables 
was less than 5 per cent. Therefore, the 
p.d. for any uniform bundle in which each 
cable carries identical currents will be as¬ 
sumed to be constant throughout the 
bundle. 



Fig. 3. Possible p.d. for a mixed bundle^ 
sisting of 19 AN-18 cables surrounded by 
6 AN-1 /O cables. Every AN-18 cable and 
every AN-1 /O cable dissipates the p.d. shown 
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Fig. 4 Cross section oF mixed bundle I, 1 

AN-1/0 cable and 18 AN-18 cables 

A Restriction on P.D. of Mixed 

Bundles 

The application of Fig. 1 to mixed 
bundles will be considered after introduc¬ 
ing a restriction on the loading of mixed 
bundles. It is apparent that for any 
bundle composed of cables of two or more 
different sizes there are many ways of as¬ 
signing currents which satisfy the basic 
criterion of a given maximum tempera¬ 
ture for the hottest conductor of the 
bundle. For example, Fig. 2 shows the 
possible current values for a mixed bundle 
' Consisting of 19 AN~18 cables surrounded 
by 6 AN-1/0 cables. Each point plotted 
represents a load condition which results 
in a 40-degree-centigrade rise for the hot¬ 
test conductor when every ANA8 cable 
and every AN-1/0 cable cairies the cur¬ 
rent shown. Corresponding to each 
point in Fig. 2 there is a pair of p.d. 
values. Fig. 3 shows the permissible 
pairs of p.d. values. The simplest re¬ 
striction on the loading of mixed bundles 
would require uniform p.d. for all cables 
loaded simultaneously. Any other as¬ 
sumption would require a lengthy and 
complex graphical analysis for each group 
of cables loaded simultaneously, which 
which would be most unpractical. For 
these reasons we add to the ba.sic criterion 
(of a maximum temperature of the hot¬ 
test conductor) the requirement that the 
p.d. be the same for each cable of any one 
group of cables loaded simiiltaneouvsly. 
This requirement will be referred to as 
the unifonn p.d. requirement. 

P.D. OF Mixed Bundles 

The p.d. of a bundle of given cross-sec¬ 
tion area (insulation plus conductor) 
depends on: 1. the theniial resistance of 
the bundle interior, and 2. the ability to 
transfer heat at the surface to the sur¬ 
roundings. Measurements of uniform 
bundles show that the thermal resistance 
of the bundle interior changes slowly as a 
given bundle is loosened. This fact means 
that the presence or absence of a snug 


Fig, 5. Cross section of mixed bundle II, 
7 AN-18 cables and 6 AN-8 cables 

fit of adjacent, like cables does not criti¬ 
cally affect the thermal resistance. This 
result suggests that the thermal resist¬ 
ance for the case where adjacent cables 
are of different sizes would not be mark¬ 
edly different from that of uniform 
bundles. Measurements on uniform 
bundles of a given cross-section area 
show that surface heat dissipation for a 
given average surface temperature rise is 
nearly independent of the constituent 
cable size. From this qualitative dis¬ 
cussion we would conclude that the p.d. 
for mixed bundles should be approxi¬ 
mately equal to the p.d. values of uni- 
fonn bundles of corresponding area. 

The heat-dissipation density was meas¬ 
ured for four mixed bundles. Drawings 
of the cross section of bundles I, II, and 

III appear in Figs. 4, 5, and 6. In addi¬ 
tion to conforming to the standard condi¬ 
tions of the preceding section, the cables 
in these bundles were arranged symmet¬ 
rically so that cables of one size occupied 
a given layer. Bundles I and III were 
composed of AN-18 and AN-1/0 cables. 
These two bundles illustrated an extreme 
mixed-bundle condition in that very large 
and very small cables were placed in 
juxtaposition; in bundle I the AN-1/0 
cable was surrounded by AN-18 cables 
while in bundle III the cables were 
surrounded by AN-1/0 cables. Bundle 

IV was composed of 2 AN-4 and 6 AN-14 
cables, but no attempt was made to at¬ 
tain any symmetry in grouping the cables. 
The currents in each size of cable were 


Fig. 6. Cross section of mixed bundle III 

19 AN-18 cables and 6 AN-1 /O cables 

adjusted until uniform p.d. prevailed 
throughout the bundle. The p.d. values 
for the four bundles for a 40-degree-centi¬ 
grade maximum conductor rise and the 
values for uniform bundles of the corre¬ 
sponding cross-section area are given in 
Table I. The table shows that the p.d. 
for the four bundles is as high or higher 
than that of uniform bundles of AN-18 
cables. Therefore, it will be assumed 
that the p.d. for any mixed bundle is 
equal to or greater than the minimum 
p.d. for unifonn bundles of the smallest 
cable employed in the mixed bundle. 
Consequently, it will be adequate for 
general application to select the p.d. 
curve of uniform bundles of AN-18 cables 
as the minimum curve. This cun^e is the 
maximum allowable p.d. curve and is 
called the “R'" or “reference p.d.” cur\^e. 

The results and conclusions of this sec¬ 
tion have been concerned thus far with 
fully loaded bundles. The result that the 
power dissipation of fully loaded uniform 
or mixed bundles is primarily a function 
of the cross-section area of the bundle 
(insulation and conductor) can be ex¬ 
tended to the case in which only a fraction 
of the cables in the bundle are loaded 
simultaneously. (The expression “par¬ 
tially loaded bundle” will be used as a 
synonym for a bundle in which only a 
fraction of the total number of cables in 
the bundle are loaded simultaneously.) 
The presence of the unloaded cables in 
the bundle tends, in most cases, to permit 
an increase in the p.d. of the loaded 


Tabic I. Mixed Versus Uniform Bundles 


Mixed Bundle 
Designation 

Constituent 

Cables 

Cross-Section 
Area, Incbess 

Mixed Bundle 
Power Density, 
Watt Inch-3 

Uniform Bundle Power Density 
for Same Area, Watt Inch 

AN-18 

AN-1/0 

I. 

. .. 1 AN-t/0.... 
18 AN-IS 

.0.360. 

.1.95. 

.1.85. 

....2.20 

II. 

...7 AN-t8 .... 
6 AN-S 

.0,339. 

.2.10. 

.1.95. 

_2,25 

Ill. 

. ..19 AN-IS .... 
6 AN-1/0 

.1.34. 

.0.97. 

.0.72. 

....0.94 

IV. 

... 2 AN-4 .... 
6 AN-14 

.0.260. 

.2.80. 

.2.30. 

....2.60 
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group; but this result is not completely 
general, nor does there appear to be any 
simple means of determining the permis¬ 
sible increase in pid. for each case. (See 
the preceding section for examples of the 
effect of the presence of unloaded cables.) 
Consequently, the minimum R curve for 
fully loaded bundles will be applied to the 
case of the partially loaded bundle. It is 
emphasized that the permissible p.d. for 
the cables carrying current simultaneously 
is that which corresponds to their area 
rather than the total area of all the cables 
in the bundle. 

Summary 

Two general results affecting the p.d. 
of mixed bundles under steady-state con¬ 
ditions have been established: 

1. The p.d. must be the same for each 
cable of a group of cables of different sizes 
which carry current simultaneously. 

2. The point determined by the p.d. of a 
group of cables loaded simultaneously and 
their cross-section area must lie on the R 
curve. 

Originally, result 1 was introduced as a 
simplifying condition. Measurements 
have shown that this condition is neces¬ 
sary if mixed bundles are to dissipate at a 
rate equal to or greater than uniform 
bundles composed of the smallest cable 
size. Result 2 is a necessary condition for 
making certain that the maximum allow¬ 
able heat dissipation in mixed bundles 
will not be exceeded. 

These two results will now be taken as a 
basis for rating cables in mixed bundles. 

Cable-Selection and Cable-Rating 
Chart for Obtaining Ratings 
Graphically 

The purpose of this section is to de¬ 
scribe a method for drawing a cable- 
selection and cable-rating chart. The 
chart is used to find the graphical solution 
for: 1. the cable sizes when the group 
of currents is given, or 2. the currents 
when the bundle of cable sizes is given. 
The method can be applied generally to 
any prescribed set of conditions which 
characterize the individual cables, con¬ 
struction, loading, and environment of 
the bundle. For the particular chart to 
be described the conditions given in the 
section on “Conditions of Problem’* will 
be assumed to apply. It should be remem¬ 
bered, too, that the chart will be based 
on the thermal limitation of the cables. 

Need for Chart 

The need for a chart will become clear 
by studying a simple example. Consider 


a bundle in which the following 15 cur¬ 
rents flow simultaneously: 

10 loads of 8 amperes each 
5 loads of 60 amperes each 

The problem is to select two cable sizes so 
that the temperature of the hottest con¬ 
ductor will be 65 degrees centigrade (for 
an ambient air temperature of 25 degrees 
centigrade) when the given currents 
flow in the bundle of 15 cables. We are 
given, in addition to the 15 currents, a 
table of cable sizes, cross-section areas, 
and conductor resistances, and the ref¬ 
erence p.d. curve previously mentioned. 

The cable sizes are to be chosen so that 
the p.d. for each cable with the given 
current flowing in it satisfies the two 
basic conditions given in the foregoing 
summary: 1. The p.d. for every cable in 
the bundle must be the same. In oiu: ex¬ 
ample, the p.d. for a cable carrying 8 am¬ 
peres is to be equal to the p.d. of a cable 
which carries 60 amperes. 2. The point 
determined by the bundle p.d. (which is 
equal to the individual cable p.d.) and the 
total cross-section area of the cables of 
the bundle must lie on the R curve. 

The correct cable sizes could be deter¬ 
mined by a trial-and-error calculation. 
For example, as a first step, a.n AN-20 
cable could be chosen arbitrarily for the 
8-ampere load. Knowing its conductor 
resistance at 65 degrees centigrade and its 
cross-section area (insulation and con¬ 
ductor), its p.d. is computed. Note that 
the conductor resistance is taken for 65 
degrees centigrade for this cable as well 
as for all the remaining cables in the 
bundle. The next step is to select a cable 
for the 60-ampere load so that its p.d. 
will be equal to that for the AN-20 cable 
carrying 8 amperes; let us suppose that 
an AN-8 cable would suffice. The third 
step is to sum the cross-section area of the 
15 trial cables (10 AN-20 and 5 AN-8). 
The final step is to see whether the point 
having the trial p.d. and total area as co¬ 
ordinates falls on the R curve. If the 
point does not lie on the curve, the trial 
process must be repeated. After two or 
three trial points have been calculated, a 
curve of p.d. versus total cross-section 
area could be drawn through these points; 
the intersection of this curve with the R 
curve would represent the required values 
for the bundle p.d. and total area. The 
cable sizes could be obtained by one or 
more trial p.d, calculations for each cur¬ 
rent until cable sizes giving the graphi¬ 
cally determined p.d. value are found. 

Construction of Chart 

The discussion of the trial-and-error 
calculation for finding the correct cable 


sizes for a bundle makes it clear that a 
simpler method is needed for satisfying 
the two conditions affecting p.d. In 
particular, it shows that the p.d, values 
for the range of ciurents and cable sizes 
encountered in aircraft should be avail¬ 
able in some convenient form. In the 
proposed chart, a family of parallel 
straight lines, which will be referred to as 
“current lines,” is drawn for this pur¬ 
pose. Each current line is obtained in 
the following manner. The p.d. is cal¬ 
culated for a fixed value of current for 
each cable size from AN-22 to AN-l/O 
for a set of typical aircraft cables, and the 
results are plotted as a function of cross- 
section area (insulation and conductor) 
on a logarithmic scale. It is found tbut 
the points lie on or close to a straight Hue. 
A considerable simplification of the chart 
is gained at small cost in accuracy if the 
mean straight line tlxrough the points is 
taken as the current line, rather than the 
irregular curve tlirough all the points. 
As an example, the 10-ampere line is the 
mean straight line drawn through point.s 
on a logarithmic scale whose co-ordinalt^s 
are 


, PRn m^Rn 

ordinate — —-— = ;;- 

An An 

abscissa = 
where 


(1) 

( 2 ) 


7?„ = the conductor resistance per inch Lit 
65 degrees centigrade 

^„=the cross-section area of insulation at id 
conductor for the corresponding cal >lt* 
size 


In the chart shown as Fig. 7, the cur¬ 
rent lines range from 1 to 2,000 amperes. 
The experimentally determined R curve,, 
taken from Fig. 1, and the cable cross- 
section area indexes showing cable 
complete the chart. The cross-section 
areas which are assigned to the A1%^ 
cables by the chart are the same aretts 
used in equations 1 and 2 for determining 
the current lines; these values 'W’ern 
selected to give conservative results whoii 
applied to cables which satisfy Military 
Specification MIL-W-5086. It may ht* 
noted that the areas given by the chart 
are approximately the minimum valutas 
to be encountered in practice. 


Procedure for Using Chart to 
Cable Sizes When Currents akb 
Given 

The procedure will be illustrated for u 
bundle in which the following 15 cur« 
rents flow simultaneously: 

10 loads of 8 amperes each. 

5 loads of 60 amperes each. 

There may or may not be additional 
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Fig. 7. Proposed Naval Research Laboratory cable-selection and cable-rating chart for bundled cables carrying continuous currents and satisfying 
conditions of the section entitled "Conditions of Problem." For application to other conditions see the section entitled "Charts for Conditions 

Differing from Those Described Previously" 


cables in the bundle, but they do not 
carry current simultaneously with the 15 
loads specified. It was noted earlier 
that the possible beneficial effect of the 
presence of dummy cables on the loaded 
cables does not warrant quantitative 
consideration. The procedure to be 
followed here neglects the cifcct of dummy 
cables. 

Step 1: For some arbitrary value of 
ordinate, say 0.1 watt inch""’^ find the 
area required by each load. To do this, 
locate the current line and note its inter¬ 
section with the horizontal line through 
0.1 watt inch""'3. For this example, it is 
seen that 

8 amperes require 0.044 inch^ at 0.1 watt 

incli~3 p,4^ 

60 amperes require 0.250 iucli^ at 0.1 watt 

inch"3 p.d, 


Step 2: Sum up the area for all loads 
which are to be carried simultaneously. 
In the example, we have 

10 loads of 8 amperes each 

require 10 X 0.044 *= 0.44 inch^ 

5 loads of 60 amperes each 

require 5X0.25 — 1.25 inches^ 

Total area required at 

0.1 watt mch"3 p.d, = 1.69 inches^ 

The point whose co-ordinates are 1.69 
inches^ and 0.1 watt inch”^ represents a 
hypothetical bundle which satisfies condi¬ 
tion 1 hut does not satisfy condition 2 
because the point which represents it 
does not lie on the R curve. 

Step 3: Locate the current line through 
the point (1.69 inches^ 0.1 watt inch“3) 
and find its intersection with the R 
curve. In our example, the current line 


through the point (1.69 inches^, 0.1 watt 
inch"■3) is the 540-ampere line. This 
line intersects the R curve at a point whose 
ordinate is 1.4 watt inch"”®. 

Step 4: Follow the horizontal line 
through 1.4 watt inch*"® to its inter¬ 
sections with the 8- and 60-ampere lines. 
Follow the vertical line at each inter¬ 
section to the top of the chart where the 
A N cable sizes are given. In the example 
the horizontal line through 1.4 watt 
inch"® intersects the 60-ampere line at 
a point whose abscissa lies between the 
AN-6 and AN-4 cable areas. AN-4 is 
the size required for each of the five 60- 
ampere loads. The horizontal line 
through 1.4 watt inch"*® intersects the 
8-ampere line at a point whose abscissa 
lies between the AN-14 and AN-12 cable 
areas, AN-12 is the cable size required 
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Table li. Predicted Versus Measured Areas 


Predicted Cross- Measured Cross- 

Section Area Section Area 

Bundle Given Loads per Load, Incliess per Load, Inches^ 


1 . 1 load of 198 amperes. 

18 loads of 5.25 amperes each. 

II . 7 loads of 5.5 amperes each. 

6 loads of 40.5 amperes each. 

III . 6 loads of 140 amperes each, 

19 loads of 3.75 amperes each, 

IV . 2 loads of 102.5 amperes each, 

6 loads of 11.5 amperes each 


0.205 
0,0085 
0.0088 
0.050 
0.240 
0.0103 
.0.108 
,0.016 


0.198 
0 0084 
0.0084 
0.047 
0.198 
0.0084 
,0.0922 
,0.0126 


for each of the 10 8-ampere loads. 

The procedure described raises two 
questions which are answered in Appendix 
III: 1. Why can the choice of p.d. in 
step 1 be arbitrary. 2. Why does the 
current line through the point obtained 
in step 2 intersect the R curve at an 
ordinate which is the permissible p.d. 
for the bundle? 

Consider next a bundle which is to be 
composed of 19 cables for the following 
loads: 

10 loads of 8 amperes each 

5 loads of 60 amperes each 

4 loads of 20 amperes each 

Let it be further supposed that the 5 
loads of 60 amperes each were to be oper¬ 
ated continuously during the entire time of 
flight, and that either the 10 loads of 8 
amperes each or the 4 loads of 20 amperes 
each would flow simultaneously with the 
60-ampere loads. The cables for the 60- 
ampere loads must be chosen for the 
worse of the two conditions. To deter¬ 
mine this condition, steps 1 and 2 of the 
procedure are carried out for the two 
possibilities. The larger of the two total 
areas given by step 2 establishes which 
calculation is used to select the cables for 
the 60-ampere loads. 

The extension of the procedure to a 
bundle in which the number of simul¬ 
taneous loads is arbitrary is self-evident. 

Procedure for Using Chart to Find 

Current Capacity When Cable Sizes 

Are Given 

The procedure will be illustrated for a 
bundle in which the following cables are 
loaded simultaneously: 

10 AN-12 cables 

5 AN-4 cables 

There may be additional cables in this 
bundle, but as in the converse procedure, 
we shall neglect any possible effect of the 
presence of unloaded cables. 

Step 1: Sum up the cross-section area 
of the insulation and conductor of the 
cables which are to be loaded simul¬ 
taneously. The area of each cable size 


is shown at the top of the chart. For 
our example, the area of 1 AN-12 is 
0.0175 inch2, that oi 1 AN-4 is 0.092 
inch®. Summing up the required area 

10X0.0175-0.175 incli^ 

5X0.092 -0.460 inch^ 

Total area—0.635 inch® 

Step 2: Follow the vertical line through 
the total area just obtained to the inter¬ 
section with the R curve. The inter¬ 
section gives the permissible p.d. for the 
bundle. For the example, the intersec¬ 
tion is at a p.d. of 1.25 watt inch”®. 

Step 3: Follow the horizontal line 
tlirough the p.d. just obtained to its 
intersection with the vertical line which 
passes through the abscissa for each of the 
given cable areas and note the current 
line through each intersection. In the 
example, the horizontal line thi'ough 1.25 
watt inch“~^ meets the AN-4 cable area 
(0.092 inch®) at a point through which 
the 65-ampere line would pass. The 
horizontal line through 1.25 watt inch~3 
intersects the AN-12 area at a point 
through which the 10-ampere line passes. 
The current capacities for the AN-4 and 
the AN-12 cables are 65 and 10 amperes 
respectively. 

Accuracy of Chart 

The chart has been prepai'ed to give 
conservative results. (An exception to 
this statement is discussed in Appendix 
IV.) It is estimated that the maximum 
error is approximately 30 per cent, i.e., 
the area predicted by the chart for any 
given load falls within 30 per cent of the 
minimum allowable cable area when the 
conditions of the chart are met. Con¬ 
versely, when the cables are given, the 
maximum error in current predicted by 
the chart is about 20 per cent. The 
largest contribution to the error is a re¬ 
sult of the fact that the chart replaces 
the band of p.d. values of Fig. 1 by a 
single curve. Two smaller errors are in¬ 
troduced by the fact that the current 
lines are represented by straight lines 
and by the assumption that all cables 


are at the same temperature. 

The chart was applied to four bundles, 
and the results are shown in Tables II 
and III. In Table II, the currents are 
given and the predicted cable areas, as 
well as the measured values, are listed. 
In Table III, the cables are given and the 
currents predicted by the chart are com¬ 
pared with the measured currents. 

Charts for Conditions Differing 
from Those Described Previously 

The chart described in the previous 
section was based on one set of conditions, 
namely, the set given in the section en¬ 
titled ‘ ‘ Conditions of Problem. ” It is the 
purpose of the present section to examine 
briefly the effects of a few of themo^re im¬ 
portant parameters on the chart in order 
to show how cable charts may be drawn 
for any of a wide variety of conditions. 
Each factor may affect one, two, or three 
elements of the chart, i.e., the R curve, 
the family of current lines, or the indexes 
designating the cross-section area of the 
individual cables. 

The effect of any parameter on the R 
curve may be found by calculating the 
p.d. for several unifonn bundles (1, 7, 
19, 37, etc., cables) in the manner indi¬ 
cated in Appendix I for the case of 19 
cables. The R curve corresponding to 
the given value of parameter can then be 
plotted from the calculated points. If a 
parameter affects the family of current 
lines, the current lines may be deter¬ 
mined correctly from equations 1 and 2, 
The indexes designating the cross-section 
area of the individual cables are the same 
as used in equation 2. 

Conductor Material 

Charts may be drawn for any conductor 
material. Fig. 7 applies to cables having 
copper conductors. If, for example, 
copper is replaced by aluminum and all 
other factors are held constant, only the 
family of current lines is affected. With¬ 
out redrawing the current lines the chart 
can be made applicable to aluminum 
conductors by labelling the current lines 


Tabic III. Predicted Versus Measured Currents 


Bundle 

Given Cables 

Predicted 
Current 
per Cable, 
Amperes 

Measured 
Current 
per Cable, 
Amperes 

1... 

. . 1 AlSl-1/0 .. 

...197 ... 

...198 


18 A^^-18 .. 

... 5.2..., 

5.25 

II... 

... 7 AN-18 .. 

... 5.3... 

.... 6.5 


6 AN-8 .. 

•. .. 38.0... 

.... 40.6 

III..., 

... ^AN-1/0,. 

... 120 ... 

.... 140 


19 AN-18 .. 

... 3.2... 

.... 3,75 

IV... 

...2 ANA .. 

...90 ... 

....102.5 


6 AN-14 ,. 

.... 9.2... 

.... 11.6 
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Cross-Section Areadnsulation plus Conductor), inch 


Fis. 8. Proposed Naval Research Laboratory cable-selection and cable-ratina chart for bundled cables carryins continuous currents and satisfying 
conditions of the section entitled “Conditions of Problem" except for ambient air temperature, maximum conductor temperature, and altitude 

pressure 


with current values valid for aluminum. 
If a given current line is to be applicable 
to both materials, the p.d. must be the 
same function of the area for the two 
cases. This result is obtained by setting 


(copper) (aluminum) 


where resistance per unit length at 
the operating temperature. Therefore 


•^(aluminum) 


resistivity of copper 
__resistivity of aluminum_ 


V* 


i(copper) 


— 0.78/ (copper) 


Thus, Fig. 7 could be used for aluminum 
cables if each current line were labelled 
with a current value equal to 78 per cent 


of the value which appears. It may be 
noted that a chart with two sets of current 
values and cable size designations could 
be applied to bundles containing both 
copper and aluminum cables. The di¬ 
mensions of cables provided for aluminum 
cables by Military Specification MIL-W- 
7072^ are sufficiently close to those speci¬ 
fied by Military Specification MIL-W- 
5086 for copper cables, so that any chart 
drawn for the latter can be applied to the 
former with the slight modification indi¬ 
cated. 

Insulation Material 

If insulating materials with improved 
thermal conductivities are used, the R 


curve will require modification. The 
method for calculating the points of the 
R curve has been indicated in Appendix I. 

Dimensions of Conductor and 
Insulation 

Changes in these dimensions would re¬ 
quire a complete revision of the chart, i.e., 
the cable area designation, R curve, and 
current lines would have to be modified. 

Maximum Conductor Temperature 

If the maximum allowable tempera¬ 
tures w^ere changed, e.g., as a result of 
improved insulation, the current lines 
and R curve would have to be modified. 
The ordinate of every point on each cur- 
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Fr^. 9. Cross section of a bundle of 19 cables showing approximate heat-transfer boundaries 


rent line would be multiplied by the 
factor where Rq and Rq are the 

conductor resistance per unit length at 
the new and old conductor temperatures. 

Ambient Air Temperature 

The change in the ambient air tem¬ 
perature for fixed maximum conductor 
temperature would affect the R curve 
only. The effect of ambient temperature 
is shown in Fig. 8, where two calculated R 
curves {Ra and R^ are plotted for 10 and 
70-degree-centigrade ambient air tempera¬ 
ture and 100-degree-centigrade maximum 
conductor temperature. 

If both the ambient and maximum 
conductor temperatures are changed, both 
the R curve and the current lines are af¬ 
fected. The special case in which the 
temperature rise is held constant is of 
particular interest. It is found by cal¬ 
culation that the current capacity changes 
negligibly if the ambient air temperature 
is varied from 25 to 60 degrees centigrade 
while the temperature rise is held con¬ 
stant. From this result is can be con¬ 
cluded that Fig. 7 can be applied to the 
latter conditions without modification. 
Fig. 7 may also be applied without cor¬ 
rection to the case of a 57-degree-centi¬ 
grade ambient air temperature and 100- 
degree-centigrade maximum conductor 
temperature. 

Altitude 

The diverse ambient temperatures and 
pressiue which occur at altitude will af¬ 
fect the R curve. Two calculated R 
curves for a pressure corresponding to 
50,000 feet are drawn for 10 and 70-degree- 
centigrade ambient air temperatures in 
Fig. 8. The heat dissipated by convec¬ 
tion for a pressure corresponding to 
50,000 feet was computed from relations 
given by W. Elenbaas.^ The effect of a 
change in pressure alone can be seen in 
Fig. 8 by studying the curves labelled 

and Rc. 

Cables in Troughs, Conduit, or 

Protective Jackets 

If cables were placed in a trough in¬ 
stead of being tied in bundles in air the R 


curve would be affected. New R curves 
would have to be determined experimen¬ 
tally. The same statement holds for 
cables in conduit or other protective 
jackets. 

Conclusions 

1. A basis for the steady-state current 
capacity of cables in bundles as limited by 
a given maximum conductor temperature 
has been described. 

2. A method of drawing a cable-rating and 
cable-selection chart for the graphical solu¬ 
tion of the cable-rating problem has been 
presented. The method is applicable to 
many prescribed sets of conditions which 
characterize the individual cables, the con¬ 
struction, the loading, and the environment 
of the bundle. 

3. Two charts have been drawn which may 
be applied to aircraft cables for the condi¬ 
tions specified. 

4. The cable charts constitute a simple 
means for obtaining reliable current ratings 
for bundled cables which are subject to a 
given thermal limit. Their application will 
result in the lowest cable weight consistent 
with the safety of the aircraft. 

Appendix. I. Approximate 
Analysis ol' Heat Flow in Uniform 
Bundles 

The discussion of heat flow in uniform 
bundles to be given here is a revision of that 
given in reference 1. The analysis will be 


applied specifically to a uniform bundle of 
19 cables, but is applicable to any bundle 
consisting of an integral number of layers, 
i.e., bundles of 3, 7, 19, 37, 61 cables, etc. 

In order to describe the flow of heat in a 
uniform bundle it must be possible to assign 
a definite thermal conductivity, radiation 
coefiicient, and convection coefficient to 
the bundle. 

The thermal conductivity of a bundle, as 
distinguished from that of the individual 
cable, depends on the air enclosed in the 
spaces between the individual cables and 
on the conductors as well as on the insula¬ 
tion of the individual cables. If the as¬ 
sumption is made that the temperature drop 
in the conductors is negligible, the heat flow 
can be conceived as occurring across com¬ 
posite regions of air and insulation. The 
boundaries of those composite regions are 
illustrated for a uniform bundle of 19 
cables in Fig. 9. Heat-dissipation calcula¬ 
tions for tightly bound, uniform bundles of 
cables which assume a bundle thermal con¬ 
ductivity equal to that of the individual 
cable insulation fall within 8 per cent of 
measured values. Therefore, it will be 
assumed that the thermal conductivity of 
the insulation may be taken as a good 
approximation to that of the bundle. 

The radiation coefficient X defined as the 
heat radiated in unit time by unit area for 
1-degree difference in temperature between 
the bundle and the surrounding walls, may 
be computed from relations governing the 
net radiation transfer between a body and 
its surroundings. Because the outer surface 
of the bundle is indented, there is some 
uncertainty as to the precise bundle surface 
area. It can be shown that, as a good 
approximation, the radiating area per unit 
length is numerically equal to the circum¬ 
ference of the circle circumscribing the 
bundle.® A plot of the radiation coefficient 
which assumes a surface emissivity of 0,9 is 
given in Fig. 10. The values for X shown in 
the figure are obtained from the relation 

T'sk-'RaJc 

where 

»S=vStefan's constant 

emissivity of the cable surface 
2 ^ 5 *= average temperature of bundle surface 

in degrees absolute 

temperature of the surrounding walls 



Ts-Ta( C) 

Fig, 10, Radiation coefficient X versus average surface temperature rise Ts—Ta/ for three ambient 

air temperatures Ta 
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Average Convecting Diameter, d,,, inches 


Fi 9 . 11 (left). 
Convection co¬ 
efficient h versus 
avera$e convec¬ 
ting diameter db/ 
for three values 
of average surface 
temperature rise 


in degrees absolute, (It will be as¬ 
sumed that the wall temperature is 
the same as that of the air at a point 
where the gradient has become 
negligible.) 

The convection coefficient h, defined as 
the heat transferred by natural convection 
in unit time by unit area for 1-degree differ¬ 
ence between the bundle surface tempera¬ 
ture and the ambient air temperature, was 
determined experimentally from bundle 
measurements. The results are shown in 
Fig. 11 where the convection coefficient is 
plotted as a function of the average con¬ 
vecting diameter of the bundle surface. 
The average convecting diameter is defined 
as the diameter of a circle whose area is 
equal to the cross-section area of the cables 
and enclosed air spaces. 

The heat flow may be calculated by 
treating the bundle as a series of concentric 
layers. The heat-transfer boundaries will 
be defined with the aid of Fig. 9. The 
outer bounding curve of the shaded region 
in Fig. 9(A) will be designated by A; the 
inner and outer bounding curve of the 
shaded region in Fig. 9 (B) will be desig¬ 
nated by B and C; the inner bounding 
curve of the shaded region in Fig. 9(C) will 
be designated by D, 

The heat produced by the center cable is 
conducted from the periphery of the center 
conductor to A, the outer boundary of the 
shaded region shown in Fig, 9(A). The 
rate of heat flow per unit length in this 
region is given by the relation 


7rrA^ = 6 



27rrr 


where b ~ over-all diameter of an individual 
cable. 

The approximation is now made that the 
temperature drop between A and B may be 
neglected. The heat produced by the six 
cables of the first layer is added to that from 
the center cable and is conducted from B 
to C. The relation governing the flow of 
heat in this region is 




27rK(T2-T3) 
l0g€ {TqIyb) 


(4) 


where 


R% — conductor resistance per unit length at 
average temperature 

T 3 = average conductor temperature of the 
12 cables of the second layer 
rj 5 =radius of a circle whose area is equal to 
that bounded by B of Fig. 9(B); 
that is 


= 6 


-4 3 ^ 


re—radius of a circle whose area is equal to 
that bounded by C of Fig. 9(B); 
that is 


Trre^ 






Fig. 12. Cross section of a bundle of three 
cables showing approximate heat-transfer 
boundaries 


The further approximation is made that 
the temperature drop between C and D 
may be neglected. The heat produced by 
the 12 cables of the second layer is added 
to that of the seven interior cables and total 
energy is conducted from D to the outer 
bundle surface. In the region from D to 
the periphery, we have 

12i?3) p - 7 (5) 

loge{rs/rD) 


where 

i? 3 =: conductor resistance per unit length at 
average temperature Ta 
average bundle surface temperature 
radius of a circle whose area is equal to 
that bounded by D of Fig. 9(C); 
that is 

= 6 J 

= average conducting radius of the bundle 
surface = insulation thickness of 

the cable 

At the outer surface, heat is transferred 
by convection and radiation to the sur¬ 
rounding air and walls. The rate of heat 
transfer can be stated as 

IKRi+m-\-12R,)=:=2ir(rj,h+n\){Ts-Ta) 

W 


where 

rji = average convecting radius of the bundle 
surface, defined as the radius of a 


P.jf 

’ log. (r^/n) 
where 

I=current per cable 

Ri = conductor resistance per unit length at 
temperature Ti 

thermal conductivity of the insulation 
temperature of the center conductor, 
arbitrarily assigned 

22 = average temperature of the six conduc¬ 
tors in the first layer 
ri = conductor radius 

rA=radius of a circle whose area is equal to 
that bounded by A of Fig, 9(A); 
that is 


Tabic IV. Calculated and Measured Values 


Bundle 

Designation 

Calculated Values 

Measured Values 

Current, 

Amperes 

Power Density, 
Watt Inch “S 

Current, 

Amperes 

Power Density, 
Watt Inch 

3 AN-18 . 

. 13.3. 

.12.4 . 

. 12.9. 

.11.5 

7 AN-18 . 

. 9.6. 

. 6.3 . 

. 9.7... . 

.6.5 

19 AN-18 . 

. 6.9. 

. 3.2 . 

. 6.9. 

.3,3 

37 AN-18 . 

. 5.5. 

. 1.94. 

. 5.5. 

.2.05 

169 AN-18 . 

. 3.1. 

. 0.64. 

. 3.2. 

.0.70 

Z AN-8 . 

. 55.0. 

. 3.9 . 

. 54.0. 

. 3,8 

7 AN-8 . 

. 40.3. 

. 2,1 . 

. 40.6. ... 

.2.2 

19 A AT-.? . 

. 28.5. 

. 1.0 . 

. 29.5. 

. 1,1 

3 AN-1/0 . 

.186 . 

. 1.7 . 

.182 . 

. 1.6 

7 AN-1/0 . 

.135 . 

. 0.92. 

.137 . 


19 AN-1/0 . 

. 96 . 

. 0.45. 

. 99 . 

. 0.48 
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circle whose area is equal to the cross- 
section area of the cables (insulation 
and conductor) and the enclosed air 
spaces 

h — convection coefficient 
rx=: radius of the circle which circumscribes 
the bundle 

X = radiation coefficient 
Tfl—ambient air temperature, that is, tem¬ 
perature of the air at a point where 
the temperature gradient has become 
negligibly small. 

The current required must satisfy equa¬ 
tions 3, 4, 5, and 6 simultaneously. In 
these equations the unknown quantities, in 
addition to the current, are T 2 , T^, Tg, ^ 1 , 
Rg, h, and X, the latter four quantities being 
dependent on the three preceding. In 
order to find /, the method of successive 
approximations is used, that is, one value 
of I is assumed and substituted in turn in 
equations 3, 4, and 5. By this means one 
determines a set of values of T 2 , T^, Tg, R^, 
and R:i. The values X and h, corresponding 
to Tg — Ta, and the average convecting 
bundle diameter dji may now be selected 
ironi Figs, 10 and 11. Finally, a value of I 
can be computed with equation 6. If this 
value agrees with the one assumed initially, 
the correct current has been found. If the 
two currents differ, other assumed values 
must be tried and the calculation must be 
repeated. 

The number of trial values needed may be 
limited to two or three by plotting the cur¬ 
rent calculated by equation 6 as a function 
of the assumed current. The intersection 
of this curve with the straight line, I (calcu¬ 
lated) =I (assumed), gives the desired cur¬ 
rent. The extension of the method to 
bundles consisting of an integral number of 
layers is self-evident. Computation details 
for a bundle of 19 AN-18 cables are given in 
Appendix II. 

The heat dissipation of a bundle of three 
cables may also be calculated in the same 
manner if the boundaries are chosen suit¬ 
ably. The assumption is made that all 
three conductors are at the same tempera¬ 
ture, Ti. E, the boundary of the shaded 
region of Fig. 12, is taken as an isotherm. 
The heat conducted from E to the bundle 
periphery is 


SPRi== 


2irK{T,‘-Tg) 

loge {rgfrE) 


(7) 


where rj 5 ?= radius of a circle whose area is 
equal to that bounded by E of Fig. 12; 
that is 


= insulation thickness of the cable 
The heat transferred to the surroundings 
is as follows 


ing in equation 9, we obtain 

Ti — 63.2 degrees centigrade 

i?2 = i^[l + «(r2-20)]=0.589X10-3ohm 

inch” * 


The current can be determined by these 
two equations, 7 and 8, by the same pro¬ 
cedure as that used for the bundle of 19 
cables. 

The current necessary to produce a 40- 
degree-ceiitigrade rise in the hottest con¬ 
ductor for 25-degree-centigrade ambient air 
temperature and sea level altitude was 
calculated for a series of bundles by the 
method described. The results of these 
calculations and the currents observed 
experimentally are given in Table IV. 


Equation 4 gives 
^ _ P{R,^mA\og,{rclrB) 

Substituting in equation 10, we find 

Tg = 58.2 degrees centigrade 
i? 3 -i^[l + «(7^3-20)] =0.579X10-3 ohm 
inch - ^ 

Equation 5 gives 


Appendix 11. Computation De¬ 
tails for a Bundle of 19 AN-18 
Cables 


To determine: 7, current per cable, and 
p.d., power dissipation density, when every 
cable in the bundle carries current simul¬ 
taneously. 

Given: 

Ti = 65 degrees centigrade 
7’a = 25 degrees centigrade 
Temperature coefficient of resistance = a 
= 0.00395 at 20 degrees centigrade 
Conductor resistance per inch at 20 degrees 
centigrade — R^ 0.503 X 10~ ^ ohm 
inch”^ 

A = 0.0034 watt inch”^ degrees centigrade”^ 
Insulation thickness = 0.0276 inch 


ri = 0.024 inch 
r^ = 0.088 inch 
rjs = 0.106 inch 
= 0.233 inch 
(7 = 0.181 inch 
rx> = 0.199 inch 

= rD-{-insulation thickness = 0.227 inch 
r\ — 0.259 inch 

Bundle area (insulation and conductor) = 
0.1604 inch^ 

7^1 = i? [1 -h a( Ti - 20)] = ().593 X10" ^ ohm 

inch”^ 


From equation 3 




PRiloge (rA/ri) 
2wK 




x\ssume that 1=7.0 amperes, Substitut- 


^ _ /^(7^i-i-6/^>+ 12i?3) loge {rg/rD) 

T, =r. — 

(11) 

Tg = 54.9 degrees centigrade 
I is now calculated with equation 6 

2Tr{n^h-\-r\\){Tg-Ta) 

7?i-|-6A2+127^., 

which is evaluated for 

(r^—= 54.9—25.0 =29,9 degrees centi¬ 
grade 

The radiation and convection coefficients 
can therefore be obtained from Figs. 10 and 
11 . 

X, for 7''s—7"„ = 29.9 degrees centigrade = 
0.00415 watt inch- 2 degrees centi¬ 
grade"^ 

h, for Tg— T(i-2Q.9 degrees centigrade and 
d 7 , = 2r/„ = 0.00676 watt inch-^ de¬ 
grees centigrade"^ 

Substituting in equation 12 we find 

7 = 6.7 amperes 

Since the value for I assumed and that 
calculated by equation 12 differs, additional 
trials are required. It is found that when I 
is assumed to be 6.7 amperes, the current 
calculated by equation 12 is 6.8 amperes. 
If the calculated values are plotted as a 
function of the assumed values, and if the 
straight line, /(calculated) =7(assumed), is 
drawn on the same graph, the intersection 
at 6.78 amperes gives the desirerl current. 
This result is shown in Fig. 13. 



nV2 

( 12 ) 


TKe 


2 


— i 



I Calculated (amperesj 


Fig. 1 3 (left). Graph¬ 
ical solution for cur¬ 
rent per cable for a 
bundle of 19 AN- 
1 8 cables 


Fig. 14. Figure 

illustrating Ap¬ 
pendix Ml 



Cross-Section Area 
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The p.d. power density of the bundle is 
given by the relation 

^ P(i?l+6i?2+12i?3) 

p,d.=—— - (13) 

bundle area 

Substituting in equation 13, we find 
p.d.—3.29 watts incli”^ 

Appendix III. Analysis of the 
Procedure for Using the Cable- 
Selection and Cable-Rating Chart 

In describing the procedure for using the 
chart to deterirdne the cable sizes for a 
bundle when the currents are given it was 
asserted that the p.d. selected in step 1 
was arbitrary, and that the current line 
through the point determined in step 2 
intersected the R curve at a point whose 
ordinate gives the permissible p.d. for the 
bundle. These statements will be justified 
by showing that the procedure satisfies the 
two conditions mentioned previously: 

1. The p.d. for every cable loaded simul¬ 
taneously must be the same. 

2, The point determined by the p.d. and 
the total cross-section area of the cables 
loaded simultaneously must lie on the R 
curve. 

In step 1 of the cable selection procedure, 
a p.d. was arbitrarily chosen, and from this 
the cable area for each of the given currents 
corresponding to this value of p.d. was 
found. Let (p.d.)i, h, and h denote the 
value of p.d. selected and the given currents; 
let Cl and a 2 represent the corresponding 
areas. See Fig. 14. In step 2, a total 
bundle area corresponding to (p.d.)i was 
found which can be represented by 
(fai-]rga 2 ), where / and g are the number 
Jt and Li loads respectively. By steps 1 


and 2, a point has been determined which 
satisfies condition 1. The current line 
through this point will be designated /a. 
The horizontal distance between current 
lines I 2 and Iz can be expressed as 

log (/ai+gag) — log fla (14) 

If the procedure of steps 1 and 2 is re¬ 
peated for any other value of p.d., say 
(p.d.) 2 , the areas and are obtained for 
ii and I 2 respectively. The total bundle 
area for this case is/ng+gc^n 

It will now be shown that the point with 
co-ordinates [faz+ga^, (p.d.) 2 ] lies on cur¬ 
rent line Jg by proving that 

log (fat -f )—log a2 

=log (faz-\-gai)-log ai (15) 

From the fact that current lines h and I 2 
are parallel, then 


log fli log a 2 = log az — log a a 

(16) 

Therefore 


^_az 



(17) 

^2 Ct^ 

fax fan 

(18) 

— — — 


Jai , /tis 

gH-=g+ — 

(19) 


ga2-{-fai gUi+faz 

(20) 

— 

(1*2 dti 

Taking the logarithm of 

both sides of 


equation 20, we obtain equation 15. 

Equation 15 shows that the choice of 
any p.d. in step 1 results in a point which 
lies on the same current line. In addition, 
every one of these points satisfies condition 
1. It then follows that the intersection of 
the current line and the R curve determines 
the permissible p.d. since it satisfies condi¬ 
tions 1 and 2. 




Discussion 

E. P. Barlow (The Glenn L. Martin Com¬ 
pany, Baltimore, Md.): In the past, our 
deplorable lack of knowledge on the con¬ 
tinuous current capacity of cables installed 
in bundles in aircraft has not caused much 
actual service difficulty. In our low-voltage 
(28 volts d-c) systems most of the cables are 
designed for voltage drop. Past aircraft 
designs have tended to the use of bundles 
in which at any one time many of the cables 
would not be carrying current. For these 
and other reasons, our past installations 
have seldom pu,shed the cable to the maxi¬ 
mum limits of its performance. In the 
future it appears that we will need to give 
much more attention to the matters pre¬ 
sented in this paper if our installations are 
going to continue to give satisfactory serv¬ 
ice. The use of higher voltage systems 
will decrease the number of cables selected 
on a voltage drop basis. More continuously 
operating loads will decrease the number of 
unloaded cables in the bundles. Higher 
performance aircraft are decreasing the 
margin between the maximum permissible 
temperature for the cable and the environ¬ 


ment of its installation. In short, future 
designs are likely to demand much more 
careful analysis of our cable ratings from the 
thermal standpoint and this paper presents 
valuable tools with which to accomplish 
this additional work. 

With reference to Fig. 8, there appears 
to be a surprisingly small derating (less 
than 30 per cent for small bundles and ap¬ 
proximately 16 per cent for large bundles) 
for altitude conditions. Previously availa¬ 
ble information, particularly in regard to 
the performance of single conductors in 
free air, have indicated considerably more 
derating with altitude. A discussion of the 
factors which cause the 50,000-foot 70- 
degree-centigrade Rb curve to lie so little 
below the sea-level 70-degree-centigrade 
Rc curve would be of interest. 


M, Schach and L. D. Schroeder: We would 
like to thank Mr. Barlow for his discussion 
which places the problem of rating aircraft 
cables in proper perspective. 

While our lack of knowledge has not 
caused much actual service difficulty, it 
may have imposed a significant weight 
penalty. In the past, it has been virtually 


Appendix IV. A Note on the 
Accuracy of the Chart 

The current values predicted by the chart 
for fully loaded bundles composed entirely 
of cables smaller than AN~18 will not be 
conservative. Thus, for a bundle of 100 
AN-22 cables, the current per cable given 
by the chart for a 40-degree-centigrade 
maximum conductor temperature rise is 
2.9 amperes. It is calculated that 2.9 
amperes per cable would produce a 54- 
degree-centigrade maximum rise. 

However, if the currents are given, the 
chart yields cable sizes (including sizes 
AN-20 and AN-22) which are conservative. 
For example, if we are given a bundle of 
100 loads of 2.4 amperes each, the chart, 
Fig. 7, predicts a cable area corresponding 
to a cable between AN-22 and AN-20. 
Calculation shows that 100 AN-22 cables 
carrying 2.4 amperes per cable would pro¬ 
duce a 40-degree-centigrade maximum rise. 
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impossible to evaluate the rating of cables. 
The proposed Naval Research Laboratory 
charts make it possible to obtain a quanti¬ 
tative estimate of the existing method of 
rating cables in bundles. 

Military Specification yiIL-W-5088^ pro¬ 
vides one current value for each cable size 
under bundle conditions. The proposed 
Naval Research Laboratory charts yield a 
range of current values for each size of 
cable, depending upon the specific currents 
which flow simultaneously in other cables 
of the bundle. A fair estimate of the valid¬ 
ity of the current values given by MIL-W- 
5088 can be obtained from Table V which 
indicates the range of allowable currents for 
three AN cable sizes for a few conditions. 
This table is based on Fig. 7. The lower 
rating for a given cable size and number 
loaded is obtained by assuming that all of 
the other cables loaded simultaneously with 
it are size A N-2. The upper current 
value for a given cable size and number of 
cables loaded is found by assuming that all 
of the other cables loaded simultaneously 
with it are size AN-22. 

The small altitude derating indicated by 
Fig. 8 is a consequence of our assumption 
that the ambient air and wall tempera- 
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tures are the same and the two facts which 
follow: 1. the interior of the bundle of 
cables presents a larger proportion of the 
total thermal impedance than does the in¬ 
sulation of a single aircraft cable. For a 
bundle of 169 AN-18 cables, this imped¬ 
ance at sea level constitutes 45 per cent of 
the total compared to about 15 per cent for 
a single cable. 2. Radiation accounts for a 
substantial part of the total heat transfer 
at the bundle surface. For a bundle of 169 
AN-18 cables, the relative amounts of heat 
transferred by radiation and convection at 
sea level are approximately 55 and 45 per 
cent respectively. For a single AN-18 
cable, these values are about 25 and 75 per 
cent respectively. It follows, therefore, 
that even though the convection coefficient 
at 50,000 feet is about one-third of its value 
at sea level, the relative decrease in heat 
dissipation with altitude will be much less 
for bundled cables than for single cables. 
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Table V. Comparison Between Current Ratinss Given by MIL-W-5088 &nd Fis. 7 


Nominal 

AN 

Cable Size 

MIL-W-S088 
Bundle Rating 
of Nominal Cable, 
Amperes 

Allowable Current Rating of Nominal AN Cable When Bundled with 
the Cables Shown. All Cables Carry Current Simultaneously. 
Current Values Based on Fig. 7 

Bundle Composition 

Allowable Current 
Rating of Nominal Cable, 
Amperes 

Total No. 
of Cables 
in Bundle 


1 Nominal 

Cable and 




3 . 


... .2 AN~2 . 

. 6.7 




3 . 


....2 AN-22 . 

. 14.0 

18 . 

. 10 1 


.6. 


....5 AN-2 . 

. 4.0 


1 


6 . 


... .5 AN-22. . , . 

. 11.5 


1 


9. 


... .8 AN-2 . 

. 3.5 




9. 


... .8 AN-22 . 

. 10.0 



1 

3 . 


....2 AN-2 . 

. 37 


J 

1 

3 . 


....2 AN-22 . 

. 70 

8 . 

. 46 1 


.6. 


....5 AN-2 . 

. 28 




6 . 


. ...5 AN-22 . 




1 

9 . 


... .8 AN-2 . 

. 24 



1 

9 . 


. . .8 AN-22 . 

. 60 




3 . 


... .2 AN-2 . 

.122 




3. 


....2 AN-22 . 

.175 

9 

.100 


.6. 


....5 AN-2 . 

. 94 




6 . 


... .5 AN-22 . 

.170 



1 

9. 


... .8 AN-2 . 

. 82 



1 

9. 


... .8 AN-22 . 

.164 
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Synopsis: The race for automaticity has 
allowed little time for simplification and cost 
reduction. We have automatic jet engine 
control as a function of ten parameters em¬ 
ploying 30 vacuum tubes. But do we have 
adequate reliability? In view of these 
problems, this paper investigates the sim¬ 
plest information sensing and control ele¬ 
ment for servomechanisms—sensitive elec¬ 
tric contacts. Contact protection and re¬ 
liability are carried beyond the scope of 
electric networks and a mechanical solution 
is proposed to the remaining problem of 
metal build-up. Reliable operation on 50 
microwatts of input signal power, 200,000 
times power amplification, 4-ounce weight, 
cigarette package size, no heat-dissipation 
problem, no stand-by power required for 
cathode heating, and tens of millions of 
cycles of operation may be the reward of 
further study of sensitive contact signal 
sensing devices. 

Introduction 

Seconb Industrial Revolution 

A second industrial revolution is sweep¬ 
ing across America, invading industry 
and home alike. This is the revolution 
of automaticity spearheaded by servo¬ 
mechanisms. The first revolution re¬ 
sulted when technology produced ma¬ 


chines that would replace men’s muscles. 
This second industrial revolution is pro¬ 
viding slave “brains” which will control 
these machines. Already whole plants, 
such as oil refineries and paper mills, 
are being controlled by skeleton crews of 
technicians. These men merely co-or¬ 
dinate the slave “brains” with push but¬ 
tons, mechanized data cards, or tape re¬ 
corded program controls. 

Automatic controls have invaded the 
home. Automatic furnaces, coffee 
makers, laundry equipment, and kitchen 
ranges with vacuum tubes have elevated 
the housewife to a domestic technician. 
Automobiles with power steering, power 
braking, automatic transmission, and 
photoelectric headlight dimmers have 
almost made it possible to transfer the 
control of the vehicle to the back-seat 
driver. 


Paper S3-37<5, recommended by the AIEE Air 
Transportation Committee and approved by the 
AIEE Committee on Technical Operations for 
presentation at the AIEE Aircraft Electric Equip¬ 
ment Conference, Seattle, Wash., September 30- 
October 2, 1953. Manuscript submitted July 2, 
1953; made available for printing August 24, 1963. 

J. P. Dallas and T. R. Stuelpnagbl are at 8511 
Vicksburg Avenue, Los Angeles, Calif. 


Automatic control involves the use of 
servomechanisms. Servomechanisms are 
power conversion devices which transform 
an input error signal into a controlled 
mechanical output. Typical servo con¬ 
trols turn valves in proportion to tem¬ 
perature or adjust the flight of an airplane 
as directed by the autopilot. 

Need for Servomechanism 

Simplification 

The almost frantic race for more and 
better servomechanisms with whicli to 
propagate this second industrial revrolu- 
tion has left the servo engineer breatliless 
and perhaps a little dismayed. The 
pace of the last few years has allowed 
little time for simplification. Perform¬ 
ance has been the ke 5 mote. This has 
been particularly true in aircraft servo¬ 
mechanisms where the performance re¬ 
quirements have been fantastically higli, 
such as control of fuel to a jet engine as a 
function of 10 parameters. Complexity, 
particularly in new developments, breeds 
high cost and unreliability; therefore, the 
purpose of this paper is to investigate the 
simplest information sensing and pri¬ 
mary control element for servomech¬ 
anisms—sensitive electric contacts. 

Off-On Pulse-Controlled Contacts 

Off-on pulse-controlled contacts may 
compete in performance with vacuum- 
tube and magnetic amplifier systems and 
with transistor systems for low cost and 
weight. Contacts can be made to do the 
job of more complicated systems by 
modem servo-clutch pulse control tech- 
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niques and feedback systems working 
directly into the coils of the signal sensing 
relay. Such a method of using sensitive 
contacts has been discussed in an earlier 
paper. ^ 

Reliable operation on 50 microwatts 
of input signal power, a power amplifi¬ 
cation of 200,000 times 4-ounce weight, 
cigarette package size, no heat-dissipa¬ 
tion problem, no stand-by power re¬ 
quired for cathode heating, and rugged 
designs to meet aircraft vibration and 
acceleration requirements are some of the 
rewards of learning how to use a sensitive 
contact relay signal sensing device. But 
the solution of many critical contact prob¬ 
lems is essential before contacts of the 
order of sensitivity indicated here can be 
successful in high reliability servo sys¬ 
tems. This paper and the references out¬ 
line these problems and propose some 
solutions. 

Problems with Sensitive Contact 
Application 

There is no single solution to the con¬ 
tact problem. Contact making elements 
are in use in many types of systems with 
radically different requirements. Opti¬ 
mum engineering design consists in meet¬ 
ing the contact problem of a given design 
with minimum weight and cost. The 
contact protection system described else¬ 
where^ outlines a general contact protec¬ 
tion philosophy and a basic resistance- 
capacity-diode circuit for minimizing 
metal transfer by preventing contact 
arcing and sparking. However, this pro¬ 
tection system does not prevent the for¬ 
mation of metallic spires which result 
from the low-voltage bridging phenomena. 
The basic resistance-capacity-diode pro¬ 
tection circuit provides reliable long-life 
contact operation in systems where spire 
formation is prevented by occasional 
high-level signals. Such high-level signals 
change the particular contact area suffi¬ 
ciently to distribute the metal transfer. 
In sensitive contact systems where mini¬ 
mum pressure operation is the constant 
condition and the contacts are not regu¬ 
larly subjected to high-level signals, 
spires become a major problem. Such a 
circuit is t 3 q)ified by a close-range tem¬ 
perature control. The purpose of this 
paper is to investigate the problem of this 
latter type of application which is troubled 
by metallic spire formation. Such sensi¬ 
tive contact systems are even faulted by 
the effects of electrostatic attraction be¬ 
tween the contacts at small gaps. This 
problem can be solved by the selection of 
appropriate contact configuration and 
detent circuits.^ 


Definitions 

How sensitive are “sensitive contacts” 
and how small is “minimum pressure?” 
It is necessary to define such inexact de¬ 
scriptions. Therefore, these and other 
more or less boundless adjectives will be 
provided with more definite boundaries 
as follows: 

Sensitive Contacts 

As used in this paper, sensitive contacts 
refer to contact gaps of the order of 0.001 
to 0.005 inch. Contact movement may 
be proportional to a gradually changing 
signal. In such systems where the con¬ 
tact gap is proportional to the signal, 
the actual operating separation of the 
contacts may be of the order of 0.0005 
inch. The power controlled by the con¬ 
tacts is direct current. 

Detent 

Detent is a magnetic or mechanical 
means of increasing the contact pressure 
at the instant the circuit is made. For 
example, a detent force may be obtained 
by magnetically coupling the contact 
current to the contact armature, or by 
providing mechanical snap action. Such 
detent can only be obtained in exchange 
for signal sensitivity. Therefore, in high- 
sensitivity systems its use must be avoided 
or minimized. 

Minimum Pressure Sensitive Contacts 

These are considered to be contact sys¬ 
tems in which initial contact closure pres¬ 
sure may be as little as 0.01 gram. 

High Reliability 

High reliability as herein considered is 
required in sensitive contact application 
where 100-per-cent operation must be 
sustained for tens of millions of operations. 
Such operation is to be contrasted to 
heating controls where an occasional out 
of tolerance or erratic operation can be 
tolerated. If such a heating control has a 
specified tolerance of ±2 degrees, an 
occasional 5-degree erratic operation will 
be tolerated. A gun sight control, on the 
other hand, could not tolerate any out of 
tolerance operation without endangering 
airplane, pilot, and mission. Therefore, 
high-reliability operation within the mean¬ 
ing of this paper would be required. 

Contact Life 

Reliability and long life go hand in 
hand. They result only when energy 
dissipation, and consequently metal trans¬ 
fer at the contacts, is small. To get 
some idea of required life an off-on modu¬ 


lated servo clutch type of control may be 
considered. In such an application the 
sensitive contacts might operate with 100 
microwatts of signal power and control 
10 watts of power at a rate of 10 cycles per 
second. One hour of conlinuotts opera¬ 
tion, therefore, can result in 30,000 
operations. One thousand hours of con¬ 
tinuous operation would require 30,000,- 
000 contact cycles. 

Bridging 

Modern concepts of the physics of 
electric contact operation involve the 
following theory of metallic bridging. As 
metallic contacts are separated the con¬ 
tact area decreases in size and increases in 
resistance to cuiTenlllow tnitil the gener¬ 
ated heat is sufficient to melt the metal. 
Then as the contacts are separated still 
further a molten metal bridge is driiwn 
out between the contacts. vStill greater 
contact separation, ])erhaps in the (nxler 
of a few micro-inches, causes the bridge 
to rupture and the electric circuit to be 
broken. UiiforUmately, the molten metal 
in the bridge does nut divide evenly be¬ 
tween the contacts. Instead, more than 
half ordinarily transfers to the negative 
contact f(n' the conditions under considera¬ 
tion. The total consequence of this 
operation is to build protuberances called 
pips, domes, or spires on the cathode con¬ 
tact and to create a con'esijoncling crater 
in the anode contact. Ragnar Holm 
(reference 4, sections 5()“-(i2) proves that 
all bridging metal transfer “is propor¬ 
tional tf) the scpiare of the final current 
traversing the bridge at its rui)ture.” 

As the losses of metal due to vaporiza¬ 
tion and dissipation in sparks and arcs of 
cruder contact systems are eliminated by 
the refinement of contact protection net¬ 
works, the problems arising from bridging 
metal transfer become moi'c serious. 
Fig. 1 ilhistrates two types of bridging 
metal transfer protuberances. 

Contact Domes 

Contact domes are metal protuberances 
with rounded tops of the general form 
shown at A in Fig. 1.-* This type of 
metal transfer is the result of bridging at 
currents a1:)ove the values considered in 
this discussion. The shape of the dome 
is not always smooth, Irregular peaks 
develop which may eventually fail the 
contacts by closing the gap or mechani¬ 
cally interlocking the contacts. The 
dome type of metal transfer concerns this 
discussion only as a limiting condition 
since it results from contact currents 
which are excessive for long-life sensitive 
contacts or from less than optimum con¬ 
tact protection network design. 
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Contact Spires 

Contact spires are metal protuberances 
with relatively sharp tops and small diam¬ 
eters of the general form shown at B in 
Fig. 1. This type of metal transfer re¬ 
sults when current levels are kept low. 
The spire problem is not dealt with in 
Ragnar Holm’s discussion. Holm’s in¬ 
vestigations are concerned with bridging 
transfer at currents above 75 milliamperes 
where the dome rather than the spire type 
of build-up is likely to occur. The pres¬ 
ent paper is concerned with the problem 
of reducing or eliminating the contact 
spire type of metal transfer. 

The Dilemmas 

The first dilemma confronting the de¬ 
signer of sensitive contact systems occurs 
when he discovers that the elimination of 
arcs and sparks through the use of protec¬ 
tion networks can result in a critical 
metallic bridging problem. 

The second dilemma which must be 
resolved by the designer occluts when he 
starts out to reduce metal transfer by 
following the procedure of reducing con¬ 
tact current. Since Ragnar Holm proved 
that metal transfer from metallic bridging 
was proportional to the bridge current 
squared, the obvious course is to reduce 
this current. But oddly and unfortu¬ 
nately, while the physical quantity of 
metal transfer does decrease as the square 





+ 


TYPICAL 3PIRE 
TYPE METAL 
TRANSFER 


^ B 


Fig. 1. Bridging metal transfer 


of the bridging current the actual linear 
growth or rate of height build-up of the 
cathode contact pip is not appreciably 
reduced by reducing the bridge cinrrents. 
Investigation of these phenomena by the 
authors has established that while the 
volume of metal transferred at each break 
is roughly proportional to the bridge cur¬ 
rent squared, the height increase of a 
contact pip remains substantially con¬ 
stant for sensitive minimum-pressure 
contact systems as defined in the fore¬ 
going. The diameter of the contact pro¬ 
tuberance decreases while the rate of 
height growth is affected very little by 
contact current change. Under the speci¬ 
fied conditions this holds true for contact 
circuit currents ranging from less than 1 
milliampere up to 500 milliamperes. 
Fig. 1 presents an illustration of the 
second dilemma in that the two cathode 
contact pips, while of different volume, 
are of equal height after the same number 
of cycles. 

This paper deals with the elimination 
of the spire type of metal transfer since 
it is these spires that persist in spite of 
reduced contact current or contact pro¬ 
tection networks. In fact, the spire 
forms more readily in an environment 
where there are no arcs or sparks to neu¬ 
tralize it or no high currents to melt it 
down. 

Nature of Contact Spires 

Sensitive contacts operating with opti¬ 
mum resistance-capacity-diode networks 
at currents below 75 milliamperes with 
maximum contact pressures of the order 
of 1 gram will grow a typical metallic 
spire of 0.001 to 0.005 inch in diameter by 
0.005 inch high in as little as 100,000 
cycles of operation. Such spires even¬ 
tually close the contact gap and result in 
the contacts failing to open. These ob¬ 
servations apply to the use of platinum, 
silver, and gold. In general, those ma¬ 
terials most desirable for contact use due 
to their low tendency to build up oxide 
film are the materials which form cathode 
spires the most readily (reference 4, 
table 01.01). Since a typical spire may 
be 0.001 inch in diameter, a microscope 
is usually necessar>^ to observe it, and 
many failures from this cause are not 
correctly diagnosed and are commonly 
attributed to other causes. 

Methods of Controlling Cathode 
Spires 

The following conclusions were reached 
after testing to destruction 150 different 
contact systems. 


Voltage and Current 

While reducing contact current has 
little effect on the rate of height growth 
of contact spires, it does reduce the 
amount of metal transferred, making the 
mechanical elimination of the spires surer. 
It is apparent that by increasing the con¬ 
tact circuit voltage lower contact circuit 
currents will result for loads requiring 
the same amount of power. If a con¬ 
tactor operated by sensitive relay con¬ 
tacts requires a current of 50 milli¬ 
amperes at 120 volts, it is obvious that 
more than 200 milliamperes will be re¬ 
quired to do the same work in a 28-volt 
circuit. While all the factors affecting 
the selection of the optimum voltage for a 
sensitive relay contact circuit are not 
known, it is believed that somewhere be¬ 
tween 100 and 200 volts may prove most 
desirable. 

Detent 

Since metallic spires of 0.001 to 0.005 
inch in diameter have little mechanical 
strength and since in the initial stages of 
spire building high contact pressures will 
tend to shift the point of contact and re¬ 
duce the spire building tendency, high 
detents may be thought of as a possible 
solution. Tests indicated that detent 
values required to be effective were of the 
order of tens of grams. This method ob¬ 
viously was incompatible with sensitivity 
requirements. 

Low Current 

Reduction in contact current only re¬ 
sulted in reducing the diametral dimension 
of the spires without appreciably slowing 
up the rate of their linear growth. 

Balancing Bridging Growth by Spark 
Erosion 

If the contact protection network is 
modified to allow a controlled amount of 
sparking, in theory one should be able to 
balance the lendendy toward spire growth 
with the losses from spark erosion. In 
practice such a balance has proved too 
critical; furthemiore, erosion from either 
arcs or sparks introduces oxide films and 
other complications of the contact sur¬ 
face which tend to cause low-pressure 
sensitive contacts to malfunction; they 
fail to close within the signal tolerance 
design limits. 

Preventing Spire Build-up with High 
Make Currents 

High make currents can be used to pre¬ 
vent sharp spires from forming. This 
method of prevention has also proved to 
be impractical because the high current 
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transfers a much larger quantity of metal 
which in tiurn results in a serious dome 
build-up. Protrusions from the dome 
transfer eventually close up the contact 
gap or cause mechanical interlocking. 
High make currents also introduce the 
hazard of contact sticking. 

Bimetallic Contact Materials 

Holm suggests that a nickel anode con¬ 
tact working with a silver cathode will 
reduce metallic bridging transfer to the 
cathode. The nickel has a tendency to 
oxidize so that in the initial pip forming 
stages the contact meeting areas shift 
about, thus not permitting a high rate of 
pip height growth. However, tests by 
the writers of both nickel-silver and nickel- 
platinum contact combinations gave 
erratic operation at contact closure pres¬ 
sures of less than J gram. Tests of bi¬ 
metallic contacts of this nature also led 
to a theory of operation differing from 
Holm’s. The nickel-platinum combina¬ 
tion, when observed under a microscope, 
appeared to have a self-regulating prop¬ 
erly. The material from the platinum 
contact tended to transfer to the ])ositive 
contact area of the nickel contact, coating 
it with a thin layer of platinum. When 
this reached a certain stage the metal 
transfer appeared to reverse and return 
to the original platinum contact. This 
operation produced over-all metal trans¬ 
fer equilibrium for several million cycles. 
However, the contact pressure required 
to maintain close tolerance contact operat¬ 
ing signal conditions was too high to 
allow use of this method. Much further 
work on metallic combinations tending to 
inhibit spire building in sensitive low- 
pressure contact systems is needed. 

Nonmetallic Contact Materials 

These were tried and were found to in¬ 
troduce presently insoluble problems. 
With carbon and graphite contacts elec¬ 
trostatic bridging of contact dust par¬ 


ticles, rapid wear, and adverse contact 
pressure versus contact resistance stopped 
further exploration of this method. 

Mechanical Solution 

Finally, a mechanical solution to cath¬ 
ode contact spires proved most success¬ 
ful. Holm suggests that “by often turn¬ 
ing the electrode so as to make contact in 
new spots” bridge metal transfer cathode 
pips may be avoided. This could be ac¬ 
complished in many ways. Flexibly 
mounting the contact points or contact 
arms so that operation produces a change 
in the mating areas of the contacts may 
reduce the tendency toward spires. How¬ 
ever, experiments were not successful 
in producing a nonpositively driven or 
turned low-pressure contact system. 

A positively rotated and scraped cy¬ 
lindrical cathode contact has proved to 
be the best solution so far found to the 
cathode contact spire problem. 

Motor-Driven Cathode Contact 

A positive correction of the sensitive 
contact cathode spire problem was ob¬ 
tained by externally driving cylindrical 
cathode contacts of a sensitive relay. A 
polarized proportional relay with cylin¬ 
drical motor-driven cathode contacts is 
shown in Figs. 2 and 3. The rotating 
contact wiper or brush continuously cleans 
the cathode contact tlirough its burnish¬ 
ing action which ensures uniform low- 
contact pressure performance. The con¬ 
tacts were made of platinum 10 per cent 
iridium alloy in the experimental relay. 
While platinum iridixun alloy contacts 
were used, it is believed that fine silver 
rings could have been used on the rotating 
contacts. Since the rotating contact 
cylinders employ a substantial amount of 
material, a significant cost reduction may 
thus be possible! Silver rotating con¬ 
tacts against the platinum iridium arma¬ 
ture contacts 1 are recommended for test 


evaluation. This assembly has the fol¬ 
lowing advantages: 

Constantly Changing Cathode Area 

Constantly changing the cathode area 
prevents the accumulation of metal bridg¬ 
ing deposits in any one spot, thus eliminat¬ 
ing spires, domes, and pips. 

Fail Safe 

If the contact driving motor fails, the 
relay will continue to function in the 
ordinary manner for a limited life. The 
addition of the contact driving motor is 
not a complete series liability with regard 
to relay failure. Of coiurse, in maximum 
sensitivity systems motor failure can cause 
out of tolerance contact opening opera¬ 
tion. Closing tolerances will not be im¬ 
mediately affected. 

Burnishing Action 

The cathode contact cylinders are bur¬ 
nished by the wiper bearing on them. 
The action of this wiper tends to burnish 
the contact so that uniform low-pressure 
operation is reliably assured. The me¬ 
chanical strength of contact spires of the 
order of 0.002 inch diameter is low enough 
to allow the wiper to remove them if they 
form due to temporary failure of the 
driving motor or due to repetitive opera¬ 
tion in the same area. 

Signal Contact Separating Force 

Reduced 

Since the contacts driven by external 
power are moving, little or no signal sep¬ 
arating force is required to open the con¬ 
tacts. This permits a large increase in 
contact sensitivity without reduction in 
reliability or sacrifice of signal opening 


terminals 



coil 

Fis. 3. Schematic diagram'^of sensitive relay 
with powerrdriven rotary cathode contacts 
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tolerance requirements. The basic princi¬ 
ple of overcoming static contact hysteresis 
by power driving one of the contacts pro¬ 
duces an important gain in the practical 
sensitivity of contact devices. 

Preliminary Test Results of 
Experimental Rotating Cathode 
Contact Relay 

These test results indicate reliable 
operation under aircraft conditions with a 
50-microwatt input signal. Contact gaps 
of 0.004 inch were used. A 60-milli- 
ampere 120-volt inductive load was con¬ 
trolled for 20,000,000 cycles of operation 
with no observable deterioration of the 
contact surfaces or any change in the 
sensitivity of the relay. There was no 
indication that the control output power 
of this unit would be limited to the order 
of 10 watts. Simple resistance-capaci¬ 
tance contact protection was used. 

Contactor Powered Ratchet-Driven 
Sensitive Relay Contacts 

By combining the slave power relays 
in the same assembly with the sensitive 
proportional polarized relay, it was possi¬ 
ble to ratchet drive the sensitive relay 
cathode contact cylinders from the slave 
relay armatures. This arrangement, 
shown in Fig. 4, seemed to offer possibili¬ 
ties of some increase in compactness and 
reduced weight. These gains were achieved 
at some loss in contact life, since, due 
to the step operation of the ratchet, 
successive contact areas on the sensitive 
relay cathode contact cylinders would be 
repeated. An undetermined increase in 
contact hysteresis could be expected com¬ 


pared to the motor-driven contact as¬ 
sembly because the contacts would not 
usually be in motion at the instant of 
opening. Tests have not been made to 
determine what effect this would have on 
probably useful life of the assembly. 
Problems are anticipated with magnetic 
interaction of the slave relays with the 
sensitive relay. Some advantages can 
be taken of this effect to provide a small 
amount of detent action. 

The Testing Problem 

Engineering opinion on sensitive con¬ 
tact devices varies between two extremes. 
One, there is no problem. Two, the 
problem is so complicated and complex 
that any attempt to solve it is all but 
hopeless. The reason for this extreme 
difference of opinion is that ordinary test 
procedures on identical assemblies can 
appear to justify either or both of these 
conclusions. If contact life is defined 
as the number of cycles within operation 
tolerances, then normal variation between 
successive test samples will be at least 4 
to 1. That is, if a life of 4,000,000 cycles 
is obtained from one test, the minimum 
life may be found to be as low as 1,000,000 
cycles. If less than precise mechanical 
and electrical design is employed in the 
relay, if anything less than precision 
flexure pivots or precisely flat joints in 
the magnetic circuit are employed, con¬ 
tact life variations may be in the order of 
10 to 15 times. Only by the elimination 
of all mechanical ambiguities can close 
tolerances on sensitive contact operation 
be held for tens of millions of cycles as 
required for off-on pulse-controlled servo- 
clutch operation. It is very easy for test 


engineers to find justification for eliminat¬ 
ing what they consider to be “odd points” 
on the life-cycle curve and to believe that 
they have a device better than it really is. 
It is true that where reliability and con¬ 
sistency are not critical, such as in heat¬ 
ing controls, such a lighthearted view of 
the problem can be tolerated. But in the 
type of servo control now common in our 
airplanes, where any out of tolerance mal¬ 
function may abort the mission, lose the 
aircraft, and kill the pilot, a rigorous 
approach to obtaining realistic minimum 
life data is essential to the proper applica¬ 
tion of sensitive contact controls (refer¬ 
ence 6, section 4.22). 

Care must be taken in the testing of 
sensitive contact devices to insure that 
test procedures actually simulate opera¬ 
tion. Early in the development of one 
servomechanism, it was reasoned that 
contact bounce was the critical problem. 
Therefore a high-level square-wave signal 
was used to drive the contact life-cycle 
test. No malfunction was observed in 
billions of operations. Yet when the 
complete servomechanism was life-cycled, 
failure occurred in less than 100,000 op¬ 
erations. It turned out that contact 
bounce was not the critical factor and 
that normal operation produced succes¬ 
sive minimum pressure operation con¬ 
ducive to cathode contact spire formation. 
These spires caused the unexpected 
failures. The liigh-signal-level, square- 
wave life testing of the contact assem¬ 
blies, while creating the severest contact 
bounce conditions, prevented the growtli 
of cathode contact spires which, due to the 
minimum contact. pressures in actual 
operation, were the critical problem limit¬ 
ing the life of the servomechanivsm. 


Conclusions 

1. Considerable research has been ex¬ 
pended in trying to find the easy ways to 
solve the cathode spire problem in mini¬ 
mum pressure sensitive contact systems. 
The most reliable answer to date is that of 
rotating the negative contact against a 
contact burnishing wiper and employing 
a contact protection network designed to 
minimize the amount of metal transfer. 

2. The neglect of mechanically driven 
cathode contact assemblies has been the 
result of a rather naive attitude toward 
the whole contact problem. When less 
elaborate methods are rigorously examined 
and other available methods of servo con¬ 
trol employing vacuum-tube equipment or 
magnetic-amplifier designs are evaluated, 
then a simple clock motor driving a rotating 
contact of a proportional relay appears by 
comparison worthy of careful consideration. 

3. Investigation of bimetallic contact 
combinations designed to minimize cathode 
spire formation is likely to be profitable. 
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Further investigation of nonmetallic contact 
materials for minimum pressure sensitive 
contact systems is considered desirable. 
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Parallel Operation of Aircraft A-C 
Generators 


L. R. LARSON 

MEMBER AIEE 


I N MILITARY aircraft, the growth of 
electric power consumption has been 
very large. The load requirements have 
led to the desirability of developing a-c 
systems rather than producing power as 
direct current and then converting to 
meet the a-c load requirements. For the 
most part, single-generator systems or 
combinations of single-generator systems 
using split-bus arrangements have been 
used. Need for higher-reliability sys¬ 
tems, having greater reserve capacity, 
and making higher utilization of generator 
capacity through the diversification of 
load equipment leads to the conclusion 
that parallel systems should be used in 
future aircraft. 

In ways, the problems involved in 
parallel operation of a-c systems are far 
more complex than those encountered in 
use of single-generator systems. Certain 
of the functions that are peculiarly appli¬ 
cable to single-generator systems may not 
be performed in a satisfactory manner and 
may cause system malfunction when used 
in parallel-generator systems. An at¬ 
tempt is made in this paper to define the 
various operating conditions and certain 
of the system malfunctions that may 
result from failure, mismatch, or lack of 
co-ordination of the various items used 
in paralleled-generator systems. While 
it is unnecessary at this time to place 
specific numerical limitations on the per¬ 
formance of various items, at least the 
interrelationships can be expressed and 
conclusions drawn therefrom. Careful 
analysis of the problem should point up 
the lack of certain desirable equipments 
necessary for proper operation of such 
systems. Past trends of development of 
components rather than integrated 
systems may lead to complete mismatch 


of many of these individual items of 
equipment when being combined into an 
operating system, unless great care is 
used in defining the compatibility require¬ 
ments of each item of equipment. 

Operational Requirements 

Modem high-performance aircraft 
place a premium on the number of crew 
members that can be carried on a partic¬ 
ular mission. In addition, these crew 
members have less lime available to 
execute their assigned duties. Con¬ 
sequently, the electrical system should 
require little or no supervision for its 
operation. A reasonable design objective 
for the a-c system is that it should be as 
easy to operate as the older d-c system. 
In other words, the operator, having 
selected the generators need for the par¬ 
ticular operation, should not be required 
to establish manually the conditions 
necessary for parallel operation and bring 
about synchronization. 

Systems must be as simple as is com¬ 
patible with the prior requirement of 
automaticity. Proper design and ar¬ 
rangement contribute to ease of main- 
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tenance and increased system reliability. 
Each individual component used in the 
system must be capable of withstanding 
normal service abuse without failure or 
malfunction. A device that will not 
meet these requirements can well cause 
more loss of weapon effectiveness than 
the nse of a device having slightly lower 
performance but higher reliability. 

Certain design principles can be applied 
during the consideration of a particular 
system configuration or items of equip¬ 
ment. Several of these are listed below; 

1. The characteristics of the individual 
components must be carefully co-ordinated 
to meet the steady-state and transient re¬ 
quirements that are placed on the system 
by the present load equipments. 

2. Though the control and protective 
functions must be co-ordinated with the 
remainder of the system, they should be 
physically integrated with the associated 
equipment whenever possible. In this 
manner, the supplier of the basic equipment 
can assure correct and proper assembly of 
these various components without depend¬ 
ence on another party for the proper in¬ 
stallation of the interconnecting circuits, 
whether electric, hydraulic, or pneumatic. 

3. Control and protective functions should 
not be operated through common circuitry 
or elements, when failure of the circuit or 
elements will result in simultaneous loss of 
control and protection. 

4. Protective devices must be carefully 
co-ordinated so that dmring system mal¬ 
function the proper protective device pro¬ 
vides the correct operation. Simultaneous 
tripping of cascaded protective devices can 
not be permitted while retaining the re¬ 
quired degree of system reliability. 

5. The principle that one fault shall not 
cause system collapse is of fundamental 
importance when discussing systems or 
components that are required for safety of 
flight. 

The above list of design principles 
apply for either single-generator systems 
or for multigenerator parallel systems. 
The problem of proper co-ordination will 
be more complex in the case of the multi¬ 
generator system. Even in the case of a 
multigenerator system it is necessary 
that proper and reliable operation be 
achieved while using the individual 
generators in a split bus arrangement. 
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Component Parameters 


I. 


The normal sequence of events in the 
development of equipment is for the com¬ 
ponent design engineer to establisli the 
requirements for his specific device with 
only incidental attention being given to 
the associated components going into the 
completed system. Certain of the re¬ 
quirements for satisfactory parallel opera¬ 
tion of generators as a system will be 
listed for the particular components in the 
following discussion. 

Prime Mover and Governor 

To produce narrow frequency range 
a-c power, the prime mover must be 
capable of accepting and controlling 
available energy to produce continuously- 
controlled output speed, held within 
acceptable limits. The energ>^ source 
may be pneumatic, hydraulic, or mechan¬ 
ical. For the various sources, the con¬ 
version equipment will necessarily assume 
different forms. The power conversion 
device with its associated governor 
should result in similar operation, since 
the electric loads for a particular aircraft 
using any of the above energy sources are 
likely to be the same. For consideration 
as prime movers in parallel-generator 
systems, the units must be provided 
with a means of obtaining real load 
division. The prime mover must be 
capable of supplying the overload and 
transient requirements placed on it by 
the electric system. The governor 
system applied to a prime mover must be 
considered carefully so that a loss of the 
control function will result in a “fail safe” 
condition. An integral mechanical 
governing system holding speed tolerance 
to ± 5 per cent, with possibly an electric 
topping circuit to enable real load divi¬ 
sion and finer speed control, seems to 
be a reasonable solution to this particular 
problem. 

Generator and Regulator 

Generator and regulator must be capable 
of delivering controlled power as required 
by the loads of the particular system. 
These requirements place limitations on 
permissible voltage regulation, voltage 
unbalance, wave form, transient re¬ 
sponse, both for normal system load 
switching, and for abnormal system con¬ 
ditions to be discussed later. The regu¬ 
lator must incorporate a satisfactory 
means for providing reactive load division 
among machines being operated in 
parallel. The characteristics of the 
generator and regulator must be carefully 
integrated with those of the associated 
prime mover. 


Protective Devices 

It is of fundamental importance that 
characteristics of protective devices be 
based on realistic system-operating con¬ 
ditions. In addition, the various devices 
must be co-ordinated so that predicted 
system operation can be maintained with¬ 
out malfunction or lack of co-ordination of 
the various protective devices used. To 
mention a few of the possible protective 
devices that must be co-ordinated would 
include the following; fuses, limiters, 
circuit breakers, overvoltage, differential, 
and over- and underfrequency protectors, 
reverse power relays, pressure relief 
systems in prime movers, overheat ele¬ 
ments, etc. All of these various devices 
must be co-ordinated with control func¬ 
tions provided by such equipments as 
automatic synchronizing gear, voltage 
regulators, and governors. It is of 
fundamental importance that the pro¬ 
tective equipment have the necessary 
capacity to perform satisfactorily its 
normal operating function under the 
most severe of abnormal system-operating 
conditions. 

Integration of Components into a 
System 

In the preceding section, certain opera¬ 
tional requirements and characteristics of 
individual system components were de¬ 
scribed in general terms. The mention 
was made of the requirement of establish¬ 
ing the necessary co-ordination of certain 
protective devices to assure proper system 
operation. A firrther example of close 
co-ordination of component parameters 
is available from the analysis of the prime 
mover-generator combination. The final 
decision for the requirements to be placed 
on equipment to insure satisfactory 
parallel operation at all times is directly 
influenced by the detailed characteristics 
of the a-c generator-regulator combina¬ 
tion and the parameters of the prime 
mover with its associated governor. 

The complexity of the problem can be 
illustrated by assuming a situation where 
two hydromechanical drives are being 
operated in parallel, and the aircraft in¬ 
cludes as an integral component a gas 
turbine driving a third generator having 
a capacity comparable to each of the other 
two machines. The gas turbine auxiliary 
unit is necessary for ground or water- 
based operation. For certain flight con¬ 
ditions, such as letdown and landing, 
parallel operation of the tliree generators 
as a system to achieve increased system 
capacity and reliability would be highly 
desirable. With the present state of the 
art, there have been difficult operational 



LOADS, 


LOADS. 


Fis- 1. Control and sensing paths for a 2- 
generator aircraft system 

PM—Prime mover 
GOV—governor 
ORC—overrunning clutch 
G—a-c generator 
VR—voltage regulator 
OVR—overvoltage relay 
SYN—synchronizing equipment 
GB—generator breaker 
TB—tie breaker 

1—real load division 

2—reactive load division 

3 —reactive load signal 

4— real load signal 

5— speed correction 

6— voltage correction 


problems in achieving parallel operation 
for machines of identical rating and manu¬ 
facture having prime movers of the same 
rating and manufactiue. The illustra¬ 
tion of introducing a third machine 
having an entirely different type of prime 
mover shows the number of parameters 
that must be closely integrated so that 
equalizer circuits for both real and re¬ 
active power can be reduced to a standard 
signal, and the resulting control functions 
have the same static and dynamic 
characteristics for each machine. 

Fig. 1 is a schematic diagram of a 
2-generator system used to illustrate the 
channels tlirough which control infonna- 
tion must be fed to make possible parallel 
operation. A paper by J. A. Granatli 
and A. K. Hawkes^ and an unpublished 
paper, “Sensitivity Requirements of Re¬ 
active Load Division Circuits in Aircraft 
Electrical Systems,” by E. S. Sherrard 
define certain of the requirements for 
proper real and reactive load division 
among machines being operated in 
parallel. These requirements are based 
on acliieving high utilization of system 
capacity—normally, on the order of 
90 per cent of the total generator rating. 

While there are many desirable facets 
to be achieved by using speed droop for 
real load division among drives operated 
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in parallel, production tolerances in 
governors and drift in setting during the 
normal life of a unit very likely will make 
necessary the use of feedback circuits and 
interconnections among drives to insure 
real load division within ±10 per cent of 
the generator rating. Reactive load 
division by means of voltage droop has 
been found to be unsatisfactory. As a 
result of this experience, differential re¬ 
active-load-division circuits were intro¬ 
duced. The sensitivity of early load- 
division circuits was so low as to require 
manual monitoring to assure acceptable 
load division dining normal flight opera¬ 
tion. With operators not being available, 
the sensitivity and gain of these circuits 
must be increased so that reliable reactive 
load division can be achieved even though 
the individual generator voltages may be 
adjusted to the extreme permissible varia¬ 
tion allowed by procurement speciflca- 
tions. 

Many of the constant-speed diive and 
accessory drive developments have been 
initiated and carried out with little or no 
thought given to the ultimate require¬ 
ment for parallel operation of these 
devices. This has resulted in governors 
being developed with no means available 
for introducing a signal to provide for 
accurate real load division. 

The premise that a satisfactory genera¬ 
tor should deliver power to the electrical 
system when its prime mover is capable of 
doing so leads to certain design guides. 
For example, the use of a reverse power 
relay that would automatically disconnect 
the generator from the system when 
power was flowing from the bus into the 
generator. The parameters of such a 
device must be such that the unit will 
override the normal energy transfer 
taking place during synchronization of 
machines with the remainder of the air¬ 
craft system. In addition, the device 
must not malfunction during periods 
when fault conditions exist on the air¬ 
craft bus or in the distribution system. 
To meet the design objective of automa- 
ticity, a reverse power relay must be 
associated with automatic vsynchronizing 
equipment. This equipment will sense 
the relationship existing between the 
generator and the aircraft bus and will 
automatically introduce corrective action 
to bring the generator within the accept¬ 
able band for paralleling with the system 
before initiating parallel operation. 
Perhaps an easier solution to this partic¬ 
ular problem comes about through the 
use of an overrunning clutch located 
between the prime mover and the a-c 
generator. For this condition, once the 
a-c generator has been synchronized with 


the aircraft system, the generator will 
remain in a condition of readiness to 
deliver power to the system whenever its 
prime mover is capable of assuming its 
share of the system load. The over¬ 
running clutch should be capable of with¬ 
standing continuous operation under slip 
conditions without failure or malfunction. 

As has been pointed out, static and 
dynamic characteristics of the various 
devices being operated in parallel should 
be similar. Future carrier applications 
may require that not only the equipment 
in the aircraft be on prior to starting main 
engines, but the power flow to the equip¬ 
ment must not be interrupted during 
transfer from external to internal power. 
In this case, it may become necessary to 
parallel the aircraft system with either a 
ground power unit or perhaps large 
generators located aboard sliip which 
may be feeding upwards of 20 aircraft 
simultaneously. Obviously, the diffi¬ 
culties encountered in such an operation 
will be manifold, and careful considera¬ 
tion should be given to the possibility of 
floating the aircraft electric system on 
the ground power unit with no require¬ 
ment for real load division among these 
machines. The problem of reactive-load 
division, with the possibility of excessive 
circulating currents, will rec[uire detailed 
analysis. The use of proportional reac¬ 
tive-load division to establish reasonable 
reactive load division during such opera¬ 
tion may be possible. 


Abnormal Operating Conditions 

In addition to assuring proper system 
operation during normal operating con¬ 
ditions, attention must be given to the 
satisfactoiy operation of the system for 
abnormal conditions. A properly inte¬ 
grated system should be capable of re¬ 
covering from abnormal conditions with¬ 
out damage to either the power system 
components or to the load equipments. 
In addition, the return should be to a 
stable operating condition within the 
design range. Certain suggestions for 
protective devices can be made for spe¬ 
cific failures. Ultimate use of such equip¬ 
ment must be based on detailed analysis 
of the particular aircraft system. 

Various failures within the prime mover 
may give rise to conditions that make it 
desirable to remove the drive and its 
generator from the remainder of a 
parallel-operated system. Failure of a 
drive tending to force the machine to 
overspeed will result in that drive hogging 
the real load of the system and, where the 
drive is capable of doing so, of pulling the 
entire system frequency up to the limit of 


the drive. The use of an overrunning 
clutch between the drives and the in¬ 
dividual generators may not materially 
influence the condition since the real load 
division circuits, if in operation, would 
tend to force division of load among the 
machines, bringing the normal machines 
to an overspeed condition in an attempt 
to take their share of the total system 
load. If topping governors are used, as 
previously discussed, when the limit of the 
topping circuit is approached, the 
machine tending to overspeed will carry 
the other machines to overspeed as 
synchronous motors. This discussion is 
based on the assumption that total loss of 
control has occurred on the machine going 
to overspeed. With a failure of this 
nature, the use of an overfrequency relay 
biased with a power signal could insure 
the removal of the faulty machine from 
the system. The setting of the over¬ 
frequency relay would, of necessity, be 
above the upper frequency limit of the 
topping governor. Where the control 
failure would be limited to the topping 
governor, the system frequency could rise 
to the maximum value permitted by that 
circuit. If this frequency is above the 
acceptable frequency range for the load 
equipment, the faulted machine can be 
found by automatically splitting the 
system up so that the generators would 
operate as single units. Having done 
this, the good machines would return to 
normal operating conditions, and the 
machine having suffered the failure would 
remain at maximum frequency permitting 
easy identification and removal from the 
system. 

Prime movers can also fail by going 
to an underspeed condition. The use of 
an overrunning clutch between the prime 
mover and the generator would permit 
the generator to continue to operate as a 
synchronous motor, sharing reactive load 
with the other machines on the system. 
By the use of an underspeed switch built 
into the prime mover, this generator 
could be removed from the system at some 
predetermined prime-mover speed. If 
the failure has been the loss of the topping 
governor circuit and this failure causes 
the topping governor to force the prime 
mover’s speed down, again the faulty 
machine could be removed from the 
system by splitting the system into its 
component parts, and then selecting and 
removing the faulty machine automati¬ 
cally. 

The failure or loss of the real-load- 
division circuit may not cause immediate 
system malfunction; however, a dis¬ 
turbance of prime-mover speed or per¬ 
haps system load could initiate un- 
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'balanced conditions tliat would be detri¬ 
mental to system capacity. Since the 
loss of the differential real load division 
circuit will probably cause drives to go to 
an underspeed condition, an under¬ 
frequency time-delay relay could be used 
to open the tie breakers, causing the 
system to operate in a split-bus arrange¬ 
ment. Continued op'eration at a danger¬ 
ous underspeed by any drive should cause 
removal of that generator from the 
system. 

Mechanical failures in a generator may 
occur in several ways. The failure may 
be gradual as for some bearing failures 
or for a dragging rotor. These failiues 
can exist for considerable time before the 
rotor is blocked. Whether these con¬ 
ditions can be detected from the flow of 
power in the generator feeders is depend¬ 
ent on the prime-mover operating con¬ 
ditions and the nature of the failure. As 
long as the prime mover is capable of 
supplying the normal electric load and 
losses of a generator, along with the 
energy being dissipated by the dragging 
rotor or bad bearing, there will be no 
indication of failure detectable on the 
generator feeders. However, a complete 
stoppage of the generator rotor will result 
in a very large increase in electric power 
being fed into the bad machine from the 
remainder of the system. Excessive 
heating as a result of a gradual failure 
conceivably could be detected by an over- 
temperature device; however, these de¬ 
vices should not be looked upon with 
favor since nuisance outages occmring due 
to system overloads would be proliibitive. 
In addition, the location of such a thermal 
device is a critical problem. For example, 
on a 2-bearing machine, either bearing 
could be expected to fail. A blocked 
rotor condition can be detected by a 
reverse power relay. Depending on the 
nature of the ultimate failure, such 
devices as an underspeed switch in the 
prime mover or differential protectors on 
the generator and feeders could remove 
the generator from the system. 

Other possible generator failures in¬ 
clude loss of held. For the presently used 
machines, this could include both the 
exciter shunt field and the main a-c 
generator-field circuits. With present 
equipment, it seems more likely that the 
exciter field will be lost before the main 
field circuit would be opened. 

The present design practice of not 
bringing the main field circuit outside the 
generator frame should be encouraged. 
This practice is in agreement with com¬ 
ments on integral design made earlier in 
this paper. With the loss of the exciter 
field of a generator being operated in 


parallel with other machines, the resulting 
system operation will be dependent on the 
generator characteristics and the magni¬ 
tude and nature of the load on the 
system. Should the failure occur on a 
lightly loaded system, it is not likely that 
the machine would lose synchronism with 
the system. However, the action of the 
reactive-load-divivSion circuits should tend 
to depress system voltage in an atternpt 
to make the malfunctioning machine 
carry its proper portion of the system re¬ 
active load. In the case of an open 
circuit in the main generator field, 
similar operation can be expected. How¬ 
ever, the faulty generator would be less 
capable of carrying real load than for the 
previous case. When the power capa¬ 
bilities of the machine have been exceeded 
the malfunctioning machine, will be 
driven above synchronous speed by its 
prime mover through the action of the 
real-load-division circuits, and will be 
driven to the point where, as an asyn¬ 
chronous machine, it would be delivering 
its proper vshare of real load. However, 
the action of the reactive-load-division cir¬ 
cuits will tend to force the system voltage 
down. Certain regulator-generator com¬ 
binations tend to go to overvoltage con¬ 
ditions when supplying a leading-power- 
factor load, so that the final steady-state 
condition is dependent on the character¬ 
istics of all of the elements making up the 
system. During the transient period, the 
slip frequency may he sufflciently low to 
match the resonant frequency of the 
mechanical system, giving rise to damage 
to the prime mover. For these condi¬ 
tions, the malfunctioning, machine must 
be selected and removed from the system 
for satisfactoiy system perfomaance. If 
the slip frequency for the asynchronous 
generator is sufliciently high, an overspeed 
switch in the prime mover could be used 
to remove the malfunctioning machine. 

Failures involving the voltage regulator 
and the associated circuitiy may result in 
overexcitation for the generator. For 
this condition, the machine having in¬ 
curred this malfunction will tend to in¬ 
crease the system voltage. Depending on 
the relative sensitivities of the reactive¬ 
load division and voltage-sensing circuits, 
the excitation on the nomial machines 
may rise or fall. If the excitation of the 
normal machines is depreSvSed far enough, 
these machines will lose synchronivsm and 
run as induction generators with a slip 
sufficient to carry their share of the real 
load. Again, as in the ])revious case, 
severe system oscillations may be in¬ 
curred. In this case, for a 2-generator 
system, the use of the overspeed switch 
indicated for the condition of under 


excitation would result in the noniaal 
machine being removed from the system, 
while the malfunctioning machine would 
remain in operation and would force the * 
system to a condition of overvoltage. 

In a parallel-generator system, the loss 
of a phase by open circuiting in a partic¬ 
ular gencratcjt may or may not cause a 
serious malfunction. If the failure occurs 
in those phases not being used for real-or 
reactive-load-division sensing, the power 
output of the machines suffering malfunc¬ 
tion will drop to approximately two- 
thirds of its nonnal vShare of system load, 
with the remainder of the load being 
assumed by the other machines on the 
system. However, if the phase being 
lost is used for load-division sensing, 
serious system malfunction may result. 
A damaged macliine will tend to assume 
full-system load, using the other machines 
on the system as transfonners to accom¬ 
plish the i)ro])er i)liase relatioiishii)s. As 
occurred in some of the previously de¬ 
scribed malfunctions, the machine suffer¬ 
ing the failure will tend to be driven at a 
speed above its nonnal operating condi¬ 
tion. The remaining machines will tend 
to run as synchronous motors, ])rovided 
an overrunning clutch is used. With 
this possibility of system malfunction, it 
would be desirable to ])hice the current 
transformer’s used in sensing real and 
reactive loads on the same phase, rather 
than in two different phases. 

Another c'ondition that perhaps should 
not be listed nnd(*r the section “Abnoniial 
Operating Conclitioiis” is that occurring 
during the synchroniring of individual 
machines lo establish a parallel-generator 
system. 'Hie varitms protective devices 
used throughout the drive, generator, and 
distribution systems must be co-ordinated 
[)roperly sf) that the transient plieiioineua 
occurring during synchronizing will not 
cause nuisance outages. ICven though 
automatic syiudiroiiizing gear may be 
used to insure that the initial synclironiz* 
ing disturbaiK'cs will not be excessive, 
system o[)crating conditions, such as a 
.’hphase low impedance fault, may result 
in machines losing synchronism during 
the fault. Upon removal (ff the fault, 
parallel operation must be re-established 
with the nuu'hincs at ceiling excitation, 
considerable slif) aiiK)iig machines, and 
f)ossil)ly full out of phase. The resultant 
system disturhaiice ('ould not be classed as 
a “normal” switching transient. 

Various distribution-system faults may 
occur, and the system must be designed 
so that the fault c'uii be removed without 
excessive system disturbance. Of pnme 
importatice in establishing the.se system 
stability criteria are the overload capa- 
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bilities of the generators and prime 
movers. Military specifications for a-c 
generators require that the machines be 
capable of producing 3-per-unit fault 
curi'ent for a 3-phase low-impedance 
fault condition. In addition, the genera¬ 
tors are required to produce 2-per-unit 
power for 5 seconds. Consideration of 
the external characteristics of a machine 
meeting these requirements shows that a 
generator is potentially capable of de¬ 
veloping at least 3-per-unit power for a 
short period of time. Careful considera¬ 
tion of the distribution vSystem to be used 
should show what fault impedances can 
be expected, and whether these im¬ 
pedances would result in such high levels 
of power. If such conditions do exist, 
very careful consideration has to be given 
to the overload potentialities of the prime 
mover being used, If the duration is 
sufficiently short prior to fault clearing, 
the inertia of the generator and prime 
mover may be sufficient to deliver the 
required energy without serious loss of 
speed. However, if this is not the case, 
the prime mover must be cai)ablc of 
supplying adequate power to insure the 
proper system operation. When a large 
portion of the system load is composed of 
rotating machinery, faults of consider¬ 
able duration may pcniiit these machines 


to slow sufficiently to cause the system to 
stall during recovery. 

Of particular interest in component co¬ 
ordination is the problem of overvoltage 
protection. Unfortunate system experi¬ 
ence has shown that overvoltage protec¬ 
tion applied to a generator may operate 
before an overcurrent device, such as a 
fuse or circuit breaker, will clear a fault in 
the distribution system. This is partic¬ 
ularly true when Hne-to-neutral over¬ 
voltage sensing is used. With a fault 
occurring on a phase other than that 
having overvoltage protection, the over¬ 
voltage relay is subjected to an over¬ 
voltage condition for the duration of the 
fault plus the noniial system recovery 
time. With presently used fuses and 
circuit breakers, a mismatch of these 
devices with presently used overvoltage 
relays causes serious malfunctions, 
especially in those circuits where the 
higher-rating fuses and circuit breakers 
are used. 

Conclusions 

The following broad conclusions can be 
drawn from the foregoing discussion: 

1. Due to the many divergent conditions 
encountered in obtaining proper system 
co-ordination, experience with complete 
system operation is necessary for intelligent 


selection of control and protective functions 
as well as basic system components, such as 
prime movers, generators, regulators, circuit 
breakers, etc. 

2. Proper integration of the various items 
used in establishing a system is necessary 
for satisfactory system performance. 

3. Well defined design data or, preferably, 
experimental test data are necessary to 
establish detail component requirements. 

4. The use of mismatched system com¬ 
ponents can cause serious system mal¬ 
function. 

5. Consideration should be given to the 
possibility of parallel operation of the air¬ 
craft system with external or ground power 
units. 

6. Continued growth of parallel-operated 
systems may require specification of specific 
design data for drives, generators, regulators 
and other system components. This is 
particularly true if items of different manu¬ 
facture arc to be used interchangeably or 
placed in parallel or similar operation by 
operational requirements. 
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T he past few years have witnessed 
the increasing use of alternating cur¬ 
rent in large military aircraft, to the 
point where systems of paralleled alterna¬ 
tors are required to meet the load de¬ 
mand. Such systems have problems and 
malfunctions of a type not encountered 
with isolated alternators or with paral¬ 
leled d-c generators. As a result, new 
control and protective techniques must 
be developed for paralleled a-c systems if 
adequate reliability is to be obtained. 

A particular 3-phase a-c power vSysteni 
which was designed for use in a large air¬ 
craft derives its power from four alterna¬ 
tors which are nonually paralleled through 
a central bus. A single-line diagram of 
the system is shown in Fig. 1. Loads are 
fed from the main busses, as indicated, so 


the alternators may be isolated during an 
emergency without interrupting service 
to the loads. Each alternator has an 
integral exciter, controlled by a carbon 
pile voltage regulator. Equalization of 
reactive current between alternators is ob¬ 
tained from a current Uansfonner loop. 
The operation of the equalizing circuit 
serves to introduce a trimming signal 
into the voltage regulators whenever a 
reactive current unbalance exists, as is 
described more fully by Granath and 
liawkes.^ Externally controlled circuit 
breakers are used to connect the alterna¬ 
tors to their respective main busses, and 
to connect the latter to the central bus, 
the interconnecting lines being multiple- 
wire fused feeders. 

During developmental testing of the 


system in question, a number of problems 
were encountered involving tinbalaixced 
reactive cuiTcnls of the several alicriia- 
lors. It was found that these difficulties 
could be overcome by a heretofore un¬ 
known device which the author has called 
a dilTcrential reactive current protection 
relay (DRCPR). With a DRCPR con¬ 
nected to each alternator, any condition 
resulting in an alternator supplying ap¬ 
preciably more than its share of lagging 
reactive cuiTcnt will actuate the coixe- 
spondiiig DRCPR, sending a trip signal 
to the con'csponding bus tie circuit 
breaker. More conventional protective 
devices may then be applied to the iso¬ 
lated alternator. The DRCPR is quite 
flexible and, if desired, may be connected 
to sense real as well as reactive current 
unbalance. 
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ALTERNATOR 
60 KVA,400 CPS 



Fig. 


1. Single-line diagram of an aircraft electric 
system, showing reactive equalizing circuit 


Need for a New Protective Device 

The problems which originally led to 
the conception of the DRCPR arose 
from the following three situations: 

Voltage Regulator Fault 

If a voltage regulator fault, such as a 
broken sensing lead, causes overexcitation 
of one alternator, that alternator will 
deliver a large reactive current to the 
system. The other voltage regulators 
will tend to hold the system voltage con¬ 
stant and hence will reduce the excitation 
of their respective alternators. How¬ 
ever, the reactive equalizing circuit, 
sensing the unbalanced reactive currents, 
will reduce the excitation of the over¬ 
excited alternator and increase the excita¬ 
tion of the other alternators. As a re¬ 
sult, the system stabilizes at a voltage 
appreciably above normal with the over¬ 
excited alternator overloaded. The cal¬ 
culated performance of the system for a 
particular fault is illustrated by the 
curves in Fig. 2, which show system volt¬ 
age and the armature and field currents of 
the overexcited alternator as a function 
of initial load, power factor, and number 
of alternators operating. The calculated 
values were checked by tests for the case 
of two alternators in operation, the errors 
being less than about 10 per cent. Note 
that for initial loads in the neighborhood 
of 0.8 per unit, the overexcited alterna¬ 
tor will be severely overloaded and the 
voltage may be high enough to damage 
some loads, yet the field current is not 
great enough to actuate a conventional 
exciter protection relay (connected across 
the alternator field) to shut down the over¬ 
exciter alternator. 



Fig. 2. 


Calculated performance of an alternator when the phase A or phase B 
voltage regulator-sensing lead has broken 


Phase C Main Bus Fault 

If a fault occurs at a main bus, the 
fuses in the line between the central bus 
and the faulted bus will quickly blow, 
since these fuses carry the fault current 
supplied by several alternators. Fault 
current will then be supplied only by the 
alternator closest to the faulted bus. 
If the fault is on the phase utilized by the 
reactive equalizing circuit (phase C), the 
fault current will pass through one of the 
current transformers shown in Fig. 1. 
The reactive equalizing circuit thus re¬ 
sponds to the fault current, decreasing the 
excitation of the alternator still con¬ 
nected to the fault and increasing the 
excitation of the other alternators. As a 
result, the fault current stabilizes at a 
value slightly more than twice rated al¬ 
ternator ciuxent, yet the alternator fuses 
do not blow and the field current of the 
faulted alternator is too low to operate the 
exciter protection relay. In addition, 
the overexcitation of the other alterna¬ 
tors causes either a sustained over¬ 


voltage or, ill some cases, operation of the 
exciter protection relays, resulting in com¬ 
plete vsystem failure. 

Broken Equalizing Loop 

If a break ucctus in a wire connecting 
two of the current transfoniiers shown in 
Fig. 1, the entire output of each current 
transformer circulates through the adja¬ 
cent voltage regulator. The inductive 
component of alternator current causes 
line voltage depression; for example, an 
inductive component equal to rated al¬ 
ternator current would depress the volt¬ 
age IS per cent. In addition, any dif¬ 
ferences in voltage regulator settings re¬ 
sult in unequal division of reactive loa 
among the alternators. 

Description of DRCPR 

The conmion factor in these problems is 
the presence of a large signal from ^ 
reactive equalizing loop to the voltage 
regulators. The DRCPR was devise 
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to respond to a large equalizing signal 
in such a manner as to open tlie bus tie 
circuit breaker whose corresponding al¬ 
ternator appears to be overexcited* 

A circuit diagram of the DRCPR in its 
finally developed form, including the 
external connections, is shown in Fig. 3. 
The weight of this unit is 3.8 pounds. 
The operation of the reactive current 
sensing portion of the unit may be ex¬ 
plained as follows: The output of the 
line transfonners is applied directly to 
the upper 3-phase rectifier. During 
nonnal system operation, the bus tie 
circuit breaker is actuated, so the circuit 
breaker auxiliary contacts shown in Fig. 3 
are open. Consequently, the output of 
the upper rectifier is applied only to the 
right-hand coil of the polarized relay, 
tending to pull the relay armature to the 
right. The output of the mutual reac¬ 
tor is added to one phase of the line 
transfonner output, and the resulting 
voltage is applied through the lower 3- 
phase rectifier to the left-hand coil of the 
polarized relay, tending to pull the relay 
armature to the left. As long as the cur¬ 
rents of the operating alternators remain 
balanced, the mutual reactor secondary 
voltage is small, the voltages applied to 
the polarized relay coils are equal, and 
the relay is not actuated. If, however, 
the alternator currents are unbalanced, 
then a current Hows in the mutual reactor 
])rimary which is proportional to the dif¬ 


ference between the current of the alterna¬ 
tor shown in Fig. 3 and the average cur¬ 
rent of all the alternators. A vector dia¬ 
gram is shown in Fig. 4 for the case where 
the corresponding alternator is delivering 
more than its share of lagging reactive 
current. The angle by which the mutual 
reactor secondary voltage leads the pri¬ 
mary current would ideally be 90 degrees. 
In practice, hysteresis and eddy current 
effects reduce this angle to about 75 
degrees. For the case illustrated in Fig. 
4, the vector relations are such that the 
voltage to the left-hand coil of the 
polarized relay is increased, actuating the 
relay and tripping the bus tie circuit 
breaker. Note from reference to Fig. 1 
that tripping the bus tie circuit breaker 
does not remove power from any loads. 
If the alternator were delivering less 
than its share of lagging reactive current, 
then the mutual reactor vectors in Fig. 4 
would be reversed, and the right-hand coil 
of the polarized relay would predominate. 
For real current unbalances, the mutual 
reactor vectors in Fig. 4 would be rotated 
90 degrees and there would be no sub¬ 
stantial effect on the polarized relay. 

The reasons behind the choice of a 
name for this protective device should now 
be evident. “Differential” refers to the 
fact that the relay responds only when 
the alternator outputs are unbalanced. 
“Reactive” indicates that the sensing 
circuit discriminates between real and 
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Fig. 3 (le^t). Sche¬ 
matic circuit diagram 
of the complete 
DRCPR and its ex¬ 
ternal connections 


Fig, 4 (right). Vec¬ 
tor diagram of the 
reactive current sens¬ 
ing elements of the 
DRCPR when the 
external connections 
are as shown in Fig. 3 


reactive unbalances, responding only to 
the latter. “Current” is used because the 
operating point is a function of the alter¬ 
nator currents. Note that the polarized 
relay will operate at essentially the same 
value of mutual reactor primary current 
over a wide range of line voltage, since 
any variations in line voltage will affect 
the two relay coils equally. Even an open 
circuit in one of the line transformer pri¬ 
mary leads will have only a small quan¬ 
titative effect on the operation of the 
DRCPR. 

Whenever a bus tie circuit breaker is 
open, the overvoltage relay in the corre¬ 
sponding DRCPR is energized through the 
upper 3-phase rectifier in Fig, 3. Since 
this rectifier is connected directly to the 
line transformer, its voltage output is 
directly proportional to the average Hne- 
to-line voltage at the alternator terminals. 
High alternator voltage will, after a suita¬ 
ble time delay, actuate the overvoltage 
relay, sending a trip signal to the exciter 
control relay, which in tmn shuts down 
the alternator and trips the alternator 
circuit breaker. The over\^oltage relay 
need not be housed in the same enclosure 
as the reactive current sensing elements. 
However, for this particular application, 
no more suitable location for the over¬ 
voltage relay was apparent, and a weight 
saving could be realized by consolidating 
the differential reactive current and over¬ 
voltage functions in one unit. 

With a DRCPR connected to each al¬ 
ternator, the system is adequately pro¬ 
tected against the troublesome conditions 
previously described. If a voltage regula¬ 
tor fault results in overexcitation of an 
alternator, the corresponding DRCPR 
senses the high reactive current deliv¬ 
ered by the alternator, and trips the 
bus tie circuit breaker. The voltage of 
the isolated alternator then rises to a 
high value, actuating the overvoltage 
relay and thus shutting down the alterna¬ 
tor. Provision is made in the control 
system for subsequently reclosing the 
bus tie circuit breaker. The reactive 
current flow during a voltage fault was 
used to determine the operating level 
of the DRCPR, it being found that 
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(a) (b) 

Fig. 5. Vector diagrams for modified external connections to the DRCPR 


Alternator Failure 

The most probable causes of alternator 
failure are loss of field and bearing seizure. 
In either case, a large reactive current 
flows into the faulty alternator. This has 
the same effect on the reactive equalizing 
circuit as if the alternator were delivering 
much less than its share of lagging reac¬ 
tive current to the system. The other 
alternators must therefore deliver more 
than their share of reactive current. 
Under heavy load conditions, the reac¬ 
tive current unbalance will be sufficient 
to operate the DRCPR’s of the good 
alternators, thus preventing severe over¬ 
loading of the good alternators. How¬ 
ever, with light system loads, the current 
fibwing into the failed alternator may he 
sufficient to cause serious damage, and 


operation at a differential reactive cur¬ 
rent of 0.6 per unit was low enough to 
detect any voltage regulator fault and 
high enough to prevent nuisance trips 
during synchronizing surges. 

In the event of a phase C main bus 
fault, after the fuses have blown in the 
feeder to the central bus, the reactive 
component of the current unbalance is 
sufficient to operate the DRCPR of the 
faulted alternator. As the corresponding 
bus tie circuit breaker trips, one of its 
auxiliary contacts short-circuits the reac¬ 
tive equalizing circuit. As a result, the 
excitation of the faulted alternator is no 
longer restricted, and the fault clears in a 
normal manner. 

If the reactive equalizing loop breaks, 
the full reactive component of current 
delivered by an alternator affects both its 
voltage regulator and its DRCPR. For 
the DRCPR operating setting chosen, an 
alternator will be isolated if its reactive 
current output exceeds 0.6 per unit, thus 
limiting the undervoltage to about 11 per 
cent. If this voltage drop were deemed 
excessive, the DRCPR could be set to 
operate at a lower current, in which case 
some trouble with nuisance trips dunng 
synchronizing might be encountered. 

Additional Benefits Derived from 

DRCPR 

During testing of the over-all system 
after DRCPR’s had been installed, it 
became evident that the DRCPR pro¬ 
vided the solution to certain other prob¬ 
lems, as follows. 

Three-Phase Central Bus Fault 

As originally designed, the system was 
incapable of satisfactorily clearing a 3- 
phase fault at the central bus. The diffi¬ 
culty arose from the fact that the fuses 
in the feeders connecting the central bus 


to the main busses had to have a fairly 
high rating to obtain proper fuse co¬ 
ordination during a load feeder fault. As 
a result, the relatively low line currents 
during a 3-phase central bus fault would 
not blow any fuses before the exciter pro¬ 
tection relays would shut down all the 
alternators. However, with practically 
zero voltage at the central bus, the al¬ 
ternators do not remain synchronized. 
Hence, the currents delivered by the 
alternators, while approximately equal, 
have randomly varying phase angles, so 
that large and random signals are present 
in the reactive equalizing circuit. Under 
these conditions, the DRCPR’s quickly 
operate and trip all but one of the bus tie 
circuit breakers. The remaining alterna¬ 
tor is shut down by its exciter protection 
relay, but may be restarted after manu¬ 
ally opening the corresponding bus tie 
circuit breaker. Power is supplied with¬ 
out interruption to a majority of the 
loads. 


the reactive equalizing signals will depress 
the vsyslem voltage, yet the DRCPR’s 
of the good alternators will not be ac¬ 
tuated. This situation may be remedied 
by a slight modification of the DRCPR 
wherein the right-hand contact of the 
polarized relay, as shown in Fig. 3, is 
connected to an alternator failure indicat¬ 
ing light. The operator’s instructions 
are to shut down the alternator if the 
light remains on for more than an instant. 
A light is employed in preference to 
tripping a circuit breaker because it 
would be undesirable to affect a good 
alternator’s performance as the result of 
overexcitation of another alternator. It 
may be noted that during a malfunction 
such as a voltage regulator fault, the 
lights of the good alternators may flicker 
momentarily but will go out as soon as the 
bus tie circuit breaker corresponding to 
the overexcited alternator has tripped. 
In the system under consideration, satis¬ 
factory results have been obtained by 



Fig. 6 (left). Schematic circuit 
diagram of the simplified DRCPR 
and its external connections 


Fig. 7 (below). Vector diasram 
for the simplified DRCPR 

mutual reactor 
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setting the DRCPR so that the indicator 
light comes on at a reverse differential 
reactive current of 0.3 per unit. 

Other Applications and Modifications 
of the DRCPR 

While the discussion so far has been 
concerned with the application of the 
DRCPR to a particular aircraft electric 
system, it should be realized that the 
device has a high degree of inherent 
flexibility, which should permit its use in 
many applications. These applications 
need not be restricted to aircraft systems. 
Certain modifications in the external con¬ 
nections of the DRCPR will permit it to 
perfomi additional functions. These are: 

1. A resistor may be placed across the 
input terminals of the mutual reactor 
(see Fig. 3) in order to rotate the mutual 
reactor primary cuiTent approximately 
30 degrees. This condition is illustrated 
in Fig. 5(A) which shows the vector rela¬ 
tions for the case where the corresponding 
alternator is delivering more than its 
share of lagging reactive current. Note 
that the DRCPR now has equal sensi¬ 
tivity to both real and reactive current 
unbalances. The bus tie circuit breaker 
will be tripped if the alternator delivers 
more than its share of either real or reac¬ 
tive current and the indicator light will 
come on if the alternator delivers less 
than its share of either real or reactive 
current. These responses could be re¬ 
versed by interchanging the connections 
to the current transfonner shown in Fig. 3. 

2. By interchanging the phase B and 
C line transformer primary connections, 
the sensing circuit vector diagram may be 


Discussion 

E. S. Sherrard and W. M. Tucker (Naval 
Research Laboratory, Washington, D. C.); 
The DRCPR described in this paper is use¬ 
ful for clearing or for facilitating the clearing 
of several types of faults or abnormal condi¬ 
tions in parallel generator systems. Its use 
for overvoltage protection of parallel gen¬ 
erator systems is considered in this discus¬ 
sion. Also, this discussion vsuggests design 
changes which will reduce the number of 
open-circuited equalizer looi3 faults and 
which will minimize the effect of any such 
faults that may occur. 

^ The DRCPR clears overvoltages in a 
single generator system and overvoltages in 
a parallel generator system that are char¬ 
acterized by abnormal reactive current un¬ 
balance. Not all parallel system over¬ 
voltages are characterized by abnormal 
reactive current unbalance, and conse¬ 
quently the DRCPR may not be relied upon 
for clearing all overvoltages in parallel sys¬ 
tems, For example, a single-phase fault 


modified to the form shown in Fig. 5(B) 
which again illustrates the case where the 
corresponding alternator is delivering 
more than its share of lagging reactive 
current. Again the DRCPR becomes 
equally sensitive to real and reactive cur¬ 
rent unbalances, but in this case the bus 
tie circuit breaker will be tripped when 
the alternator delivers more than its share 
of real current or less than its share of 
reactive current, while the indicator light 
will come on when the alternator delivers 
less than its share of real current or more 
than its share of reactive current. Again 
these responses may be reversed by inter¬ 
changing the connections to the current 
transformer. 

3. By interchanging the phase A and 
C line transfonner primary connections, 
the sensing circuit vector diagram may be 
modified to the form shown in Fig. 5(C) 
which also illustrates the case where the 
corresponding alternator is delivering 
more than its share of lagging reactive 
current. The DRCPR will now be 
principally sensitive only to real current 
unbalances. The bus tic circuit breaker 
will be tripped when the corresponding 
alternator delivers either more or less than 
its share of real current, depending on the 
current transfonner connections, as be¬ 
fore. 

It is thus evident that any combination 
of real and reactive current may be sensed. 
The DRCPR may be successfully applied 
to systems having alternators with dif¬ 
ferent ratings by matching the current 
transfonner ratios to alternator ratings. 

For an application where an over¬ 
voltage relay is not to be included in a 
single housing with the reactive current 
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sensing elements, the DRCPR may be 
simplified to the form shown in Fig. 6. 
The estimated weight of this unit is 2 
pounds. This simplified version is con¬ 
nected to only one phase of the main 
power system when the unit is to perform 
the functions originally described in this 
paper. Consequently, the DRCPR in 
this fonn may be used in a single-phase 
system. A vector diagram for the simpli¬ 
fied version is shown in Fig. 7, from which 
it is evident that the principles of opera¬ 
tion are unchanged. When the simplified 
version is used in a 3-phase system, the 
modified external connections described 
previously may still be made. 

Conclusion 

The differential reactive current protec¬ 
tion relay has provided an eminently sat¬ 
isfactory solution to a number of prob¬ 
lems encountered in an a-c aircraft elec¬ 
tric system. These problems were asso¬ 
ciated with voltage regulator malfunc¬ 
tions, faults on the phase used for reac¬ 
tive ctirrent equalization, a broken equal¬ 
izing loop, a 3-phase fault at the central 
bus, and an alternator failure caused by 
bearing seizure or loss of excitation. In 
addition, the DRCPR has considerable 
inherent flexibility, which enables it to 
detect real as well as reactive current 
unbalances and to be employed in a wide 
variety of situations. 

Reference 

1. Power Equalizer Systems for Aircraft 
Alternators, John A. Granath, Albert K. Hawkes. 
AIEE Transactions, vol. 72, pt. II, Sept. 1953, pp. 
209-17. 


betwen lines A ox B and neutral may result 
in excessive phase voltages on the unfaulted 
phases without abnormal reactive current 
unbalance. 

Time delays in attaining abnormal reac¬ 
tive current unbalance or operating time of 
the bus tie circuit breaker and the polarized 
relay in the DRCPR may complicate the co¬ 
ordination between overvoltage and over¬ 
current protection or may prolong clearing 
times of overvoltages in parallel systems. 
Presumably, the overvoltage relay of the 
DRCPR has time-delay characteristics 
that avoid nuisance trips on fault and 
switching transients of a single generator 
system. If to this single generator time- 
delay characteristic is added the uncertain 
or varying time delay in reaching abnormal 
reactive unbalance and in polarized relay 
and bus tie breaker operation, the resultant 
overvoltage clearing times may become un¬ 
certain or excessive, or may no co-ordinate 
with the overciirrent fault—clearing char¬ 
acteristics or switching transients of the 
parallel system. 

Because of the existence of overvoltages 


that may not be cleared by the DRCPR and 
the difficulty in obtaining good co-ordination 
between the time-delay characteristic of the 
overvoltage relay and the fault-clearing 
and switching transients in both a single 
generator and parallel generator system, it is 
our opinion that the DRCPR should not 
be used as the sole overvoltage protective 
device in a parallel generator system. 

The authors’ circuit has been designed for 
use with generators controlled by carbon- 
pile regulators. Undoubtedly the DRCPR 
will be extended to generators controlled 
by static (magnetic-amplifier) regulators. 
Laboratory texts conducted at the Naval 
Research Laboratory indicate that a 0.6- 
per-unit differential reactive current may 
not be low enough to detect all static regu¬ 
lator faults. For example, in one case it 
was found that a value of about 0.5-per-unit 
differential reactive current was obtained 
when a voltage sensing lead was opened in a 
phase not supplying power to the magnetic 
amplifier. 

In his description, the author indicates 
that in typical systems the equalizer loop 
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connections are made between current trans¬ 
former (CT) terminals. A great increase 
in the reliability of these typical systems 
may be obtained by making additional 
equalizer loop connections between the cor¬ 
responding regulator terminals. The cir¬ 
cuit configuration would then consist of two 
parallel connecting loops and connections 
between corresponding CT and regulator 
terminals. An examination of this pro¬ 
posed circuit shows that its operation is in¬ 
dependent of a single open circuit in an 
equalizer loop connection or in a connection 
between a CT terminal and its correspond¬ 
ing regulator terminal. Then, no equalizer 
malfunctioning occurs unless two or more 
connections in the equalizer circuit are 
opened. 

Since CT's and regulators will be rela¬ 
tively remote from each other, this require¬ 
ment of two or more open circuits for a mal¬ 
function in equalizer operation may greatly 
improve the reliability of a differential 
equalizer circuit. 

Saturation of the mutual reactor (MR) 
may be utilized to prevent excessive drops 
in bus voltage that could result from the 
conversion of a differential equalizer cir¬ 
cuit to a proportional equalizer circuit 
through an open circuiting of the equalizer 
loop connections. For no more than a 10- 
per-cent real or reactive current unbalance, 
the maximum normal MR primary current 
(nearly proportional to the difference be¬ 
tween its generator line current and the 
average generator line current) will be 0.1 
per unit, where base current for the MR 
primary is the CT secondary current cor¬ 
responding to rated generator line current. 
If the MR begins to saturate at 0.1-per- 
unit primary current, it may be highly 
saturated at 0.15-per-unit primary current. 
For a per-unit sensitivity of 0.5, which is 
higher than the value of 0.18 employed in 
this paper, the maximum bus voltage re¬ 
duction caused by proportional equalizer 
action w’’ould be 7.5 per cent for a zero 
power-factor load, and 3.3 per cent for 0.9 
power-factor load. 

This reduction in bus voltage probably 
would not cause damage to the system 
loads. However, the poor reactive balance 
that may result from equalizer signal satura¬ 
tion would have to be correlated with system 
power factor (many generators rated at 
0.75 power factor are used in 0.9 power- 
factor systems and therefore reactive 
balance is less important than real balance), 
the excess generating capacity available, 
and the reduction of generator life caused by 
temporary reactive overloads. 

The employment of MR saturation and 
an additional equalizer loop connection 
should, in our opinion, cause equalizer loop 
malfunctioning to be an extremely infre¬ 
quent occurrence. Therefore, it may be 
advisable to consider that, on a statistical 
basis, protection against equalizer mal¬ 
functioning should not be provided imless 


such provision may be furnished without an 
increase in weight, space, or circuit com¬ 
plexity, 

Russell W. Stineman: There appears to 
be little basis for the concern of Mr. Sher- 
rard and Mr. Tucker about the performance 
of the mCPR during single-phase faults 
if we merely note the generally accepted 
principle that an overvoltage relay should 
not operate during a fault. Protection 
for single-phase loads during a fault on 
another phase is attained by rapid fault 
clearing through the proper choice of cir¬ 
cuit protectors. Consequently, any over¬ 
voltage protective scheme that does not 
operate during any fault has perfectly 
satisfactory performance with regard to 
faults. The overvoltage section of the 
DRCPR satisfies this requirement since: 

1. it is not energized during paralleled 
operation; 2. during isolated operation it 
has the same type of sensing as the voltage 
regulator and hence senses no overvoltage 
during a fault; and 3. it has sufficient time 
delay to override the most severe recovery 
voltage after a fault has cleared. It is un¬ 
desirable to use an overvoltage relay that 
might operate during a fault and then go 
to considerable pains to insure that it does 
so, when it is relatively simple to use an over¬ 
voltage relay that inherently will never oper¬ 
ate during a fault. 

The operating time of the reactive cur¬ 
rent sensing section of the DRCPR is such 
that the bus tie circuit breaker will open 
50 to 80 milliseconds after a voltage regu¬ 
lator fault which causes overexcitation. 
This time will generally be small compared 
with the operating time of the overvoltage 
relay. 

Obviously, the value of reactive current 
at which the DRCPR should be set to 
operate will depend on the parameters and 
components of the over-all system. It is 
desirable that the setting be as high as 
possible to avoid false trips when the 
alternators are initially paralleled. The 
suggested criteria are that the DRCPR be 
set to trip the bus tie circuit breaker in the 
event of any regulator fault that causes 
either fiow of circulating currents large 
enough to significantly impair system ca¬ 
pacity or an overvoltage that will damage 
important loads, and be set to energize the 
indicator light at about half the setting 
just indicated. The latter setting is some¬ 
what limited by practical considerations 
in the design and adjustment of the polar¬ 
ized relay. 

In some applications, it may be desirable 
to replace the indicator light with a delay 
relay that would shut down the alternator 
if the failure signal persisted for more than, 
say, 5 seconds, the exact time depending on 
the system under consideration. This was 
not done for the system considered in the 
paper, in order to completely exclude the 


possiblity of false shutdowns. A false 
shutdown was considered more serious than 
a false trip of the bus tie circuit breaker, 
since the latter does not interrupt power to 
loads or reduce system capacity. 

Mr. Sherrard and Mr. Tucker have made 
an interesting suggestion in regard to the 
use of a saturable mutual reactor in the 
voltage regulator. They point out that 
one disadvantage to such a scheme is poor 
reactive load division when the reactors 
are saturated. It may be noted that a 
normal DRCPR will still protect the al¬ 
ternators against serious overload durmg 
such a condition. Other points which 
should be considered in regard to a satu¬ 
rable mutual reactor are as follows: 

1. Saturation may result in a serious 
heating problem. If the reactor starts to 
saturate at 0.1-per-unit primary current, 
it will certainly be extremely saturated, 
with high core loss, at l.O-per-unit current. 
Yet the reactor must be able to carry any 
current within the capacity of the alter¬ 
nator. Otherwise, an open loop, by caus¬ 
ing mutual reactor failures, could result in 
malfunctions of all regulators and complete 
system failure. 

2. A saturating reactor may have ex¬ 
cessive departure from the ideal 90-degree 
phase angle between primary current and 
secondary voltage. If so, compensation 
in the form of magnetic shunts, tertiary 
windings, or capacitive networks would be 
required to prevent the regulator from re¬ 
sponding to real current unbalances. 

3. Real current unbalance causes cur¬ 
rent to flow in the reactor primaries, tend¬ 
ing to saturate the reactors and cause poor 
reactive load division. It may be some time 
before real load division is accurate and re¬ 
liable enough to permit consideration of 
saturable mutual reactors. In any event, 
this interaction between real and reactive 
load division will always be a disadvantage. 

There are many conceivable malfunctions 
of the voltage regulating system, some of 
which do not require protection, some of 
wffiich arc handled by the DRCPR, and some 
for which there is no adequate protection 
yet devised. It is not considered feasible 
or practical to provide protection against 
every conceivable malfunction. Certainly 
a broken equalizing loop is one of the more 
probable failures, because the wires involved 
are relatively long. With duplicate wiring, 
as the discussers point out, protection which 
responds only to an open loop may be un¬ 
justified. This assumes that the system is 
thoroughly inspected frequently enough 
to assure detecting each failure before a 
second failure occurs. It may be noted, 
however, that the DRCPR was not in¬ 
stalled solely or even primarily to protect 
against a broken loop. Consequently, the 
DRCPR may be considered to give pro¬ 
tection against an open loop without com¬ 
plicating the circuitry. 
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Methods for Prediction of Steddy-State 
Performance for Unbalanced Regulated 
3-Phase Generators 


B. J. WILSON 
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Synopsis; Based on simultaneous solutions 
of algebraic equations, resultant values of 
excitation voltage are obtained for a regu¬ 
lated a-c generator operating under tm- 
balanced conditions. These equations result 
from a detailed consideration of the reaction 
to unbalance of the regulator system com¬ 
ponents. In general, solutions of the equa¬ 
tions can be obtained graphically; in some 
cases, they can be attained analytically. 
Both methods are applied to representative 
examples of regulated aircraft generators 
operating at 400 cycles. Once the excita¬ 
tion voltage is determined for a given un¬ 
balance, symmetrical components are ap¬ 
plied to obtain voltages and currents. An 
accuracy of better than 10 per cent is esti¬ 
mated. 


T he function of the voltage reg¬ 
ulator in polyphase systems which 
become unbalanced has been neglected 
almost entirely in the history of this de¬ 
vice. To remedy this situation, a method 
of analysis has been prepared for pre¬ 
dicting steady-state operating conditions 
of faulted or unbalanced regulated gen¬ 
erators. The method is valid for regu¬ 
lated generators currently in use, and for 
certain types anticipated in future ap¬ 
plications. 

The lack of information on the un¬ 
balanced operation of regailated genera¬ 
tors can be attributed to two reasons. 
One is the idea that symmetry is nor¬ 
malcy in system operation and will ulti¬ 
mately be realized in the final system. 
Instead of being considered in the earlier 
stages of design, the problem of balancing 
the circuit is usually left to the opera¬ 
tional stage. In practice, a system is 
never truly balanced. This fact should 
cause some concern, because a question 
immediately arises concerning the extent 
to which the unbalance influences regu¬ 
lator action. Most prominent among 
these unbalances are the common fault 
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conditions that frequently arise. The 
other reason is the nonlinearity of typical 
regulator components. Computation is 
exceedingly difficult with the nonlinear 
functions encountered in an ordinary reg¬ 
ulator, and this difficulty is widely rec¬ 
ognized in regulator and servomecha¬ 
nism theory. 

The extent to which the unbalance 
conditions at the regulator input ter¬ 
minals influence the generator field cur¬ 
rent can be resolved. The consequent 
excitation voltage then detennines ter¬ 
minal conditions at the generator. With a 
satisfactory prediction of these terminal 
quantities, system designers can antici¬ 
pate their needs for proper sized switch- 
gear and protective devices. 

Only those types of regulators which 
influence generator field current are con¬ 
sidered here. If winding damages are 
discounted, the excitation condition of 
each generator phase is alike. Although 
the unbalance may anomalously affect 
the regulator, the regulator will not 
ameliorate any unbalance conditions. 

In the methods presented here, alge¬ 
braic and graphical techniques are out¬ 
lined for calculating the steady-state 
operating conditions. These methods 
are equivalent to solutions of simultane¬ 
ous nonlinear equations for the steady- 
slate conditions considered here. For 
one type of regulator, an analytic method 
is developed, through the use of approxi¬ 
mating functions, over restricted ranges 
of the nonlinear characteristics of the 
regulating system elements. The analysis 
is general for any type of regulator that 
influences generator field current. Fi¬ 
nally, the method is applied to regulated 
aircraft generators operating at 400 
cycles. 

Background Discussion 

For balanced operation, conventional 
round-rotor or salient-pole theory per¬ 
mits accurate predictions of operating 
voltages and currents from known exci¬ 
tation and impedance values. The as¬ 
sumptions of ideal balance of magnitude 


and phase conditions generally facilitate 
this in polyphase machines. A great 
simplification in the mathematical model 
of the machine is realized through these 
restrictions. At zero power factor, round- 
rotor theory leads to satisfactory results 
for regulation calculations on either sa¬ 
lient-pole or round-rotor machines. How¬ 
ever, when current or power calculations 
are made, extremely large errors can re¬ 
sult from misuse of round-rotor theory on 
salient-pole machines. These points will 
bear on questions that arise in connection 
with the application of symmetrical com¬ 
ponents to the unbalance problem. 

Balanced 3-phase short circuits are 
calculated from the ratio of excitation 
voltage to direct-axis synchronous react¬ 
ance with sufficient accuracy for most 
engineering purposes, especially for low 
short-circuit ratio machines. Unbalanced 
faults generally are handled from stock 
symmetrical component expressions. Or¬ 
dinarily, the excitation is assumed known 
for these calculations. If it is not, addi¬ 
tional sources of information have to be 
exploited for its evaluation. As stated 
earlier, sources of this nature are not too 
widely known, and it is with considerable 
difficulty that success is met in such a 
search. As a further matter of concern, 
the use of S5mimetrical components in 
salient-pole machine calculations is sel¬ 
dom questioned. Yet round-rotor theory 
is employed in writing the basic voltage 
equation for the positive-sequence-currenL 
component. This fact bears more heavily 
on the general unbalance case, which is 
seldom considered, than on “typical” 
fault conditions. As a consequence, this 
practice is not deplored and is followed 
more often than not. It should be pointed 
out, however, as a source of error. 

Obtaining final analytic fonns of ter¬ 
minal conditions for any arbitrary degree 
of unbalance is not as simple as in the 
short circuit cases. The use of symmetri¬ 
cal-component analysis is retained, how¬ 
ever, on the premise of avoiding entangle¬ 
ments with the complex mutual-coupling 
coefficients of rotating machines. Using 
condensed matrix methods, the develop- 
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Fig. 1. Elementary 3-phase regulated system 
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Tabic 1. Comparison Between Predicted and Measured Values of Terminal Fault Condi¬ 
tions for Carbon Pile of Regulatory Current in Amperes, and Voltage in Volts 


Fault Type 


Predicted Values 



Measured Values 


E 

7 

Va 

Vb 

Vc 

E 

7 

Va 


Vc 

Three-pliase. 

.511.. 

.134.. 

. 0 .. 

. 0 .. 

. 0 .. . 

. . .511., 

.130.. 

,. 0.. 

. 0.. 

. 0 

Two-phase, L to L. 

. .. .420., 

, .155.. 

.81.8.. 

. 81.8.. 

.163.6.. 

. ..477., 

.168.. 

, .68.. 

, 68. . 

, 128 

Two-phase, L to L to N.. . 

.602., 

, .184.. 

.0 .. 

. 0 .. 

. 79.6.. 

. ..492., 

.188.. 

, . 0.. 

0.. 

. 82 

One-phase, L to N. 

.427.. 

, .260.. 

. 0 .. 

.140 .. 

.140 .. 

. ..492.. 

.253.. 

, . 0 .. 

.141,. 

. 117 


Table il. Comparison Between Predicted and Measured Values of Terminal Fault Condi¬ 
tions for the Magnetic-Amplifier Type of Regulator, Current in Amperes, and Voltage in Volts 


Predicted Values Measured Values 


Fault Type 

E 

7 

Va 

Vb 

Vc 

E 

7 

Va 

Vb 

Vc 

Three-phase 

L to L to L. 

. ..910. 

. .217, . 

. 0.. 

. 0.. 

. 0... 

..900 . 

. .214. , 

. 0., 

, 0.. 

. 0 

Two-phase ^ .. _ 

L to L (a to b)*.... 

...668. 

. .240. . 

. 85.. 

. 85.. 

.170... 

..920t. 

. .318. . 

. 80.. 

. so.. 

. 154 

L to L (b to c). 

...698. 

. ,252. . 

.178. . 

, 89.. 

. 89... 

..717 . 

. .248. . 

.140.. 

. 80, . 

. 80 

Two-phase _ _ 

L to L to N (a to b to neutral),.. 

...910. 

..330.. 

. 0. . 

. 0.. 

. 93... 

..912 . 

. .293. . 

. 0. . 

. 0 . . 

.1U» 

L to L to N (b to c to neutral) ... 

.. .790. 

. .286. . 

. 91. . 

. 0. . 

. 0. .. 

..782 . 

. .283. . 

, 101. . 

. 0. . 

. 0 

One-phase _ . ^ 

L to N (a to neutral) . 

.. .910. 

. .536. . 

. 0. . 

.188. . 

.188. .. 

. .900 . 

. ,530. . 

. 0. . 

.150. . 

.170 

L to N (b to neutral) . 

.. .558. 

. .322. . 

.144. . 

. 0. . 

.144. .. 

..531 . 

. .313. . 

. 146 .. 

. 0. . 

,130 


* Magnetic-amplifier supply voltage on phase a. 
t Ceiling excitation. 


ment of the general unbalance case is out¬ 
lined in Appendix I. 

The Regulated Generator 

The previous discussion indicates that 
if the excitation voltage can be deter¬ 
mined, the faulted or unbalanced phase 
voltages and currents can be evaluated 
when the machine and circuit constants 
are known. All analytic expressions that 
follow are written in these terms. 

The essential features of the voltage- 
regulated generator fall within the cate¬ 
gory of a basic single closed-loop feed¬ 
back system. In fact, from an overall 
standpoint, the generator system under 
consideration, including its shaft mechani¬ 
cal input, has its analog counterpart 
in a self-excited oscillator. In variation 
to the usual case with the analog oscil¬ 
lator, the feedback portion of the system 
is a nonlinear amplitude limiting circuit. 
That portion responsible for oscillatory 
conditions usually lies within the exciter 
circuit. 

For the steady state, amplitude limit¬ 
ing occurs through the particular regulat¬ 
ing provisions, which function without 
affecting the output waveform. Steady 
power is supplied through the shaft. Due 
to component complexity ordinarily en¬ 
countered in such typical systems, an 
oscillation criteria is difficult to formulate. 
For the steady state, it can be approxi¬ 


mated roughly by evaluation of the ex¬ 
citer characteristics. Usually exciter 
conditions must be satisfactory if ter¬ 
minal voltage is to build up. For the 
self-excited shunt generators usually em¬ 
ployed as synchronous machine exciters, 
critical oscillatory conditions can he for¬ 
mulated in terms of critical exciter shunt- 
field resistance. With other exciter units, 
such as the magnetic-amplifier types, 
critical conditions are still harder to de¬ 
fine, even in the steady state. As a fur¬ 
ther feature of the regulated system, the 
value of excitation depends upon the 
conditions existing at that point of the 
system corresponding to the regulator 
input. For the polyphase systems, 
amount of unbalance is of paramount 
importance, as well as that of magnitude 
conditions. This fact is especially true 
for the classification of the regulated sys¬ 
tems under discussion here, where only 
the generator field current is adjusted. 
On the other hand, the conditions exist¬ 
ing at the regulator input location depend 
upon the value of the excitation voltage. 
The purpose of the analysis of the bal¬ 
anced or unbalanced regulated system is 
to predict the value of this excitation 
voltage. Thus, solution of terminal con¬ 
ditions can be obtained at once. When 
this prediction of excitation voltage is 
achieved, the problem is reduced to one 
of routine symmetricaheomponent cal¬ 
culations. 


Balanced Operation 

Normally, each phase receives equal 
excitation. If balanced load impedances 
are provided as a sink for these excitation 
voltages, the system will be balanced 
throughout. At the regulator input, a 
reference adjustment may be made with 
respect to a predetermined system volt¬ 
age. This adjustment may be considered 
as a manual throttle for controlling the 
current supply of the generator field. 
Any deviation from this reference adjust¬ 
ment causes the voltage regulator to in¬ 
fluence the generator field current, and 
hence the excitation voltage, in a manner 
which tends to restore the system voltage 
(at the regulator input) to its former 
value. 

Fig. 1 illustrates the type of regulator- 
exciter combination under discussion. 
Not all regulators that fall within this 
class have the type of input shown. 
Among the common variations are single- 
phase, line-to-line, and line-to-neutral 
sensing. Ordinarily, a sensing circuit is 
interposed between the line connection 
and the principle regulator mechanism. 
Most commonly, it consists of a rectifier 
to transfonn the a-c line signal to d-c, the 
form in which the control signal or auto¬ 
matic tlirottle reacting to the line voltage 
and accordingly directing the regulator 
action, is most often required. 

These variations have no bearing on 
the fundamental method presented here. 
The manner of connecting the regulator 
input, however, may be responsible for 
vast differences in the resulting unbal¬ 
anced voltage and currents for compa¬ 
rable unbalanced load conditions. In each 
instance, the procedure to be followed in 
predicting unbalance quantities is ap¬ 
parent when the analysis is understood. 
Details of this analysis are reserved for 
treatment in Appendix II. 

In most instances, when a balanced 3- 
phase short circuit occurs on a regulated 
system, the excitation voltage increases 
to its ceiling value, that is, to a predeter- 

Table 111. Comparison of Pfedicted and 
Measured Values for a Regulated System 
with Specific Unbalance 

The Load Impedance is One per Unit on Two 
Phases and One-Half per Unit on the Third 
Phase 


Quantity Predicted Measured 

Excitation Value, Value, 

Voltage £• 310 Volts 314 Volts 

/fl.100 amperes. 82 amperes 

/& . 55.2 amperes . 43 amperes 

Ic . 56.3 amperes. 44.2 amperes 

Va .138 volts .Ill volts 

Vf) .149 volts . 122 volts 

Vc .1G8 volts .128 volts 
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Table IV. Symmetrical Component Expressions for Terminal Fault Quantities 


Fault Type 


Phase Currents 


Phase Voltages 


Three-phase 


Two-phase, 


Two-phase-to-neutral 


One-phase, 


.|4l = l4h|/ch|^ 

r + 

' ® Z 1 +Z 2 . 

h^-h . 

/c-O. 


r ^ ^ 1 I JL \ 

**"*Z4- i Z0 + Z2 “ZQ-I-Z2 

E { Z2 Zq } 

, Z0Z2 j ^ ^ Z0+Z2 Z0-I-Z2C. 

7c = 0. 


Va=-E 


aZ2 

Zi-f-Zs 


Vu^Va 


Va^E 


2aZ2 

Z1-I-Z2 


Va = 0 


^6=0 


y — ZaEZ^Zz 
°'~ZiZoH-ZiZ2-i-ZoZ2 


/ =: 

^ Zi-j-Zz+Zo 
/& = 0. 

/c«0. 


.V'a^O 

K- 

^ Zi-f-Z2+Zo 


2 i-fZ 2 -i-Zo 


{(a~l)Zo-{-(a-uS)Z2} 


mined maximum generator field current. 
In the test system considered here, ceil¬ 
ing value is alterable in terms of the 
shunt-field resistance of the exciter or in 
temis of the generator-field resistance. 
Hence, ceiling conditions are defined by 
the speed and minimum exciter-field re¬ 
sistance. This ceiling excitation can be 
determined by an overall test of the reg¬ 
ulator-exciter, or by component exami¬ 
nation of the regulator characteristics, 
principally the constant load-exciter ex¬ 
ternal characteristic. 

Unbalanced Operation 

The reaction of a regulator to a system- 
voltage unbalance naturally differs from 
that detennined for the balanced case. 
The regulator, however, is powerless to 
restore a balanced condition. Further, 
the extent to which the regulator does 
affect the generator field current depends 
upon the type of fault, the magnitude of 
the line voltage applied to the regulator, 
and the manner in which the regulator is 
connected to the system. Usually, a fault 
will result in Hne-voltage conditions 
tinder which the regulator causes an in¬ 
crease in excitation. This increase is 
often cumulative and sometimes demands 
the maximum output that the exciter is 
set to deliver (ceiling excitation). On the 
other hand, although unbalanced line 
conditions cause the regulator to increase 
excitation, this excitation may reach a 
value at which the regulator input signal 
is large enough to halt the excitation in¬ 
crease at some final value. The equilib¬ 
rium point of this process must be re¬ 
solved. The regulator is controlled by its 
input from the unbalanced line and cor¬ 


respondingly influences the generator ex¬ 
citation. Yet the input to the regulator 
sensing circuit is directly related to the 
excitation. 

To determine the final excitation at¬ 
tained, two aspects of the problem may 
be used for providing a key to the solu¬ 
tion. In the first place, if the output cur¬ 
rent of the regulator rectifier is considered 
as a control over the excitation-voltage 
value, the manner in which the excita¬ 
tion voltage varies in response to this 
rectifier output can be determined. In 
the second place, the manner in which 
this control current varies in response to 
the sensing input from the line can be 
found for any degree of unbalance. Fur¬ 
ther, the line input voltage is directly re¬ 
lated to the excitation. Simultaneous 
solution of these two cases then yields the 
operating point(s) or operating excitation 
voltage(s) for the given unbalanced load. 
This solution may be performed graphi¬ 
cally or analytically. With this informa¬ 
tion, the symmetrical-component ex¬ 
pressions in Appendix I can be used to 
calculate the magnitudes of the unbal¬ 
anced voltages and currents. For any 
given line unbalance, details of the meth¬ 
ods for evaluating the final excitation are 
described subsequently in Appendix II. 

, Two categories of unbalance are con¬ 
sidered: one due to terminal short cir¬ 
cuits ; the other to arbitrary unbalance in 
load impedance. Once excitation is pre¬ 
dicted lor a given terminal fault, it is 
used in conjunction with the stock sym¬ 
metrical-component expressions peculiar 
to that type of fault to solve for the ter¬ 
minal conditions. These formulas are 
derivable easily enough for such cases, 


and are widely published. 1*2,3 They are 
included in Appendix I, however, for com¬ 
pleteness. The results of such calcula¬ 
tions are presented in Tables I and II for 
cases of various terminal fault conditions. 
Table I represents resultant data for the 
test system employing the carbon-pile 
type regulator, while Table II shows re¬ 
sults extended to the system utilizing a 
magnetic-amplifier type regulator. For 
the magnetic-amplifier unit, the magni¬ 
tude of the amplifier supply voltage must 
be specified. The final excitation at¬ 
tained is a function of this supply voltage. 
Below a critical value the system resorts 
to ceiling excitation for the particular 
system tested. 

When excitation is predicted for the 
case of arbitrary unbalanced load im¬ 
pedances, its subsequent application in 
the solution of the voltage equations does 
not lend itself so well to easy solutions 
at least not to quick numerical evaluation. 
In this instance, coupled circuit phenom¬ 
ena complicate obtaining the explicit 
solution in such a way that is not so 
easily overcome as in the simpler short 
circuit cases. Results of calculations for 
the terminal conditions were made using 
the matrix expressions in Appendix I and 
are tabulated in Table HIM For this 
type of unbalanced loading, there is no 
doubt that armature reaction would re¬ 
sult in larger values of net magnetizing 
force than would be found in the short- 
circuit cases, and magnetization would 
then be more nearly nonlinear at near 
normal excitation. This condition is 
plainly observed in the results. Meas¬ 
ured current values are distorted from 
calculated current values to a degree 
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Table V. Matrix Expressions Applicable to General Unbalance 


Quantity 

With Negligible Line and 
Neutral Impedance 

Including Line and 
Neutral Impedance 

Phase currents. 

Phase voltages. 

Symmetrical-component currents.., 

ll/ll = p|||Fscr||-||B||. 

...||V|l = ||Zi!IWIllZs<7r||-‘l|£|l... 
...||/sc|| = |lZscr|l-i|lZ||. 

...IWl-ll^ll lIZsCr'll'M* 

..,||/sc1I = ||zj3(7i.'|1->11z|| 


•Here l|-Z5Cr'|| +l|-Zsc'|l+||2z., gIL where line and neutral impedance 


\\Zl. gII 


(Zi.o4-3Z^) 0 0 

0 2li 0 
0 0 ZLi 


in terms of sequence components. 


Table VI. Three-Phase Rectifier Output Under Specified Fault Conditions 


Operation 

Output, 

/g, Amperes 

Test Rectifier, 

/g, Amperes* 

Defined Voltage Relations 

Balanced . 

_ 1.35FL 

. /c = 0.324Vz,X10‘'2. .. 

, . . . VL = Line voltage 

L to L terminal fault. 


/j. — 0 SOfiVX 10"2. 

ZEZi 

■■ «(3RH-2r)“ 


Zl-{-Z2 

L'to L to N terminal fault.. 


f —n V"' V ifj “2 

SiS’ZoZa 

“ »(3R4-2r)‘* 


ZiZb -}“ Z 1 Z 2 +Z 0 Z 2 

L to N terminal fault . 

. 1.8V" 

/g — n 43V''y 10“2. 

„ V3KVZo2-f-ZoZ2 + Z22 

■ ^ n{2R-\-r)'' 


ZI-I-Z 2 -I-Z 0 


• The numerical coefiBcients are dependent on rectifier circuit constants. 


whicli Baiglit be expected from a discus¬ 
sion on the saturation effects for the 
single-phase short-circuit case. When 
round-rotor theory is used, the error is 
further aggravated, although this effect 
is somewhat submerged by virtue of the 
greater influence of the load impedance. 

Two principal phenomena contribute 
to the accuracy of the predictions for ex¬ 
citation voltage. One is the temperature 
of the carbon-pile element for the type of 
regulator used in the particular test 
equipment employed to check the analy¬ 
sis, The other is the temperature of the 
dynamos involved, particularly the shunt- 
field resistance of the exciter, and to a 
lesser extent the temperature of the gen¬ 
erator field. For a measured field cur¬ 
rent, the combination of these can cause 
an error up to 10 per cent in the predic¬ 
tion of the excitation voltage over that 
taken from the air-gap line. Fortunately, 
those elements with critical temperatures 
may be subjected to the abnormal cur¬ 
rent values encountered under short- 
circuit condition by means of no-load 
test methods. Thus, characteristics pe¬ 


culiar to the mechanics of prediction may 
be gained under representative operating 
temperature conditions. 

Conclusions 

The critical aspect of predicting the 
steady-state performance of a regulated 
generator with unbalanced loading is that 
of determining the excitation voltage after 
unbalance occurs. An intimate knowl¬ 
edge of the regulator and power supply 
for the generator field permits calculation 
of the regulator transfer characteristic. 
Difficulties with the nonlinearity of two 
system elements, the carbon pile and the 
exciter-generator, are overcome by the 
use of approximating functions or by 
graphical means. No attempt was made 
to approximate analytically the control 
characteristics of the magnetic amplifier. 
After the prediction of excitation, sym¬ 
metrical-component analysis may then 
be employed to secure unbalanced phase 
voltages and phase currents. 

Within the test limits to which this 
analysis was utilized, the results indicate 


that in general the accuracy of prediction 
can be better than 10 per cent. Results 
given in Tables I, IT, and III show that 
accuracy is greatest where low saturation 
is present after fault or unbalance, and 
least when high saturation prevails. 


Nomenclature 


.£=excitation voltage per phase taken on 
the air-gap line 

= positive-sequence excitation voltage 
Zi = positive-sequence impedance per phase 
Z 2 = negative-sequence impedance per phase 
Zo—zero-sequence impedance per phase 
Zfl, Zft, Zc = polyphase load impedances 
/=effective value of phase current 
la, /e = effective pha.se currents for phases 
a, b, and c, respectively 
/o, /],/2 = zero-, positive-, and negative- 
sequence current components 
Va, Vi,, effective phase voltages for 
phases a, b, and c, respectively 
Fo, Vu Vi = zero-, positive-, and negative- 
sequence terminal-voltage compo¬ 
nents 

Fx, = effective line voltage 
F£)c~ rectifier output voltage 
F= effective voltage between faulted and 
unfaulted lines on a line-to-line fault 
F' = effective voltage between faulted and 
unfaulled lines on a line-to-line-to- 
neulral fault 

V'' = effective voltages between unfaulted 
phases and neutral on a Hne-to- 
neutral fault 

= effective voltage between unfaulted 
phases on a line-to-neutral fault 


T=line 


iV=neutral 

/c = average value of control current 
r=resistance of carbon-pile solenoid 
R = dropping resistance in rectifier circuit 
n = turns ratio of sensing transformers 


a— phase angle, tail ^ 



where ■rc -2a , for phasing 

between the two line-to-neutral volt¬ 
ages of the unfaulted phases in the 
case of a line-to-neutral fault 


^-operator, € 

IA11 = symmetrical-component transforma¬ 
tion matrix 

cp — carbon-pile resistance 
''/—exciter shunt-field resistance 
Kg —exciter terminal voltage 

total shunt-field resistance in exciter 
generator field resistance 
= generator field current 
‘Ti? —slope of fault-characteristic line for 
rectifiers 

fir = slope of air-gap line for synclironous 



LINE 


c. 



m 

SENSING 

CIRCUIT 

CARBON-PILE 





Fig. 2. Typical 

sensing circuits and 
rectifiers for carbon- 
pile regulators 

A(left). Three-phase 
sensing and rectifica¬ 
tion 

B (right). Single¬ 

phase sensing and 
rectification 


Appendix I. Symmetrical-Com¬ 

ponent Expressions 

The basic defining transformation for 
symmetrical components is 

/a = /o+/i+/2 

T& ==/o+G^/i-|-fl^T2 (f) 

Tc = /o + a ^/2 


416 


Wilson—Performance of Unbalanced Regulated S-Phase Generators 


January 1954 




















Fig. 3. Three-phase rectifier output as a function of line 
voltages for indicated faults 



Fig. 4. Three-phase rectifier output versus excitation voltage for indi¬ 
cated types of unbalance 


In matrix form 

ll^ll=IMII Ikscll (lA) 

where 


1 

1 

1 

1 


a 

1 

a 



which is the so-called transformation matrix. 
Subscripts 0, 1, and 2 represent zero, posi¬ 
tive, and negative sequences, respectively. 

For the case of common short circuits, the 
symmetrical-component voltage equations 
in conjunction with the terminal fault con¬ 
ditions allow relatively simple expressions 
to be obtained for the appropriate fault type. 
These are tabulated in Tabic IV for con¬ 
venience. 

For arbitrary unbalance, especially de¬ 
fined in tenns of load impedance, matrix 
methods prove advantageous. The process 
of deriving the essential relations for the 
general unbalance case follows easily from 
the symmetrical-component voltage equa¬ 
tions for any phase. This set of relations is 
shown as follows 



I/ 2 I 


It is common practice to reduce IlKscll in 
the following manner 

IlMhllZsc'IIIMl (3) 

where \\Zsc'\\ is deducible from the load- 
impedance matrix 


\\^\\~-’\\{^SC+Zsc")\\ ||/5c[| = 

\\Zsct\\ |[/^rc'|| (5) 

for the original voltage equations. 

The currents are solved by 

||/sc|| = ||Zscr||“'|)£j| (<5) 

From the defining transformation 

l|/||=lkll IMI 


11^11= 


Za 0 0 

0 Zi 0 

0 0 2 , 


and where 


where 


li/|l= 


J'a 

h 

h 


IM|=||a||-||z||||a|| - 

1 {Za'\-Z^-\-Zc) {Za-\-a'^Zi^-\-aZc) {Za‘\-aZit~\-a^ZQ) 

""S (-Z'a+.Zft-fZc) {Za-\-a^Z^-\-aZc) 

{Za-\-a^Zi,-\-aZc) {Za-{-aZj,+a^Zc) 


Rank is preserved in this transformation to 
the equivalent form Zsc. 

These relations allow the substitution of 


which is the phase-current matrix. Equa 
tion 7 is the result 


0 — /oZo -f- Vq 

£i = /iZi-|-K, 

O-/ 2 Z 2 +F 2 

or simply as 


( 2 ) 


where the symmetrical components of exci¬ 
tation and terminal voltages appear as 


ll^lh 

and 

I|rs6.||= 


E, 


0 

E, 

s 

E 

Ek 


0 


for the 


The impedance matrix 
generator is defined by 




The symmetrical components for the phase 
current are represented as 


Table VII. Rectifier Output for Single-Phase Sensing Circuit, with Specified Types of 

Unbalance 


Sensing Circuit 

Location Driving 

Fault Type (Lmes)t Voltage 


Current, 

/c 


Defined Voltage Relations 


L-L (lines a to c). a-b . V = ./. _ 2V2F ZEZt 

TfuiRj^r) . Zi-fJZTa 

2V2V 


../,= 

c-a .^=0. 


2V2F' 


....F=0 
... V' 


ZEZtZi 


L-L-N (line a to line c. a-h .F' = . 

to neutral) ' irn{R+r) . ZjZo-f-ZiZj-f-^^^ 

b-c .V' = K(,./,=— 

7rw(J2-f-r) 

c-a .F' = 0./c = 0.= 0 


L-N (line a to neutral). 


. a-h. 


.V" = v, . /, = Mr . t... V"' = 

irniR+r^ Zi-}-Z*-l-Zo 


Zo 

0 

0 

b-c. . . 


0 

Z> 

0 



0 

0 

Z^ 

c-a... . 

Fc. 


(jR+r) 


x« ('R-i-r) * 


Zi-j-Zj-J-Zo 


Zi-f* JZi-f-Zo 


t See Fig, 2(B). 
t For b-c connection. 
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MAGNETIC’ 

AMPLIFIER 

CONTROL 

COIL(S) 


Fis. 5. Typical sensing circuit for the mag- 
netic-amplifier type of regulator 



11/11 = 11^11 llZsc,.l|-»l|£|| (7; 

From the fact that the phase voltages are 
given by 

llv||=!l^ill|/!l 

where 


II 


V 


V, 

Vc 


substitution for |[/(| gives 


||K||=l|Z|i|WlllzHl-||£il (8) 

The pair of equations 7 and 8 for (1^11 and 
||/|| constitutes the complete steady-state 
solution for the general case of unbalance. 

The matrix formulas are summarized in 
Table V. The results are extended to cases 
where line and neutral impedance are 
present. 


Appendix II. Mechanics of Pre¬ 
dicting Excitation Voltage for a 
Regulated Generator 

Gaining sufficient information to predict 
a post-fault or post-unbalance steady-state 
condition requires detailed facts on the 
regulator components and generator steady- 
state constants- This statement is par¬ 
ticularly true if the prediction must be 
made solely from the design data. With 
test equipment available, however, it is 
possible to approach a solution for any 
specific unbalance more directly by using 
simple test measurements, which are essen¬ 
tially no-load in nature. These involve 
only the loading of the generator field- 
current power supply at power levels in the 
order of 10 per cent of the rated generator 


Table VIII. Output Voltage of the 3- 
Phase Rectifier 


Fault 

Type 

Vdc 

Defined Voltage Relations 

L-L. 

2V2^, 


TT 

* Zi+Zo 

L-L-N .. 


ZZ^iZiE 

TT 

' ‘ ~‘ZiZo-|-ZiZ2-{-ZoZ2 

L-N. 

TT 

Zi -(-Z:-|-Zo 


output. 

Any regulator-exciter combination of the 
type that influences generator field current 
can be subdivided into principal component 
parts.. These are the regulator proper, 
which includes the line-voltage sensing de¬ 
vice, and the generator-field power supply 
or exciter. Among regulator types that 
fit into this classification are those em¬ 
ploying d-c generator-exciters, and those 
utilizing saturable reactor or magnetic- 
amplifier-controlled rectifiers for generator 
field-current power supplies. Both of these 
power supplies are controlled by a d-c 
signal from a line-voltage sensing device. 
This signal is usually an output from a 
3-phase full-wave rectifier, or an output 
from a single-phase bridge-type rectifier. 
In any event, steady-state transfer charac¬ 
teristics may be obtained for the over-all 
regulator system, or for its component 
parts. 

The types of regulator systems analyzed 
here include the d-c exciter-generator variety 
with both single-phase and 3-phase rectifier 
sensing control. In a broad sense, the re¬ 
sultant generator excitation is determined 
for any operating condition by a crossover 
point of two separate characteristics having 
a common parameter. This is the sensing- 
rectifier output current controlling the 
generator excitation. One characteristic is 
the generator excitation voltage as a func¬ 
tion of the control current; the other is the 
control current as a function of the driving 
force applied to the rectifier. Through the 
symmetrical component expressions given 
in Appendix I, this second characteristic 
is, in turn, directly related to excitation 
voltage. Once the first characteristic is 
plotted, a series of curves drawn for various 
types of unbalance will intersect the excita¬ 
tion curve(s) at points that are representa¬ 
tive of steady-state excitation for the re¬ 
spective types of unbalance. If it is possible 



Fig. 7. Exciter magnetization characteristics 


to formulate analytic expressions for these 
curves, the root(s) of their equated expres¬ 
sions for a given unbalance will yield the 
desired excitation value(s) for that un¬ 
balance. This step was taken at the end 
of Appendix II for one of the regulated 
systems tested. 

From a knowledge of the manner in 
which the regulator components are inter¬ 
connected, the steps in attaining a desired 
characteristic are easily deduced. The 
rectified current, already defined as the 
control current, will be designated Ic for 
convenience. 

Rectifier Output for Carbon-Pile 
Control 

Sensing networks often incorporate 3- 
phase full-wave and single-phase bridge- 
type rectifier circuits. Representative dia¬ 
grams of such systems are given in Fig. 2. 

Results of calculations for the 3-phase 
rectifier output under various conditions 
of unbalance are given in Table VI, and 
plotted in Fig. 3. They were obtained by 
assuming negligible rectifier forward resist¬ 
ance and infinite reverse resistance to in¬ 
verse voltage. 

An intermediary step was taken to corre¬ 
late the actual unbalanced line voltage and 
the excitation voltage, by employing the 



Fig. 6. Carbon-pile resistance versus controlling solenoid 
current for different values of current 
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GFNERATOa FIELD CURRENT (AMPS) 

Fig. 9. Machine characteristics of 15-kva 



05 1.0 

MAGNETIC-AMPLIFIER CONTROL CURRENT, (MA) 


given in Table VIII as a function of excita¬ 
tion voltage for various fault cases. Finally, 
the control current /<• is evaluated from this 
rectified direct voltage, and in turn related to 
the excitation voltage. A straightforward 
calculation on the bridge circuit of Fig. 5 
yields this result. 

Carbon-Pile Element and Exciter 
Magnetization Characteristics 

The carbon pile injects a variable resist¬ 
ance into the exciter shunt-field circuit and 
thereby changes the exciter terminal voltage. 
Carbon-pile characteristics relating pile re¬ 
sistance and controlling solenoid current are 
illustrated in Fig. 6 for various values of 
steady carbon-pile currents. Heating effects 
in conjunction with the extreme steepness 
of the resistance curve do not allow a specific 
operating path to be defined. Instead, 
operation occurs within the region cross- 
hatched in Fig. 6. This fact obviates the 
ability to predict the exact resistance value 
inserted in the exciter shunt-field circuit. 
As a compromise, values are taken from the 


test generator at 400 cycles 


results of symmetrical-component analysis. 
The results of this step are listed in Table 
VI; and Fig. 3 is converted to Fig, 4 by 
these relations. 

When the single-phase sensing circuit is 
employed. Fig. 2(B), control current is 
dependent upon the lines on which the 
rectifier input is placed, as well as the type 
of fault or unbalance. This dependence is 
illustrated by Table VII. A set of curves 
analogous to and serving the same purpose 
as those of Figs. 3 and 4 can be constructed 
for the single-phase rectifier arrangement. 

Subject to the assumptions stated, the 
results in all cases considered are general to 
any 3-phase generator employing these 
types of regulator rectifiers. The data illus¬ 
trated in all the diagrams correspond to 
4O0-cycle operation. 


Fig. 11 (below). Schematic diagram for th( 
pile regulated system 


Fig. 10. Control characteristics for the mag¬ 
netic-amplifier regulator 


Rectifier Output for Magnetic- 
Amplifier Control Circuits 

The circuit arrangement for obtaining 
regulator control through a magnetic am¬ 
plifier usually differs somewhat from that 
used with the carbon-pile unit. A typical 
illustration (Fig. 5) shows that deviations 
from desired line voltages are sensed by 
comparison against a gas-tube reference 
voltage. A mechanical spring tension serves 
this purpose in the carbon-pile unit. 

Calculations similar to those employed in 
the case of the carbon-pile regulator are 
used to obtain control current. The recti¬ 
fied voltage applied to the reference-com¬ 
parison circuit is first obtained. This is 


test carbon- 


center line. 

Exciter terminal voltage is determined by 
the intersection of the resultant shunt-field 
total-resistance line and the exciter mag¬ 
netization characteristic for full load. If the 
total field-resistance line illustrated in 
Fig. 7, is taken as a minimum, intersections 
with the magnetization characteristic occur 
to the left, thereby defining the operating 
point. Large errors are expected at near 
critical field resistance. 

Final Location of Excitation 

After noting the values of exciter ter¬ 
minal voltage for a given rectifier output, 
the generator field current can be calculated. 
Thus, the final value of excitation is deter¬ 
mined as a function of rectifier output cur¬ 
rent, since the unsaturated excitation volt¬ 
age is directly related to generator field 
current by the air-gap line. The nonlinear 
curve of Fig, 8 illustrates this type of 
characteristic. The magnetization charac¬ 
teristics for the generator and the air-gap 
line are plotted in Fig. 9. 

Similar intermediate steps were not exe¬ 
cuted for the magnetic-amplifier regulator. 



Fig. 12 (right). 
Schematic dia¬ 
gram for the test 
magnetic - ampli¬ 
fier regulated 


The principle illustrated, however, does 
imply that similar intermediate steps are 
possible with the magnetic amplifier. 

As a final step in predicting excitation 
for a given condition of unbalance, the 



EXCITER 


system 


SUPPLY 
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Table IX. Comparison Between Predicted and Tested Excitation Voltage 




Measured 

Graphical 

Analytical 

Unbalance 

Value, 

Prediction, 

Prediction 

Condition 

Volts 

Volts 

Volts 

Three-pbase fault. 

_511. 


.... Indeterminate 

Two-phase, L-L. fault. 

_420. 

.466. 


Two-phase, L-L-N fault. 

_502. 

.505. 

.501 

One-phase-to-neutral fault... 

_427. 

.496. 

.483 

Arbitrary unbalance. 

_314. 

.310. 

.302 


Fig. 13 (left). Carbon-pile 
output resistance versus control 
current from rectifier 


tion was fitted to the carbon-pile character¬ 
istic, Fig. 13, thus bringing it well within 
the region shown in Fig. 6 over the entire 
operating range. For Fig. 14, another 
hyperbolic curve was fitted to the nonlinear 
portion of the exciter full-load magnetiza¬ 
tion characteristic both above and including 


characteristics of Fig. 4 are superimposed 
on Fig. 8 for the carbon-pile unit. The 
curves of Fig. 4 show how the control cur¬ 
rent would vary if the excitation voltage 
were varied with a specific unbalance exist¬ 
ing on the system. Intersection of any 
specific unbalance curve from Fig. 4 with 
the principal excitation characteristic thus 
defines the steady-state value of excitation. 

Fig. 10 illustrates the process for the 
magnetic amplifier. Here, the resultant 
excitation-voltage curve, analogous to that 
of Fig. 8, is composite. For each value of 
magnetic-amplifier supply voltage, an indi¬ 
vidual excitation-voltage characteristic is 
defined. The totality of such curves for all 
values of supply voltage forms a family of 
curves. After considering the 1-to-l rela¬ 
tionship between the supply voltage and 
the excitation voltage, the resultant com¬ 
posite curve is formed for any given fault 
or condition of unbalance. This type of 
consideration was given previously when 
deriving rectifier response to unbalanced 
driving voltages, as shown in Table VI and 
Fig. 4. 

The variation between control current 
and unbalanced driving voltages is shown 
as the lightly dashed curves in Fig. 10. 
These curves are analogous to those of 
Fig. 4. 

Control-current values are obtained by 
applying the voltages given in Table VIII 
to the circuit of Fig. 5. The line-to-line-to- 
neutral curve does not lie within the region 
plotted. Again, when a curve for a control 
current intersects a curve for a composite 
excitation voltage, the steady-state value 
of excitation is defined for any unbalance. 
The magnetic amplifier is controlled so that 


if the supply voltage drops below a pre¬ 
determined value, the exciter will revert to 
self-excitation as long as undervoltage per¬ 
sists. Intersections may occur in regions 
where this is possible. Borderline cases 
may arise when the prediction process is not 
accurate enough to estimate the critical 
undervoltage. This phenomenon was ob¬ 
served in the test of the line-to-line fault. 

In obtaining more rapid predictions for 
calculating unbalance of machines already 
built, the excitation characteristic of Fig. 8 
may be taken directly as a no-load test. 
Likewise, the straight-line unbalance curves, 
also shown in Fig. 8, may be measured 
directly. This process was followed for the 
magnetic amplifier, Fig. 10. In applying 
unbalanced voltages to the rectifier, such 
test procedures may entail special considera¬ 
tions of phase and magnitude. Immediate 
calculation of steady-state unbalance can 
then be made for regulated generators. 
Through such tests, operating performance 
is evaluated without actually submitting 
the machine to fault. 

A complete schematic diagram of the car¬ 
bon-pile regulated system is presented in 
Fig. 11. Fig. 12 shows the magnetic-ampli¬ 
fier regulator. 

Analytical Prediction for the Carbon- 
Pile Regulator 

Excitation can be calculated solely from 
analytical expressions. This prediction is 
possible if the exciter full-load characteristic 
and the carbon-pile output-resistance curve 
can be represented by suitable analytic 
approximations. For the test regulated 
system considered here, a hyperbolic equa- 


the knee. This limited fitting proves ade¬ 
quate since the exciter-generator will not 
build up for field-resistance lines above 
critical value. These hyperbolic forms 
were chosen in preference to other available 
approximations because of a desire to avoid 
numerous trial and error solutions of 
transcendental equations or power series 
commonly applied by others.*^ 

For the carbon-pile curve 

0.3/,-0.361 . ^ 

0.835 


For the exciter magnetization curve 


0.134-1-0.019// 

where is the exciter terminal voltage 
applied to the generator field and where // 
is the exciter shunt-field current. The 
operating point on the exciter magnetiza¬ 
tion characteristic is given by 

V,=IfRt ( 11 ) 


where Rt is the total shunt-field resistance, 
R-f-^rcp, with Rf that portion due only to 
the winding. Equations 10 and 11 result in 

V,-52.7-7.07i^, (12) 

For any given fault or unbalance, the 
rectifier behaves according to 

/, - E/Kf or E^KpIc (13) 

where Kf is the slope of the fault character¬ 
istic line, Fig. 4. Since 



EXCITER SHUNT FIELD CURRENT If (AMPS) 

Fig. 14. Exciter magnetization curve with constant-resistance 
load 


Fig. 15 (right). 
Comparison be¬ 
tween graphically 
and analytically 
determined val¬ 
ues of excitation 
voltage as a func¬ 
tion of control 
current Ic 



RECTIFIER OUTPUT CURRENT I, (AMPS) 
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where 


(14) 


Rf = the generator-field resistance 
/i^—the generator-field current 
£~the generator excitation voltage 
K —the slope of the air-gap line 

combining equations 12 and 14 produces 
£=-^[62.7-7.07i?,I (IS) 


With the assistance of equation 9, equa¬ 
tions 13 and 15 can be equated to produce 
the final resulting control current Ic, thus 
establishing the excitation voltage through 
equation 13. A preferable procedure, how¬ 
ever, consists in first writing equation 15 


explicitly in terms of E, This is done with 
the help of equation 9. The result is 


0.833.E-424 

£-518 


Cl<5) 


for the system considered. A plot of equa¬ 
tion 16 is given in Fig. 15, along with the 
graphically determined curve of Fig. 8. 

Combining equations 13 and 16 produces 
an equation in the excitation voltage £, 
given by 


£2 - (518 4-0.833AV)£ +4:24:Kp « 0 (17) 


For the test system, the excitation voltage 
can be determined for any unbalance which 
is characterized by Kp. Table IX illustrates 
the comparison between the measured, 
graphically predicted, and analytically pre¬ 
dicted excitation voltages for the test 
system employed. 


References 


1. Electric Circuits (book), Massachusetts In¬ 
stitute of Technology Staff. John Wiley and Sons, 
Inc., New York, N. Y.. 1943. 

2. Electric Power Transmission (book), M. P. 
Weinbach. The Macmillan Company, New York, 
N, Y., 1948. 

3. Symmetrical Components (book), C. F. 
Wagner, R. D. Evans. McGraw-Hill Book Com¬ 
pany, New York, N. Y., 1933. 

4. Linear Transformations in Three-Phase 
Circuits, Louis A. Pipes. AIEE Transactions, 
vol. 60. 1941, pp. 351-56. 

5. Mathematical Methods in Electrical 
Engineering (book), M. B. Reed, G. B. Reed. 
Harper and Brothers, New York, N. Y., 1951. 

6. Analytical Expressions for the Mag¬ 
netization Curve of Electric Machines, B. I. 
Arkhangelskii. Elektrichestvo, Moscow, USSR, 
1950. pp, 30-32. 


♦ - 


Discussion 

T. B. Owen (Hughes Aircraft Company, 
Culver City, Calif.): Mr. Wilson has ably 
attacked a problem which is sure to have 
increased importance in the future when a-c 
systems become more prominent in aircraft. 
I do have the feeling, however, that Mr. 
Wilson has compromised tlie usefulness of 
his work by using the matrix notation, when 
the use of determinants would have made it 
much more understandable to the majority 
of people. The solution of the character¬ 
istic equations obtained by the use of sym¬ 
metrical components is simple enough to 
become more widespread, and in any event, 
you always have to solve a determinant to 
solve a matrix. 

I think it should be pointed out that Fig. 
4, which is derived from Table VI and Fig. 
3, is lied down to a definite generator, pre¬ 
sumably the 15-kva machine of which Mr. 
Wilson speaks earlier. This mu.st be so, 
since the values of Zi, Z^, and Zq, which are 
the values for some particular generator, are 
a part of the defined voltage relations of 
Table VI. It is interesting to note that on 
larger kilovolt-ampere machines such as are 
being designed at present, the values of 
Zq and Za are so much smaller than the 
values in the machine of Mr, Wilson’s paper 
that the slopes of the lines in Fig. 4 would be 
changed radically. 

Mr. Wilson notes several limes in his 
paper that the use of round-rotor symmetri¬ 
cal-component equations in the analysis of 
salient-pole machines can introduce large 
errors. This is very true, and it is only the 
simplicity of the round-rotor appi'oach and 
the difficulty of inserting the quadrature 
reactance component in the equations that 
justify the use of the former with its inaccu¬ 
racies. I have developed a method of for¬ 
mulating a fictitious impedance Z/ for use 
in the round-rotor equations that gives excel¬ 
lent results, this fictitious impedance Zi' 
being obtained by the use of both Xd and 
Xq, the direct- and quadrature-axis syn¬ 
chronous impedances. 

My method is as follows: with the values 
of Xd and Xq given by the machine manu¬ 
facturer, internal generated voltage is ob¬ 
tained for the particular current I intend to 
use by the usual methods. Knowing the 


internal generated voltage, the terminal 
voltage, and the current, the fictitious in¬ 
ternal impedance Zi' is readily calculated. 
It varies considerably from Xa, having a 
large real component, and a somewhat 
smaller imaginary component. Using this 
value of Zi' in the conventional round-rotor 
symmetrical-component equations gives ex¬ 
cellent correspondence with test values. 
Obviously, this method gives results which 
are valid only when the regulator is operat¬ 
ing under its ceiling value. 

In closing, I wish to compliment Mr. 
Wilson in the organization and content of his 
paper. It should provide the basis for a 
number of other much needed papers in the 
future. 


Russell W. Stineman (Boeing Airplane 
Company, Seattle, Wash.): The author has 
introduced unnecessary complexity and 
sources of error into the calculations by deal¬ 
ing with the internal nonlinear character¬ 
istics of the voltage regulator and exciter. 
It is the purpose of this discussion to present 
a simpler and more accurate method of cal¬ 
culating the desired quantities. 

This method is based on the premise that, 
regardless of its internal characteristics, a 
regulated excitation system will hold con¬ 
stant the voltage which it senses, unless the 
excitation thus required exceeds ceiling 
excitation. For example, a 3-phase sensing 
circuit of the type shown in Fig. 2(A) will 
sense approximately the average line-to-line 
voltage, if the voltage unbalance is small. 
For larger voltage unbalance, each line-to- 
line voltage must be weighted by a factor 


Table X. Comparison of Calculation Methods 


Quantity 

Calculated 

Value 

(Wilson) 

Calculated 

Value 

(Stineman) 

Measured 

Value 

E, volts. 

...310 _ 

_245 ... 

. .314 

la, amperes. 

...100 _ 

_ 79.2... 

.. 32 

J&, amperes. 

.. . 55.2_ 

.... 43.7... 

43 

Ic, amperes.. 

... 56.3_ 

_ 44.5... 

. . 44.2 

Va, volts..,. 

...138 - 

_109 ... 

. .111 

Vb, volts.... 

... 149 _ 

....118 ... 

. .122 

Vc, volts_ 

...168 _ 

..,.133 ... 

. .128 


which is proportional to the portion of each 
cycle during which the particular voltage 
governs the rectifier output. The exact ex¬ 
pression is 


— (cos c-h cos 6)4— 

TT T 

V’c-a 

(cos fl4- cos c)4-(cos 6+ cos a) 

TT 


(18) 


where Vs is the voltage sensed; Va-b, 
Vb-c, and Vc-a are the line-to-line voltages; 
and a, 6, and c are the corresponding interior 
angles of the line-to-line voltage phasor 
triangle. Rigorously, Va-b» Vb-c and Vc-a 
are peak values of the voltage waves, but 
identical results will be obtained by consist¬ 
ently using effective values, a convention 
which will be employed here. For the case 
of normal balanced operation, 

Va-i = V(,_c » Vo-a = Vs per unit 

and a = 6 = c = 60 degrees 


from which 

Ks = (3VS)/5r = 1.654 

This is the value of Vs which will be main¬ 
tained, if possible, by the regulated exci¬ 
tation system. 

The first step in the calculation of gene¬ 
rator performance is to apply the conven¬ 
tional symmetrical-component methods 
given in Appendix III, determining the 
phase voltages and currents in terms of the 
excitation voltage E. Then Vs is calculated 
in terms of E by using equation 18, or a 
similar equation applicable to the type of 
sensing circuit employed. Since Vs is regu¬ 
lated to a known value, E is determined, 
and the phase voltages and currents easily 
follow. If E as thus determined exceeds 
ceiling excitation voltage then E is set 

equal to Emux, and the phase quantities are 
revised downward proportionally. 

The simplicity of this method is obvious. 
A particular advantage is that only the alter¬ 
nator sequence impedances, ceiling excita¬ 
tion voltage, and the type of regulator sens¬ 
ing need be known to carry out the calcu¬ 
lations. Even if the ceiling excitation volt¬ 
age is unknown, many useful calculations 
may be carried out wherein it is known or 


January 1954 


Wilson—Performance of Unbalanced Regulated 3-Phase Generators 


421 























assumed tliat the required excitation will be 
less than ceiling, as with moderate unbal¬ 
anced loads or single-phase faults. 

When a magnetic-amplifier type of regu¬ 
lator is employed, the voltage of the phase 
supplying power to the amplifiers, say Va, 
determines the value of JEmax* If Va drops 
below a certain critical value, a relay oper¬ 
ates to directly self-excite the exciter. If 
this relay operation causes Va to rise appre¬ 
ciably, cycling of the relay may take place. 
These factors may require several readjust¬ 
ments of the calculated values of E and to 
finally evaluate the performance, but the 
basic method of calculation remains un¬ 
changed. 

A comparision of the two methods of cal¬ 
culation for the arbitrary-load-unbalance 
example considered in the paper is given in 
Table X. 

The only serious discrepancy between 
measured values and the values calculated 
by this writer is in the excitation voltage E. 
It is assumed that the measured value was 
determined from a measured generator field 
current and the slope of the air-gap line. 
It is the opinion of the writer that the above- 
mentioned discrepancy is largely due to satu¬ 
ration, and that better correlation would be 
obtained if a correction factor had been ap¬ 
plied to the slope of the air gap line to ac¬ 
count for actual saturation. Using a cor¬ 
rection factor estimated from Fig. 9 yields 
a measured excitation voltage of 250 volts. 

The method of calculation presented in 
this discussion has been used by this writer 
for several years for routine fault calcu¬ 
lations. However, the method appears so 
straightforward that no personal credit for 
its development is claimed. 


B. J. Wilson: The matrix notation has been 
generally accepted by the engineering pro¬ 
fession. Its use here is in the best interests 
of the applicability of analyses to the broad¬ 
est range of unbalance situations we can 
anticipate, and accomplishes this in the 


clearest manner. By employing matrix 
notation, we incorporate into the problem 
the logic concomitant with systems of alge¬ 
braic equations and their solutions. We 
could scarcely do better. At the same time, 
we anticipate certain advantages afforded us 
by the modem computer. Bven in our de¬ 
ceivingly simple 3-phase case, the variables 
yield a 6-by-6 system of equations. By 
satisfying conditions for diagonal form, we 
were able to draw on the services of an itera¬ 
tive computer, thus sidestepping explicit 
matrix inversion—or solution processes in¬ 
volving determinental evaluations required 
in the final forms of our equations. More 
sophisticated computers are available for 
handling these forms, the solution of which 
is pretty much a brute force project by long¬ 
hand methods. 

As an additional point, it must be men¬ 
tioned that a matrix is a symbolic array not 
in itself to be solved, but merely a conven¬ 
ient notation employed in the solution of 
equations. 

In regard to the change of slope, Fig. 4, it 
must be pointed out once more that the 
method is general to machines with arbitrary 
values of sequence impedance. 

For convenience, the presentation is de¬ 
signed so that matrix methods need not be 
used for the common fault unbalances. 

Mr. Owen’s comments are interesting re¬ 
garding the alleviation of errors introduced 
by the compromised use of round-rotor 
theory. It is questionable, however, whether 
the constant ratio Zi that Mr. Owen 
advocates for use would be a satisfactory 
compromise for the wide range of complex 
current values encountered in the general 
application of the prediction methods de¬ 
scribed here. 

The bases for Mr. Stineman’s premise are 
subject to some formidable restrictions 
which should be observed before indiscrimi¬ 
nate use of this tenet can be exercised. In 
the first place, the constancy of the effective 
“sensed” voltage is certainly not independ¬ 
ent of the regulator internal characteristics. 


On the contrary, il is a direct function of 
them. The degree to which the sensed volt¬ 
age remains constant over a given operating 
range depends on and is proportional to the 
sensitivity of the individual regulator. 
Consequently, the flatness of a regulated 
voltage over the load range depends on the 
extent of range over which the individual 
regulator component characteristics remain 
sensitive as mentioned above. 

For regulators considered in the paper, 
which are characteristic of a wide class used 
with aircraft generators operating at per- 
unit balanced load or greater, the operating 
region remains in highly sensitive regions. 
This is true also for moderate unbalance 
from near normal impedance. For heavy 
loads or extreme unbalance, less sensitive 
operating regions are encountered, no longer 
making it possible to claim even approxi¬ 
mately that the sensed voltage remains con¬ 
stant. These facts are born out upon in¬ 
spection of Figs. 6 and 8. There exists also 
the possibility of instability and/or oscilla¬ 
tions. For instance, change of slope in Fig. 
6 at low abscissa values could induce an 
oscillating condition. Essentially then, the 
shortcoming of Mr. Stineman’s recommen¬ 
dation lies in the fact that it does not con¬ 
sider the simultaneous effect of all the sig¬ 
nificant parameters present. It is straight¬ 
forward at the expense of being limited tO' 
relatively high-quality regulators restricted 
to operation within the machine’s rating or 
operation at nearly balanced conditions. 
The mechanics of the other steps outlined by 
Mr. Stineman are essentially those con¬ 
tained ill the paper, which, however, is^ 
generalized to include any unbalanced 
condition. 

The method prescribed in the paper pro¬ 
vides a direct attack to the evaluations of 
excitation voltage without any of the reser¬ 
vations mentioned above. It is general to 
any load condition, regulator construction, 
or circuit connection, being subject only to 
those assumptions stated, which have a 
secondary effect on the results. 
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New Developments in Differential-Type 
Hydraulic Transmissions and Controls 


R. H. EISENGREIN 

ASSOCIATE MEMBER AIEE 


Synopsis: The differential-type hydraulic 
transmission has been used as a constant 
speed drive for aircraft a-c generators for 
approximately 8 years. The experience 
gained in this time on both the B36 and 
PSM airplanes has been a major factor in 
establishing future aircraft electrical system 
and component requirements. However, 
the final decision to establish closer elec¬ 
trical system tolerances for voltage and 
frequency, real and reactive load balance, 
and necessary fault protection should be 
determined on the basis of component and 
system reliability, simplicity, and per¬ 
formance. The following discussion con¬ 
siders these important characteristics for 
the components controlling system fre¬ 
quency, real-load division between paralleled 
a-c generators, and automatic paralleling of 
a-c generators. The improvements in new 
system performance were gained by utiliz¬ 
ing components with faster response times, 
and also by the introduction of nonlinear 
circuit elements. Design and performance 
details are cited to substantiate steady- 
state frequency control to within 0.25 per 
cent of 400 cycles per second, real-load 
division to within 2 kw, and automatic 
paralleling of generators to maintain cur¬ 
rent transients within generator full-load 
ratings. 


The Basic System 

I N CONSIDERING future systems 
utilizing the differential-type hydrau¬ 
lic transmission and controls, there are 
various combinations of elements to be 
considered. The simplest combination 
for a single generator system would be the 
hydraulic transmission and basic me¬ 
chanical-hydraulic flyball governor. This 
self-contained unit would have no exter¬ 
nal control connections, since the governor 
would be integral with the transmission. 
There would be an input and output 
shaft only. 

Considering input speed variations to 
the drive between 3,000 and 9,000 rpm, 
the steady-state system frequency would 


Paper 53-369, recommended by the AIEE Air 
Transportation Committee and approved by the 
AIEE Committee on Technical Operations for 
presentation at the AIEE Aircraft Electric Equip¬ 
ment Conference, Seattle, Wash, September 30- 
October 2, 1953. Manuscript submitted June 30, 
1953; made available for printing September 2, 
1953. 

R. H. Etsengrein is with the Sundstrand Machine 
Tool Company, Rockford, HI- 

The author -wishes to acknowledge the comments 
and advice of his colleagues in the Engineering 
Department. 


remain between 395 and 400 cycles per 
second. The maximum steady-state fre¬ 
quency droop with load occurs at the 
low input speeds. For some applica¬ 
tions, these frequency limits have been 
held between 400 and 398 cycles per 
second. Typical performance data for 
a 40-kva 0.75-power factor system are 
shown in Fig. 1, Fig. 1 is a record of 
system-frequency deviation and applied 
load for two different input speeds. As 
input speed is increased from 3,000 to 
5,000 rpm, the steady-state frequency 
droop for full load decreases from 5 cycles 
per second to 3 cycles per second. Like¬ 
wise, the transient recovery time and 
•peak frequency deviation with load de¬ 
crease with increasing input speed. 
These improvements in performance are 
a function of both increasing system 
sensitivity and decreasing transmission 
slip at tlie higher input speeds. An addi¬ 
tional control available for this simple 
system would be an integrally-mounted 
mechanical-hydraulic overspeed device. 

The major field for improvement in 
performance beyond the limits of this 
basic system lies in the control of the 
steady-state frequency. The solution 
to this problem, of course, is the estab¬ 
lishment of an accurate frequency refer¬ 
ence. The transient-response charac¬ 
teristics of the system are determined 
almost completely by the dynamic charac¬ 
teristics of the hydraulic transmission 
and governor and the system inertia. 
Improvements in system transient-re¬ 
sponse time might be achieved by utilizing 
some of the new high-speed electro¬ 
mechanical transducers, but only at the 
sacrifice of the simplicity of the present 
basic system. 

An extension of the control elements to 
improve the steady-state frequency ac¬ 
curacy requires an accurate frequency 
reference, and also a device for shifting 
the basic governor setting as system fre¬ 
quency deviates from the reference fre¬ 
quency. The components utilized to 
perform these functions are shown in Fig. 
2. The frequency reference consists of 
two tuned resistance-inductance-capaci¬ 
tance circuits, with their outputs rectified 
and differentially connected to provide a 
d-c null voltage for a system frequency of 


400 cycles per second. The d-c output 
varies in magnitude with frequency error, 
and varies in polarity as a function of 
increasing or decreasing frequency error. 
This error signal drives the control coil 
of a push-pull magnetic amplifier. The 
magnetic amplifier, in turn, drives the 
control phase of a precision frequency- 
control motor. The fixed phase of the 
control motor receives power from an 
additional winding on the magnetic am¬ 
plifier. Through a gear box and rack, 
the control motor positions an auxiliary 
speeder spring in the flyball governor to 
maintain the basic governor setting at 400 
cycles per second. 

The performance characteristics of the 
originally proposed 40 kva 0.75-power 
factor system with these additional con¬ 
trols are shown in Figs. 3, 4, and 5. 
These tests were run at input speeds of 
3,000, 5,000, and 6,500 rpm respectively, 
for loads of 2, 8, 18 and 30 kw. The 
steady-state frequency deviation with 
load is now less than 1 cycle per second 
for all input speed conditions. The ac¬ 
curacy of this measurement is not obvious 
from these figures for the existing calibra¬ 
tion. However, the accuracy has been 
established by measuring the difference 
in frequency between the system genera¬ 
tor and a tuning fork reference for the 
same tests. These data are shown in 
Fig. 6. Curve C indicates the time of load 
application and load dump, curve B 
shows the transient frequency deviation, 
and curve A shows the steady-state fre¬ 
quency difference before and after load 
application. The curves show the fre¬ 
quency transient for a 30-kw load. The 
system frequency was set below the refer- 
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Fig. 1. Basic system characteristics at 3,000- 
rpm input speed for 9-, 18-, and 26-kw loads, 
and at 5,000-rpm input speed, 18- and 
27-kw loads 


January 1954 


Eisengrein—Differential Hydraulic Transmissions and Controls 


423 









Fig. 3. Characteristics of basic system with frequency controller and Fig. 4. Characteristics of basic system with frequency 
control motor for 3,000-rpm input speed to drive and various kilowatt controller and control motor for 5,000-rpm input speed to 

drive and various kilowatt loads 


424 


Eisengrein—Differential Hydraulic Transmissions and Controls 


January 1954 































Fig. 6 (above). Accurate 
difference frequency meas¬ 
urement for various ioads 
of basic system with fre¬ 
quency controller and con¬ 
trol motor 


Fig, 5. Characteristics of basic system with 
frequency controller and control motor for 
6,500-rpm input speed to drive and various 
kilowatt loads 

would be controlled again by the basic 
governor; its basic setting would now be 
390 cycles per second. 

Multiengine Installations 


generators. 

Typical performance data for a 2- 
generator paralleled system are shown in 
Fig. 8. The total system load is 30 kw. 
The records show an initial load of 15 
kw on one machine, the temporary load 
unbalance during acceleration, and final 
rebalance of real load to the initial values. 
Steady-state load balance is maintained 
to within 2 kw for all input speed and load 


conditions. The additional weight of the 
load division circuit components is 0.5 
pound. 

An additional control could be added to 
provide for adjusting real-load division 
between generators. It would consist of 
a flight engineer’s rheostat in one of the 
tuned resistance-inductance-capacitance 
circuits to permit unbalancing the circuit 
so as to temporarily accelerate or de¬ 
celerate a drive, and thus its generator. 
This might be necessary if two frequency 
controllers with different frequency set¬ 
tings were paralleled. After paralleling, 
the system frequency would settle at some 
value between the two settings. An error 
would exist between each frequency refer- 


The extension of the basic package with 
a frequency controller and control motor 
to permit paralleling of generators on 
multiengine installations involves only 
the addition of a circuit for sensing real 
load on each generator. The circuit is 
added to the frequency controller and 
is shown in Fig. 7. It provides a d-c 
signal proportional to the real load on its 
generator.^ When two systems are paral¬ 
leled, a similar circuit in the second fre¬ 
quency controller is differentially con¬ 
nected to the first real-load division cir¬ 
cuit. A circulating current flows through 
a magnetic-amplifier control winding in 
each controller. The polarity and mag¬ 
nitude of this signal are a function of the 
direction and magnitude of real-load un¬ 
balance between the two generators, re¬ 
spectively. Through action of the con¬ 
trol motor, the basic governor speed 
settings of each system are changed to 
establish a rebalance of real load between 



Fig. 7. Frequency and load controller with control motor 
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Fi^. 8. Paralleled generator characteristics for input-speed accelerations 
of one drive. Second drive at 5,000-rpm input speed. System load of 

30 kw 


ence and the system frequency. The 
resulting error signal in each magnetic- 
amplifier frequency-control coil will be 
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CIRCUIT 


UNDERSPEED 

CIRCUIT 


Fig. 9. Automatic system block diagram 


nullified by an error signal from the mag¬ 
netic-amplifier load-division control coil. 
The load-division error signal can be 
created only by an unbalance of real load 
between generators. For a 1-cycle-per- 
second difference frequency between 
generators, the real-load unbalance would 
be 3 to 4 kw. 

For the close frequency limits estab¬ 
lished by the frequency controller, the 
need for this additional control is ques¬ 
tionable. An additional factor of concern 
is the vulnerability of the leads to this 
rheostat. The loss of a lead would mean 
a change in the basic governor setting for 
that drive, with the resulting complete 
load unbalance. Protection for this fault 
and other possible system faults will be 
discussed more completely in the follow¬ 
ing. 

An Automatic System 

In addition to merely improving system 
performance, there have been requests to 
make the system as automatic as possible. 


reliability and simplicity w’cre still of 
vital importance. A block diagram of a 
proposed automatic system is shown in 
Fig. 9. Other combinations of control 
devices could be devised for different ap¬ 
plications. The system shows two engine- 
driven generators connected to the a-c bus 
by their respective circuit breakers. A 
ground power unit may be also connected 
to the a-c bus through its circuit breaker. 
With the ground power unit plugged in, 
the a-c bus receives its power from this 
unit. As engine I is started and comes 
up to speed, its underspeed switch, at a 
preset frequency, disconnects the ground 
power unit from the a-c bus and then con¬ 
nects this engine’s generator to the a-c 
bus. The power interruption resulting 
during the transfer is approximately 20 
to 40 milliseconds. The possibility of 
paralleling the ground power unit with an 
engine-driven generator exists if the fre¬ 
quency regulation is, or can be made, com¬ 
parable to the engine-driven alternator 
system. 


erator comes up to speed, it can only be 
connected to the a-c bus through an auto¬ 
matic paralleling control. The under- 
speed switch cannot put alternator II on 
the bus directly because contact C\ is now 
open. However, with the automatic 
paralleling circuit now connected to both 
alternator outputs, it will connect alterna¬ 
tor II to the bus at the correct time auto¬ 
matically. 

The existence of system faults and the 
possibility of j)reventing resulting damage 
in the system was also a major factor in 
detennining its reliability. In general, 
it was felt that faults to be considered 
should be loss of engine power, loss of 
sensing leads to various electrical com¬ 
ponents, and possible malfunctions in 
the constant-speed drive or generator. 

For cases of no rotational input to the 
drive, which might be caused by either an 
engine shutdown or a sheared input shaft 
to the drive, the underspeed switch could 
not be closed, and this generator could 
not be connected to the a-c bus. This 


However, the necessary characteristics of When engine II is started and its gen- would be true whether the generator was 
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connected to the first or second engine to 
be started. If the system generators 
were already paralleled, and the rota¬ 
tional input to one drive was lost, the 
underspeed switch would automatically 
disconnect the malfunctioning generator 
from the bus. 

In case of an overspeed of a generator, 
a mechanical-hydraulic overspeed mech¬ 
anism would automatically shift the drive 
control to the underdrive position. This 
action would cause the drive output speed 
to decrease and trip the underspeed 
switch. The malfunctioning generator 
would be disconnected from the a-c bus. 
Incidently, it should be noted that both 
the overspeed and underspeed protection 
mechanisms are mechanically connected 
on the drive side of an overrunning clutch 
which is located between the drive and the 
alternator. 

For loss of voltage to the frequency con¬ 
troller, which might be caused by a gen¬ 
erator or voltage-regulator malfunction, 
or loss of the sensing leads to the fre¬ 
quency controller, the precision fre¬ 
quency-control motor will lack power. 
The speed-control system will revert to 
the basic governor setting. Since this 


setting could be below the underspeed 
relay dropout point, the machine could 
be disconnected from the a-c bus. If 
the leads to the precision frequency- 
control motor were opened, the system 
would again revert to the basic governor 
setting, and this generator could be auto¬ 
matically disconnected from the a-c bus. 

Since each of these possible faults could 


exist with generators in parallel, the re¬ 
sulting conditions should be investigated. 
For no rotational input to one drive, the 
underspeed switch will disconnect this 
generator from the a-c bus. Just prior 
to this time, real load will become un¬ 
balanced temporarily and system fre¬ 
quency will dip momentarily. The signal 
created by the real-load unbalance de¬ 
creases system frequency 3 to 4 cycles per 
second, at which value the frequency- 
discriminator error signal prevents a fur¬ 
ther reduction. For an overspeed con¬ 
dition, the real load again will become 
temporarily unbalanced, with the ac¬ 
celerating machine absorbing the ma¬ 
jority of load; system frequency momen¬ 
tarily will rise until the overspeed mech¬ 
anism operates and puts the system in 
underdrive. The underspeed switch will 
be actuated and trip this alternator off the 
bus. To minimize the length of this 
transient, it might be desirable to have 
the overspeed mechanism directly take 
the malfunctioning system off the bus. 
For loss of voltage to one frequency con¬ 
troller, system frequency will momen¬ 
tarily droop as the operating frequency 
controller decreases system frequency as it 
tries to maintain real-load division be¬ 
tween systems. However, since the 
faulty system will revert to basic governor 
setting, it will be disconnected from the 
a-c bus. If the leads to the precision 
frequency-control motor are opened, the 
same situation as previously discussed will 
exist. The faulty system will revert to 
the basic governor setting and be dis¬ 
connected from the a-c bus. 

Component Details 

The details of the various components 
in the automatic system are of interest on 
the basis of analyzing performance and 



Fig. 11. Automatic paralleling unit. Performance curves at various difference frequencies of 

30 kw initially on a-c bus 

A. 0.1 cycle per second 

B. -f-1 cycle per second 

C. -|-2 cycles per second 

D. —1 cycle per second 

E. —2 cycles per second 
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Fl9. 12. Automatic paralleling unit performance curves for starting tests 

A. 0 kw on bus initially 

B. 15 kw on bus initially 


also estimating possible malfunctions. In 
all cases, the units have been designed to 
operate in accordance with MIL-E-7894 
and MIL~E-5272, The only components 
mounted on vibration isolators are relays. 
The remainder of the components are 
passive elements which can withstand the 
extremes of vibrations without any 
special mounting provisions. 

Two types of underspeed control de¬ 
vices are available. One unit consists of 
a pressure switch actuated by an addi¬ 
tional land on the mechanical-hydraulic 
overspeed mechanism. The other under¬ 
speed control consists of a permanent 
magnet generator, a frequency sensitive 
network, and a sensitive control relay. 
The generator itself consists of a per¬ 
manent magnet and a coil wound on a 
specially-shaped soft-iron pole piece. 
The pole piece is located adjacent to an 
output gear of the hydraulic transmission. 
The voltage induced in the coil is pro¬ 
portional to the speed of the output gear 
and the varying reluctance of the air gap 
between the gear teeth and the soft iron 
pole piece. The tuned circuit provides 
an output voltage which varies sharply 
with frequency over a limited range. It is 
in this range that the sensitive relay 


pickup and dropout voltage are set. By 
sharpening the slope in this limited range, 
close control of pickup and dropout volt¬ 
age are maintained. 

The overspeed-control mechanism con¬ 
sists of a flyball-actuated valve. During 
an overspeed, it drains to case the proper 
governor control line to cause the drive 
output speed to decrease. The over¬ 
speed mechanism may only be reset by 
dropping system-makeup pressure to 
zero. This, in effect means the engine 
must be stopped and then restarted, in 
order to reset the overspeed mechanism. 
The overspeed mechanism is set to actuate 
for output speeds between 7,000 and 7,500 
rpm. 

The automatic paralleling unit was de¬ 
signed on the basis of being able to main¬ 
tain steady-state system frequency be¬ 
tween the limits of 399 to 401 cycles per 
second. The circuit is shown in Fig. 10. 
Voltages from the same phase of the two 
generators to be paralleled energize 
relay 1 and cause it to pickup and dropout 
at the difference frequency of the two sys¬ 
tems. When relay 1 is first energized, 
capacitor C is charged to approximately 
35 d-c volts through a contact of the relay. 
When relay 1 is de-energized, its contact 


discharges capacitor C through relay 2. 
The contacts of relay 2 close the necessary 
circuit breaker to parallel the two genera¬ 
tors. It can be seen from Fig. 10 that if 
time t, which is the elapsed time between 
the moment of dropout of relay 1 and the 
optimum time for paralleling, equals the 
pickup delay times of relay 2 and the 
circuit breaker, the generators will have 
paralleled exactly in phase. Of course, 
this condition will exist for only one value 
of difference frequency. This value can 
be varied but in general, is set for 1 cycle 
per second. For values of difference fre¬ 
quency varying from 2 to 0 cycles per 
second, the circuit breaker will be closed 
at some point other than the optimum 
paralleling time. The circuit is designed 
to automatically discriminate and be¬ 
come inoperative for difference frequencies 
above 3 cycles per second. This is 
acliieved by controlling the condenser 
charging rate. 

The system perfomiance resulting from 
the interconnection of the previously dis¬ 
cussed components has been very satis¬ 
factory in laboratory tests in which input 
speed, load, and environmental conditions 
have been varied over their entire range. 
For single-unit drive and generator opera¬ 
tion, steady-state frequency limits have 
been within the d: 1 cycle per second limits 
for all load, speed, and environmental 
conditions. These results have been 
verified by qualification tests for an air¬ 
frame manufacturer. The transient fre¬ 
quency response characteristics for sudden 
load applications vary with input speed, 
and are shown in Figs. 3, 4, and 5. From 
the diagrams, it can be seen that for mini¬ 
mum frequency deviation with load, the 
drive input speed should be high. Thus, 
it would be beneficial, performance-wise, 
to make the drive input speed during 
cruise conditions a high input speed. 

The perfomiance characteristics for the 
automatic paralleling unit are shown in 
Figs. 11 and 12. Fig. 11 shows the initial 
current transient existing when paralleling 
at various difference frequencies. The 
initial load on the bus was 30 kw. The 
two generators were Westinghouse type 
8QL40A. It is seen that the current 
transient at all times is within the rating 
of one generator. Fig. 12 shows the cur¬ 
rent transient which is caused when a 
generator is autoparalleled as it is coming 
up to speed at different-acceleration rates. 
This would be the condition existing in 
the proposed automatic system as the 
second engine is started. Curve A shows 
the frequency of the incoming machine 
rising rapidly enough through the operat¬ 
ing range of the autoparalleling unit so 
that condenser C cannot fully change in 
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this time. The autoparalleling unit can 
operate only after the initial frequency 
transient. This is desirable, since it then 
operates near the optimum design point, 
and insures a minimum line-current 
transient. Curve B shows the same 
data for a slower input acceleration. 
There is no initial load on the system for 
these tests. Curves C and D reveal simi¬ 
lar performance data for the case of 15 
kw initially on the bus. The line current 
transient is well within the full-load rat¬ 
ing of the 40-kva alternators used. 

The frequency and load transients 
which exist when two units are paralleled 
are shown in Fig. 11. For the initial 
condition of full load on one machine, it 
can be seen that upon paralleling there 
is some overshoot before the load is 
finally equally divided between genera¬ 
tors. From Fig. 8, the temporary real- 
load unbalance and frequency transient 
are illustrated for various input accelera¬ 
tions. 

The effect of environmental condi¬ 
tions on the various system components 
has been previously mentioned. How¬ 
ever, actual tests on a drive, generator, 
and a frequency and load controller 
soaked at —65 degrees Fahrenheit for 12 
hours, indicated that as the input speed 
was increased to the governing level in a 
period of 2 V 2 minutes, the system fre¬ 
quency was initially 396 cycles per second. 
In a matter of 4 minutes from the time 
of starting, the frequency was at 398 
cycles per second, and at 5 minutes it 
was at 400 cycles per second. The drive 
was kept operating at this ambient for 30 
minutes and the frequency remained 
within 1 per cent of 400 cycles per second 
for this period. This particular test was 
run with no load on the alternator and as 
a consequence drive-oil temperatures re¬ 


mained low for a considerable time. If 
the system were loaded, as normally 
might be expected, the drive-oil tempera¬ 
ture would increase more rapidly and the 
oil viscosity would be lower. This is of 
importance, because the control motor and 
its gearing operates immersed in this oil. 
With the motor’s limited torque capacity, 
its response time is increased by the vis¬ 
cous oil drag. 

Additional tests on a frequency and 
load controller alone, with the drive and 
generator at room temperature, indicated 
that the controller, soaked at —65 de¬ 
grees Fahrenheit for 6 hours, could im¬ 
mediately be brought to an ambient of 
80 degrees Fahrenheit without steady- 
state frequency deviation beyond the 
limits of ±1 cycle per second. An addi¬ 
tional change of ambient to +200 degrees 
Fahrenheit likewise showed no change of 
steady-state frequency beyond the speci¬ 
fied limits. The frequency and load con¬ 
troller was also subjected to the vibra¬ 
tion specifications of MIL-E-5272, with 
no subsequent change in performance 
characteristics and no structural damage 
resulting. The automatic paralleling cir¬ 
cuit was likewise exposed to the extremes 
of temperatures of —65 and 200 degrees 
Fahrenheit for 5 to 10 minutes, as might 
be expected in field service, and no ap¬ 
parent change in performance charac¬ 
teristics was noted. The underspeed 
control has operated satisfactorily in a 
transmission where oil inlet temperatures 
have varied to the operating tempera¬ 
tures of 225 degrees Fahrenheit, with no 
detrimental effect on performance charac¬ 
teristics. The overspeed mechanism has 
likewise been exposed to these operating 
conditions with similar results being ob¬ 
tained. 

It is realized that these environmental 


conditions are rapidly becoming obsolete, 
and much time and effort is being ex¬ 
pended to redesign present equipment 
and develop new equipment to meet the 
increasing temperatures to which the 
drive and its components will be sub¬ 
jected. Transmissions currently have 
been operating with oil inlet temperatures 
up to 325 degrees Fahrenheit. An ad¬ 
ditional potential source of trouble, the 
higher frequency vibrations reported by 
various airframe manufacturers, also are 
being considered in designing all new 
components. It is realized, of course, 
that despite the extensive laboratory 
tests made on these equipments, addi¬ 
tional field problems will exist, as always. 
In addition to the need for meeting new 
environmental conditions, component de¬ 
sign is reviewed periodically to consider 
the possibility of obtaining lighter weight 
units. Likewise, possible changes in 
system design are being studied which 
would minimize transient frequency de¬ 
viations, improve steady-state real-load 
division, improve stability of paralleled 
systems, and permit paralleling of alterna¬ 
tors driven by different prime movers. 
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Bibliosraphy on Feedback Control 

AIEE COMMITTEE REPORT 


T his bibliography is an attempt to 
collect a reasonably complete set of 
references pertaining to the concept of 
feedback, its applications, and conse¬ 
quences, up to the year 1952. These 
references necessarily touch upon many 
fields of engineering and also contain a 
number of items on related topics. Al¬ 
though the material has been divided into 
a number of broad categories, it should 
be recognized that many references 
could appear with almost equal validity 
under more than one topic. The classifi¬ 
cation is therefore somewhat arbitrary 
and the reader is advised to look over 
related topics in all cases. Within each 
category the items are arranged chrono¬ 
logically, A list of periodicals is given 
on pages 460-62. 

Classification Chart 

Books and Related Bibliographies: Primarily 
devoted to feedback control systems, auto¬ 
matic control, and regulation. 

Surveys and Reviews: General articles, basic 
concepts of measurement and control, forms 
of controllers, industrial applications of 
automatic control. 

Terminology: Standards, symbols. 

System Analysis: Transient and sinusoidal 
studies, analytical and graphical methods, 
linear and nonlinear problems. 

Stability: Criteria for stability, their ap¬ 
plication to feedback control systems, con¬ 
sideration of degree of damping. 

Servomechanisms: Position regulators, fol¬ 
lowers. 

Relay-Type Servomechanisms and Feedback 
Controllers: Off-on, 2-position, and discon¬ 
tinuous controllers, sampling servos. 

Industrial Process Control: Automatic proc¬ 
ess regulation, controllers and their adjust¬ 
ments, applications, instrumentation. 

Temperature and Pressure Control: Labora¬ 
tory and industrial controllers, thermostats, 
temperature measurements for automatic 
controllers, control of high and low pres¬ 
sures. 

Flow and Liquid Level Control: Gases and 
liquids. 

Generator Voltage Regulation: Surveys, 
generator characteristics, excitation sys¬ 
tems, generator stability. 

Generator Voltage Regulators, Rheostatic and 
Vibrating Types: Carbon pile, vibrating, 
raulticontact, and electromechanical de¬ 
vices. 

Generator Voltage Regulators, Electronic: 
Vacuum and gas-filled tubes used as regu¬ 
lators for a-c and d-c generators. 


Generator Voltage Regulators, Dynamoelectric 
and Magnetic Types: Multifield exciter, 
magnetic amplifier. 

Line Voltage Regulators, Electromechanical: 
Induction and step voltage regulators, ad¬ 
justable ratio transformer. 

Line Voltage and Current Regulators, Elec¬ 
tronic: Series and shunt tube stabilizers for 
electronic power supplies. 

Line Voltage and Current Regulators, Mag¬ 
netic: Saturated magnetic circuit, resonant 
circuit, constant current source. 

Constant Voltage and Constant Current De¬ 
vices: Barretter, glow tube, corona tube, 
nonlinear bridge. 

Motor Speed Regulation: A-c and d-c motors; 
tachometer, photoelectric, and governor 
control. 

Prime Mover Speed Regulation: Steam and 
hydraulic turbines, internal combustion 
engines. 

Power System Regulation: Frequency, load, 
and tie-line control, interconnected net¬ 
works. 

Boiler and Combustion Control: Regulation 
of boiler operation, feed-water regulation, 
electric boiler, multifuel furnace. 

Industrial Drives: Steel, paper, machine 
tool, and textile drives, arc-furnace elec¬ 
trode control. 

Transportation: Automatic pilots for air¬ 
craft, ship steering and stabilization, diesel- 
electric locomotives. 

Electronic Regulators: Automatic gain and 
frequency control, oscillators. 

Servo-Operated Instruments: Recorders, 
self-balancing instruments. 

Feedback Amplifiers: Current and voltage 
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feedback, effect of feedback on impedances 
and response, galvanometer amplifier. 

Regulating Devices: Variable resistance, 
electromechanical, electronic, pneumatic, 
and hydraulic elements; servomotors, 
synchros, clutches, valves. 

Dynamo A mplifiers: Amplidyne, Magnicon, 
Magnavolt, Metadyue, Regulex, Rotorol, 
multifield machines. 

Experimental Studies: Test methods and 
devices, analogues. 

Miscellaneous Regulators: Illumination, 
rectifier voltage control, acoustic appli¬ 
cations. 
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NoD iscussion 


Backlash in a Velocity Lag 
Servomechanism 

NATHANIEL B. NICHOLS 

MEMBER AIEE 


T he frequency response method of 
analysis of servomechanisms has 
been extensively appHed in the analysis 
and synthesis of linear systems, and 
several studies have shown that useful 
results can be obtained in certain non¬ 
linear cases. The apxdication of the 
sinusoidal frequency response method to 
nonlinear systems has been based on the 
assumption that the input to the non¬ 
linear element is sinusoidal and that the 
behavior of the complete system can be 
satisfactorily represented by considering 
only its fundamental Fourier series com¬ 
ponent. Tustin and Goldfarb applied 
this method to the analysis of servo¬ 
mechanisms having backlash and non- 
viscous friction.Kochenburger has 
found good experimental agreement with 


the theoretical results of this method in 
several contactor servomechanisms.^ He 
has shown that this method serves as a 
useful guide in designing appropriate 
linear equalizing networks to improve 
their performance. These networks allow 
the system to remain stable for smaller 
dead zones and also give a higher range of 
frequency over which the contactor servo¬ 
mechanism’s output reproduces its input 
with small error. Pie used this method to 
compute the over-all freqiiency response 
for various amplitudes of the sinusoidal 
input to the system and showed that it 
was possible to obtain well damped per¬ 
formance as evidenced by a low resonance 
peak. Johnson has shown how the gain 
phase angle transfer locus may be used to 
indicate the presence of sustained con¬ 


stant amplitude oscillaLion in a nonlinear 
system and has shown that nonlinear 
equalizing networks may be used to 
eliminate sustained oseillatioiis and inn 
]Trove system performance.'^ In this 
paper the amplitude and period of sus¬ 
tained oscillations computed l)y this 
method for a velocity lag servoincdianism 
incorporating only one time constant 
(which will be referred to as the motor 
time constant) will be couqTared with an 
exact treatment of this problem given by 
Oldenbotirg and Sartorius.'* 

The Nonlinear System 

Fig. 1 shows a block diagram of this 
system where dr is the reference input, and 
6c is the control variable, which in this 
case is also the primary feedback and has 
been commonly called the output. 6g 
is the actuating signal (commonly called 

Paper 53-394, recommended by the AIEE Feed¬ 
back Control Systems Committee and approved by 
the AIEE Committee on Technical Operations for 
presentation at the AIEE Fall General Meeting, 
Kansas City, Mo., November 2-6, 1953. Manu¬ 
script submitted July 6, 1953; made available for 
printing August 25, 1953. 

Nathaniel B, Nichols is with the Raytheon 
Manufacturing Company, Waltham, Mass. 
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REFERENCE ACTUATING MOTOR CONTROLLED 


INPUT 

SIGNAL 


ANGLE 


VARIABLE 



K, 

e.. 


Sc 



J 

P(Tmp-M) 


Sm 1 











the actuating error or merely error) and 
Bjn is the motor position or angle. The 
quantities Br, Be, and Bm will be con¬ 
sidered as angles to aid in visualizing 
the application of this method to an angle 
control and to provide a Ijetter example for 
examining the reasonableness of the re¬ 
sults. Quite obviously, the results are 
equally applicable to any other system 
which can be described l)y the block dia¬ 
gram of Fig. 1. The servomotor and 
amplifier are contained within the element 
between Be and Bm. This element is con¬ 
sidered to be linear and is described by 
the following differential equation 


Fig. 1 (above). Ve¬ 
locity la g servom cch- 
anism with backlash 


Fig. 2 (right). Back¬ 
lash characteristic 






, dB-m 

dfi ^ dt ~ “ 


( 1 ) 


where Tm is the motor time constant and 
Ky is the velocity ciTor constant of the 
linear system which is approached as the 
backlash in the other element is reduced 
to zero. In other words, we have as¬ 
sumed that the transfer function of the 
nonlinear element a])])roaches unity as 
the backlash is reduced to zero, and any 
gear reductions in the system are included 
in the linear portir)n. 

The transfer function of the linear 
element may then be written 

dm _JsTj, 


where the yw form is the customary com¬ 
plex notation with w equal to the radian 
frequency and Xhe non¬ 

linear element may be defined by the 
backlash characteristic of Fig. 2 where 
28 is the free j^lay in the element; Bm 
is the input angular disijlacement to it and 
Be is the resulting out])ut. This charac¬ 
teristic may also be defined 


Oe 






= 4 


( 3 ) 

( 4 ) 


The output of the backlash element Be 
lags behind its input Bm by an amount 8 ex¬ 
cept at reversals where the output stands 
still until the motor position Bm takes up 
the backlash, whereupon the output 
again lags behind the motor by an 
amount 8, It is seen that the free play 
25 is the maximum amount by which the 
motor can be turned without moving the 
output Bc^ We will neglect any loading 
effects at 6c on the motor and as shown in 


Fig. 2, we will also assume no coasting of 
the output Be during reversals of the 
motor. These assumptions limit us to 
small inertia loading at Be compared to the 
motor inertia, and require the presence of 
sufficient friction on Be to prevent any 
overcoasting. 

Fundamental Component 
Transfer Functions 

The fundamental component transfer 
function or describing function as used 
by Johnson is obtained by considering 
dm as a sinusoidal input, computing the 
output 6c by means of the backlash 
characteristic, and determining the am¬ 
plitude and phase shift of the funda¬ 
mental Fourier series component of 6c. 
The transfer gain will be the ratio of the 
amplitude of the fundamental component 
of Be to the amplitude of Bm. The trans¬ 
fer phase shift will be the phase angle dif- 


i-3b 

ference between the input sinusoid Bm 
and the fundamental component of the 
output 6c. The time behavior of these 
two quantities will be as given in P'ig. 3, 
where Bm is the sinusoidal amplitude of 
Bm, aud h is the time dirring which Be 
stands still while the motor is taking up 
the backlash at reversal. Carrying this 
out analytically 

Bm ~ Bm COS (*)f (5 ) 

= 0<t<ti (6) 

COS (a;^)-|-5, /co (7) 

cjih — cos~^ {l—28/Bm)= cos”i {l—2n) (8) 

where Be is defined for one half-period. 
Further half-periods may be written from 
the symmetry conditions if needed. The 
fundamental component Bci of Be may be 
written 



January 1954 


Nichols—Backlash in a Velocity Lag Servomechanism 


463 






Fis. 4 (left). 
Transfer function 
of backlash ele¬ 
ment 


Fis. 5 (risht). 
Graphical solu¬ 
tion for sustained 
oscillations 



cos f co/— tan~^ - j (9) the backlash transfer function, is a func- de and dc is 180 degrees, and for which the 

^ ^ tion of the dimensionless parameter total gain between de and dc is exactly 

n^bldm. Physical reasoning will con- unity. This means that the product of 


9 

- (1- 

2 

- 

-r 

,y <ati 


(l—n) cos (j3tdo>t-\- 


{n-\- cos <j3t) cos at dat (10) 


n) sin at dat-{- 


{n-{-cos at) sin at dat (11) 


Carrying out the integrations gives the 
f ollowing results 

^ ~-[cos~H2w“1)+2(1-'2w)\/ 7t(l—n)] 


(13) 

TT 

The transfer gain \dci/dm\ of the back- 
l-asli transfer function is then 

U(^2+52)«A (14) 

The transfer phase angle ^ dci/dm is then 

■^~ = -tan 1- (IS) 

A 

It will be noted that the transfer gain 
transfer phase angle, in other words, 


vince one that the gain approaches unity 
as the nonlinearity parameters approaches 
zero, which corresponds to the motor 
amplitude becoming large compared to 
the backlash. Also, as n approaches zero, 
the phase angle will approach zero. As n 
approaches 1, the gain obviously ap¬ 
proaches zero, and inspection of Fig. 3 
shows that the phase angle approaches 
—90 degrees. Fig. 4 gives a plot of the 
gain in decibels (db) versus phase angle 
with as a parameter. It will be ob¬ 
served that the gain decreases uniformly 
from 1 toward zero as n approaches 1 
and that the phase angle is always lag¬ 
ging, changing from zero to — 90 degrees 
as n approaches 1. 

Sustained Oscillations, 

Fundamental Component Method 

Referring back to Fig. 1, let us investi¬ 
gate the performance of our complete 
system, assuming that the reference input 
dr is equal to zero. In this case we have 

de^dr-dc^-dc {dr^O) (16) 

a 180-degree phase shift between dc and 
de. We would then expect sustained os¬ 
cillations at a frequency and amplitude 
for which the total phase shift between 


the two transfer functions is equal to — 1. 
Writing out these conditions for sustained 
oscillations we have 



ZZ—-“7r=:—180 degrees (18) 

de dffi 


where 




dm . -1 T- 

Z — tan aTm 


^ =- {[cos“K2?J-l)+(l-2?i)X 

dm tt 


V«(l-»)]’'+16wV-l)M‘''“ (21) 


/^ = lan-*X 
dm 

^cos~^ (2n'~. 


4in(n — l) _ 

l)+2(l-2«)V«(l-»). 


Equations 21 and 22 are obtained from 
equations 12 through 15. Our basic 
problem may now be stated. Given 
values of K^, Tm, and 8, will sustained 
oscillations be present, and if they are 
present, what will be their amplitude and 


ri -1 
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period? It will be convenient to solve 
equations 17 and 18 simultaneously by a 
graphic method using the gain phase 
angle transfer locus as has been done by 
Johnson.^ Fig. 5 shows such a graphical 
construction wherein the transfer phase 
^Om/de has been plotted as a function of 
the transfer gain \dm/0e\ (in db) of the 
linear element. Two curves are shown 
corresponding to two different values of 
the velocity error constant The 

dimensionless frequency (jiTm is shown as 
a parameter. The other curve is a plot 
of the reciprocal of the transfer gain 
\dc/^ 7 n\ versus the transfer phase angle of 
the nonlinear element with the non¬ 
linearity parameter n indicated. This 
corresponds to graphical solutions of 
equations 17 and 18, written as follows 


1 



% 



(17A) 

(ISA) 


Inspection of Fig. 5 shows no intersection 
for Furthennore, careful con¬ 

sideration of the analytical form of equa¬ 
tions 17 and 18 shows that the two curves 
would not even intersect as co approaches 

zero and n approaches one. Sustained 
oscillations will then not be present when 
=L The second curve corre¬ 
sponding to Kj}Tm equals 4.9 (13.8 db) is 
seen to intersect the backlash transfer 
function at two points. The low-fre¬ 


quency intersection occurs at a value of 
n equal to 0.94 at a frequency ajTw = 0,34 
with an amplitude 

em=-l.lOS (23) 

The higher frequency intersection occurs 
at 

27r 

tor,, = 1.6, P- — = 4.0r„, (24) 

CO 

5/4 = 0.5, 4 = 2.05 (25) 

where F is the period of the sustained 
oscillation. Johnson interprets the low- 
frequency intersection as a divergent 
equilibrium point, and the high-frequency 
intersection as a convergent equilibrium 
point. This interpretation seems to be 
equivalent to the divergent and conver¬ 
gent limit cycles commonly found in the 
phase plane analysis of nonlinear systems.® 

It is readily seen that this method per¬ 
mits determination of the amplitude and 
period of the sustained oscillations which 
are present when K^Tm is above a certain 
critical value as well as this minimum or 
critical value for which sustained oscilla¬ 
tions are present. Smaller values of K„Tm 
would then, according to this approx¬ 
imate method, yield stable servo per¬ 
formance. Comparison with an exact 
treatment will be made in a later section. 

Transient Behavior, Exact Analysis 

We would expect that the transient be¬ 
havior, at least after the first half-cycle 
of transient, would be similar to Fig. 3, 


except that the amplitude after a half¬ 
period would in general be unequal to 
what it was at the beginning. 

Setting dr equal to zero and considering 
the h portion of a half-period, dc is con¬ 
stant, and in this region we have 

_ d^dm . de^ ^ 


dc — OniQ 5 (27) 

where 4i) is the maximum motor angle 
at t==0. 

In the h region we note that the back- 
ash is completely taken up and we have 


d^Bm ddm 


(28) 


P/2 


I (30) 


We will have the following boundary 


conditions 


dm — 4o ^ 


o 

i 

o 

II 

(31) 

dm — dmoi 25 1 


ddjfi , 

—~ = continuous i 
dt ) 

(32) 

II 

1 


dSm . V=<i+fe 
dt ) 

(33) 


Introducing the parameters 


a = ( 4 K,T„,-ir'/= 
r=“(4if„r,„-l)‘/^ = 

m 


t 

2aTj,i 


(34) 

(35) 
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FiS' 8. Sustained 
oscilfation pa¬ 
rameters 


(< po - 


For ri<T<ri-l~ r;i 

^=-l+(^_l)e-«(’— rO cos(t-ti) + 

sin(,T““ri) (38) 

(39) 

(40) 




where 

2ari-l-he“2«ra^ 

(pa —1 

At r=ri+r 2 we have the slope goin. 
to zero which yields 

D! 


tan (tt-— T 2 ) = 



(4i: 


l-D-h 


4a2 


1-1/2D 


cos(7r—T 2 ) (42 


Equation 42 is seen to be the half¬ 
period decrement of 0c. This half-period 
decrement and the corresponding half¬ 
period ri+r 2 may be computed for a given 
value of KyTm^ The half-period decre¬ 
ment and half-period will of course depend 
on the initial amplitude 0^o at the begin¬ 
ning of the half-period. A system of 
computation which does not require the 
solution of any transcendental equations is 
as follows: Select and n, use equa¬ 
tion 34 to compute a and equation 40 to 
compute <j5o—1. Compute D from equa¬ 
tion 39 and use these values in equation 41 
to determine to. These values may then 
be substituted in equation 42 to get the 
half-period decrement. The half-period 
may then be determined as 


— 2o!(ri-|-T2) (43) 

Fig. 6 gives results for several values of 
KvTm where the half-period decrement is 
plotted versus the initial amplitude of the 
controlled variable dc. Fig. 7 plots the 
results for the half-period against the 
same parameter. 

Examination of Fig. 6 shows that the 
half-period decrement is less than 1 for all 
initial amplitudes when KvT^ is less than 
3.04G, indicating that any transient will 
decay to zero although the half-period 
approaches infinity as the amplitude de¬ 
creases. 

Larger values of K^Tm, 4.9 for example, 
give a positively damped transient for 
large initial amplitudes and a negatively 
damped transient for small amplitudes. 
Thus, any amplitude larger than 0.95 will 
decay in amplitude and increase in half¬ 
period until the amplitude becomes equal 
to 0.95 and the half period becomes equal 
to 2 Any amplitude smaller than 0.95 
will increase in amplitude and decrease 
in period until the same limit cycle is 
reached. Analysis shows that a stable 
limit cycle exists for values of above 
a critical value near 3.046, and that there 
is no unstable limit cycle other than an 
initial amplitude of Be exactly equal to 
zero in contrast to the prediction of 2 
limit cycles by the fundamental com¬ 
ponent approximation. 

Sustained Oscillations, 

Exact Analysis 

The amplitudes corresponding to a 
half-period decrement of 1 detennine 


limit cycle amplitudes which could be 
compared with the fundamental com¬ 
ponent method, although a slight exten¬ 
sion of the previous analysis will enable 
determination of the complete limit cycle 
behavior. Sustained constant amplitude 
oscillations occur for equation 42 set 
equal to 1. Solving equation 41 for D 
and substituting in equation 42 gives 

sin (tt —r 2 )+cos (tt—T 2 ) (44) 


which enables us to calculate as a func¬ 
tion of «(or KvTm)^ We may then use 
equations 41 and 39 to solve for ti 


1 ^ ri-j-o: tan (7r-“T2) 

^ 2oi Ll —O'tan (tt— 72 ) _ 


(4S) 


This value of n may then be substi¬ 
tuted in equation 37, remembering that 


^m=^wo“-25 when T=ri 
Bm . . 8aV(a^-H) 


(46) 


The period may also be detennined from 
these values of n and 


P/r^-4o'(ri + r2) (47) 

Equations 44 to 47 are substantially those 
given by Oldenbourg and Sartorius.'^ 

The sustained ami)litudes and periods 
calculated by this method are given in 
Fig. 8. Approximate results obtained by 
the fundamental component method are 
given by the circles. 

The fundamental component method is 
seen to give quite close agreement with the 
exact treatment if one uses the so-called 
convergent equilibrium point. 


Summary 

The second-order velocity lag servo 
with backlash has been stiidied by an 
exact method and by the fundamental 
component method. The fundamental 
component approximation gives a quite 
accurate prediction of the sustained oscil¬ 
lation amplitude and period, provided 
one disregards the low-frequency diver¬ 
gent limit cycle prediction. The exact 
transient performance can be predicted 
for most initial conditions involving zero 
input velocity, by the use of the formulas 
and graphs giving half-period and half¬ 
period decrement. 
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No Discussion 


Determination of the Maximum 
Modulus, or of the Specified Gain, of a 
Servomechanism by Complex-Variable 
Differentiation 


THOMAS J. HIGGINS 

MEMBER AIEE 

A PROBLEM of frequent occurrence 
in servomeclianism analysis and 
design is that of determining the maxi¬ 
mum modulus Mmt and the angular fre¬ 
quency at which it occurs, of the over-all 
frequency-transfer function ikf(Jco)== 
C( jw). Those lcxtbooks^““^ which 
present a comprehensive, integrated ac¬ 
count of basic servomechanism theory 
advance, in considerable detail, two pro¬ 
cedures for determining the maximum 
modulus Mm of M{j(Xi) for a unity feed¬ 
back system, namely, by plot of the 
transfer function G{joi) on a chart of 
circles of constant values of modulus 
or on a Nichol’s chart of circles 
of constant values of modulus |ihr( 7 w)|. 
Further, if the feedback transfer function 
His) although nonuiiity is yet a pure 
numeric His)^Kfi, then, according to 
well-known theory 

RiM Knl^G(jo^)Kn Kn 

MiO) (1) 

and Mm can yet be determined by ob¬ 
taining Mim through plot of Gi(jco) = 
Gijo))K}i as just mentioned and thence 
calculating Mm from Mm — MinJKji, 

If, however, the H{s) is a frec[uency- 
dependent function—and this case often 
arises in practice, as in the use of tachono- 
metric or passive network feedback to 
achieve a certain desired operating im¬ 
provement —Mm cannot be directly deter¬ 
mined from plots as just discussed. In 
such case Mm must be obtained by other 
means: say, from a plot of |ikf(ja>)| as a 
function of w. Usually, however, effect- 
ance of this plot requires rather lengthy 
and tedious computation; especially if, 
as is often the case, the plot of |ilf(jco)| is 
broadly peaked, whence then |ikf(jU)| 


CLIFFORD M. SIEGEL 

ASSOCIATE MEMBER AIEE 

changes slowly with w in the vicinity of 
the maximum and thus is not sharply 
limited; or if the plot of \Mij(ji)\ con¬ 
tains two or more rather widely separated 
maxima. Again, even when charts can 
be used directly, considerable computa- 
tation is commonly required to obtain 
thereon a plot of G{j<ji) or Gi— [Gij(jS)Kn\ 
that yields accurate determination of 
both Mm and 

Now in virtue of the just discussed 
undesirable aspects which accrue to these 
plotting procedures, it is natural to inquire 
if less computational labor attends deter¬ 
mination of wm and Mm through the usual 
procedures for determining maxima and 
minima by the calculus: namely, by dif¬ 
ferentiating |M(jw)| with respect to the 
real variable co; setting the resulting 
derivative equal to zero; solving the equa¬ 
tion so obtained for the values of ccmi 
calculating the corresponding values of 
\Mijoim)\^Mm; and when necessary, 
testing these latter as to maxima or mini¬ 
ma by calculating [d‘^\Mij(S)\/doy^](a=^comj 
whereof a positive value indicates the 
corresponding value \Mijcom)\ to be 
a minimum, and a negative value indi¬ 
cates a maximum. In turn, however, 
such attempt reveals that a computa¬ 
tional difficulty accrues to this procedure 
in that MijeJ) is usually of rather com¬ 
plicated form, either being the ratio of 
two polynomials of which at least one is 
of fair-sized order or involving transcen- 
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dental terms (when distributed param¬ 
eters occur in the network); whence 
determination of d\M(jcx})\/do) proves to 
be a lengthy and often involved process. 
If, however, instead of direct differentia¬ 
tion of \Miju>)\ as a real variable, the 
desired equation d\Mijo))\/d(x)~0 is ef¬ 
fected by an appropriate diherentiation 
of M(jo>) as a function of a complex varia¬ 
ble, a relatively simple analysis results. 
Obviously, knowledge of this latter pro¬ 
cedure is most desirable to the servo 
analyst; yet, it is advanced in none of 
the servomechanism textbooks referred 
to. Accordingly, the prime purpose of 
this paper is to advance the desired pro¬ 
cedure. 


Basic Theory 


Let Mijco) be expressed in polar form. 
Thus 

Mijco) = (2) 

where, as indicated, M(cj) and (?!>(w) 
designate themodulus and phase of M{joS) 
and are functions of co. The derivative 
of M(jo)) with respect to co is 

(3) 

du3 dec dca 


Dividing each member of equation 3 
by JU(yco) = M(co)t^‘^^“^ yields 


1 dMijeo) 


1 


dMico) ,d4>((jo) 
-fj- 


and 


T 1 dMi^joi) _ 
_Mij<j3) d(o 


d<l>ica) 

dui 


(4) 


Mijoi) dct) itf(w) dci) ' dco 
From equation 4 we thus obtain 

r 1 1 dMM 

LMijos) dco J M(co) dco ^ ^ 


^6) 


From equation 6 it follows that if the 
left-hand member vanishes for a particu¬ 
lar value of CO = co^, then so must also the 
right-hand member and thus, unless 
Micom)= °° or — CO , which possibility is 
easily checked, [c^M(co)/cfco]w=<o^ = 0. Ac¬ 
cordingly, those values co^ which render 
\Mij(o)\ a maximum or a minimum are 
usually those which satisfy the equatiou 


1 dMiJeo) 
M{jco) dco 


-0 




In similar fashion it follows from equa¬ 
tion 6 that those values oi — cop which 
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render an extremum are those which 
satisfy the equation 


IfU 


1 




( 8 ) 


Now ^ tlie frequency-transfer function 
is commonly obtained by substi¬ 
tution of ^=jco in the operational transfer 
function Accordingly, equiva¬ 

lent equations, somewhat more con¬ 
venient to calculation are, per equations 
7 and 8 respectively 


L M(s) ds Js==ico 


(9) 


and 


Im\ 


. 1 dM(sr 

'M(j) ds = 


=0 




( 10 ) 


In a system without distributed param¬ 
eters M(s) results as the ratio of two 
polynomials, say il/(4 =^(4/^4). In 
such case 


_ l_ dA(s) A(s) dB(s) 

ds B(s) ds B%s) ds 


vSubstituting from equation 11 in equa¬ 
tions 9 and 10 yields 



dA(s) 

ds 


and 


1 


^11 

ds j f $ = ^£0 


=0 


( 12 ) 


Im- 


i 



ds 


B(s) ds 


==0 


(13) 


Equations 12 and 13 are especially con¬ 
venient to calculation inasmuch as, for a 
particular servo system, A(^) and ^(^) 
are directly ascertainable from the block 
diagram of the system. In illustration of 
this, and of the general course of applica¬ 


tion of these equations, we turn to a 
solution of the following typical problem. 


Illustrative Examples 


In the unity-feedback system of the 
illustrative example on page 230 of 
Chestnut and Mayer, ^ the given transfer 
function G(s) is 

Gis) = 3 A(H-0.25)(H- 0.054 = 

3/(5H-0.2552-H0.0U^) (14) 


Accordingly, by well-known theory 


M(s)^ 


G(s) 

1+6^(5) 


_3_ 

3-f^+0.25.TH0.0l6:3 


(15) 


Thus, dA(s)/ds — 0, dB(s)/ds~l + 
0.5j>H- 0.035^. Substituting in equation 12 
yields 

3 X 10-4a>4+0.085co2- 0.5 = 0 (16) 


Solution of this quadratic equation in 
and selection of the positive root yields 
whence selection, in turn, of 
the positive square root yields the desired 
value w„i==2.4. Therewith, we easily 
obtain from equation 15 that = 

1.09. Corroboratively, the value of 
is identical with the text value; 
the value of Wm = 2.4 is somewhat more 
accurate than the interpolated text value 
of a)7„=2.5. Further, comparison of the 
just presented calculation of these desired 
resonance values with the extended 
numerical calculation required to effect 
the \M{j to)! versus oj plot of the text 
evidences the considerably less numerical 
labor required in the fornier calculation, 
using the procedure given in this paper. 


Conclusion 


In conclusion, it may be remarked that 
the analysis of the basic theory is directly 


applicable to solution of yet another prob¬ 
lem often encountered in servo work: 
namely, that of determining both the 
value of the gain parameter K such that 
Mm takes on a certain maximum value 
Mm^ and the con-esponding frequency 
at which the maximum occurs. Ob¬ 
viously, this can be done by obtaining 
o>m in terms of K; substituting the re¬ 
sulting expression for -m in 

M{oi,K ); imposing the stated restriction 
M(cx3m,K) — M [f(K) ,K ] = Mm'; solving this 
equation for K; and finally deteniiining 
oim from iOm—f(K). Alternatively—and 
not seldom this approach reciuires less 
numerical labor than the first—-the ecpia- 
tion in o)m and K can be solved for K 
rather than Ihe resulting expression 
^~g{^m) substituted in M{oi,K)\ the 
stated restriction M M [co^^, 

imposed; this ecpiation 
solved for and finally K then deter¬ 
mined from ir = g(coTO)- 

In closing, it may be noted that such 
calculation of K and more straight¬ 
forward and also enables K and f-o 
be determined with greater accuracy 
than the usually used graphical proce¬ 
dures which are advanced in the litera¬ 
ture.^”^ 
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Discussion 


Jack Sklansky (Electronics Research 
Laboratories, Columbia University, New 
York, N. Y.): For handling this problem 
there exists an alternative procedure which 
has the advantage of the neatness of ap¬ 
proach obtained in eliminating use of as a 
variable. In both methods, one must find 
the roots of essentially the same equation. 

In the alternate procedure one finds the 
negative real roots in s^ of 

-^^{M(s)M(-s)] = 0 (17) 


M(s)M(-s)=k I'!' '2'" (18) 

{Oi — S^} . . . 


If given in the polynomial form, one 
should write ikr(5) = t^i(5)-|-yA2(5)]/[5i(y) 
- 1 - 5 . 52 ( 5 )], where the ^ 1 ( 5 ) and 5i(5) are 
even, from which one obtains 


M(s)M(^s) 


Ai%s)-sU2Hs) 

Bi\s)-sW2\s) 


(19) 


Applying the method to the example of 
the paper, we have 


d 

d(s^) 


[(3-f0.2552)2-52(l+0.0l52)2]=0 


( 20 ) 


(The proof follows from the fact that 
= \M{jo3)\ 2 .) 

ilL(5)il:f( — 5 ) should be expressed in 
terms of 5 ^. If given in the factored form 
ikr(5)-A(ai-f-5). . ./(5 i-|- 5). . . , one im¬ 
mediately obtains 


This gives 

3 X10“ ^54 - 0.08552 - 0.5 == 0 (21) 

which is equation 16 of the paper with w® 
replaced by — 52 . The negative real root 
in 52 is 5 m^“ — (2.58).2 Substituting this 


in equation 19 gives (1.09)2. 

The general concept from which the 
metliod springs is of value. Whenever one 
is interested in the absolute value of a 
transfer function M{s) along the imaginary 
axis it is often mathematically convenient 
to deal with its square. The reason is 
simply that ] M{joi) |2 can be analytically 
continued to the entire complex plane by 
the function M{s)M{—s), which permits 
the application of function theory to its 
analysis. On the other hand, since for 
dissipative physical systems il4’(5) cannot be 
even, | AI{joi) \ has discontinuous derivatives- 
and hence cannot be continued analytically. 
Thus, the function M{s)M{—s) should 
often prove useful when dealing with 


Thomas J. Higgins and Clifford M, Siegel r 
The procedure suggested by Mr. Sklansky 
is effectively a procedure for direct evalua- 
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tioii of d\M{joi)\/do3^xid possesses precisely 
the disadvantages mentioned in the third 
paragraph of our paper. To evidence this 
fact, we note that 

d\M{jo3)\'^ d\M(ja3)\‘^ djoi l d|d/(jaj)|2 

d(jco)'^ 2 d/w 

ajoi 

and inasmuch as 

d\M{jo))\^ _ 
d{jo^ ” ^dijcoy 

dM(s)M(-s)l 

ds^ J,. = ±ju, 

it follows from comparison of the right-hand 
members of equations 22 and 23 that 


dM(s)M{-s)'] 

S2=5W2 

d'S- Js2=±^« 

=(24) 

do) 

Accordingly, if jg a zero of the 

left-hand member, then and Si^- 

-jo)i are zeros of the right-hand member; 
and thus also of d\M(joi)\/dci 3 , providing this 
factor, and not \M{ja))\ only, vanishes for 
Si^=-~cxii^ (a point not mentioned by Mr. 
Sklansky). 

But to obtain — 5 ) for differenti¬ 

ation thereof requires the polynomial multi¬ 
plication and collection of corresponding 
powers of 5 indicated in 

--52^22(5) and Bis)B{~s} = BiKs)- 
s^B 2 ^(s)] and this is a laborious task when 
5 ( 5 ), and also not unoften A ( 5 ), are high- 
order polynomials such as occur in the 
analysis of industrial servomechanism sys¬ 
tems. Next, it is then necessary to dif¬ 
ferentiate the ratio of two polynomials 
[A(s)A( - s)/Bis)Bi -s)] - Mis)Af( *- s); 
which is another tedious task, encompassing 
precisely the disadvantage mentioned in the 


third paragraph of our paper. 

Contrariwise, in the procedure set out in 
our paper, equations 12 and 13 evidence 
that it is necessary: first, to deal only with 
A(5) and B{s) as given; and second, only 
to differentiate the polynomials A(.y) and 
B{s), a simple task—even for high-order 
polynomials—compared with differentiation 
of the ratio ^(5)i4( —s)/B(5).S(—s), except 
perhaps in a rather simple case A ( 5 ) = con¬ 
stant as in our illustrative example, which 
was deliberately selected with view to keep¬ 
ing the algebraic manipulation to a mini¬ 
mum, while yet exemplifying the general 
course of analytic procedure. 

Accordingly, the authors hold that where¬ 
as Mr. Sklansky’s suggested procedure is a 
feasible alternative (also one much used in 
filter, and other network, analysis), it com¬ 
monly requires more tedious computation 
than does the complex variable differenti¬ 
ation procedure set out in our paper; partic¬ 
ularly when B(s), and not unoften also 
^(x), are high-order polynomials (or trans¬ 
cendental functions) such as are commonly 
encountered in industrial servomechanism 
analysis. 


A Discussion of the Detroit Committee 
on Electrolysis 


R. L. RAYNER 
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T he Detroit Committee on Electroly¬ 
sis is a voluntary organization of 
companies and municipal departments 
constituted for finding the best engineer¬ 
ing solution to the electrolysis and corro¬ 
sion problems confronting its members. 
There are over 25 cities and areas in the 
United States and Canada which have 
active electrolysis committees including 
New York, Chicago, Philadelphia, De¬ 
troit, Southern Ontario, Cleveland, Mil¬ 
waukee, Omaha, Des Moines, Louisville, 
Miami, and, of course, many others. 
The Detroit Committee has been chosen 
as the subject of this paper not onl\’ be¬ 
cause it is typical of .such committees, but 
also because it has had a long and out¬ 
standing history. 

In 1921, the representatives of the com¬ 
panies owning underground structures in 
Detroit called a meeting where the 
ground work was laid for the organiza¬ 
tion of the Detroit Committee which was 
effected the following year. The consti¬ 
tution of the Detroit Committee on Elec¬ 
trolysis was drawn up and formally 
adopted July G, 1922. It has been revised 
on three occasions at later dates. This 
committee has functioned without inter¬ 
ruption from that date to the present 
time. 


The objective of the Detroit Committee 
on Electrolysis, as defined in its constitu¬ 
tion, is to promote co-operation, to inter¬ 
change information and to make definite 
recommendations for the solution of cor¬ 
rosion problems among the interests 
concerned, and to extend every effort to 
have such recommendations put into ef¬ 
fect. In Detroit and surrounding com¬ 
munities, there is a very large investment 
in pipes and cables installed underground, 
which are owned by municipal and pri¬ 
vate interests. The size of this invest¬ 
ment warrants finding and applying the 
best technical solutions to the corrosion 
problems which are encountered. 

Co-operative effort is essential in elec¬ 
trolysis and corrosion problems, because 
independent action is likely to result in 
the application of measures which would 
protect the property of one company and 
at the same time create a hazard to the 
property of another. A common result of 
nonco-operation is competitive drainage, 
which is an undesirable practice under 
this condition, where each party attempts 
to drain as much current as possible in¬ 
stead of as little current as is necessary 
for protection. It is conceivable that 
nonco-operation might not only result 
in unnecessary damage to structures, but 


also unnecessary” arguments between 
companies and the cost of such arguments 
in wasted time might easily exceed the 
cost of correct co-operative mitigative 
measures which would have prevented 
the damage. 

Membership in the Detroit Committee 
on Electrolysis may be maintained by 
any company or municipal department 
which has property in Detroit or adja¬ 
cent communities and is involved in 
creating conditions which may cause elec¬ 
trolysis or possesses property which may' 
be damaged thereby. At the present 
time there are 30 member organizations. 
These are listed in Appendix I. The 
member companies and municipal de¬ 
partments appoint representatives to at¬ 
tend the meetings of the committee. 
Representation for the purpose of voting is 
arranged so that each member organiza¬ 
tion has one vote. 

The Detroit Committee on Electroly¬ 
sis is divided into three departments 
which are: The General Committee, 
The Executive Committee, and The 
Technical Committee. 

The General Committee is composed of 
one official representative and one alter¬ 
nate from each member organization. 
Additional representatives without vot¬ 
ing power may also attend committee 
meetings. The representatives to the 
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(General Committee are usually oilicials, 
executives, engineers, or supervisors of 
the companies which they represent. 
vSince these people hold positions of inllu-- 
enee on ciuestions concerning electndysis 
and c(^rrosion in their respective coni'- 
puuies, they exiiedite the approval of rec- 
nminendations made hy the committee 
and they also expedite the approval of 
necessary testing work and remedial 
measures. 

The constitution provides that the 
(general Committee shall meet at least 
tliree times per year. These meetings 
have been noon luncheon meetings. It 
invariably happens that ideas are ex¬ 
changed prior to or during the luncheon 
period which assist in the solution of 
problems when these are brought up for 
fortnal discussion. 

The routine work of the General Com¬ 
mittee consists primarily of reviewing the 
work of the Technical Committee ovvr 
which it has general supervision. It is 
often retpiired to make recommendations 
or decisions on controversial snbjecls. 
I'he scope of the committee’s activities 
is limited to problems which affect its 
member organixations. Problems con¬ 
cerning unsatisfactory conditions which 
affect other organizations or individuals 
are not undertaken as a committee func- 
tiom 

It has been the practice for over 10 
years to supplement the business session 
of General Committee meetings with 
papers presented by outstanding speakers. 
The subjects of those papers not only 
cover corrosion and electrolysis but also 
subjects broadly relating to the interests 
of the commit tee. In Ai>pendix II 
there is a list showing a sample of the stib- 
jecls of papers and the speakers who pre¬ 
sented them. 

In addition to its routine work, the 
General Committee has entered into 
several additional activities. Sf>me of 
these are discussed as follows: 

1 . Educational Lecture Series: In 1940, 
the committee sponsored a lecture .series on 
methods of detecting electrolysis hazards 
and metliod.s of preventing damage from 
stray current and local cell action. The 
series consisted of nine weekly meetings 
held in the Lawrence Institute of Tech¬ 
nology. There were 95 men enrolleti in the 
course and there was a high percentage 
attendance at the meetings. 

2. Electrolysis Records: The Detroit 
Committee on Electrolysis mainlain.s very 
extensive records of structures and equip¬ 
ment used by member organizations in the 
prevention of electrolysis damage. These 
records contain infonnation on electrical 
drains and bonds, cathodic protection using 
Galvanic anodes, and cathodic protection 
using rectifiers. They con.sist of detailed 
data hi tabular form .supplemented by 


sketches. The records are indexed by geo¬ 
graphical location and also by company 
ownership. 

3. Safety Reammendaiion: The sttuage 
tanks associated with gasoline filling sta¬ 
tions, when not properly installed, are 
subject to corrosion followed by leakage. 
Part of the lost gasoline often finds its way 
into manholes and cases have f)ccurred 
where manholes have been found to contain 
over 100 gallons of gasoline. This situation 
is a fire hazard to the utilities using the man¬ 
holes and the surrounding neighborhood. 
The Detroit Committee on h:iec(r(>lyHis 
drafted specifications for the installation of 
underground gasoline storage tanks which 
would greatly retard corrosion and probably 
prevent subsequent leakage. These speei- 
fioations were transmitted to the Depart¬ 
ment of Buiklings and vSafety Ifngineering 
of the City of Detroit. 

4, Record of Pipe and Cable P'ailures: 
h'or several years the Detroit Committee on 
Eketroly.sis maintained a record of pipe and 
cable failures together^ with the cost of 
associated repairs and it was exteu<it*d to 
show other related data. This renrnrt has 
been temporarily discotUinued because it 
was quite difficult for sonu^ companies to 
furnish the desired information (especially 
the pipe owning companies). 

The officer.s of the General Ctmimittee 
are a Chainnan tiud Vice Cluiinuun wlm 
are elected and a SetTetary-TreaHurer 
who is appointed hy the Chairtnun. The 
work of the vSecreiary-Treasurer iiidwies 
making arraiigemeiilH utul distributing 
announceitients for luxui luncheons. It 
also includes the. preiamition atul dis- 
iril)ution of minutes of meelings, Fnnn 
the time the conmiittee was organized, 
it has been the practice to furnislt all 
mem!)ers with copies of the minutes of all 
meetings. 

The ex]}enses assoeialed with the work 
of the vSecretary Treasurer and other 
officers of the General Committee are 
absorbed by the companies which iluiy 
represent. P'or this reason, it has been 
the practice to rotate the apfnnnlnumt of 
the vSccretary“Treasurer among the major 
companies represented on the ctanmittee. 
The constitution prf)vides that an asst'ss- 
ment may be levied on the inemher com¬ 
panies to cover expetis<.»s. However, no 
such assessment has ever been made. 

In additioti to the General Committee, 
there are two standing c<mnntltceS| as 
referred to al)Ove, which are known as the 
Executive Committee and the Technical 
Committee. 

The Exetnitive Committee consists of 
the officers of the General Committee, the 
Chairman of the Technical Committee, 
plus two inember.s selected at large from 
the General Committee. The hkecutive 
Cotnmittee plans and ccaitrols the getteral 
order of business of the Detroit Com 
mittee on Electrolysis. It also makes dc- 
cisions from time to time <m con trove rsial 


questions which could not be handled 
conveniently in a large grtHq). 

At the present time, the Technical 
Committee has in the neighborhood of 
20 member orgunizatkms represented. 
Tliey usual!)' are Held pet)ple engaged in 
the detection, metisurement and mitiga¬ 
tion of eurnjsioti problems, and it is not 
necessary that they be. members of the 
(knieral Committee. 

'Fhe officers of the Technical C<«n- 
mittec consist (ff a Chairman and a Secre¬ 
tary. I'he Secretary sends out noliee f>f 
meetings and also prepares and dislrih- 
utes minutes of meetings to all members. 
In addition, tlu- Secretary records data of 
joint testing sessions mul distribtites 
cc»pics of these to all members on the 
Technical Committee mailing list, llie 
Technical Committee meets at least 
four times per year, and more often when 
necessary, with tuontlily meetings being 
alamt average in recent years. 

Hic IVchuival Committee reviews re¬ 
ports of unsutisfactorv eleclndysis condi¬ 
tions, devises tests methods* culls Ufam 
member organizations for the assistunce 
of men and the use of testing equipment 
to carry out joint testing si*ssions, ana¬ 
lyzes the data obtained from the tests, 
reeointnemis remedial measures and re- 
ports to the (kmeral Committee on tech¬ 
nical details regarding the cases hatnlled. 
At the ])resen( time (1952) (here are 14 
active cases. During 1952 Siwen eases 
were openetl and three cases were 
closed. 'Fhe dVchnunil Committee has 
handled SO cases since 1907 when the 
present case numlaTing system was 
startefi. 

'riic following n{»tes eover a lew cases 
huiullcd by the 'rechnical Committee 
which illustrates the types of Iron!lies 
with which it is confronted. 

1 . Woodward Termtaul of the Depart¬ 
ment of Street Railways (DHR) (Case AT 
47); Although this ease involves stray eur- 
rtiit from street railways, it is outstanding 
because it I’oiild not he solved by convcie 
thmal drainage wire methofis. At this ter¬ 
minal, the negative bus was connected to a 
big rail network thiough a very low n‘sbt- 
anc(‘ cal)l<- using a large amount of copm’r, 
This made* the rail substantially of the sitme 
potential as the negative 1ms* and made 
cables and pipes near the rail network posi¬ 
tive to rail and positive to groiiwi regardless 
of the size of drainage wire ust*d. The 
problem was solved when the DSR movtsi 
the ermneetion from bus bar to rail to a more 
remote ioeation. 

2. Detroit Windsor Vehtetilar 1hnmd 
(Case l»i 42|: This case was umistial t)€- 
cuiise it involveil twr> sources of stray cur- 
rent, one from the DHK and the other from 
chH’trieally op<‘rated trains in the NTw York 
Central Tunnel The stray currents created 
a hazard to telephone and power rahles 
well as signaling cables owned by the ttinnd 
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company. ’Hu* ha/.ml r.»u!i! Im* t'uf. 
rected by ctJUiuH’tinK tin* ruhlr . im .i nSR 
ncgativo biin at tin* hrUnit nul bn atl 4* it 
made t‘abit's highly nrgafsvr tt» uUjfi anu* 

tures at the eiai. ubtb* the tablrs 

were still highly luf-itivf’ m rhe itinuid A 
partial ftineftioti ‘d fh«‘ -ituaUMu %%,iu nb- 
tainet! by etnuna'tiug au ui.iiI.HmI diaiiiage 
wire frtnii the IKSR negative fm, at tlie 
Detroit ttni t») the i’alde. at file lunliHiint 
of the tunnel. The MttjatiMU ua* tiuaily 
solved by etuiiteetittg a u etiin i btiui rn tlu* 
DSR negative bu * am! the in niafeil tiiain 
age wire, the iinsicive ade o| ih»* leetitier 
being eonnei'tetl tn the nSR negifi\a bus. 

,*b Montinse Subaatnui u'a «> aS |Kl: 
This ease is siguitieant bet am e it tuigin.ited 
frotn the leplarenumt *d iMeteai, with 
trolley euaeln**. \\ hen tiulli v euaeh .ejvier 
was established, a negative ferdei vufh de 
fcetive insulatnni uas |it( tuniitefr<l tn the 
negative bus at thi,' .\ttMin»t,e .ub tatintg 
altinmgh it vva* disismiu t tnl Imiu the tail 
The feedei, without a loal, ,j lUUied the 
potential of the iiegatna bu uid the He 
troii I'Mison (Nunpauv table, wen* ttiuml tn 
be higldy positive to d a . If t > f<t gnuunl 
in the vieinitv of the itadti I he t a *e was 
cleared by <11 .tHuiuetdtng tin aleuolnued 
feeder fmin the lU'g.iftvr bu 

4. Detroit Houtheiu I'tin lain «Case 
(KldHI; d’his ea*»e mvnivi a liglit angle 
cro.ssiiig between a ban' >Im I pipe and an 
undergtnund teletdioue t able tti tile eondnit. 
It is of interest Uetsiu .♦ both th?' » dde and 
tlie pipe tea* eathndie pmtr t tinn 

When leetiheis weir plaei d on line ndde 
they wme spaeetl and lot aft d n tint the 
cable wa . tunttnd to gnuuid al th* point of 
pipe effissiiig. 

At a later date, eathofln pioteetinn was 
atipliefl to the pipe, uhieh tuade the tele 
phone cable highly positna^ to gnmud at the 
crossing, Artangenient * were made with 
the pipe line eompauv for a bond between 
the cable and the pipe, the liond hart a 
rcsistanee whieh bmitesi tlie luiient to a 
prcdetenuinerl amount rhi ■ leinovr d the 
hazard createil by tlU' r ithodo protertion 
ijystein on the pipe lim . 

In eoiielusiou, if luuv be slated Ibal the 
Detroit, Coiiuuitfer* on b.ha'trob,sis has 
hamlled eleetrolysig untl eonosiou prob 
leins in Detroit and surroijudiug coin 
rnunitieji to tbe luttlual satisfaetioii of all 
of its ineinhtu'fi for well over a quatferof a 
century, 'rhrriugh its tu'Ui’tal C!om 
luiUee, it Ine; Indrl the inletest of exeett 


lives and supervisory people and it has 
used them to control ixdicies and expedite 
u| ipn ival of recotumended measures, 
ibnnigh its Technical Conmiitlee, it has 
handled dctailml problems and arraiiged 
lor joint testing' progTams. These were 
loliowed by the ajiplieation of remedial 
measures, which have rCvSidled in enor¬ 
mous savings. 

When the eommiltee was organized, 
pnu'tieally all [iroltlems related to stray 
current from street railway systems, 
in recent years, many street railway lines 
have lieen discontiimed, but wdtli the 
ariditiou of pipe lines with cathodic pro¬ 
tection and with the extension of other 
undergromid strucLures, electrolysis and 
etuTosiou problems have increased both 
in munher and complexity. Therefore, 
the work of the Detroit Committee on 
Ideclrolysis is fully as important tuiw as 
al anv time in its history. 

Appendix I. Member Organiza¬ 
tions of the Detroit Committee on 
Electrolysis 

Telephone and Telegraph Companies 

Miehigati Hell lelephone Company 
Atneriean Telephone and Telegraph Com¬ 
pany 

Idle Hell ■'relephone Company of Canada 
Westtan Dition Telegraph Coniiiany 

Power Companies 

Hie Detroit Hdison Company 
The Consumers Power Company 
The Puhlie IJghiiiig Commission (A De¬ 
troit Municipal Department) 

Michigan Consolidated Gas Company 

Municipal Departments of the City of 
Detroit 

Hie Department of vStreet Railways 
Hie Department of Water Supply 
Hu* Idre Detiurtmeiit 
Hie Police Department 
Department of Buildings and vSafety 
I'higineeriug 


Municipal Department of Adjacent 
Communities, Representing Water, 
Police, and Fire Signal Service 

City of Dearborn 
City of Plighland Park 
City of Royal Oak 

Pipe Line Companies 

Aurora Gasoline Company 
Detroit Southern Pipe Line Company 
Pan liandle Western Pipe Line Company 
vSinclair Pipe Line Com])any 
vSocony Vacuum Oil Company, Inc, 
vSuii Pipe Line Company 
Transit and Storage Company 
Union Gas Company of Canada, Ltd. 

Tunnel and Bridge Companies 

New York Central Railroad Company 

Detroit International Bridge 

Detroit and Canada Tunnel Corporation 

Appendix 11. Sample of the 
Papers Presented at General 
Committee Meetings of the 
Detroit Committee on Electrolysis 

Dr. John Piper, Chemical vSupervisor, 'Pile 
Detroit Kdisoa Company: “Corrosion Con¬ 
trol on Galvanized vSteel Towers" 

J. P. Oliver, Union Carbide and Carbtm 
Corporation: “Various Applications of 

Ciraphite Anodes in Cathodic FrolecTiou" 

1 '. J. Maitland, American Telephone and 
Telegraph Company, Long Lines Depart¬ 
ment: “Instruments Used for Klectrolysis 
Measurements" 

Leroy R. Wagner, Department of Street 
Railways: “A Discussion of The Deiiarl- 
inent of Street Railways" 

Mayor Eugene I. VanAntwerp, City of 
Detroit: “Early History of Detroit" 

F. J. McElliatton, Panhandle Eastern 
Pipe Lines: “Cathodic Protection of ITpe 
Lines" 

Clark Varnum, The Detroit-Windsor 
Tmiiiel Company: “The Detroit-Wimksor 
Tunnel" 

A. G. Andrews, Michigan Bell Telephone 
Company: “Salt as a, Medium of Corro¬ 
sion" 

No D iscussion 
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Applications and Industry 

Index for 1953 


1. Technical Subject 
Index 

Abnormal Conditions on Aircraft Pax-allel A-G Power 

Systems, The Effects of, Caldwell, Wood. 

.379-84; disc. 385 

Adjustable Speed D-G Drives for Deep-Draw Presses. 

Robinson, DiVincenzo.. 9-16 

Air-Break Contactors at Low Currents, Arcing Time of 

High-Voltage. Lister.145-9; disc. 149 

(Air Transportation) Control of Metal Build-up in 
Minimum Pressure Sensitive Contact Systems, 

Dallas, Stuelpnagel.398-403 

(Air Transportation) Differential Reactive Current 
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an Analogue Computer to Optimize the Transient 
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A-G Versus D-G Power for Underground Mines. 
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ing a High-Speed Hydraulic-. Scraffbrd. 

.175-9; disc. 180 

Analogue Computer to Optimize the Transient Response 

of an Aircraft-Type Generator-Regulator System, 
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Analysis Applied to Most Commonly Encountered Non- 
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Analytical Solution of Heat Flow Versus Wire Tempera¬ 
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Analyzer Study of Certain Nonlinearly Damped Servo¬ 
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Application and Operation of D-G Drives on Rubber 
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Application and Standardization of High Rupturing 
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Application of Electric Equipment in Goal Preparation 

Plants, Technical Aspects of. Morton.349-55 

Approximation of Transient Response from Frequency 
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Kouwenhoven.16-21 
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.231-7; disc. 237 

Characteristic Power Requirements for Performing 
Various Functions in Underground Goal Mines. 
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Beaumariage.22-43 

Coal Mines, Characteristic Power Requirements for 
Performing Various Functions in Underground. 
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D-C Drives on Rubber Calenders, Application and Oper¬ 
ation of. Sellers, Wheeler, Halter. 

.194-201; disc, 201 

D-G Generator, Flashover Torque of a. Coho.... 43-8 
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Describing. Grief.243-8 

Fuses, The Application and Standardization of High 
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.126-31; disc. 131 


G 

Gain of a Servomechanism by Complex-Variable Dif¬ 
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Modulus or of the Specified. Higgins, Siegel. 
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Gas Turbines for Natural Gas Pipeline Pumping, Auto¬ 
matic Control of. Ingemanson, Loft, Wilt. 
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Generator-Regulator System, The Use of an Analogue 
Computer to Optimize the Transient Response of 
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Franklin.254-62 

Generators, Methods for Prediction of Steady-State 
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in the Measurement of. Harrison. 
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Kouwenhoven.16-21 
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. 462-6 
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Canada, Sylvester, Planey.152-5; disc. 155 


(Land Transportation) Dynamic Braking on Diesel- 
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Modern Diesel Locomotive Heavy Electric Repair 

Shop. Thomas.157-9; disc. 159 

(Land Transportation) Flashover Torque of a D-C 
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(Land Transporation) Wanted: A Modern Diescl- 
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.71-7; disc. 77 
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Limiters and Its Effect on Current Division in Nct- 
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Limiting Fuses, The Application and Standardization of 
High Rupturing Capacity Current. Gibson .... 

.126-31; disc. 131 

Limiting in Feedback Control Systems. Kochenburger 

.180-92; disc. 192 

Linear Systems, A Relative Damping Criterion for. 

Koenig.291-4; disc. 294 

Locomotive Electrical Maintenance, Design Factors 

Favoring Diesel-. Stair.155-6; disc. 156 

Locomotive for Low Vein Haulage, A Low Height 

15-Ton Mine. Brauns.355-7 

Locomotive Ground Relays, Diesel-Electric. Mc¬ 
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Locomotive Heavy Electric Repair Shop, Equipment 

and Functions of a Modern Diesel. Thomas. 

. 157-9; disc. 159 
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.115-19 

Locomotives, Dynamic Braking on Diesel-Electric. 

Johansson, Stiger.105—10; disc. 110 

Locomotives, Electric Transmission with Diesel. McGee 

.138-44; disc. 144 

Locomotives in Canada, Diesel-Electric. Sylvester, 

Haney.152-5; disc. 155 

Locomotives, Split-Pole Exciters: Their Design and 

Application on Diesel-Electric. Stiger.357-60 

Log-Carriage Drive and the Basic Duty Cycle of Car¬ 
riage Performance, The Magnetic Amplifier Con¬ 
trolled. Rose.305-13; disc, 313 

Loop Frequency Response Method for Nonlinear Servo¬ 
mechanisms, Open-. GosgrifT..222-5 

Loop Systems, Relative Stability of Closed-. Kirby, 

Beaumariage.22-43 
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Haulage, A, Brauns.355-7 
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ing. Knight.238-43 
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tive Electrical. Stair, .......... 155-6; disc. 156 
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Measurement of Feedback Control Systems, Transient. 

Ferguson, Looney.110-14 

Metal Build-up in Minimum Pressuie Sensitive Contact 

Systems, Control of. Dallas, Stuelpnagel. 

. 398-403 

Methods for Evaluating the Closed-Loop Poles of Feed¬ 
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.262-70; disc. 270 

Nonlinear Servomechanisms, Open-Loop Frequency 
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Nonlinearities, Describing Function Method of Servo¬ 
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Open-Loop Frequency Response Method for Nonlinear 
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Operation of Aircraft A-G Generators, Parallel. Larson 
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Locomotive Maintenance, Teker, Ainsworth. 
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